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Abstract. This paper takes a uniform look at the customized applications of proximal point
algorithm (PPA) to two classes of problems: the linearly constrained convex minimization
problem with a generic or separable objective function and a saddle-point problem. We
model these two classes of problems uniformly by a mixed variational inequality, and show
how PPA with customized proximal parameters can yield favorable algorithms, which are able
to exploit the structure of the models fully. Our customized PPA revisit turns out to be a
uniform approach in designing a number of efficient algorithms, which are competitive with,
or even more efficient than some benchmark methods in the existing literature such as the
augmented Lagrangian method, the alternating direction method, the split inexact Uzawa
method, and a class of primal-dual methods, etc. From the PPA perspective, the global
convergence and the O(1/t) convergence rate for this series of algorithms are established in a
uniform way.

Keywords. Convex minimization, saddle-point problem, proximal point algorithm, O(1/t)
convergence rate, customized algorithms, splitting algorithms.

1 Introduction

Let Ω be a closed convex subset in ℜl and F : ℜl → ℜl be a monotone mapping; ℜl′ (l′ ≤ l) be a
subspace of ℜl and θ : ℜl′ → ℜ be a closed convex but not necessarily smooth function. Let u denote
the sub-vector of w in ℜl′ for any w ∈ Ω. We consider the mixed variational inequality (MVI): Find
w∗ ∈ Ω such that

θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.1)

The MVI (1.1) includes the ordinary variational inequality (see [30]) as a special case with θ ≡ 0,
and it has been well studied in various fields such as the partial differential equations, economics
and mathematical programming [40, 53, 66]. Throughout, the solution set of (1.1), denoted by Ω∗,
is assumed to be nonempty.

We do not discuss the generic case of MVI (1.1). Instead, we focus on some fundamental op-
timization models which all turn out to be special cases of (1.1) where there are specific proper-
ties/structures associated with the function θ, the mapping F and the set Ω. We thus discuss how to
develop customized algorithms in accordance with these properties/structures for these optimization
models. But, the MVI (1.1) serves as a uniform mathematical model for our theoretical analysis,
and it enables us to show the convergence results uniformly while presenting different algorithms for
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various models individually. More specifically, we consider two classes of problems: a) the convex
minimization problem with linear constraints and a generic or separable objective function, and b)
a saddle-point problem.

1). The generic convex minimization problem with linear constraints

min{θ(x) | Ax = b , x ∈ X}, (1.2)

where A ∈ ℜm×n, b ∈ ℜm, X ⊆ ℜn is convex, and θ : ℜn → ℜ is a closed convex but not
necessarily smooth function. The objective function in (1.2) is generic, and there is no further
separable structure assumed.

2). The particular separable case of (1.2) where the objective function is separable into two individ-
ual functions without coupled variables. For this case, by decomposing the linear constraints
into two parts accordingly, we consider the model

min{θ(x) := θ1(x1) + θ2(x2) | A1x1 +A2x2 = b, x = (x1, x2) ∈ X := X1 ×X2}, (1.3)

where A1 ∈ ℜm×n1 , A2 ∈ ℜm×n2 , b ∈ ℜm, X1 ⊆ ℜn1 and X2 ⊆ ℜn2 are convex sets, n1+n2 = n,
θ1 : ℜn1 → ℜ and θ2 : ℜn2 → ℜ are closed convex but not necessarily smooth functions.
With the purposes of exploiting the separable structure fully and developing more customized
algorithms, the philosophy of algorithmic design for the separable case (1.3) is different from
that for the generic case (1.2). Thus, the separable case (1.3) is worth a particular investigation.

3). The general separable case of (1.2) where the objective function is separable into more than
two individual functions without coupled variables. Again, by rewriting the linear constraints
in accordance with the separable objective function, we consider the model

min

{ K∑
i=1

θi(xi) |
K∑
i=1

Aixi = b, xi ∈ Xi, i = 1, · · · ,K
}
, (1.4)

where Ai ∈ ℜm×ni (i = 1, . . . ,K), b ∈ ℜm, Xi ⊆ ℜni (i = 1, . . . ,K) are convex sets,
∑K

i=1 ni =
n, and θi : ℜni → ℜ (i = 1, . . . ,K) are closed convex but not necessarily smooth. Note that
(1.3) is a special case of (1.4) with K = 2. We consider (1.3) individually because of its own
wide applications in various fields and its unique speciality in algorithmic design (as referred to
Sections 6 and 7) which are not extendable to the general case (1.4) with K ≥ 3. Alternatively,
with the purpose of exploiting the properties of θi’s individually in the procedure of algorithmic
design, the model (1.4) deserves specific attention mainly due to the failure of extending those
algorithms applicable for (1.3) to (1.4) straightforwardly, see e.g. [39, 43, 44, 45].

4). The saddle-point problem

min
x∈X

max
y∈Y

{θ1(x)− yTAx− θ2(y)}, (1.5)

where A ∈ ℜm×n, X ⊆ ℜn, Y ⊆ ℜm, θ1 : ℜn → ℜ and θ2 : ℜm → ℜ are closed convex but not
necessarily smooth functions. The saddle-point problem (1.5) captures a broad spectrum of
applications in various fields such as image restoration problems with the total variation (TV)
regularization introduced in [70] (see e.g. [15, 29, 82, 91]), fluid dynamics or linear elasticity
problems in the contexts of partial differential equations (see e.g. [1, 31]), and Nash equilibrium
problems in game theory (see e.g. [55, 61]). In particular, finding a saddle point of the Lagrange
function of the model (1.2) is a special case of (1.5).
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In Section 2.1, we specify how to reformulate the models (1.2)-(1.5) as special cases of the MVI (1.1)
case by case.

The proximal point algorithm (PPA), which dates back to [57] and was firstly introduced to the
optimization community in [56], has been playing fundamental roles both theoretically and algorith-
mically in the optimization area, including of course the models (1.2)-(1.5) under our consideration,
see e.g. [37, 38, 69] for a few of seminal works. Let us make more concrete our motivation of relating
PPA to the mentioned target models.

1). For solving (1.2), the augmented Lagrangian method (ALM, [51, 65]) is a benchmark method
in the literature. More specifically, the iterate scheme of ALM for (1.2) is{

xk+1 = Argmin {θ(x)− (λk)T (Ax− b) + β
2 ∥Ax− b∥2

∣∣x ∈ X},
λk+1 = λk − β(Axk+1 − b),

(1.6)

where λk is the Lagrange multiplier and β > 0 is the penalty parameter for the violation of the
linear constraints. In [68], it was shown that the ALM (1.6) is exactly the application of PPA
to the dual problem of (1.2).

2). For solving (1.3), it is not wise to apply the generic-purpose ALM directly and a dominating
method in the literature is the alternating direction method (ADM) proposed originally in [32].
The iterative scheme of ADM for (1.3) is

xk+1
1 = argmin{θ1(x1)− (λk)T (A1x1 +A2x

k
2 − b) + β

2 ∥A1x1 +A2x
k
2 − b∥2 | x ∈ X1},

xk+1
2 = argmin{θ2(x2)− (λk)T (A1x

k+1
1 +A2x2 − b) + β

2 ∥A1x
k+1
1 +A2x2 − b∥2 | x2 ∈ X2},

λk+1 = λk − β(A1x
k+1
1 +A2x

k+1
2 − b).

(1.7)
Obviously, the ADM (1.7) is a splitting version of the ALM (1.6) in accordance with the
separable structure of (1.3). By decomposing the ALM subproblem into two subproblems in
the Gauss-Seidel fashion at each iteration, the variables x1 and x2 can be solved separably
in the alternating order. Since the functions θ1(x1) and θ2(x2) often have specific properties
for a particular application of (1.3), the decomposition treatment of ADM makes it possible
to exploit these particular properties separately. This feature has inspired the recent burst
of ADM’s novel applications in various areas, see e.g. [4, 19, 20, 27, 46, 59, 60, 73, 83, 88]
and references cited therein. In particular, we refer to [27, 72] for the relationship between
ADM and the split Bregman iteration scheme [34] which is very influential in the area of image
processing.

In [33], it was elucidated that the ADM (1.7) is essentially the application of the Douglas-
Rachford splitting method [25] (which is a special form of PPA, as demonstrated in [26]) to
the dual problem of (1.3).

3). For solving (1.4), a natural idea is to extend the ADM (1.7) in a straightforward way, yielding
the iterative scheme

xk+1
1 =argmin

{
θ1(x1)+

β
2 ∥(A1x1 +

∑K
j=2Ajx

k
j − b)− 1

βλ
k∥2

∣∣ x1 ∈ X1

}
;

xk+1
2 =argmin

{
θ2(x2)+

β
2 ∥(A1x

k+1
1 +A2x2 +

∑K
j=3Ajx

k
j − b)− 1

βλ
k∥2

∣∣x2 ∈ X2

}
;

...

xk+1
i =argmin

{
θi(xi)+

β
2 ∥(

∑i−1
j=1Ajx

k+1
j +Aixi +

∑K
j=i+1Ajx

k
j− b)− 1

βλ
k∥2

∣∣xi ∈ Xi

}
;

...

xk+1
K =argmin

{
θK(xK) + β

2 ∥(
∑K−1

j=1 Ajx
k+1
j +AKxK − b)− 1

βλ
k∥2

∣∣ xK ∈ XK

}
;

λk+1 = λk − β(
∑K

j=1Ajx
k+1
j − b).

(1.8)
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The extended ADM scheme (1.8), which comes from the straightforward splitting of the ALM
subproblem in the alternating order, preserves the advantages of the original ADM scheme (1.7)
such that θi’s properties can be exploited individually and thus the subproblems might be easy.
Unfortunately, the convergence of (1.8) remains a challenge without further assumptions on
the model (1.4). This difficulty thus has inspired us to develop a series of splitting algorithms
[39, 43, 44, 45] recently, the common purpose of which is to preserve the decomposition nature
as (1.8). Among these work, the splitting method in [44] is inspired by PPA.

4). As analyzed in [15, 29, 91], the saddle-point problem (1.5) can be regarded as the primal-dual
formulation of a nonlinear programming problem, and this fact has inspired a series of primal-
dual algorithms in the particular literature of image restoration problems with total variational
regularization. We refer to, e.g. [15, 17, 29, 35, 64, 89, 90, 91], for their numerical efficiency.
In [49], we revisit these primal-dual algorithms from the PPA perspective. It turns out that
this PPA revisit simplifies the convergence analysis for this type of algorithms substantially
and makes it possible to relax the involved parameters (step sizes and proximal parameters)
greatly, as acknowledged instantly by some most recent works [22, 63, 81].

Because of the aforementioned individual applications, we are interested in studying the PPA’s
applications for the models (1.2)-(1.5) in a uniform way, by means of the uniform model (1.1). Our
aim is to show that by choosing the proximal parameters judiciously in accordance with the specific
structures of the MVI reformulations of the models (1.2)-(1.5), a series of customized PPAs can be
yielded. These customized PPAs are fully capable of taking advantage of the available structures of
the considered models, and they are competitive with, or even more efficient than, some benchmark
methods designed particularly for these models. In addition, this customized PPA approach enables
us to establish the global convergence and the O(1/t) convergence rate uniformly for this series of
algorithms.

To elucidate the application of PPA to the MVI (1.1), let G ∈ ℜl×l be a symmetric positive
definite matrix and the G-norm be defined as ∥w∥G :=

√
wTGw. With the given wk ∈ Ω, the PPA

in the metric form for (1.1) generates the new iterate wk+1 via solving the subproblem

(PPA) wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w−wk+1)T
(
F (wk+1) +G(wk+1 −wk)

)
≥ 0, ∀w ∈ Ω, (1.9)

where G is called the metric proximal parameter. A popular choice of G is G = rI where r > 0 is a
scale and I ∈ ℜl×l is the identity matrix. In the literature there are intensive investigations on how
to determine a value of r to guarantee convergence theoretically or how to adjust it dynamically for
numerical acceleration. This simplest choice of G essentially means that the proximal regularization
makes no difference on different coordinates of w and thus all the coordinates of w are proximally
regularized with equivalent weights. On the other hand, there are some impressive works on PPA
with metric proximal regularization, e.g. [3, 6, 7, 54] and references therein, which mainly discuss
theoretical restrictions or numerical choices on the metric proximal parameter.

For the generic form of (1.1) where particular properties/structures of θ, F and Ω are not specified,
there is no hint to determine any customized choice for the metric proximal parameter and thus the
simplest choice of G is enough on theoretical purposes. But, for the particular models (1.2)-(1.5)
under our consideration, their MVI reformulations in the form of (1.1) enjoy favorable splitting
structure in θ, F and Ω. Thus, customized choices of G in accordance with the separable structures
of their MVI reformulations are potential to decompose the generic PPA task (1.9) into smaller and
easier subproblems. Accordingly, it becomes possible to exploit fully the particular properties of the
models (1.2)-(1.5) for algorithmic benefits. This is our philosophy of algorithmic design.

