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Abstract

A hybrid HS and PRP type conjugate gradient method for smooth optimization is
presented, which reduces to the classical RPR or HS method if exact linear search is
used and converges globally and R-linearly for nonconvex functions with an inexact
backtracking line search under standard assumption. An inexact version of the
proposed method which admits possible approximate gradient or/and approximate
function values is also given. It is very important for such problems whose gradients
or function values are not available or difficult to compute. The inexact version
is proved to be globally convergent for general functions using some approximate
descent line search. Moreover, the inexact method is applied to solve a nonsmooth
convex optimization problem by converting it into a once continuously differentiable
function by way of the Moreau-Yosida regularization.
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1 Introduction
conjugate gradient methods are a class of very important methods for solving large-scale
unconstrained optimization problem

min f(z), =€ R", (1.1)

where f: R" — R is continuously differentiable and its gradient is denoted by g(x). A
general scheme of conjugate gradient methods is

Tht1 = Tp + aygdy,

where aj > 0 is a stepsize obtained by some line search, and the search direction dj, is

given by
— 9k, if k= 0,
I = i 1.2
; { —gk + Bredp—1, if kE>1, (1.2)

where [ ia a parameter and gy is the gradient V f(xr). The FR method [9], the PRP
method [17, 18], the HS method [12] and the DY method [7] are several famous formulas
and regarded as the four leading conjugate gradient methods [16]. They are specified by
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where yr—1 = gr — gr—1 and | - || stands for the Euclidean norm. If exact line search is
used, these methods are equivalent in the sense that all yield the same search directions
and converge globally and R-linearly for strongly convex functions [20]. However, for a
general nonlinear function with inexact line search, their behavior is markedly different.

Since 1985, many efforts have been devoted to study the global convergence properties
of the various conjugate gradient methods with inexact line searches for general functions.
Al-Baali [1] showed that the FR method can produce sufficient descent directions and
converges for nonconvex functions with the strong Wolfe line search. Dai and Yuan [7]
proved that the DY method is a descent method and globally convergent in the case of
the standard Wolfe line search. However, the HS method and the PRP method may
generate ascent directions even with the strong Wolfe line search [4], which prevent them
from global convergence although both methods are regarded as two of the most efficient
conjugate gradient methods in practical computation. To guarantee global convergence
of the PRP method, some line searches which force it generate descent direction were
proposed [4, 14]. Recently, by the use of an approximate descent backtracking line search,
Zhou [25] showed that the original PRP method converges globally even for nonconvex
functions whether the search direction is descent or not.

A simple way for ensuring global convergence is that of using the steepest descent
direction when the sufficient descent condition is violated. However, it is not guar-
anteed that the resulting algorithm will differ significantly from the steepest descent
method. Some other globalization techniques for conjugate gradient methods also have
been proposed when solving nonconvex optimization. The most famous one is the PRP+
globalization technique [13], namely, ,f RP+ — max{BL R 0}. After this, almost all ex-
isting PRP type or HS type methods have adopted the PRP+ technique to obtain global
convergence for nonconvex functions such as [6, 11, 21]. But these modifed methods can
not reduce to the original RPR method when the exact line search is used and they are
not the standard conjugate gradient methods any more in this sense.

To improve practical computation efficiency and convergence properties of conjugate
gradient methods, many hybrid methods have been proposed, please see the recent survey
[4] and references therein. These hybrid methods can be divided into two classes, one
is the hybrid FR and PRP type methods such as the hybrid method [13] where g =
max{—ﬁ;fR, min{ﬁ,fRP, B,fR}}, another is the DY and HS type methods such as that of
[5] where 3, = max{0, min{B1°, pPY}1}.

