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Multiplically independent word
systems

Miklés Ujvari

Abstract

Tressler’s Theorem states that the long-standing Hadamard con-
jecture (concerning the existence of n by n orthogonal matrices with
elements of the same absolute value, for n = 4k, k = 1,2,...) will
be settled if we find n — 2 pairwise orthogonal words in a hyperplane
of words. In this paper we will prove the counterpart of Tressler’s
Theorem: the existence of n — 2 multiplically independent words in a
hyperplane of words.

Mathematics Subject Classifications (2000). 90C22, 90C27,
05B20.

1 Introduction

We start the paper with describing our motivation for studying the Hadamard
conjecture.

We call a matrix H € {£1}™*" an Hadamard matriz if its column vectors
are pairwise orthogonal, that is HT H = mI (with T denoting transpose and
I the identity matrix). The long-standing Hadamard conjecture states that
there exists an Hadamard matrix H € {£1}"*" if n =0 (mod 4). Presently,
the Hadamard conjecture is verified for all n < 668 (see [2]), and for some
infinite classes of n (see [6], [4]). For a historical overview and applications
we refer to [7], [1].

Our motivation concerning Hadamard matrices comes from graph theory,
more closely representations of graphs with orthovectors (see [8]). We call
orthovector a block matrix (AT,..., AT)T € (R™*™)? where each block A,
is of the form «;0;, a constant «; € R multiplied by an orthogonal matrix
0; € R™*m O = Of !, Orthovector representations of graphs are partic-
ularly interesting when for the representing orthovectors (A;) the orthogonal
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2 Miklés Ujvéri

matrices O; are elements of a fixed Hadamard matriz system,
oD, 0T,...,0D,, OT ¢ <™

where O € R™*™, OT = O~ is an orthogonal matrix and the column vectors
hi,...,hy € {£1}™ form an Hadamard matrix H € {£1}"*". (Here D,
denotes the diagonal matrix with vector v on its diagonal.)
In [9] we reformulated the Hadamard conjecture using Hurwitz-Radon word
systems. Let us recall the necessary definitions and the main result of [9].
We are given an alphabet A = {a,b,c¢,d} which is a Klein group with
multiplication table:

QL O o

LLO TR
O /e o
R L0
Q@ 0 X

Words of the same length s and made up of the letters in A are multiplied
letterwise: if Wi, Wy € A% then their product is an s-letter word, denoted by
Wy - Ws, whose i-th letter is the product of the i-th letter of W; and the i-th
letter of Wy (1 < i < s).

A word system Wy,..., W, € A® is called a Hurwitz-Radon word system
if the product W; - W; contains an odd number of the letter bs, for each pair
of words W;, W; (i # j) from the system. An example is the word system
Ry, defined in Section 2, which is a Hurwitz-Radon word system made up of
n words in A(™. Here o(n) denotes the number of integers s in the range
0 < s < n such that s =0,1,2, or 4 (mod 8).

A word system W1,..., W, € A° can be considered as a matrix from 4™**
whose rows are formed by the words Wy, ..., W,,. In this case we speak about
a row system of words, and we do not differentiate in the notation between
the word system and the corresponding matrix, they are both denoted by W.
A column system of words can be defined similarly. We denote by [W'] that
the word system W’ is considered as a column system. The corresponding
matrix of letters is denoted similarly.

Given two words W € A and [W'] € A**!, their symmetricity product
W[W'] is defined as the total number of the letter bs in the word W - W’
taken modulo 2. For two word systems W = (Wy,...,W,,) € A" and W' =
(W{,...,W/}) € A™*5 their symmetricity product is the matrix WW'] €
{0, 137%™ whose (i,7)-th element is W;[W]] for all 1 <7 <n, 1 < j < m.
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Multiplically independent word systems 3

With this notation W is a Hurwitz-Radon word system if and only if WW] =
J — I, where J denotes the matrix with all elements equal to one.

The main result of [9] is described in the following theorem. The word set
H,, € A°(M is defined in Section 4.