The rest of the paper is organized as follows. In Section 2, we provide some preliminaries which
are necessary for further discussions. In Section 3, we present the conceptual algorithmic framework
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based on the relaxed PPA in [36] for the models (1.2)-(1.5). Then, we elucidate the customization
of this relaxed PPA for the model (1.2) in Section 4. The customization of this relaxed PPA for the
model (1.3) is analyzed in Section 5, while further customizations for some special cases of (1.3) are
discussed in Sections 6 and 7. Similar discussions for the model (1.4) are completed in Section 8.
Afterwards, we analyze the customization for the model (1.5) in Section 9. After individual discus-
sions on the customization for the models (1.2)-(1.5), we establish uniformly the global convergence
in Section 10 and the O(1/t) convergence rate in Section 11 for these new algorithms. In Section 12,
we list some concrete applications of the models (1.2)-(1.5) arising in different areas. Finally, some
conclusions are made in Section 13.

2 Preliminaries

In this section, we review some preliminaries which are useful later. First, we specify the MVI
reformulation for the models (1.2)-(1.5). Then, we take a brief look at the generic application of
PPA to this variational reformulation, and in particular, we recall the relaxed PPA in [36] which
blends the original PPA with a simple relaxation step. After that, we show a characterization on the
solution set of the MVI (1.1) which is a cornerstone for proving the O(1/t) convergence rate of the
new methods. Finally, we supplement some useful notations and preliminaries.

2.1 The MVI reformulations of (1.2)-(1.5)

We first show that all the models (1.2)-(1.5) can be reformulated as specifical cases of the MVI (1.1).

1). Let λ ∈ ℜm be the Lagrange multiplier associated with the linear constraints in (1.2). It is
easy to see that solving (1.2) amounts to finding w∗ = (u∗, λ∗) such that

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀ w ∈ Ω, (2.1a)

where

w =

(
x
λ

)
, F (w) =

(
−ATλ
Ax− b

)
and Ω = X × ℜm. (2.1b)

Therefore, (2.1) is a special case of (1.1) with l = m + n, u = x, w = (u, λ), F (w) and Ω are
given in (2.1b).

2). Similarly, we have that solving the model (1.3) is equivalent to finding w∗ = (x∗1, x
∗
2, λ

∗) such
that

w∗ ∈ Ω, θ1(x1)− θ1(x
∗
1) + θ2(x2)− θ2(x

∗
2) + (w − w∗)TF (w∗) ≥ 0, ∀ w ∈ Ω, (2.2a)

where

w =

 x1
x2
λ

 , F (w) =

 −AT
1 λ

−AT
2 λ

A1x1 +A2x2 − b

 and Ω = X1 ×X2 ×ℜm. (2.2b)

Therefore, (2.2) is a special case of (1.1) with l = n1 + n2 +m, u = (x1, x2), θ(u) = θ1(x1) +
θ2(x2), w = (x1, x2, λ), F (w) and Ω are given in (2.2b).

3). Also, the Lagrange function of (1.4) is

L(x1, x2, . . . , xK , λ) =
K∑
i=1

θi(xi)− λT (
K∑
i=1

Aixi − b),
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which is defined on
Ω = X1 ×X2 × · · · × XK ×ℜm. (2.3)

It is evident that finding a saddle point of L(x1, x2, . . . , xK , λ) is equivalent to finding a vector
w∗ = (x∗1, x

∗
2, ..., x

∗
K , λ∗) ∈ Ω such that

θ1(x1)− θ1(x
∗
1) + (x1 − x∗1)

T (−AT
1 λ

∗) ≥ 0, ∀x1 ∈ X1,
θ2(x2)− θ2(x

∗
2) + (x2 − x∗2)

T (−AT
2 λ

∗) ≥ 0, ∀x2 ∈ X2,
...

θK(xK)− θK(x∗K) + (xK − x∗K)T (−AT
Kλ∗) ≥ 0, ∀xK ∈ XK ,

(λ− λ∗)T {
∑K

i=1Aix
∗
i − b} ≥ 0, ∀λ ∈ ℜm.

(2.4)

More compactly, (2.4) can be written into the following VI:

θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀ w ∈ Ω, (2.5a)

which is a special case of (1.1) with l =
∑K

i=1 ni +m,

u =


x1
x2
...

xK

 , θ(u) =

K∑
i=1

θi(xi), w =


x1
x2
...

xK
λ

 , F (w) =


−AT

1 λ
−AT

2 λ
...

−AT
Kλ∑K

i=1Aixi − b

 (2.5b)

and Ω being given in (2.3).

4). Note that solving (1.5) is equivalent to finding w∗ = (x∗, y∗) such that

w∗ ∈ Ω, θ1(x)− θ1(x
∗) + θ2(y)− θ2(y

∗) + (w − w∗)TF (w∗) ≥ 0, ∀ w ∈ Ω, (2.6a)

where

w =

(
x
y

)
, F (w) =

(
−AT y
Ax

)
, Ω = X × Y. (2.6b)

Therefore, the model (2.6) is a special case of the MVI (1.1) with l = n +m, u = w = (x, y),
θ(u) = θ1(x) + θ2(y), F (w) and Ω are given in (2.6b).

Note that it is trivial to verify that the operators F (w) given in (2.1b), (2.2b), (2.5b) and (2.6b)
are all monotone.

2.2 A characterization of the solution set of (1.1)

As in [9, 41, 50], for the purpose of proving the O(1/t) convergence rate, it is useful to follow
Theorem 2.3.5 of [30] (see (2.3.2) in pp.159) and characterize the solution set of the MVI (1.1) by
an intersection set. For completeness, we provide the full proof in Theorem 2.1.

Theorem 2.1. The solution set of (1.1), i.e., Ω∗, is convex and it can be represented by

Ω∗ =
∩
w∈Ω

{
w̃ ∈ Ω : θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ 0

}
. (2.7)
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Proof. Indeed, if w̃ ∈ Ω∗, we have

θ(u)− θ(ũ) + (w − w̃)TF (w̃) ≥ 0, ∀w ∈ Ω.

By using the monotonicity of F on Ω, this implies

θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ 0, ∀w ∈ Ω.

Thus, w̃ belongs to the right-hand-side set in (2.7). Conversely, suppose w̃ belongs to the right-hand-
side set in (2.7). Let w ∈ Ω be arbitrary. The vector

w̄ = αw̃ + (1− α)w

belong to Ω for all α ∈ (0, 1). Thus we have

θ(ū)− θ(ũ) + (w̄ − w̃)TF (w̄) ≥ 0. (2.8)

Because θ(·) is convex, we have

θ(ū) ≤ αθ(ũ) + (1− α)θ(u).

Substituting it into (2.8), we get

θ(u)− θ(ũ) + (w − w̃)TF (αw̃ + (1− α)w) ≥ 0,

for all α ∈ (0, 1). Letting α → 1 yields

θ(u)− θ(ũ) + (w − w̃)TF (w̃) ≥ 0.

Thus w̃ ∈ Ω∗. Now, we turn to prove the convexity of Ω∗. For each fixed but arbitrary w ∈ Ω, the
set

{w̃ ∈ Ω : θ(ũ) + w̃TF (w) ≤ θ(u) + wTF (w)},

and its equivalent expression

{w̃ ∈ Ω : θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ 0}

is convex. Since the intersection of any number of convex sets is convex, it follows that Ω∗ is convex.
�

Theorem 2.1 thus implies that w̃ ∈ Ω is an approximate solution of the MVI (1.1) with the
accuracy ϵ > 0 if it satisfies

θ(u)− θ(ũ) + F (w)T (w − w̃) ≥ −ϵ, ∀w ∈ Ω.

In other words, for a substantial compact set D ⊂ Ω, after t iterations of an algorithm, if we can find
w̃ ∈ Ω such that

w̃ ∈ Ω and sup
w∈D

{
θ(ũ)− θ(u) + (w̃ − w)TF (w)

}
≤ ϵ,

where ϵ = O(1/t), then the O(1/t) convergence rate of this algorithm is derived. In the papers
[9, 41, 50], we have shown the O(1/t) convergence rate for some algorithms including the ADM (1.7)
and the split inexact Uzawa method in [89, 90]. In this paper, we will follow this line of research and
prove the O(1/t) convergence rate for the application of PPA to the MVI (1.1), and thus the O(1/t)
convergence rate of a series of algorithms are established uniformly.
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2.3 Some additional notations

In this subsection we supplement some useful notations for the convenience of further analysis.
First, revisiting the iterative schemes of the ALM (1.6), it is easy to observe that the variable

x plays just an intermediate role and only the sequence {λk} is required to execute the scheme.
Similarly, for the ADM (1.7), the variable x1 is an intermediate variable and only the sequence
{xk2, λk} is involved in the iteration. Thus, for the variable w in (1.1), we conceptually classify all the
coordinates into two categories: the intermediate and essential coordinates, depending on whether
or not they are required during the iteration of a certain algorithm. Here, we introduce the variable
v, an appropriate sub-vector of w, to collect all the essential coordinates of w, i.e., v represents all
the coordinates of w which are really involved in iterations. Accordingly, the intended meaning of
the notations vk, ṽk, v∗, V and V∗ should be clear from the context. For example, when the ALM
(1.6) is considered, we have

v = λ; V = ℜm;

vk = λk; ṽk = λ̃k, ∀k ∈ N ;

v∗ = λ∗; V∗ = {λ∗ | (x∗, λ∗) ∈ Ω∗}.
When the ADM (1.7) is considered, we have

v = (x2, λ); V = X2 ×ℜm;

vk = (xk2, λ
k); ṽk = (x̃k2, λ̃

k), ∀k ∈ N ;

v∗ = (x∗2, λ
∗); V∗ = {(x∗2, λ∗) | (x∗1, x∗2, λ∗) ∈ Ω∗}.

Later, for the algorithms to be proposed, we will establish the global convergence in the context
of the essential coordinates v. That is, we shall show that the sequence {vk} generated by each of
the algorithms to be proposed converges to a point in V∗. The consideration of investigating the
convergence on the essential coordinates is inspired by the well-known convergence results of the
ALM in [68] and the ADM in [4, 33, 47]. In these literatures, the convergence analysis for the ALM
is conducted in term of the sequence {λk} in [68], and for the ADM in term of the sequence {xk2, λk}
in [4, 33, 47].

On the other hand, it is apparent that the proximal regularization on the intermediate coordinates
of w is profitless or redundant in (1.9). Thus, we only need to regularize proximally the essential
coordinates of w. In other words, the metric proximal parameter G in (1.9) are not necessarily square
with the dimensionality l × l. In fact, its number of columns corresponds to the dimensionality of
the vector v while its number of rows are still in the dimensionality of l. Thus, in general, the
metric proximal parameter could be a thin matrix in (1.1) under our consideration for the models
(1.2)-(1.5). Accordingly, by denoting the partial metric proximal parameter as Q, we rewrite (1.9)
as

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)T {F (wk+1) +Q(vk+1 − vk)} ≥ 0, ∀w′ ∈ Ω. (2.9)

Indeed, this idea of partially proximal regularization has been implemented in [9] for the particular
case of (1.3).

Finally, we also recall the definition of the projection under the Euclidean norm. For a convex
set Ω ⊆ ℜl, the projection onto Ω under the Euclidean norm is defined by

PΩ(w) = Argmin{1
2
∥z − w∥2|z ∈ Ω}. (2.10)

By the first-order optimality condition, we can easily derive the inequality

(z − PΩ(w))
T (PΩ(w)− w) ≥ 0, ∀ z ∈ Ω, ∀w ∈ ℜl, (2.11)

which will be used often in the coming analysis.
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3 Conceptual algorithmic framework

In this section, we propose the conceptual algorithmic framework by applying PPA to the MVI (1.1).
In particular, we are interested in the relaxed PPA [36] which generates the new iterate by relaxing
the output of the original PPA (1.9) appropriately. More specifically, let the solution of (1.9) be
denoted by w̃k, then the relaxed PPA in [36] yields the new iterate via

wk+1 = wk − γ(wk − w̃k), (3.1)

where γ ∈ (0, 2) is a relaxation factor, and it is called an under-relaxation (when γ ∈ (0, 1)) or
over-relaxation factor (when γ ∈ (1, 2)). Obviously, the relaxed PPA (3.1) reduces to the original
PPA (1.9) when γ = 1. Our numerical results in [9, 48, 49] has already shown the effectiveness of
acceleration contributed by this relaxed step (3.1) with γ ∈ (1, 2) numerically.