To our knowledge, there have no hybrid HS and PRP type conjugate gradient meth-
ods which converge globally and R-linearly for nonconvex functions and reduce to the
standard PRP method when the exact line search is used. One purpose of the paper is
to investigate this problem. In fact, we propose a sufficient descent hybrid HS and PRP
method (1.6) below. Our motivation is based on the following two methods. One is the
three-term PRP method proposed by Zhang, Zhou and Li [22], whose search direction is

defined by
—9Gk; if k= 0,
dy, = . 1.4
‘ {—gwﬁ,fRPdkl—e,fRPykl, it k> 1, (14)

T
where 9PRP — 991 = Ay other is the three-term HS method proposed by Zhang, Zhou
k lgr—1l



and Li [24], which generates the search direction

— Gk, if kZO,
dy, = . 1.5
‘ { g+ Bl — Sy, k21, (15)

gHS — 9rdi-1
k dl_ ye—1
It is clear that if the line search is exact, both methods reduce to the standard PRP
method. Extensive numerical results [22, 24] show that both methods are very efficient.
The three-term PRP method (1.4) converges globally for nonconvex functions [22], but
it can not be guaranteed to have local R-linear convergence rate. The three-term HS
method (1.5) converges globally and R-linearly for strongly convex functions [24], but it
has not been proved to be globally convergent for general nonconvex functions. In order
to utilize advantages of both methods sufficiently, based on (1.4) and (1.5), we propose
a hybrid HS and PRP method as follows, namely,

dp = { o S (1.6)

where

— g+ B — Oy i k> 1,
where

hybrid _ I Y1 hybrid _ gL dk— (1.7)
F max{dl_yp_1, lgp-1)2} " max{d]_ yr—1, |lgr—1?}

From (1.6)-(1.7) and by direct computation, it is easy to get

g di = —|lgkl?, (1.8)

which is independent of convexity of the objective function and the line search used. It
is clear that the proposed method reduces to the standard HS or PRP method in the
case of exact line search since ggdk_l = 0 in this case.

So far all conjugate gradient methods use the exact gradient and function values in
their convergence analysis. However, in many practical problems, the exact function
value or exact gradient value can not be obtained or may be very difficult to compute
[3]. In these cases, the inexact algorithms are often required.

Another purpose of the paper is to present an inexact conjugate gradient method
only using approximate gradient or/and function values. In fact, we extend the above
exact hybrid HS and PRP method to inexact case in Section 3.

The paper is organized as follows. In the next section we prove the global and R-
linear convergence of the proposed method with a descent backtracking line search for
nonconvex optimization. In Section 3, we present the inexact algorithm in detail and
show its global convergence for nonconvex functions by the use of some approximate
function value descent line search. In Section 4, we apply the inexact method to solve
a nonsmooth convex optimization problem by converting it into a once continuously
differentiable function by way of the Moreau-Yosida regularization technique.

2 Exact algorithm and its convergence properties

In this section, based on the above discussion, we first describe the complete hybrid HS
and PRP algorithm as follows.



Algorithm 2.1 (Exact version)

Step 0. Given an initial point g € R"™. Choose some constants § > 0 and
p€(0,1). Let k:=0.

Step 1. Compute di by (1.6)-(1.7).
Step 2. Compute the stepsize oy, = max{y.p’, 7 =0,1,2,...} satisfying
flan + andy) < f(x) — 8l|ardi?, (2.1)

g7 di|
where v, = HCIleHQ .

Step 3. Let 441 = v + apdi.

Step 4. Let k:= &k + 1 and go to Step 1.

To ensure global convergence of Algorithm 2.1, we make the following standard as-
sumption.

Assumption 2.1

(i) The level set Q = {z € R"| f(z) < f(zo)} is bounded.

(ii) In some neighborhood N of Q, f is continuously differentiable and its gradient is
Lipschitz continuous, namely, there is a constant L > 0 such that

lg(x) —gW)Il < Lllz —yll, Vz,y € N. (2.2)

Assumption 2.1 implies that there exists a constant C; > 0 such that
lg(x)|| < C1, Ve N. (2.3)

Moreover, from the line search (2.1), we have

oo
> llawdy]? < oo, (2.4)
k=0
which means
lim oyl|dg|| = 0. (2.5)
k—oo

From (1.7), we know
hybrid hybrid
B < IBER, 10 < 10

From the above inequality and (2.5), we have the following result using the same argu-
ment as that of Lemma 3.1 in [22]. Here we omit its proof.