THEOREM 1.1. Let n = 0 (mod 4). Then, there exists an Hadamard
matric H € {£1}"*" if and only if there exists a word system H C A for
which the following statements hold: a) the number of different words in H
isn—1;b) H C Hp; ¢) for any two different words Hy, Hy from H, their
product Hy - Hy is in 7:ln

Theorem 1.1 can be sharpened using Tressler’s Theorem in [7].

THEOREM 1.2. (Tressler) Let n = 0 (mod 4). Then, there exists an
Hadamard matric H € {£1}"*™ if and only if there exists an Hadamard
matriz H' € {£1}nx (=1,

As an immediate consequence of Theorems 1.1 and 1.2 we obtain

THEOREM 1.3. Let n = 0 (mod 4). Then, there exists an Hadamard
matriz H € {£1}"*™ if and only if there exists a word system H C A°™) for
which the following statements hold: a) the number of different words in H
isn—2; ) H C Hy; c) for any two different words Hy, Hy from H, their
product Hy - Hy is in H,,. O

We will call a word system W1y,..., Wy, € A°™ multiplically independent
if

Wit WEm =a.
Ely---1Em € {0 1}
where W0 := a...a and W' := W for any W € A°("™). Equivalently, the
word system Wy, ..., W,, € A°(" is multiplically independent if and only if
its generated word set,

(Wi, W) o= {WE W ter,.. . em € {0,1}}

} impliese; =...=¢,, =0,

is of cardinality 2™.
The main result of this paper (see also Theorem 4.3) is described in

THEOREM 1.4. Let n =0 (mod 4). Then, there exists a multiplically
independent word system W1,..., Wy_o in the word set H,, N (Ry,).

The structure of the paper is as follows: In Section 2 we will prove some
basic results concerning the word system R,, and its generated word set (R, ).
In Section 3 some refinements and simplified proofs of results of [9] concerning
image vectors R, [A‘T(")] are described. Finally, in Section 4 we will study
properties of the word set F,, N (R.), and derive Theorems 1.4, 4.3.

Operations Research Reports No. 2011-02



4 Miklés Ujvéri

2 The word sets R,, and (R,)

In this section some elementary properties of the word system R, and the
generated word set (R,,) are described.

Let us recall the inductive definition of the word system R, (see [8], [9]).
For n =2,4,8,9, R, is defined as

n=2o0(n)=1: a,b

(n)=2: aa,ch,ba,db

n=238,c(n)=3: aaa,cch,cba,cdb,baa,dab, dbc, dbd
(n)=4: aaaa,accd,acba, acdb, abaa

adab, adbc, cdbd, ddbd.

Now, suppose that for some n the word system R, is already constructed.
Denote by 11, ..., T, the words in R,,, and also by S1, ..., Sy the words in Ry.
(We will use these notations throughout the paper.) Then, R, is defined
as the word system made up of the words

S1&Ty, . .., So&Ty, bdbd&Ts, . .., bdbd&T,,

where & denotes concatenation of words. This way we defined the word
system R,, C A’ for all n =0,1,2,4 (mod 8).

Note that to prove a statement concerning the word systems R, for all
n=0,1,2,4 (mod 8), it is enough to prove it for n = 2,4, 8,9, then, assuming
that the statement holds for n, to prove is for n + 8. In what follows, we will
refer to this induction step shortly as the n — n + 8 step.

PROPOSITION 2.1. Letn=4,8,.... Then, [[R,=a...a.

Proof. We use induction based on the definition of R,. The cases when
n = 4,8 can be verified directly. In the n — n + 8 step, assuming [[R,, =
a...a, we have to prove the equation

9 n
[1(Si&1y) - H (bdbd&Ty) ..a,

i=1
which follows by the equation [[ Rg = bdbd. O

Another useful property of R, is that any subsystem with n — 2 nontrivial
elements is multiplically independent.

PROPOSITION 2.2. Let n =4,8,.... Then, leaving out from R, its first
word a . . .a and another word, too, we obtain a multiplically independent word
system.

Operations Research Reports No. 2011-02



Multiplically independent word systems 5

Proof. We use induction based on the definition of R,,. The cases when
n = 4,8 can be verified directly. For the n — n + 8 step, let us suppose
indirectly, that

[[(Si&my) - [] (bdbd&eTy) = a...a,

€K jEL

where K C {2,...,9}, L C{2,...,n}, and the former or the latter inclusion
is strict. We distinguish these two cases.