Recall that we consider the PPA subproblem (2.9) with partial proximal regularization merely
on the essential coordinates of w, i.e., the sub-vector v. Thus, instead of the full relaxation on w
in (3.1), we only relax vk in the relaxation step accordingly. Overall, we propose conceptually the
following algorithmic framework for the MVI (1.1) by applying the relaxed PPA in [36] but with
partial proximal regularization.

The conceptual algorithmic framework of relaxed PPA for (1.1) with partial proxi-
mal regularization.

Let the partial metric proximal parameter Q be positive semi-definite, the relaxation factor
γ ∈ (0, 2) and v be an appropriate sub-vector of w. With the initial iterate v0, the iterate
scheme is

1. PPA step: generate w̃k via solving

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)T {F (w̃k) +Q(ṽk − vk)} ≥ 0, ∀w ∈ Ω. (3.2)

2. Relaxation step: generate the new iterate vk+1 via

vk+1 = vk − γ(vk − ṽk). (3.3)

As we have mentioned, our convergence analysis will be mainly conducted in the context of the
essential coordinates v. For each concrete algorithm to be proposed, the following requirement should
be met for the convenience of theoretical analysis.

A requirement associated with the conceptual relaxed PPA (3.2)-(3.3).

We need to identify a positive semi-definite, square, and symmetric sub-matrix of Q, which is
denoted by H, such that

wTQv = vTHv, ∀w ∈ Ω. (3.4)

Remark 3.1. Recall that the partial metric proximal parameter Q could be a thin matrix (when v ̸=
w), and it is not necessary to be square and positive definite. This is different from a traditional metric
proximal parameter in the PPA literature, where the square and positive definiteness requirements
are always assumed. However, if v coincides with w, i.e., all the coordinates of w are essential, then
Q is square. For this case, we simply choose H = Q. Nevertheless, as we shall show later, if Q is a
thin matrix, it is also very easy to find the corresponding matrix H in accordance with the essential
coordinates of w.

Remark 3.2. We refer to [9, 48, 49] for some preliminary discussions on the relaxed PPA for the
models (1.2), (1.3) and (1.5).
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4 Relaxed customized PPAs for (1.2)

Now, we start to specify the conceptual relaxed PPA (3.2)-(3.3) with customized metric proximal
parameters in accordance with the structures of the models (1.2)-(1.5). In this section, we focus
on the generic convex minimization model (1.2), and show that several scalable algorithms can be
derived by choosing different forms of the metric proximal parameter Q in (3.2).

4.1 A relaxed augmented Lagrangian method

Recall that the ALM (1.6) is an application of PPA to the dual problem of (1.2). In this subsection,
we demonstrate that the ALM (1.6) can be recovered by taking a specific metric proximal parameter
in (3.2). Consequently, the ALM (1.6) itself is also a special case of the direct application of PPA to
the primal problem (1.2). The PPA illustration of the ALM (1.6) thus makes it possible to combine
the ALM (1.6) with a relaxation step, yielding immediately the a relaxed ALM to be proposed.

Denoting by (x̃k, λ̃k) the output of the ALM (1.6), we can rewrite the iterative scheme (1.6) of
ALM as {

x̃k = Argmin{θ(x) + β
2 ∥Ax− b− 1

βλ
k∥2 | x ∈ X},

λ̃k = λk − β(Ax̃k − b).
(4.1)

According to the scheme (4.1), we have

x̃k ∈ X , θ(x)− θ(x̃k) + (x− x̃k)T {βAT [Ax̃k − b− 1

β
λk]} ≥ 0, ∀x ∈ X ,

or equivalently,
x̃k ∈ X , θ(x)− θ(x̃k) + (x− x̃k)T

(
−AT λ̃k

)
≥ 0, ∀x ∈ X . (4.2)

Note that λ̃k = λk − β(Ax̃k − b) can be written as

(Ax̃k − b) +
1

β
(λ̃k − λk) = 0 (4.3)

Combining (4.2) and (4.3) together, we get (x̃k, λ̃k) ∈ Ω := X × ℜm and

θ(x)− θ(x̃k) +

(
x− x̃k

λ− λ̃k

)T {(
−AT λ̃k

Ax̃k − b

)
+

(
0

1
β (λ̃

k − λk)

)}
≥ 0, ∀(x, λ) ∈ Ω. (4.4)

Obviously, (4.4) coincides with (3.2) according to the specification given in (2.1b) and the metric
proximal parameter given by

Q =

(
0

1
β Im

)
.

We thus can obtain a relaxed ALM for (1.2) by specifying the conceptual algorithmic framework of
the relaxed PPA (3.2)-(3.3). Note that the scheme (4.1) only requires λk during its iterations. Thus,
the essential coordinates of w is v = λ in (4.4) and the metric proximal regularization matrix Q is
thin. Accordingly, we only relax the coordinates λ in the relaxation step.

Remark 4.1. Because of the simplicity of the relaxation step (4.6), the proposed Algorithm 4.1 and
the ALM (1.6) are of the same difficulty to implement numerically.

Remark 4.2. Note that the requirement (3.4) is met by choosing H = 1
β Im.
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Algorithm 4.1 A relaxed augmented Lagrangian method for (1.2)

Let γ ∈ (0, 2) and β > 0 be given. With the initial iterate λ0, the iterate scheme is

1. PPA step: generate w̃k via solving{
x̃k = Argmin{θ(x) + β

2 ∥Ax− b− 1
βλ

k∥2 | x ∈ X},
λ̃k = λk − β(Ax̃k − b).

(4.5)

2. Relaxation step: generate the new iterate λk+1 via

λk+1 = λk − γ(λk − λ̃k). (4.6)

4.2 The relaxed customized PPA for (1.2) in the primal-dual order in [48]

In various areas, we witness such a situation of (1.2) where the objective function θ(x) itself is easy
in the sense that its resolvent operator has a closed-form representation or it can be efficiently solved
up to a high precision. Here, the resolvent operator of the convex function θ is defined as(

I +
1

β
∂θ

)−1
(a) = Argmin{θ(x) + β

2
∥x− a∥2 |x ∈ ℜn}, (4.7)

for any given a ∈ ℜn and β > 0, see [67]. However, even for a function θ(x) whose resolvent operator
is easy to evaluate, the evaluation of(

ATA+
1

β
∂θ

)−1
(ATa) = Argmin{θ(x) + β

2
∥Ax− a∥2 |x ∈ ℜn},

could be still difficult provided that the matrix A is not identity. An illustrative example is the basis
pursuit problem (see [21]) which falls exactly into the model (1.2) with θ(x) = ∥x∥1 (∥x∥1 :=

∑n
i=1 |ui|

for inducing the sparsity) and A ∈ ℜm×n (with m << n). For such a scenario, although the
ALM (1.6) alleviates the difficulty resulted by the linear constrains, the resulting ALM subproblem
(1.6) is still difficult enough to require inner iterations to pursuit an approximate solution, and
the implementation of the ALM (1.6) might be resistive from the numerical point of view. This
difficulty, however, can be removed completely by the customized PPA developed in [48]. In [48], it
was suggested to choose

Q =

(
rIn AT

A sIm

)
,

for (3.2) where the positive parameters r and s are required to satisfy rs > ∥ATA∥ for the purpose
of ensuring the positive definiteness of Q. With this customized choice of Q, the PPA subproblem
(3.2) reduces to {

x̃k = Argmin
{
θ(x) + r

2

∥∥x−
[
xk + 1

r A
Tλk

]∥∥2 ∣∣x ∈ X
}
,

λ̃k = λk − 1
s [A(2x̃k − xk)− b],

(4.8)

whose difficulty of implementation amounts to evaluating the resolvent operator of θ(x). Therefore,
the customized PPA in [48] alleviates the difficulty of the ALM subproblem in (1.6) tangibly for
some concrete applications.

Note that x̃k and λ̃k are both required by the scheme (4.8). Accordingly, all the coordinates of w
should be regularized proximally, the entire variable w should be relaxed, and the requirement (3.4)
is met by taking H = Q. For completeness, we list the customized PPA in [48].
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Algorithm 4.2 A relaxed customized PPA for (1.2) in the primal-dual order in [48]
.

Let γ ∈ (0, 2) be given, the positive scalars r and s be required to satisfy rs > ∥ATA∥. With the
initial iterate w0 = (x0, λ0), the iterate scheme is

1. PPA step: generate (x̃k, λ̃k) via{
x̃k = Argmin

{
θ(x) + r

2

∥∥x−
[
xk + 1

r A
Tλk

]∥∥2 ∣∣x ∈ X
}
,

λ̃k = λk − 1
s [A(2x̃

k − xk)− b].
(4.9)

2. Relaxation step: generate the new iterate wk+1 via

wk+1 = wk − γ(wk − w̃k). (4.10)

4.3 A relaxed customized PPA for (1.2) in the dual-primal order

In this subsection, we continue the idea of developing a customized PPA for (1.2) such that the
resulting subproblem at each iteration is of the same difficulty as evaluating the resolvent operator
of θ(x). The new algorithm differs from Algorithm 4.2 in the update order of the primal and
dual variables. Thus, it is a symmetric counterpart of Algorithm 4.2 by applying the same idea of
algorithmic design.

Recall the MVI reformulation (2.1) of the model (1.2). If we choose

Q =

(
rIn −AT

−A sIm

)
,

in (3.2), then the subproblem (3.2) is specified as{
λ̃k = λk − 1

s (Ax
k − b).

x̃k = Argmin
{
θ(x) + r

2

∥∥x−
[
xk + 1

r A
T (2λ̃k − λk)

]∥∥2 ∣∣x ∈ X
}
,

which is of the same difficulty as (4.9) but with a different order of updating the variables. Note
that with this choice of Q, it is implied that we choose v = w in (3.2) and thus all the coordinates of
w should be relaxed in the relaxation step. We thus derive a new relaxed customized PPA for (1.2)
in the dual-primal order.

Remark 4.3. Note that the requirement (3.4) is met by choosing H = Q.

5 Relaxed customized PPAs for (1.3)

In this section, we investigate how to develop customized PPAs for the separable model (1.3). As
we have mentioned, the ADM (1.7) is a benchmark solver for (1.3) and it is more efficient than the
straightforward application of the ALM (1.6) to (1.3).

We first review the relaxed customized PPA proposed in [9]. In that paper, we demonstrate that
when the partial metric proximal parameter in (3.2) is chosen as

Q =

 0 0
βAT

2 A2 −AT
2

−A2
1
β I

 ,
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Algorithm 4.3 A relaxed customized PPA for (1.2) in the dual-primal order

Let γ ∈ (0, 2) be given, the positive scalars r and s be required to satisfy rs > ∥ATA∥. With the
initial iterate w0 = (x0, λ0), the iterate scheme is

1. PPA step: generate w̃k via solving{
λ̃k = λk − 1

s (Ax
k − b).

x̃k = Argmin
{
θ(x) + r

2

∥∥x−
[
xk + 1

r A
T (2λ̃k − λk)

]∥∥2 ∣∣x ∈ X
}
.

(4.11)

2. Relaxation step: generate the new iterate wk+1 via

wk+1 = wk − γ(wk − w̃k). (4.12)

then the decomposed subproblems are equally effective in exploiting the separable structure of (1.3),
equally efficient in numerical senses and equally easy to implement as the ADM’s subproblems in
(1.7). Thus, with the combination of the relaxation step (3.3), the relaxed customized PPA in [9]
outperforms the ADM (1.7) numerically. Note that with this customized choice of Q, it is implied
that v = (x2, λ) in (3.2). For completeness, we list the relaxed customized PPA in [9] below as
Algorithm 5.1.

Algorithm 5.1 The relaxed customized PPA in [9] for (1.3) in the x1 − λ− x2 order

Let γ ∈ (0, 2) and β > 0 be given. With the initial iterate (x02, λ
0), the iterate scheme is

1. PPA step: generate w̃k via solving
x̃k1 = Argmin

{
θ1(x1) +

β
2

∥∥(A1x1 +A2x
k
2 − b)− 1

βλ
k
∥∥2 ∣∣x1 ∈ X1

}
,

λ̃k = λk − β(A1x̃
k
1 +A2x

k
2 − b),

x̃k2 = Argmin
{
θ2(x2) +

β
2

∥∥(A1x̃
k
1 +A2x2 − b)− 1

β λ̃
k
∥∥2 ∣∣x2 ∈ X2

}
.

(5.1)

2. Relaxation step: generate the new iterate vk+1 by(
xk+1
2

λk+1

)
=

(
xk2
λk

)
− γ

(
xk2 − x̃k2
λk − λ̃k

)
. (5.2)

Remark 5.1. Note that the requirement (3.4) is met for Algorithm 5.1 by choosing

H =

(
βAT

2 A2 −AT
2

−A2
1
β I

)
,

which is a symmetric square sub-matrix of Q. In addition, it is easy to verify that

H =
1

β

(
βAT

2

−I

)(
βA2 −I

)
.