Lemma 2.1. Let Assumption 2.1 hold and {xy} be generated by Algorithm 2.1. If
llgrl| > 7,¥Yk > 0 for some constant T > 0, then there ezists a constant My > 0 such that

[di|| < M. (2.6)

The following lemma gives a bound of the stepsize oy from below.



Lemma 2.2. Let Assumption 2.1 hold and {x} be generated by Algorithm 2.1. Then
there exists a positive constant my such that

—gldy, . | gx|?
lldi||? A

(677 > my (27)

Proof. The proof of the first inequality in (2.7) is standard and can see Lemma 3.1 in

[23]. We omit its proof here. The second equality in (2.7) follows from (1.8) directly. O
From (2.1) and (2.7), we have

> i < &
Theorem 2.1. Let Assumption 2.1 hold and {x} be generated by Algorithm 2.1. Then
lim inf ||gy | = 0. (2.9)
Proof. Suppose that (2.9) is not true. Then there exists a positive constant 7 such that

lgwll = 7. (2.10)

This and (2.8) mean that

i ! S < o0 (2.11)
2]

However, (2.10) and Lemma 2.1 yield

oo oo
Z kHZ_ZMQZOQ

k=0

which contradicts to (2.11). The proof is then finished. O

The above theorem shows a global convergence property of Algorithm 2.1 without
convexity assumption on f. It only relies on the assumption that f has Lipschitz con-
tinuous gradients.

Now we turn to establishing a R-linear convergence property of Algorithm 2.1. To
do this, we need the following assumption.

Assumption 2.2

(i) f is twice continuously differentiable near z*.

(ii) The sequence {zj} converges to x* where g(z*) = 0 and the Hessian matrix
V2 f(z*) is positive definite.

Assumption 2.2 implies that f is strongly convex in some neighborhood N (z*) of z*,
that is, there are two positive constants m and M such that

ml||d||? < d'V?f(z)d < M|d||>, Yz e N(z*),vd € R". (2.12)

From (2.12), it is easy to obtain (can see [2, Theorem 3.1])

lg(@)I?,  Vx € N(2), (2.13)

1
m

Mz = "2 < f(@) - (") <

and
iy yk—1 = mag_1|dp—1|*. (2.14)



(2.14) together with (1.7) and (2.2) implies

T
hybrid 9% Yk—1 L\ gk
kam \SW;?S\Z‘ k ’< ” H

dl ye—1! = mlldr_1||
and T
hybrid HS| _ i dk—1 gkl
10,77 < 16,77 <
¥ - dr - ldi—1"
k—1Yk—1 maog—1|Gg—1

From the above two inequalities, (2.2) and (1.6), we know

]l < llgkll + gl (2.15)

2L gkl _2L+m
m om

By (2.15), (2.7) and (2.1), there is a positive constant mg such that

2 H9k||2

A lgrll? < f(ax) — mallge]*. (2.16)

f(xre1) < flag) —om

Without loss of generality, we assume {z;} C N(z*). From (2.16) and (2.13), we get

f(@rg) — f(27) (1 = mmg)(f(zx) — f(z"))

ININ A

(1= mma)* (f(xo) — f(2*)). (2.17)
The following theorem shows R-linear convergence property of Algorithm 2.1.

Theorem 2.2. Let Assumption 2.2 hold and the sequence {xy} be generated by Algorithm
2.1. Then there exist three positive constants r € (0,1), Co and Cs such that

Fl@rsn) — F(@*) < Cor*, oy — a*|| < Cav/r.