Case 1: K C {2,...,9}. It can be easily verified, that [, Si # aaaa, bdbd.
Case 2: L C {2,...,n}. By the inductional assumption HjeL T;#a...a.

In both cases we reached contradiction with the indirect assumption, the
proof is finished. [J

As an immediate consequence of Proposition 2.2 we obtain

THEOREM 2.1. Letn =4,12,.... Then, (R,) = A°™~2&Ry. (In other
words, the word system R, generates the set of words ending in the letter
pairs aa, cb, ba,db.)

Proof. As the inclusion (R,) C A%(™~2&R, is obvious, it is enough to
notice that by Proposition 2.2 the cardinalities of these two word sets are
equal. O

The following theorem can be proved analogously as Theorem 2.1.
THEOREM 2.2. Letn=8,16,.... Then, (R,) =A™ . 0O

Finally, we will derive another description of the generated word set (R,,).
To this end, for an arbitrary word W € A°(™ let us denote

WRe = [ e At

i=1

(Note that R, [W]; = T;[W] by the definition of the word T;.) We will show
that the mapping .R» commutes with multiplication on A7, (Here vy +2v9
denotes addition of vectors vy, vs € {0,1}" modulo 2, and T the negation of
the vector v € {0,1}™.)

PROPOSITION 2.3. Letn =4,8,.... Then,
Wl,R/n . W2’R~n — (Wl . WQ)Rn

for any words Wy, Wy € A7),

Operations Research Reports No. 2011-02



6 Miklés Ujvéri

Proof. By Proposition 2.1 we have
i=2 i=2

_ ﬁ TR" Wili+2Rn[Wals

=2

_ ﬁ TRn[Wl]i+2Rn[W2]i-
=2

It follows from Theorem 4.1 in [9], that
Rn[Wl . WQL = Rn[Wl]z +2 Rn[WQ]l (’L = 2, ey ?’l)

or

Rp[Wi - Wal; = Rp[Whli +2 Ra[Wa]i (i =2,...,n).
Hence,

W{Rn . W;?—n — Hz’szn[Wl'Wz]q‘, — (Wl . 1/1/2)7?,"7
i=1

as required. [

We call a word W € A" a fized word of the mapping .R» if WR» = W.
Their set is denoted by F,,. Proposition 2.3 implies that the word set F,, is a
group. Furthermore, R,, C F,, so we have (R,) C F,,, and, consequently,

THEOREM 2.3. Letn=4,8,.... Then, (R,) = F,. O

Specially, the cardinality of the word set F,,, |F,| = 2"72 for n = 4,8, ...,
and the maximum cardinality of a multiplically independent word system in
Fn (as in Ry, too) is n — 2. This fact will be used in the proof of our main
result in Section 4.

3 The symmetricity product of R, and [(R,)]

Our aim in this section is to simplify the proofs of Theorems 3.1 and 3.2 in
[9], based on the results of Section 2.

Let us begin with a simple observation.

LEMMA 3.1.  The mapping W — R,[W] is a bijection between the sets
Fn and Ry Fy), form=4,8,....

Operations Research Reports No. 2011-02



Multiplically independent word systems 7

Proof. The statement follows from the definition of fixed words: if R, [W1] =
R, [Wa), then W = W and so Wy = Wa, for any Wy, W € F,,. O

We will need also the following property of 0-1 vectors. Here 1 denotes the
vector with all elements equal to one.

LEMMA 3.2. Let n=4,8,.... Then, the cardinality of the set of vectors
v € {0,1}" satisfying 1Tv =3 (mod 4), is 2" 2.