Thus, it is positive semi-definite for any β > 0.
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Algorithm 5.1 treats the variable x1 as an intermediate variable. Thus, the first n1 rows of the
partial metric proximal matrix Q are all zero. Alternatively, we can choose the variable x2 as the
intermediate variable, i.e., in (3.2) we choose v = (x1, λ) and

Q =

 βAT
1 A1 −AT

1

0 0
−A1

1
β I

 .

We thus obtain a symmetric counterpart of of Algorithm 5.1.

Algorithm 5.2 A relaxed customized PPA for (1.3) in the x2 − λ− x1 order

Let γ ∈ (0, 2) and β > 0 be given. With the initial iterate (x01, λ
0), the iterate scheme is

1. PPA step: generate w̃k via solving
x̃k2 = Argmin

{
θ2(x2) +

β
2

∥∥(A1x
k
1 +A2x2 − b)− 1

βλ
k
∥∥2 ∣∣x2 ∈ X2

}
,

λ̃k = λk − β(A1x
k
1 +A2x̃

k
2 − b),

x̃k1 = Argmin
{
θ1(x1) +

β
2

∥∥(A1x1 +A2x̃
k
2 − b)− 1

β λ̃
k
∥∥2 ∣∣x1 ∈ X1

}
.

(5.3)

2. Relaxation step: generate the new iterate vk+1 via(
xk+1
1

λk+1

)
=

(
xk1
λk

)
− γ

(
xk1 − x̃k

λk − λ̃k

)
. (5.4)

Remark 5.2. The requirement (3.4) is met by choosing

H =

(
βAT

1 A1 −AT
1

−A1
1
β I

)
.

Since we have (
βAT

1 A1 −AT
1

−A1
1
β I

)
=

1

β

(
βAT

1

−I

)(
βA1 −I

)
,

the matrix H is positive semi-definite for any β > 0.

6 Linearized versions of Algorithms 5.1 and 5.2

The proposed Algorithms 5.1 and 5.2 are both customized PPAs with the consideration of the
separable structure in the model (1.3), and they are more scalable than the ADM in the sense that
their subproblems (5.1) and (5.3) are of the same difficulty as the ADM subproblem (1.7) while
their relaxation steps may lead to numerical acceleration. The essential subproblems arising in both
Algorithms 5.1 and 5.2 (also the ADM (1.7)) are in the form of

min{θi(xi) +
β

2
∥Aixi − a∥2 | xi ∈ Xi}, i = 1, 2, (6.1)

where a ∈ ℜm is a given vector. Thus, the difficulty of implementing Algorithms 5.1 and 5.2 is
determined by the difficulty of evaluating ( 1β∂θi +AT

i Ai)
−1 with i = 1, 2.
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In this and next sections, inspired mainly by a wide range of concrete applications in the fields
such as statistical learning, image processing and numerical linear algebra, we discuss some special
scenarios of (1.3) and investigate how to develop more customized PPAs than Algorithms 5.1 and
5.2 in accordance with the specificity of these special scenarios.

This section focuses on the case where one of the functions (say θ1(x1)) in the objective of (1.3)
is hard in the sense that its corresponding task of (6.1) with i = 1 has no closed-form solution
whenever A1 is not the identity matrix (e.g., θ1(x1) = ∥x1∥1), while the other function θ2(x2) is
easy in the sense that its corresponding task of (6.1) with i = 2 is still easy even if A2 is not the
identity matrix (e.g., θ2(x2) is a least-square term). For this special case of (1.3), one subproblem
(the x1-related subproblem if θ1(x1) is the easy function) at each iteration of Algorithm 5.1 or 5.2
is hard, as it requires inner iterations to pursuit an approximate solution, and this difficulty may
cause numerical inefficiency for the implementation of Algorithms 5.1 or 5.2. We now discuss how
to alleviate the resulting hard subproblems under certain circumstance, and accordingly two more
customized versions of Algorithms 5.1 and 5.2 are proposed for this special case of (1.3).

6.1 Linearized version of Algorithm 5.1

We first discuss the case where θ1(x1) is hard while θ2(x2) is easy in the mentioned senses. Inspired by
a lot of applications, our discussion in this subsection is under the circumstance that the resolvent
operator of θ1(x1) does admit a closed-form representation. Such an example is θ1(x1) = ∥x1∥1
which has popular applications in sparsity-induced optimization problems. Thus, our purpose to
alleviate the difficulty associated with θ1(x1) is to take advantage of the availability of the closed-
form representation of its resolvent operator. A natural and simple idea is to linearize the quadratic
term in (6.1) such that the linearized subproblem amounts to evaluating the resolvent operator of
θ1(x1) (thus, the closed-form solution is available), see e.g. [18, 80, 85, 89, 90]. Therefore, we can
improve Algorithm 5.1 by linearizing the quadratic term of its x1-subproblem at each iteration.
Interestingly, this blend of Algorithm 5.1 and linearization inside turns out be also a special case of
the relaxed PPA (3.4)-(3.3) with a customized metric proximal parameter in (3.4), as to be shown.

In fact, by linearizing the quadratic term in the objective function of the x1-related subproblem
in (5.1), Algorithm 5.1 is altered to the following iterative scheme where the x1-subproblem simply
amounts to evaluating the resolvent operator of θ1(x1) when X1 = ℜn.

Below we show that the step (6.2) is a special case of the PPA step (3.2) with a customized partial
metric proximal parameter. Hence, Algorithm 6.1 is a specified case of the relaxed PPA (3.4)-(3.3)
for the model (1.3) under our aforementioned circumstance. In fact, by deriving the first-order
optimality condition for the x1-subproblem in (6.2), we have

x̃k1 ∈ X1, θ1(x1)− θ1(x̃
k
1) + (x1 − x̃k1)

T {AT
1 [β(A1x

k
1 +A2x

k
2 − b)− λk] + r(x̃k1 − xk1)} ≥ 0, ∀x1 ∈ X1,

and by using the fact λ̃k = λk − β(A1x̃
k
1 +A2x

k
2 − b), it can be written as

x̃k1 ∈ X1, θ1(x1)− θ1(x̃
k
1) + (x1 − x̃k1)

T
{
−AT

1 λ̃
k + (rI − βAT

1 A1)(x̃
k
1 − xk)

}
≥ 0, ∀x1 ∈ X1. (6.4)

Similarly, by deriving the first-order optimality condition for the x2-subproblem in (6.2), we obtain

x̃k2 ∈ X2, θ2(x2)− θ2(x̃
k
2) + (x2 − x̃k2)

T {AT
2 [β(A1x̃

k
1 +A2x̃

k
2 − b)− λ̃k]} ≥ 0, ∀ x2 ∈ X2.

Substituting the relationship λ̃k = λk − β(A1x̃
k
1 +A2x

k
2 − b) into the last inequality, we obtain

x̃k2 ∈ X2, θ2(x2)−θ2(x̃
k
2)+(x2−x̃k2)

T {−AT
2 λ̃

k+[βAT
2 A2(x̃

k
2−xk2)−AT

2 (λ̃
k−λk)]} ≥ 0, ∀ x2 ∈ X2. (6.5)

Last, note that λ̃k = λk − β(A1x̃
k
1 +A2x

k
2 − b) can be written as

(A1x̃
k
1 +A2x̃

k
2 − b) + [−A2(x̃

k
2 − xk2) +

1

β
(λ̃k − λk)] = 0. (6.6)
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Algorithm 6.1 Linearized relaxed customized PPA for (1.3) in the x1 − λ− x2 order

Let γ ∈ (0, 2) and β > 0 be given, and r ≥ β∥AT
1 A1∥. With the initial iterate (x01, x

0
2, λ

0), the iterate
scheme is

1. PPA step: generate w̃k via solving
x̃k1 = Argmin

{
θ1(x1) +

r
2

∥∥x1 − [xk1 +
β
r (A

T
1 (A1x

k
1 +A2x

k
2 − b)− 1

βλ
k)]

∥∥2 ∣∣x1 ∈ X1

}
,

λ̃k = λk − β(A1x̃
k
1 +A2x

k
2 − b),

x̃k2 = Argmin
{
θ2(x2) +

β
2

∥∥(A1x̃
k
1 +A2x2 − b)− 1

β λ̃
k
∥∥2 ∣∣x2 ∈ X2

}
.

(6.2)

2. Relaxation step: generate the new iterate wk+1 by xk+1
1

xk+1
2

λk+1

 =

 xk1
xk2
λk

− γ

 xk1 − x̃k1
xk2 − x̃k2
λk − λ̃k

.

 (6.3)

Combining (6.4), (6.5) and (6.6) together, we get

w̃k ∈ Ω, θ1(x1)− θ1(x̃
k
1) + θ2(x2)− θ2(x̃

k
2) +

 x1 − x̃k1
x2 − x̃k2
λ− λ̃k

T 
 −AT

1 λ̃
k

−AT
2 λ̃

k

A1x̃
k
1 +A2x̃

k
2 − b

+

+

 (rI − βAT
1 A1) 0 0

0 βAT
2 A2 −AT

2

0 −A2
1
β I

 x̃k1 − xk1
x̃k2 − xk2
λ̃k − λk

 ≥ 0, ∀w ∈ Ω,

where Ω = X1 ×X2 ×ℜm. Hence, the iterative scheme (6.2) is a special case of the PPA subproblem
(3.2) with the specification in (2.2b) and the partial metric proximal parameter given by

Q =

 (rI − βAT
1 A1) 0 0

0 βAT
2 A2 −AT

2

0 −A2
1
β I

 .

Remark 6.1. According to the scheme (6.2), all the iterates (xk1, x
k
2, λ

k) are required for the (k+1)-th
iteration. Thus, all the coordinates of w should be regularized proximally; the vector v = w; and we
relax all the coordinates of w in the relaxation step (6.3). The requirement (3.4) thus can be met by
choosing H = Q. Obviously, for any β > 0 and r ≥ β∥AT

1 A1∥, the matrix H is positive semi-definite.

6.2 Linearized version of Algorithm 5.2

Symmetrically, we propose the linearized version of Algorithm 5.2 under the circumstance that θ1(x1)
is easy in the sense that the corresponding task of (6.1) with i = 1 has a closed-form solution even
when A1 is not an identity matrix, while θ2(x2) is hard in the sense that the corresponding task
of (6.1) with i = 2 has no closed-form solution whenever A2 is not an identity matrix. Similarly,
our discussion of this subsection is under the assumption that the resolvent operator of θ2(x2) has
a closed-form representation, and taking advantage of this fact is the main idea of alleviating the
x2-subproblem at each iteration of Algorithm 5.2. In fact, by linearizing the quadratic term of
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Algorithm 6.2 Linearized relaxed customized PPA for (1.3) in the x2 − λ− x1 order
.

Let γ ∈ (0, 2) and β > 0 be given, and s ≥ β∥AT
2 A2∥. With the initial iterate (x01, x

0
2, λ

0), the iterate
scheme is

1. PPA step: generate w̃k via solving
x̃k2 = Argmin

{
θ2(x2) +

s
2

∥∥x2 − [βs (A
T
2 (A1x

k
1 +A2x

k
2 − b)− 1

βλ
k) + xk2]

∥∥2 ∣∣x2 ∈ X2

}
,

λ̃k = λk − β(A1x
k
1 +A2x̃

k
2 − b),

x̃k1 = Argmin
{
θ1(x1) +

β
2

∥∥(A1x1 +A2x̃
k
2 − b)− 1

β λ̃
k
∥∥2 ∣∣x1 ∈ X1

}
.

(6.7)

2. Relaxation step: generate the new iterate vk+1 by xk+1
1

xk+1
2

λk+1

 =

 xk1
xk2
λk

− γ

 xk1 − x̃k1
xk2 − x̃k2
λk − λ̃k

 . (6.8)

the x2-subproblem in (5.3), Algorithm 5.2 is altered to the following iterative scheme where the
x2-subproblem simply amounts to evaluating the resolvent operator of θ2(x2) when X2 = ℜm.

Similar to Algorithm 6.1, it is easy to show the step (6.7) is a special case of the PPA step (3.2)
with the customized metric proximal parameter

Q =

 βAT
1 A1 0 −AT

1

0 (sI − βAT
2 A2) 0

−A1 0 1
β I

 .

Hence, Algorithm 6.2 is also a specified case of the relaxed PPA (3.2)-(3.3) for the model (1.3) under
our aforementioned circumstance.

Remark 6.2. According to the scheme (6.7), all the iterates (xk1, x
k
2, λ

k) are required for the (k+1)-th
iteration. Thus, all the coordinates of w should be regularized proximally; the vector v = w; and we
relax all the coordinates of w in the relaxation step (6.8). The requirement (3.4) thus can be met by
choosing H = Q. Obviously, for any β > 0 and s ≥ β∥AT

2 A2∥, the matrix H is positive semi-definite.

7 Relaxed customized PPAs for (1.3) with A2 = −I

In this section, we take a particular look at the special case of (1.3) with A2 = −I, i.e., the model

min{θ(x) := θ1(x1) + θ2(x2) | A1x1 − x2 = b, x = (x1, x2) ∈ X := X1 ×X2}, (7.1)

and we discuss how to design more customized PPAs for this special case by taking advantage of
the specificity A2 = −I. The reason we pay particular attention to the model (7.1) is that it is the
mathematical model of many applications problems in various areas. For example, (7.1) with b = 0,
X1 = ℜn and X2 = ℜm reduces to the model

min{θ1(x1) + θ2(A1x1) | x1 ∈ ℜn}, (7.2)

where θ1(x1) often reflects the data-fidelity (e.g., the least-squares term), θ2(A1x1) usually represents
certain regularization to avoid ill-posedness (e.g., the Tikhinove regularization [78] where θ2(A1x1) =
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∥x1∥2, or the total variational regularization [70] where θ2(A1x1) = ∥∇x1∥1 and ∇ is the matrix
representation of the discrete gradient operator). A typical application of (7.2) is the model of
least-squares problem with l1-norm regularization

min{1
2
∥Ax1 − b∥2 + τ∥x1∥1 | x1 ∈ ℜn}, (7.3)

where τ > 0 is a trade-off parameter between the data-fidelity and regularization terms. The model
(7.3) can be illustrated as finding a sparse solution of an underdetermined system of linear equations
(when m ≪ n), and it has a lot of applications such as the the unconstrained model of the basis
pursuit problem [21].

The proposed Algorithms 6.1 and 6.2 are conceptually applicable for the model (7.1). In fact,
because of the simplicity ofA2, the difficulty of implementing Algorithm 6.1 is equivalent to evaluating
the resolvent operators of θ1 and θ2, while that of implementing Algorithm 6.2 is equivalent to
evaluating ( 1β∂θ1+AT

1 A1)
−1 and the resolvent operator of θ2. Recall that the task of ( 1β∂θ1+AT

1 A1)
−1

is assumed to be easy in Section 6.2.
Our purpose in this subsection is to show that: 1) a more customized PPA can be developed

for (7.1) whose subproblems are of the same difficulty as those of Algorithm 6.1, while only the
coordinates (x1, λ) need to be proximally regularized and relaxed; and 2) without the assumption on
the easiness of evaluating ( 1β∂θ1+AT

1 A1)
−1, we can alleviate the x1-subproblem in Algorithm 6.2 by

linearization and develop a relaxed version of Algorithm 6.2 such that the difficulty of the resulting
subproblems amounts only to evaluating the resolvent operators of θ1 and θ2. The relaxed version of
Algorithm 6.2 also excludes the coordinate of x2 from the consideration of proximal regularization
and relaxation. We achieve these goals by taking full advantage of the specificity A2 = −I in the
model (7.1).

Recall the MVI reformulation (2.2) of the model (1.3). With A2 = −I, then we can rewrite the
MVI reformulation of (7.1) as finding w∗ = (x∗1, x

∗
2, λ

∗) such that

w∗ ∈ Ω, θ1(x1)− θ1(x
∗
1) + θ2(x2)− θ2(x

∗
2) + (w − w∗)TF (w∗) ≥ 0, ∀ w ∈ Ω, (7.4a)

where

w =

 x1
x2
λ

 , F (w) =

 −AT
1 λ
λ

A1x1 − x2 − b

 and Ω = X1 ×X2 ×ℜm. (7.4b)

That is, (7.1) can be reformulated as a special case of the MVI (1.1) with u = (x1, x2), θ(u) =
θ1(x1) + θ2(x2), w = (x1, x2, λ), F and Ω being given in (7.4b).

7.1 A customized PPA for (7.1) in the x1 − x2 − λ order

In this subsection, we aim at presenting a customized PPA for (7.1) whose implementation is of the
same difficulty as that of Algorithm 6.1 (i.e., evaluating the resolvent operators of θ1 and θ2), while
only the coordinates (x1, λ) need to be proximally regularized and relaxed. Thus, the new algorithm
can be regarded as an improved version of Algorithm 6.1 with the customized consideration of the
fact A2 = −I in (7.1).

In fact, by choosing the metric proximal parameter

Q =

 rIn AT
1

0 0
A1 sIm
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in (3.2) where the positive scalars r and s are required to satisfy rs ≥ ∥AT
1 A1∥ in order to ensure the

positive semi-definiteness, and recalling the specification (7.4) of the MVI reformulation, we easily
conclude that the PPA subproblem (3.2) becomes

θ(u)−θ(ũk)+

 x1 − x̃k1
x2 − x̃k2
λ− λ̃k

T 
 −AT

1 λ̃
k

λ̃k

A1x̃
k
1 − x̃k2 − b

+

 r(x̃k1 − xk1) +AT
1 (λ̃

k − λk)
0

A1(x̃
k
1 − xk1) + s(λ̃k − λk)

 ≥ 0, ∀w ∈ Ω,

and it can be decomposed into

x̃k1 ∈ X1, θ1(x1)− θ1(x̃
k
1) + (x1 − x̃k1)

T {[r(x̃k1 − xk1)−AT
1 λ

k]} ≥ 0, ∀x1 ∈ X1; (7.5)

x̃k2 ∈ X2, θ2(x2)− θ2(x̃
k
2) + (x2 − x̃k2)

T (λ̃k) ≥ 0, ∀ x2 ∈ X2; (7.6)

(A1x̃
k
1 − x̃k2 − b) + [A1(x̃

k
1 − xk1) + s(λ̃k − λk)] = 0. (7.7)

Note that (7.5) is equivalent to

x̃k1 = Argmin
{
θ1(x1) +

r

2

∥∥x1 − [
xk1 +

1

r
AT

1 λ
k
]∥∥2 ∣∣x1 ∈ X1

}
, (7.8)

and this procedure can be executed only with the last iterative (xk1, λ
k). Thus, the new algorithm

can start the iteration from (7.8) to obtain x̃k1. Then, notice that (7.7) implies that

λ̃k = λk − 1

s
[A1(2x̃

k
1 − xk1)− x̃k2 − b]. (7.9)

Substituting this equation into (7.6), we obtain

x̃k2 ∈ X2, θ2(x2)− θ2(x̃
k
2) + (x2 − x̃k2)

T
{1
s
[x̃k2 −

(
A1(2x̃

k
1 − xk1)− b

)
] + λk

}
≥ 0, ∀ x2 ∈ X2,

which can be equivalently expressed as

x̃k2 = Argmin
{
θ2(x2) +

1

2s

∥∥x2 − (
A1(2x̃

k
1 − xk1)− b

)
+ sλk

∥∥2 ∣∣x2 ∈ X2

}
, } (7.10)

With the solved x̃k1 via (7.8), the procedure (7.10) can be executed to obtain x̃k2. Finally, the variable
λ̃k can be updated via (7.9) with the updated x̃k1 and x̃k2.

Overall, the new algorithm starts the new iteration following the x1 − x2 − λ order, and then a
customized PPA for (7.1) whose subproblems are of the difficulty of evaluating the resolvent operators
of θ1 and θ2 can be presented as in Algorithm 7.1.

Remark 7.1. Note that the second block row of the matrix Q for Algorithm 7.1 is zero. Therefore,
the iteration of Algorithm 7.1 only requires (x1, λ), and x2 is an intermediate vector. Hence, only
the essential coordinates v = (x1, λ) are proximally regularized in (7.11) and relaxed in (7.12).
Accordingly, it is easy to verify that the requirement (3.4) is met by choosing

H =

(
rIn AT

1

A1 sIm

)
,

whose positive semi-definiteness is guaranteed whenever rs ≥ ∥AT
1 A1∥.
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Algorithm 7.1 A relaxed customized PPA for (7.1) in the x1 − x2 − λ order

Let γ ∈ (0, 2) be given, the positive scalars r and s be required to satisfy rs ≥ ∥AT
1 A1∥. With the

initial iterate w0 = (x01, λ
0), the iterate scheme is

1. PPA step: generate w̃k via solving
x̃k1 = Argmin

{
θ1(x1) +

r
2

∥∥x1 − [
xk1 +

1
r A

T
1 λ

k
]∥∥2 ∣∣x1 ∈ X1

}
,

x̃k2 = Argmin
{
θ2(x2) +

1
2s

∥∥x2 − (
A1(2x̃

k
1 − xk1)− b

)
+ sλk

∥∥2 ∣∣x2 ∈ X2

}
, }

λ̃k = λk − 1
s [A1(2x̃

k
1 − xk1)− x̃k2 − b].

(7.11)

2. Relaxation step: generate the new iterate vk+1 by(
xk+1

λk+1

)
=

(
xk

λk

)
− γ

(
xk − x̃k

λk − λ̃k .

)
(7.12)

Remark 7.2. Applying the ADM (1.7) directly to the model (7.1), we obtain the iterative scheme
xk+1
1 = argmin{θ1(x1)− (λk)T (Ax1 − xk2 − b) + β

2 ∥A1x1 − xk2 − b∥2 | x ∈ X1},
xk+1
2 = argmin{θ2(x2)− (λk)T (A1x

k+1
1 − x2 − b) + β

2 ∥A1x
k+1
1 − x2 − b∥2 | x2 ∈ X2},

λk+1 = λk − β(A1x
k+1
1 − xk+1

2 − b).

(7.13)

Therefore, the difficulty of implementing the scheme (7.13) is mainly due to the evaluation of ( 1β∂θ1+

AT
1 A1)

−1. With the purpose of alleviating this difficulty to the task of evaluating only the resolvent
operator of θ1, the split inexact Uzawa method was proposed in [89, 90]. In particular, the iterative
scheme of the split inexact Uzawa method is

xk+1
1 = argmin

{
θ1(x1)− (λk)T (Ax1 − xk2 − b) + r

2∥x1 − xk1∥2
+(x1 − xk1)

T (AT
1 β(A1x

k
1 − xk2 − b))

∣∣∣x1 ∈ X1

}
,

xk+1
2 = argmin{θ2(x2)− (λk)T (A1x

k+1
1 − x2 − b) + β

2 ∥A1x
k+1
1 − x2 − b∥2 | x2 ∈ X2},

λk+1 = λk − β(A1x
k+1
1 − xk+1

2 − b),

(7.14)

where the parameter r is assumed to be r > β∥AT
1 A1∥. Essentially, the split inexact Uzawa method

is to linearize the quadratic term of the x1-subproblem of the ADM (7.13) such that the difficulty
of the x1-subproblem is alleviated to evaluate only the resolvent operator of θ1. In [50], we have
shown that the split inexact Uzawa method and the ADM can be treated in a uniform way in order
to establish the O(1/t) convergence rate.

Compared to the schemes (7.14) and Algorithm 7.1, we find that their implementations share
the same difficulty: evaluating the resolvent operators of θ1 and θ2 at each iteration, and they are
equally effective to exploit the structure of the model (7.1).

7.2 A customized PPA for (7.1) in [75] in the x2 − x1 − λ order

Recall that Algorithm 6.2 is proposed for the general case of the model (1.3) but under the assumption
that it is easy to evaluate ( 1β∂θ1 + AT

1 A1)
−1 even when A1 is not an identity matrix. Considering

that (7.1) is a special case of (1.3) with A2 = −I, we are also interested in the case of (7.1) but
without the additional assumption on the easiness of evaluating ( 1β∂θ1 + AT

1 A1)
−1 when A1 is not

the identity matrix. In this subsection, we show that the algorithm in [75] can be regarded as a
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modified version of Algorithm 6.2, where the x1-subproblem of Algorithm 6.2 is alleviated to the
task of evaluating only the resolvent operator of θ1(x1).