Proof. First, note that the sets

Vi = {ve{0,1}":17v =3 (mod 4)},
Vo == {ve{0,1}":17v =1 (mod 4)}

have the same cardinality, as the negation is a bijection between them. Let
V :=V; UV, that is let

Vi={ve{0,1}":17v =1 (mod 2)}.
By Exercise 1.42 a) in [3], we have
VI ={0,1}"\V|=2""".
Consequently, the cardinality of Vi, |Vi| = 272, the proof is finished. [J
In the following we will prove the equation
RulFn] ={ve{0,1}":1Tv =3 (mod 4)} (1)

for n = 4,8,.... By Lemmas 3.1 and 3.2 the cardinalities of these two sets
are equal (see also the remark made at the end of Section 2). Hence, to prove
(1), it is enough to prove the inclusion

RulFn) € {ve€{0,1}":1Tv =3 (mod 4)} (2)

forn =4,8,....
In [9] we have proved already the following two lemmas (weakenings of
Lemma 3.1 resp. Theorems 3.1 and 3.2 in [9]).

LEMMA 3.3. It holds that

1 or 3, ifn =4,
Ru[A7™M] C{ve{0,1}"|1Tv={ 3or7, ifn =S8,
0,3,4,7, or8, ifn=9

Operations Research Reports No. 2011-02



8 Miklés Ujvéri

Furthermore, in the case n = 9, v = R, [W], W € A*, the equalities 1Tv =
0,3,4,7, and 8 imply that bdbd[W] = 0,1,0,1, and 0, respectively.

LEMMA 3.4. It holds that
a) RuJAM] C {v € {0,1}":1Tv =1 (mod 2)} (n=4,12,...);
b) RuJAM™M] C {v € {0,1}":1Tv =3 (mod 4)} (n =8,16,...).
Now, we can derive the main result of this section.

THEOREM 3.1. The equation (1) holds for n =4,8,....

Proof. Tt is enough to verify the inclusion (2) for n = 4,8, .. ..

The case when n = 8,16, ... is a consequence of part b) of Lemma 3.4, as
in this case, by Theorems 2.2 and 2.3, we have F,, = A7),
The case when n = 4,12,... can be proved by induction based on the

definition of R,. For n = 4 the inclusion (2) is obvious. For the n — n + 8
step let us suppose indirectly (see also part a) of Lemma 3.4) that there exists
a word W € F, ;s such that for the vector v := R,,1s[W], 1Tv =1 (mod 4).
Let us partition the word as W =: Wg&Wr, where Wg € A*, Wr € F,, (see
also Theorems 2.1 and 2.3). We have to deal with four cases:

Case 1: Ty [Wr] = 0 and bdbd[Wg] = 0;
Case 2: Ty [Wr] = 0 and bdbd[Ws] = 1;
Case 3: T1[Wr] = 1 and bdbd[Ws| = 0;
Case 4: T1[Wr]| =1 and bdbd[Ws| = 1.

Let us consider for example Case 1. Then, by the inductional assumption
and T1[Wr] = 0, we have

To[Wr]+ ...+ Tp[Wr] =3 (mod 4).
Taking into account that bdbd[Wg] = 0, we obtain
bdbd&To[W] + ... 4+ bdbd&T,[W] =3 (mod 4).
By the indirect assumption we can see that
S1&T W]+ ...+ So&Ti [W] =2 (mod 4).
In other words (as Ty [Wr] = 0),
S1[Ws]+ ...+ 8[Ws] =2 (mod 4),

contradicting Lemma 3.3. In this case the inclusion (2) is verified.

Operations Research Reports No. 2011-02



Multiplically independent word systems 9

The Cases 2, 3, and 4 can be dealt with similarly, their proof is omitted.
This concludes the proof of the theorem. O

To derive Theorems 3.1 and 3.2 in [9] as a consequence of Theorem 3.1 we
will need the following two lemmas concerning the case n = 4,12,.. ..

LEMMA 3.5. Letn =4,12,.... Then, every word W € A°"™) can be writ-
ten uniquely as W = W1-Wy where Wy € F,,, Wa € {a}?™~2&{aa, ab, bc, bd}.

Proof. The statement is an immediate consequence of Theorems 2.1 and
2.3. 0
LEMMA 3.6. Letn =4,12,.... Then, W, € F,,, Wy € {a}?™~2&{ab, bc, bd}
implies
Rn[W1 - W] = R, [Wh].