We first show that the algorithm in [75] is recovered when we choose the customized metric
proximal parameter Q as

Q =

 rIn −AT
1

0 0
−A1 sIm


in (3.2) where the positive scalars r and s are required to satisfy rs > ∥AT

1 A1∥ in order to ensure the
positive semi-definiteness. In fact, recall the specification (7.4) of the MVI reformulation of (7.1), we
easily conclude that the PPA subproblem (3.2) becomes

θ(u)−θ(ũk)+

 x1 − x̃k1
x2 − x̃k2
λ− λ̃k

T 
 −AT

1 λ̃
k

λ̃k

A1x̃
k
1 − x̃k2 − b

+

 r(x̃k1 − xk1)−AT
1 (λ̃

k − λk)
0

−A1(x̃
k
1 − xk) + s(λ̃k − λk)

 ≥ 0, ∀w ∈ Ω,

which can be decomposed into

x̃k1 ∈ X1, θ1(x1)− θ1(x̃
k
1) + (x1 − x̃k1)

T {−AT
1 λ̃

k + r(x̃k1 − xk1)−AT
1 (λ̃

k − λk)} ≥ 0, ∀x1 ∈ X1; (7.15)

x̃k2 ∈ X2, θ2(x2)− θ2(x̃
k
2) + (x2 − x̃k2)

T (λ̃k) ≥ 0, ∀ x2 ∈ X2; (7.16)

(A1x
k
1 − x̃k2 − b) + s(λ̃k − λk) = 0. (7.17)

So, (7.17) implies that

λ̃k = λk − 1

s
[A1x

k
1 − x̃k2 − b]}. (7.18)

Substituting (7.18) into (7.16), we have

x̃k2 ∈ X2, θ2(x2)− θ2(x̃
k
2) + (x2 − x̃k2)

T (λk − 1

s
[A1x

k
1 − x̃k2 − b]) ≥ 0, ∀ x2 ∈ X2,

which equivalently means that

x̃k2 = Argmin
{
θ2(x2) +

1

2s

∥∥x2 − (
A1x

k
1 − b

)
+ sλk

∥∥2 ∣∣x2 ∈ X2

}
, (7.19)

Note that the procedure (7.18) only depends on the last iterate (xk1, λ
k). Thus, we can start the

iteration from (7.18) to obtain x̃k2, then we get λ̃k based on (7.18), and finally obtain x̃k1 via (7.15)
which can be rewritten as

x̃k1 = Argmin
{
θ1(x1) +

r

2

∥∥x1 − [
xk1 +

1

r
AT

1 (2λ̃
k − λk)

]∥∥2 ∣∣x1 ∈ X1

}
. (7.20)

Overall, the algorithm in [75] starts the new iteration following the x2−λ−x1 order, and the scheme
is as follows. For completeness, we give the algorithm (Algorithm 7.2) in [75].

Remark 7.3. Note that the second block row of the matrix Q for Algorithm 7.2 is also zero. Therefore,
like Algorithm 7.1, the iteration of Algorithm 7.2 only requires (x1, λ), and x2 is an intermediate
vector. Hence, only the essential coordinates v = (x1, λ) are proximally regularized in (7.21) and
relaxed in (7.22). Accordingly, it is easy to verify that the requirement (3.4) is met by choosing

H =

(
rIn −AT

1

−A1 sIm

)
,

whose positive semi-definiteness is guaranteed whenever rs ≥ ∥AT
1 A1∥.

Remark 7.4. Despite the different orders of updating the variables, Algorithms 7.1 and 7.2 share the
same difficulty of implementation: evaluating the resolvent operators of θ1 and θ2 at each iteration.
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Algorithm 7.2 The relaxed customized PPA for (7.1) in [75] in the x2 − λ− x1 order

Let γ ∈ (0, 2) be given, the positive scalars r and s be required to satisfy rs ≥ ∥AT
1 A1∥. With the

initial iterate w0 = (x01, λ
0), the iterate scheme is

1. PPA step: generate w̃k via solving
x̃k2 = Argmin

{
θ2(x2) +

1
2s

∥∥x2 − (
A1x

k
1 − b

)
+ sλk

∥∥2 ∣∣x2 ∈ X2

}
,

λ̃k = λk − 1
s [A1x

k
1 − x̃k2 − b]},

x̃k1 = Argmin
{
θ1(x1) +

r
2

∥∥x1 − [
xk1 +

1
r A

T
1 (2λ̃

k − λk)
]∥∥2 ∣∣x1 ∈ X1

}
.

(7.21)

2. Relaxation step: generate the new iterate vk+1 by(
xk+1
1

λk+1

)
=

(
xk1
λk

)
− γ

(
xk1 − x̃k1
λk − λ̃k .

)
(7.22)

7.3 Application of (7.1) for convex minimization with linear inclusion constraints

In this subsection, we show that the model (7.1) is a convenient reformulation of a more general
model than (1.2), i.e., the convex minimization problem with linear inclusion constraints

min{θ(x) | Ax ∈ B, x ∈ X}, (7.23)

where B is a convex subset of ℜm and all other settings are the same as those in (1.2). Obviously,
the model (7.23) reduces to the model (1.2) when the set B only incudes one vector b, and in par-
ticular, the model (7.23) includes as a special case the convex minimization problem with inequality
constraints when B = ℜm

+ . For many concrete applications of the model (7.23), we often encounter
the case where the resolvent operator of the function θ(x) has a closed-form representation, and the
sets X and B are simple in the sense that the projections onto them under the Euclidean norm are
easy to compute.

By introducing an auxiliary variable y = Ax, the model (7.23) is converted into

min{θ(x) | Ax− y = 0, x ∈ X , y ∈ B}, (7.24)

which is a special case of (7.1) with x1 = x, x2 = y, θ1(x1) = θ(x), θ2 ≡ 0, b = 0, A1 = A, X1 = X
and X2 = B. Therefore, the proposed Algorithms 7.1 and 7.2 are applicable for (7.24).

In fact, because of the specificity of the model (7.24), the applications of Algorithms 7.1 and 7.2
do not involve the auxiliary variable y, and only the original primal variable x and the dual variable
λ appear during the iterations of Algorithms 7.1 and 7.2. Now we explain it. Since θ2 ≡ 0, X2 = B
and b = 0, the x2-subproblem (i.e, y) in (7.11) has a closed-form representation

ỹk = PB[
(
A(2x̃k − xk)

)
− sλk]. (7.25)

Substituting it into the λ-subproblem in (7.11) and using again b = 0, it becomes

λ̃k =
1

s
{PB[A(2x̃

k − xk)− sλk]− [A(2x̃k − xk)− sλk]}. (7.26)

Note that the x1-subproblem (i.e., x) in (7.11) does not require ỹk and yk. Thus, for the particular
case (7.23), the proposed Algorithm 7.1 reads as Algorithm 7.3. In the case B = {b}, we have PB = b.
In this special case, the PPA step of Algorithm 7.3 coincides with the PPA step of Algorithm of 4.2

Analogously, for the particular case (7.23), the proposed Algorithm 7.2 can be simplified as the
Algorithm 7.4 without the auxiliary variable y.
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Algorithm 7.3 The application of Algorithm 7.1 for (7.23)

Let γ ∈ (0, 2) be given, the positive scalars r and s be required to satisfy rs ≥ ∥AT
1 A1∥. With the

initial iterate w0 = (x0, λ0), the iterate scheme is

1. PPA step: generate w̃k via solving{
x̃k = Argmin

{
θ(x) + r

2

∥∥x−
[
xk + 1

r A
Tλk

]∥∥2 ∣∣x ∈ X
}
,

λ̃k = 1
s{PB[A(2x̃

k − xk)− sλk]− [A(2x̃k − xk)− sλk]}.

2. Relaxation step: generate the new iterate wk+1 by(
xk+1

λk+1

)
=

(
xk

λk

)
− γ

(
xk − x̃k

λk − λ̃k .

)

Algorithm 7.4 The application of Algorithm 7.2 for (7.23)

Let γ ∈ (0, 2) be given, the positive scalars r and s be required to satisfy rs ≥ ∥AT
1 A1∥. With the

initial iterate w0 = (x0, λ0), the iterate scheme is

1. PPA step: generate w̃k via solving{
λ̃k = 1

s{PB[Ax
k − sλk]− [Axk − sλk]},

x̃k = Argmin
{
θ(x) + r

2

∥∥x−
[
xk + 1

r A
T (2λ̃k − λk)

]∥∥2 ∣∣x ∈ X
}
.

2. Relaxation step: generate the new iterate wk+1 by(
xk+1

λk+1

)
=

(
xk

λk

)
− γ

(
xk − x̃k

λk − λ̃k .

)

8 Relaxed customized PPAs for (1.4)

In this section, we discuss how to develop customized PPAs for the model (1.4) whose MVI reformu-
lation is given by (2.5). We show that the properties of θi’s can be exploited individually by choosing
the metric proximal parameters appropriately in (3.2), and consequently the relaxed PPA (3.2)-(3.3)
can be specified into some concrete customized versions for the model (1.4). For simplicity, our
discussion in this section only focuses on the circumstance where the tasks

min{θi(xi) +
β

2
∥Aixi − a∥2 |xi ∈ Xi}, i = 1, . . . ,K, (8.1)

are easy for any given β > 0 and a ∈ ℜm.

8.1 A relaxed customized PPA for (1.4) in the primal-dual order

We first present a relaxed customized PPA for (1.4), namely, Algorithm 8.1, where the primal
variables xi’s are updated prior to the dual variable λ.

23



Algorithm 8.1 A relaxed customized PPA for (1.4) in the primal-dual order

Let γ ∈ (0, 2) and β > 0 be given. With the initial iterate w0 = (x01, · · · , x0K , λ0), the iterate scheme
is

1. PPA step: generate w̃k via solving

x̃ki = Argmin
{
θi(xi)+

β

2K

∥∥[Ai(Kxi−(K−1)xki )+

K∑
j=1,j ̸=i

Ajx
k
j −b]− 1

β
λk

∥∥2 ∣∣xi ∈ Xi

}
, (8.2a)

where i = 1, , · · · ,K;

λ̃k = λk − β
( K∑
j=1

Aj x̃
k
j − b

)
; (8.2b)

2. Relaxation step: generate the new iterate wk+1 by
xk+1
1
...

xk+1
K

λk+1

 =


xk1
...

xkK
λk

− γ


xk1 − x̃k1

...
xkK − x̃kK
λk − λ̃k

 . (8.3)

Now, we show that the step (8.2) is essentially a special case of the PPA (3.2) with a customized
choice of the metric proximal parameter Q. First, by deriving the first-order optimality condition of
(8.2a), we have

x̃ki ∈ Xi, θi(xi)− θi(x̃
k
i ) + (xi − x̃ki )

T
{
AT

i [β
(
KAi(x̃

k
i − xki ) +

K∑
j=1

Ajx
k
j − b

)
− λk]

}
≥ 0, ∀xi ∈ Xi,

for i = 1, 2, · · · ,K. By using (8.2b), it can be rewritten as x̃ki ∈ Xi and

θi(xi)− θi(x̃
k
i ) + (xi − x̃ki )

T
{
−AT

i λ̃
k + βAT

i [KAi(x̃
k
i − xki )−

K∑
j=1

Aj(x̃
k
j − xkj )]

}
≥ 0, ∀x ∈ X . (8.4)

Note that the equation (8.2b) can be written as

(

K∑
j=1

Aj x̃
k
j − b) +

1

β
(λ̃k − λk) = 0. (8.5)
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Combining (8.4) and (8.5) together, we get w̃k = (x̃k, · · · , x̃kK , λ̃k) ∈ Ω such that

θ(u)− θ(ũk) +


x1 − x̃k1

...
xK − x̃kK
λ− λ̃k


T 


−AT

1 λ̃
k

...

−AK λ̃k∑K
i=1Aix̃

k
i − b

+

+


KβAT

1 A1(x̃
k
1 − xk1)− βAT

1

∑K
j=1Aj(x̃

k
j − xkj )

...

KβAT
KAK(x̃kK − xkK)− βAT

K

∑K
j=1Aj(x̃

k
j − xkj )

1
β (λ̃

k − λk)


 ≥ 0, ∀w ∈ Ω,

which coincides with (3.2) with the specification given in (2.3) and (2.5b), and the metric proximal
parameter is

Q = β


KAT

1 A1 0 · · · 0

0
. . .

. . .
...

...
. . . KAT

KAK 0
0 · · · 0 1

β2 Im

− β


AT

1 A1 · · · AT
1 AK 0

...
. . .

...
...

AT
KA1 · · · AT

KAK 0

0 · · · 0 0

 . (8.6)

Obviously, the matrix

K · diag
(
AT

1 A1, . . . , A
T
KAK

)
−

 AT
1 A1 · · · AT

1 AK
...

. . .
...

AT
KA1 · · · AT

KAK


is positive semi-definite. Hence, the matrix Q given in (8.6) is also positive semi-definite for any
β > 0.

Remark 8.1. Note that all the iterate (xk1, x
k
2, · · · , xkK , λk) are required to implement Algorithm 8.1.

Thus, all the coordinates of w need to be proximally regularized in (8.2) and relaxed in (8.3).
Accordingly, we take H = Q and the requirement (3.4) can be met.

Remark 8.2. All the xi-subproblems of Algorithm 8.1 are in the form of (8.1), and they are eligible for
parallel computation. This feature is particularly favorable when K is large and the xi-subproblems
are of the same difficulty.

8.2 A relaxed customized PPA for (1.4) in the dual-primal order

The PPA framework also enables us to solve the model (1.4) in the dual-primal order, i.e., the
dual variable λ is updated prior to the primal variables xi’s. Symmetrically, we propose a relaxed
customized PPA for (1.4) in the dual-primal order, whose subproblems are of the same difficulty as
those of Algorithm 8.1.

By similar analysis as that in last subsection, we can easily verify that the step (8.7) essentially
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Algorithm 8.2 A relaxed customized PPA for (1.4) in the dual-primal order

Let γ ∈ (0, 2) and β > 0 be given. With the initial iterate w0 = (x01, · · · , x0K , λ0), the iterate scheme
is

1. PPA step: generate w̃k via solving
λ̃k = λk − β

(∑K
j=1Ajx

k
j − b

)
,

x̃ki = Argmin
{
θi(xi) +

β
2K

∥∥KAi(xi − xki )− 1
β (λ̃

k − λk)
∥∥2 ∣∣xi ∈ Xi

}
,

where i = 1, , · · · ,K;

(8.7)

2. Relaxation step: generate the new iterate wk+1 by
xk+1
1
...

xk+1
K

λk+1

 =


xk1
...

xkK
λk

− γ


xk1 − x̃k1

...
xkK − x̃kK
λk − λ̃k

 . (8.8)

is representable by the fact that w̃k = (x̃k, · · · , x̃kK , λ̃k) ∈ Ω such that

θ(u)− θ(ũk) +


x1 − x̃k1

...
xK − x̃kK
λ− λ̃k


T 


−AT

1 λ̃
k

...

−AK λ̃k∑K
i=1Aix̃

k
i − b

+

+


KβAT

1 A1(x̃
k
1 − xk1)−AT

1 (λ̃
k − λk)

...

KβAT
KAK(x̃kK − xkK)−AT

K(λ̃k − λk)

−
∑K

j=1Aj(x̃
k
j − xkj ) +

1
β (λ̃

k − λk)


 ≥ 0, ∀w ∈ Ω,

which coincides with (3.2) with the specification given in (2.3) and (2.5b), and the metric proximal
parameter is

Q =


KβAT

1 A1 0 · · · 0 −AT
1

0
. . .

. . .
...

...
...

. . .
. . . 0

...
0 · · · 0 KβAT

KAK −AT
K

−A1 · · · · · · −AK
1
β Im

 . (8.9)

Note that the matrix Q in (8.9) can be expressed as Q = QT
DQ̃QD, where

Q̃ =


KIm 0 · · · 0 −Im

0
. . .

. . .
...

...
...

. . .
. . . 0

...
0 · · · 0 KIm −Im

−Im · · · · · · −Im Im

 ,
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and

QD = diag(
√

βA1, . . . ,
√

βAK ,
1√
β
Im).

Thus, the matrix Q given by (8.9) is positive semi-definite for any β > 0.

Remark 8.3. Similar as Algorithm 8.1, all the iterate (xk1, x
k
2, · · · , xkK , λk) are required to implement

Algorithm 8.2. Thus, all the coordinates of w need to be proximally regularized in (8.7) and relaxed
in (8.8). Accordingly, we take H = Q and the requirement (3.4) can be met.

Remark 8.4. Similar as Algorithm 8.1, all the xi-subproblems of Algorithm 8.2 are in the form of
(8.1), and they are eligible for parallel computation.

8.3 Linearized versions of Algorithms 8.1 and 8.2

Similar as Sections 6 and 7, we can alleviate the xi-subproblems in Algorithms 8.1 and 8.2 to the
task of evaluating only the resolvent operators of θi’s. That is, the essential subproblems can be in
the form of

min{θi(xi) +
β

2
∥xi − a∥2 |xi ∈ Xi}, i = 1, . . . ,K, (8.10)

where a ∈ ℜm. Moreover, when some matrices Ai in the linear constraints are simple (e.g, I or
−I), we can develop more customized PPAs by taking advantage of this specificity. The idea and
analysis of these extensions for (1.4) are analogous to those for Algorithms 6.1-7.2, but only with
more complicated notations. Thus, we omit the elaboration for the sake of succinctness.

9 Relaxed customized PPAs for (1.5)

In this section, we discuss how to design customized PPAs for the saddle-point problem (1.5). Recall
the MVI reformulation (2.6) of the model (1.5). Our purpose is to exploit the properties of θ1 and
θ2 individually, and the resulting subproblems are of the same difficulty as evaluating the resolvent
operators of θ1 and θ2 individually.

To begin with, we propose a relaxed customized PPA for (1.5) in the x − y order, in which the
iterative scheme reads as in Algorithm 9.1.

Algorithm 9.1 A relaxed customized PPA for (1.5) in the x− y order

Let γ ∈ (0, 2) be given, the positive scalars r and s be required to satisfy rs ≥ ∥ATA∥. With the
initial iterate w0 = (x0, y0), the iterate scheme is

1. PPA step: generate w̃k via solving

x̃k = Argmin
{
θ1(x) +

r

2

∥∥x−
[
xk +

1

r
AT yk

]∥∥2 ∣∣x ∈ X
}
, (9.1a)

ỹk = Argmin
{
θ2(y) +

s

2

∥∥y − [yk − 1

s
A(2x̃k − xk)

∥∥2 ∣∣ y ∈ Y
}
. (9.1b)

2. Relaxation step: generate the new iterate wk+1 by(
xk+1

yk+1

)
=

(
xk

yk

)
− γ

(
xk − x̃k

yk − ỹk
.

)
(9.2)
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We show that the step (9.1) is a special case of the PPA (3.2) with a customized metric proximal
parameter. Hence, the relaxation step (9.2) is effective. In fact, by deriving the first-order optimality
condition, it follows from (9.1a) that

x̃k ∈ X , θ1(x)− θ1(x̃
k) + (x− x̃k)T {r(x̃k − xk)−AT yk} ≥ 0, ∀x ∈ X ,

and it can be written as

x̃k ∈ X , θ1(x)− θ1(x̃
k) + (x− x̃k)T {(−AT ỹk) + [r(x̃k − xk) +AT (ỹk − yk)} ≥ 0, ∀x ∈ X . (9.3)

Similarly, from (9.1b)), we have

ỹk ∈ Y, θ2(y)− θ2(ỹ
k) + (y − ỹk)T {s(ỹk − yk) +A(2x̃k − xk)} ≥ 0, ∀ y ∈ Y,

and it can be written as

ỹk ∈ Y, θ2(y)− θ2(ỹ
k) + (y − ỹk)T {Ax̃k + s(ỹk − yk) +A(x̃k − xk)} ≥ 0, ∀ y ∈ Y. (9.4)

Combining (9.3) and (9.4) together, we get w̃k = (x̃k, ỹk) ∈ Ω such that

θ(u)− θ(ũk) +

(
x− x̃k

y − ỹk

)T {(
−AT ỹk

Ax̃k

)
+

(
r(x̃k − xk) +AT (ỹk − yk)
A(x̃k − xk) + s(ỹk − yk)

)}
≥ 0,∀w ∈ Ω,

which coincides with (3.2) with the specification given in (2.6) and the metric proximal parameter is

Q =

(
rIn AT

A sIm

)
,

where the positive semi-definiteness of Q is ensured by the condition rs ≥ ∥ATA∥.
Remark 9.1. Since the (k+1)-th iteration of Algorithm 9.1 requires both xk and yk, all the coordinates
of w (i.e, x and y) need to be proximally regularized in the PPA step (9.1) and relaxed in the relaxation
step (9.2). Accordingly, it is easy to verify that the requirement (3.4) is met by choosing H = Q.

Symmetrically, we propose a relaxed customized PPA (Algorithm 9.2) for (1.5) in the y − x
order. With similar analysis, we can verify that the PPA step (9.5) can be representable by finding
w̃k = (x̃k, ỹk) ∈ Ω such that

θ(u)− θ(ũk) +

(
x− x̃k

y − ỹk

)T {(
−AT ỹk

Ax̃k

)
+

(
r(x̃k − xk)−AT (ỹk − yk)
−A(x̃k − xk) + s(ỹk − yk)

)}
≥ 0, ∀w ∈ Ω,

which coincides with (3.2) with the specification given in (2.6) and the metric proximal parameter is

Q =

(
rIn −AT

−A sIm

)
,

where the positive semi-definiteness of Q is ensured by the condition rs ≥ ∥ATA∥.

10 The global convergence

In this section, we establish the global convergence uniformly for all the proposed algorithms in
the context of the uniform form (3.2)-(3.3). Our coming analysis uses the notation ∥v∥H to denote√
vTHv for notational convenience even though H may only be positive semi-definite, and we still
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Algorithm 9.2 A relaxed customized PPA for (1.5) with the y − x order

Let γ ∈ (0, 2) be given, the positive scalars r and s be required to satisfy rs ≥ ∥ATA∥. With the
initial iterate w0 = (x0, y0), the iterate scheme is

1. PPA step: generate w̃k via solving

ỹk = Argmin
{
θ2(y) +

s

2

∥∥y − [yk − 1

s
Axk

∥∥2 ∣∣ y ∈ Y
}
, (9.5a)

x̃k = Argmin
{
θ1(x) +

r

2

∥∥x−
[
xk +

1

r
AT (2ỹk − yk)

]∥∥2 ∣∣x ∈ X
}
. (9.5b)

2. Relaxation step: generate the new iterate wk+1 by(
xk+1

yk+1

)
=

(
xk

yk

)
− γ

(
xk − x̃k

yk − ỹk
.

)
(9.6)

call it the H-norm by this slight abuse of notation. The notations u, v, w, θ, F , Ω, V∗, Q and H are
defined as before.

The proof follows the framework of contraction type methods (see [2] for the definition of con-
traction methods). That is, we show that the sequence {vk} generated by the conceptual algorithm
(3.2)-(3.3) is contractive with respect to the set V∗. Recall that for a given proposed algorithm,
v denotes the set of all essential coordinates which are truly required by the iteration; and all the
proposed algorithms are concrete cases of the conceptual algorithm (3.2)-(3.3) with specified u, v,
w, θ, F , Ω, Q and H.

We first prove an inequality in Lemma 10.1 which is useful for establishing the global convergence.

Lemma 10.1. The sequence {vk} generated by the scheme (3.2)-(3.3) satisfies

(vk − v∗)TH(vk − ṽk) ≥ ∥vk − ṽk∥2H , ∀ v∗ ∈ V∗. (10.1)

Proof. Let w∗ ∈ Ω∗. Note that w∗ ∈ Ω. By setting w = w∗ in (3.2), we get

(w̃k − w∗)TQ(vk − ṽk) ≥ (w̃k − w∗)TF (w̃k) + θ(ũk)− θ(u∗) ≥ 0, ∀w∗ ∈ Ω∗.

By using the monotonicity of F and the fact that w∗ ∈ Ω∗, we obtain

(w̃k − w∗)TF (w̃k) + θ(ũk)− θ(u∗) ≥ (w̃k − w∗)TF (w∗) + θ(ũk)− θ(u∗) ≥ 0.

Consequently, we have
(w̃k − w∗)TQ(vk − ṽk) ≥ 0, ∀w∗ ∈ Ω∗.

Finally, recall the requirement (3.4), we obtain

(ṽk − v∗)TH(vk − ṽk) ≥ 0, ∀v∗ ∈ V∗.

Therefore, the assertion (10.1) follows from the above inequality and the notation ∥v∥H :=
√
vTHv

immediately. �
With Lemma 10.1, we are ready to show an important inequality.

Lemma 10.2. The sequence {vk} generated by the scheme (3.2)-(3.3) satisfies

∥vk+1 − v∗∥2H ≤ ∥vk − v∗∥2H − γ(2− γ)∥vk − ṽk∥2H , ∀v∗ ∈ V∗. (10.2)

29



Proof. It follows from (3.3) that

∥vk − v∗∥2H − ∥vk+1 − v∗∥2H = ∥vk − v∗∥2H − ∥(vk − v∗)− γ(vk − ṽk)∥2H
= 2γ(vk − v∗)TH(vk − ṽk)− γ2∥vk − ṽk∥2H , ∀v∗ ∈ V∗.

Recall (10.1). It follows from the last inequality that

∥vk − v∗∥2H − ∥vk+1 − v∗∥2H ≥ γ(2− γ)∥vk − ṽk∥2H , ∀v∗ ∈ V∗. (10.3)

The assertion of the theorem follows immediately. �
Remark 10.3. According to (10.2), it is clear to require γ ∈ (0, 2) in the relaxation step (3.3) for the
purpose of ensuring the contraction of {vk} with respect to V∗. In addition, (10.2) suggests us to
avoid too small or large value of γ, as the quantity γ(2− γ) attains its maximal value at γ = 1.

Now, with Lemma 10.2, we show that the relaxation step (3.3) is actually effective for the
contraction purpose. In other words, this step brings the new iterate vk+1 closer to the set V∗ than
vk under the H-norm, making it true that the sequence {vk} generated by the scheme (3.2)-(3.3)
is contractive with respect to the set V∗. Hence, the techniques for establishing convergence in [2]
apply.