Proof. We use induction based on the definition of R,. The case when
n = 4 is obvious. For the n — n+ 8 step let us partition the considered words
into two parts: let Wy =: Ws& Wy, where Wg € A*, Wy € A°™ . Similarly,
let Wy =: Wg&Wr.. Then,
Rots[Wi-Wa] = (Rnys)sWs - Wg| +2 (Russ)r[Wr - W]
= (Rn+s)s[Ws] +2 (Ruts)r[Wr]
(W]

using the inductional assumption and the fact that (by Theorems 2.1 and 2.3)
WreF,. U

- n+8

Now, we can derive Theorems 3.1 and 3.2 in [9], with simplified proof.

THEOREM 3.2. It holds that
Rp[A™] = {ve{0,1}":1"v =1 (mod 2)},
for alln =4 (mod 8).
Proof. Tt is enough to notice that by Lemmas 3.5 and 3.6 we have
Ru[A7™M] = Ro[Fa] U {W: W e ]-"n} .
Then, the statement follows from Theorem 3.1. [
THEOREM 3.3. [t holds that
Ro[A™M] = {v e {0,1}":1Tv =3 (mod 4)},

Operations Research Reports No. 2011-02



10 Miklés Ujvéri

for alln =0 (mod 8). Furthermore, the mapping W — R,[W] is a bijection
between the sets A and R, [A7™)].

Proof. The statement follows from Theorem 3.1 and Lemma 3.1, as in the
case when n = 0 (mod 8), by Theorems 2.2 and 2.3, we have the equation

Fo= A7) O

In the next section Theorem 3.1 will be applied in the proof of our main
result.

4 Analogon of the Hadamard conjecture

In this section we will prove Theorem 1.4, even in a more general form.

Let us recall that in [9] #,, denoted the set of words W € A?(™ such that
the words a...a and W are orthogonal to each other. (Two words Wy, W5 €
A are called orthogonal if the vectors 2R, [Wi] — 1,2R,[Wa] —1 € {+1}"
are orthogonal to each other.) Let us denote by #/, the set of fixed words
from the word set H,,, that is let 7%;1 = Hp N F.

By Lemma 5.2 in [9],

. . n/2-1, if (Ru[W])1 =0,
Hn_{WeA() n/2+ 1, if(Rn[W])izl }7

1"R, W] = {

which implies, using Theorem 3.1, the formulas

H = {WeF 1TR, W] =n/2+1, R, [W]; =

1} (n=4,12,...),
H = {WeF, :1TR, W] =n/2 -1, R,]W]; =0}

(n=28,16,...).

We can see, by Lemma 3.1,

~ THEOREM 4.1.  The mapping W + R, [W] is a bijection between the sets
H,, and V', where

a) V={ve{0,1}": 1Ty =n/2+1,v, =1}, ifn=4,12,..;
b)) V={ve{0,1}":1Tv=n/2—1,v; =0}, ifn =8,16,....
Specially, the cardinality of the word set 7:[; s

oy n—1
|Hn|_<721_1>a

ifn=4,8,.... O

Operations Research Reports No. 2011-02



Multiplically independent word systems 11

_ There is another approach showing, too, the multitude of the elements in
H!. (Here Wi - Wy denotes the set of words of the form Wy - Wa, Wy € Wy,
Wy € Wh, for arbitrary word sets Wy, Wy C A”(”).)

THEOREM 4.2. Letn=4,8,.... Then, H#, -H, = F,.

Proof. Let us consider for example the case when n = 4,12,..., the case
when n = 8,16,... can be dealt with similarly. Let W € F,, then, by
Proposition 2.1,

W ﬁT,;R"[W]"' _ ﬁTil—Rn[W]i.
=2 =2

Two cases are possible (see Theorem 3.1):

1. Rp[W]i =1, then Y , R, [W]; =2,6,...,n—2;

2. R [W]y =0, then "7, 1— R, [W]; = 0,4,...,n— 4.
Consequently,

n
W:HTfi,whereeg—&—...—i—sn:0,2,...,71—2.