Theorem 10.4. The sequence {vk} generated by the scheme (3.2)-(3.3) is contractive with respect
to V∗, i.e.,

∥vk+1 − v∗∥2H ≤ ∥vk − v∗∥2H − 2− γ

γ
∥vk − vk+1∥2H , ∀ v∗ ∈ V∗. (10.4)

Proof. It follows from (3.3) that vk − ṽk = 1
γ (v

k − vk+1). Thus, the assertion (10.4) is an immediate
conclusion of (10.2) �

Since H is positive semi-definite, we denote by H1/2 its square root. We also define

z = H1/2v and Z∗ = {z∗ = H1/2v∗ | v∗ ∈ V∗}.

It is clear that Z∗ is convex. By using the above definitions, the PPA step (3.2) can be rewritten as

w̃k ∈ W , θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH1/2(zk − z̃k), ∀ w ∈ W, (10.5)

and the inequality (10.2) can be restated as

∥zk+1 − z∗∥2 ≤ ∥zk − z∗∥2 − γ(2− γ)∥zk − z̃k∥2, ∀ z∗ ∈ Z∗. (10.6)

Now, we are ready to establish the global convergence for the scheme (3.2)-(3.3).

Theorem 10.5. Let the sequence {vk} be generated by the scheme (3.2)-(3.3). Then, there exists
z∞ ∈ Z∗ such that

lim
k→∞

zk = z∞,

and the related vector w∞ is a solution point of the MVI(1.1).

Proof. First, for an arbitrarily fixed z∗ ∈ Z∗, it follows from (10.6) that the sequence {zk} is
bounded. Summing the inequality (10.6) over k = 0, 1, . . ., we obtain

∞∑
k=0

γ(2− γ) · ∥zk − z̃k∥2 ≤ ∥z0 − z∗∥2,
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and thus
lim
k→∞

∥zk − z̃k∥2 = 0.

Let z∞ be a cluster point of {zk}, because limk→∞ ∥zk − z̃k∥ = 0, z∞ is also a cluster point of {z̃k}.
In addition, from (10.5) we obtain

lim
k→∞

{θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)} ≥ 0, ∀ w ∈ W,

and therefore, any w∞ induced by z∞ is a solution point of the MVI(1.1). By using (10.6), we have

∥zk+1 − z∞∥2 ≤ ∥zk − z∞∥2 − c · ∥zk − z̃k∥2,

and
lim
k→∞

zk = z∞.

The theorem is proved. �
It follows from Theorem 10.5 that the sequences {zk} and {z̃k} converge to a unique point

z∗ ∈ Z∗. Since limk→∞ zk − z̃k = 0, substituting into (10.5) yields that

lim
k→∞

{θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)} ≥ 0, ∀ w ∈ W.

Therefore, any w∗ induced by z∗ is a solution point of the MVI (1.1).

11 The O(1/t) convergence rate

In this section, we establish the O(1/t) convergence rate uniformly for all the proposed algorithms
in the context of the conceptual algorithm (3.2)-(3.3). As we have mentioned in Section 2.2, for this
purpose, we need to show that after t iterations of the scheme (3.2)-(3.3), we can find w̃ ∈ Ω such
that

sup
w∈D

{
θ(ũ)− θ(u) + (w̃ − w)TF (w)

}
≤ ϵ, (11.1)

where ϵ = O(1/t) and D ⊂ Ω is an arbitrary substantial compact set.
We first present an identity which will be often used in the proof. Since the proof is elementary,

we omit it.

Lemma 11.1. Let H ∈ ℜl×l be positive semi-definite and we use the notation ∥v∥H :=
√
vTHv.

Then, we have

(a− b)TH(c− d) =
1

2

(
∥a− d∥2H − ∥a− c∥2H

)
+

1

2

(
∥c− b∥2H − ∥d− b∥2H

)
, ∀a, b, c, d ∈ ℜl. (11.2)

Then, we show some inequalities in the following lemmas which are useful for the analysis of
convergence rate.

Lemma 11.2. The sequence generated by the scheme (3.2)-(3.3) satisfies

θ(u)− θ(ũk) + (w − w̃k)TF (w) ≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω. (11.3)

31



Proof. It follows from (3.2) that

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQ(vk − ṽk), ∀w ∈ Ω. (11.4)

Because of the monotonicity of F , we have

(w − w̃k)TF (w) ≥ (w − w̃k)TF (w̃k),

and the requirement (3.4) implies that

(w − w̃k)TQ(vk − ṽk) = (v − ṽk)TH(vk − ṽk).

Hence, the assertion (11.3) follows from (11.4) directly. �

Lemma 11.3. The sequence generated by the scheme (3.2)-(3.3) satisfies

γ(v − ṽk)TH(vk − ṽk) +
1

2

(
∥v − vk∥2H − ∥v − vk+1∥2H

)
≥ γ(1− γ

2
)∥vk − ṽk∥2H , ∀v ∈ V. (11.5)

Proof. Recall (3.3). In order to show (11.5), we need only to prove

(v − ṽk)TH(vk − vk+1) +
1

2

(
∥v − vk∥2H − ∥v − vk+1∥2H

)
≥ γ(1− γ

2
)∥vk − ṽk∥2H , ∀v ∈ V . (11.6)

For the term (v − ṽk)TH(vk − vk+1), by using the identity (11.2), we get

(v − ṽk)TH(vk − vk+1) =
1

2

(
∥v − vk+1∥2H − ∥v − vk∥2H

)
+

1

2

(
∥vk − ṽk∥2H − ∥vk+1 − ṽk∥2H

)
. (11.7)

Use the fact (3.3) again for the term 1
2

(
∥vk − ṽk∥2H − ∥vk+1 − ṽk∥2H

)
, we obtain

1

2

(
∥vk − ṽk∥2H − ∥vk+1 − ṽk∥2H

)
=

1

2

(
∥vk − ṽk∥2H − ∥(vk − ṽk)− γ(vk − ṽk)∥2H

)
=

1

2
γ(2− γ)∥vk − ṽk∥2H .

Substituting it into the right-hand side of (11.7), we obtain (11.6) and the lemma is proved. �
Now, with the assertions in Lemmas 11.2 and 11.3, we can show the O(1/t) convergence rate for

the scheme (3.2)-(3.3).

Theorem 11.4. For any integer t > 0, we define

w̃t =
1

t+ 1

t∑
k=0

w̃k, (11.8)

where w̃k (k = 1, 2, · · · , t) are generated by the scheme (3.2)-(3.3). Then, we have w̃t ∈ Ω and

θ(ũt)− θ(u) + (w̃t − w)TF (w) ≤ 1

2γ(t+ 1)
∥v − v0∥2H , ∀w ∈ Ω, (11.9)

Proof. First of all, combining (11.3) and (11.5), we get

θ(u)− θ(ũk) + (w − w̃k)TF (w) +
1

2γ
∥v − vk∥2H ≥ 1

2γ
∥v − vk+1∥2H , ∀w ∈ Ω. (11.10)
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Summing the inequality (11.10) over k = 0, 1, . . . , t, we obtain

(
(t+ 1)θ(u)−

t∑
k=0

θ(ũk)
)
+

(
(t+ 1)w −

t∑
k=0

w̃k
)T

F (w) +
1

2γ
∥v − v0∥2H ≥ 0, ∀w ∈ Ω.

It follows that

( t∑
k=0

θ(ũk)

t+ 1
− θ(u)

)
+ (w̃t − w)TF (w) ≤ 1

2γ(t+ 1)
∥v − v0∥2H , ∀w ∈ Ω. (11.11)

Since

ũt =
1

t+ 1

t∑
k=0

ũk and θ(u) is convex,

we have

θ(ũt) ≤
1

t+ 1

t∑
k=0

θ(ũk).

Substituting it into (11.11), the assertion (11.9) follows directly. �
For an arbitrary substantial set D ⊂ Ω, after t iterations of the scheme (3.2)-(3.3), we find an

approximate solution w̃t given by (11.8) for the MVI (1.1) such that

sup
w∈D

{θ(ũt)− θ(u) + (w̃t − w)TF (w)} ≤ ϵ,

where ϵ = D2

2γ(t+1) with D = sup {∥v − v0∥ |w ∈ D}. The O(1/t) convergence rate of the scheme

(3.2)-(3.3), and thus all the proposed algorithms, is established in the ergodic sense.

Remark 11.5. The result (11.9) suggests us to choose aggressive values of γ which are close to 2,
in order to induce a smaller right-hand side in (11.9). On the other hand, recall Remark 10.3. We
thus need to take a balance between these two informative properties of γ. In practice, as shown in
[9, 48, 49], we recommend γ ∈ (1.5, 1.9).

12 Applications

In this paper, we focus on the theoretical elaboration on a new methodology of algorithmic design for
four models (1.2)-(1.5) in abstract forms. Each of the discussed models captures many concrete ap-
plications in various areas, and customized techniques in accordance with the given application (e.g.,
tuning appropriately the involved parameters) might be required to achieve satisfactory numerical
performance when a proposed algorithm is implemented for a particular application. In particular,
the efficiency of some of the proposed algorithms have been already verified in some earlier papers,
e.g., [9, 48, 49, 75]. Therefore, instead of reporting some specific numerical results in details for
special applications, we here just show the wide range of possible applications of our proposed algo-
rithms by listing an incomplete set of known applications of the models (1.2)-(1.5) arising in such
fields as image processing, statistics, machine learning and numerical linear algebra. The range of
applications of the models under consideration is continuing to be expanding in various fields in the
literature. Note that some of the applications below fit the models (1.2)-(1.5) with matrix variables.
Obviously, our analysis can be trivially extended to the cases with matrix variables.

1. Applications of (1.2). The basis pursuit problem [21], the matrix completion problem [8, 14, 20],
etc.
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2. Applications of (1.3). A large number of distributed optimization problems and statistical
learning problems listed in [4], the total variational image restoration problems [34, 59, 60, 84],
image inpainting problem in wavelet domain [19], l1-norm compressed sensing problems [11, 12],
the sparse covariation problem [23, 24, 86], semidefinite programming problems [5, 46, 83, 73,
88], the least absolute shrinkage and selection operator (Lasso) problem [76], the Dantzig
Selector problem [13, 80], the robust principal component analysis models [10, 16, 62, 87], the
constrained linear least-squares problem [18, 58], the inverse eigenvalue problem [79], etc.

3. Applications of (1.4). The robust principal component analysis model with incomplete and
noisy observations [74], the non-negative matrix factorization and dimensionality reduction on
physical space [28], the image restoration removal problem with mixed noise [52], the fused
Lasso problem [77], a multi-stage stochastic programming problem [71], etc.

4. Applications of (1.5). The total variational image restoration problem in [15, 17, 35, 49, 64,
82, 89, 90, 91], partial differential equations arising from fluid dynamics or linear elasticity
problems in [1, 31], Nash equilibrium problems in game theory in [55, 61], etc.

13 Conclusions

We study both the convex minimization problem with linear constraints and the saddle-point problem
uniformly via their MVI reformulations, and propose a uniform methodology to design structure-
exploited algorithms based on the classical PPA. Our idea is to specify the PPA with customized
choices of the metric proximal parameter in accordance with their MVI reformulations. The re-
sulting algorithms are in the decomposition nature, with the possibility of exploiting the prop-
erties/structures of considered models fully. This uniform customized PPA approach makes it
extremely easy to accelerate some existing benchmark methods (e.g. the augmented Lagrangian
method, the alternating direction method, the split inexact Uzawa method and a class of primal-
dual methods), and to develop some customized algorithms for the considered models as well. The
global convergence and the O(1/t) convergence rate in the ergodic sense for this series of algorithms
are established easily in a uniform way.

In our analysis, we relax the conventional assumption of positive definiteness on a metric proximal
parameter in the PPA literature to only positive semi-definiteness, and relax the full proximal regu-
larization to only partial proximal regularization, see Q in (3.2). But, we still remain the symmetry
requirement on H. That is, all the specified choices of the matrix H in Sections 4-9 are forced to
be symmetric. Inspired by the asymmetric proximal parameter in [42], we are interested in relaxing
H to be asymmetric, and also relaxing the requirement (3.4) to identifying a possibly asymmetric
square sub-matrix of Q (denoted by M) such that

wTQv = vTMv.

With these relaxed requirements on the customized choices of metric proximal parameter, a new
series of algorithms based on the same idea of customizing PPA can be proposed for the models
(1.2)-(1.5). Because of the relaxation of the symmetric requirement, we expect that the involved
parameters may be further relaxed. In the future, we shall investigate the details of this new series
of algorithms and compare them numerically with the algorithms developed in this paper.
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