=2

We have to find words
Wl — HZ—ZLIJ”L, W2 — HCTZV@
i=2 i=2
satisfying W7 - Wy = W and Wy, Ws € 7:[;” that is (see Theorem 4.1)

n n
€i = Wi T2V (i:2a"'7n)a ZMzZZVz:n/Q
=2 =2

In other words, we have to find sets of indices

NOO :{z,uI:O, l/l'ZO}, N11 :{Z,ulzl, l/i:l},
Noy:={i:p;=0,v; =1},  Nyg:={i:p;=1,v=0}

with cardinalities ngg, 711, 701, 710 satisfying the equations

ngo + N1 + N1 +n11 =n—1,
no1 + 111 = n/2 = nig + N1,

n01+n10:0,2,...,n72.

Operations Research Reports No. 2011-02
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It can be easily seen that such sets Nyg, N11, No1, N19 do exist, which com-
pletes the proof. [

Necessarily, 1;, (as F, too) can not be generated by less than n — 2 words;
there exist n — 2 multiplically independent words in #/,: We obtained a proof
of Theorem 1.4. I

Obviously, similar statement holds with a...a = #/, replaced with W+ =
W - H!, (see Lemma 5.2 in [9]), where W denotes the set of fixed words
orthogonal to the word W € F,,. Then W+ is called a hyperplane of F,, with
normal word W € F,.

THEOREM 4.3. Let W € F;, be an arbitrary fized word. Then, there exist
words W, ..., Wy_o € H!, such that the word system W - Wy, ..., W - W, _
is multiplically independent. [

It is an open problem whether multiplical independence of a word system
implies its linear independence, or not. (By linear independence of a word sys-
tem Wy, ..., W,, € F,, we mean that the vectors 2R, [W1]—1,..., 2R, [W,]—
1 € {£1}" are linearly independent.) We remark that a word system can be
orthogonal without being multiplically independent, as the word system

aaa, acd, ade, caa, ced, cde, abb, cbb

shows: it is orthogonal, generated by the multiplically independent words acd,
ade, caa.

Maximal multiplically independent word systems play a role similar to
that of positive definite matrices in linear algebra: norms and induced scalar
products, induced metrics of words (and, consequently, projection, that is
nearest words in a given set of words to a given word, angle of two words,
...etc.) can be defined using them.

Indeed, let P C F,, be a multiplically independent word system with n — 2

elements Py, ..., P,_o. Let us define the P-norm of a word W € F,, as
n—2
Wllp = e if W=P ... P e1,...,en2 € {0,1}.
i=1

Then, let us define the P-scalar product of two words Wy, Wy € F,, as
1
WiepWs := o - (I3 + [[Wal[p — [[Wr - Wal[3) .

Let us define also the P-distance of two words W1y, Wy € F,, as

op(Wh, Wa) = ||W1 - Wal|p.

Operations Research Reports No. 2011-02
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Note that |[W]|p = 0 if and only if W = a...a. Furthermore, WepW =
W1[%.

The following statements are immediate from the definition of the norm,
scalar product, and distance of words.

PROPOSITION 4.1. Let P C F, be a multiplically independent word
system with n — 2 elements. Then the inequalities

a) |[[Wi - Wallp < [[Willp + [[W]|»,

b) £(WrepWs) < [[Willp - [[Wal|p,

c) op(W1, W2) < op(W1, W3) + op (W3, W2)
hold, for any words Wy, Wy, W3 € F,. O

We hope that these notions will be useful in the construction and analysis of
a Gram-Schmidt-type algorithm (see [5]) which starting with a multiplically
independent word system with n — 2 elements in ’}:[;L, calculated the usual
greedy way, produces in finite number of steps an orthogonal word system
with n — 2 elements in H/,, and thus (by Theorem 1.3) settles the Hadamard

conjecture for n =4k, k=1,2,....

Conclusion. In the paper we proved an analogon of the linear algebraic
theorem that each hyperplane of an n-dimensional Euclidean space contains
n — 1 linearly independent vectors. Our main result states that each hyper-
plane of fixed words is of the same multiplical dimension as the space of fixed
words. This result is a counterpart of Tressler’s Theorem on Hadamard ma-
trices. Some refinements and simplified proofs of results concerning image
vectors, from a previous work of the author, were also described.
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