Proof.  The first inequality follows from (2.17) with » = 1—mmg and Cy = f(z¢) — f(z™)
directly. (2.17) and (2.13) yield the second inequality with C3 = 2 (zo)=f(a")) O

m

3 Inexact algorithm and its global convergence

In this section, we consider the inexact version of Algorithm 2.1 with approximate gra-
dient or/and function values. For simplicity we denote f%(x,€) and g*(z,€) as the ap-
proximations of f(x) and g(x) with the possible error €, respectively.

More accurately, we assume that, for each x € R™, the approximations f(x,¢) and
9%(x, €) can be made arbitrarily close to the exact values f(z) and g(x) by choosing the
parameter € small enough, namely,

[ (@,e) = f(2)| <, (3.1)

lg*(z, €) —g(x)[| <e. (3.2)

With these approximations, we define the inexact method of Algorithm 2.1 as follows.
_ga(xka 614:)7 if k= 0,

dp = . 3.3

¥ { —9%(x, ) + Prdr—1 — Opyt_y, if kE>1, (33)



where y | = g*(xk, k) — g% (Tr—1, €1—1),

ga(xkv fk)Tyg_l

Br = - , (3.4)
max{d}_ y¢_,, [g*(xp—1,ex—1)[?}
9z, )T di—1
O, = . (3.5)
maX{d;‘g_lyg_p ”.ga(xk—la 6k—1)‘|2}
It is clear that
df g*(xr, €x) = —||lg"(zk, ) || (3.6)

However, the direction dj, defined by (3.3)-(3.5) with inexact gradient g(zy,€x) is not
necessarily a descent direction of the objective function f at x; though the important
relation (3.6) still holds. Then some line search procedures such as the Wolfe(or strong
Wolfe) line search and the line search given by (2.1) can not be used any more. In this
case, we have to modify the line search (2.1).

Let {e;} and 1 be a given positive sequence and a positive constant satisfying

(e,
Zek <n<oo. (3.7)
k=0
a T
Set v, = W, we determine the stepsize by the following approximate descent

line search, that is, compute oy, = max{vip’, 7 =0,1,2,...} satisfying
F (@ + apdy, preg) < f(ap, er) — 0| ardi || + 2y, (3.8)

where p, p1 € (0,1) are two constants.
The following result shows that the line search (3.8) terminates finitely.

Proposition 3.1. The line search (3.8) is well-defined.

Proof. Suppose it is not true. Then for all 7 > 0, (3.8) does not hold, namely,

F(xn + e’ di, prex) > O (n, ) — 6P di||* + 2ex, (3.9)

which together with (3.1) yields

F@r+ p di) + prek > f(ar) — e — 0lvep’ di]|* + 2¢.
This implies . '
f(@e +p’ di) = flze) > =6l dil|* + (1 — p1)er.
Let j — oo in the above inequality, we have

0> (1 - p1)6k7

which is a contradiction since p; € (0,1) and € > 0. This finishes the proof. O
For clarity, we give the complete inexact algorithm as follows.

Algorithm 3.1(Inexact version)

Step 0. Given an initial point z9p € R"™. Choose some constants § > 0 and
p,p1 € (0,1). Let k:=0.



Step 1. Compute the search direction dj, by (3.3)-(3.5).
Step 2. Compute the stepsize oy, by (3.8).
Step 3. Let the next iterate be xx+1 = x + ardy.

Step 4. Let k: =k + 1. Go to Step 1.

We suppose that the following assumption is satisfied.

Assumption 3.1

(i) The level set Q = {z € R"| f(x) < f(xo) + (3 + p1)n} is bounded.

(ii) In some neighborhood N of Q, f is continuously differentiable and its gradient is
Lipschitz continuous, namely, (2.2) holds.

It is clear that the sequence {zx} C Q. In fact, from (3.1), (3.8) and (3.7), we have

f(zry1) U (@kt1, prex) + prex
f@r) + ex — Ollardi|® + 2ex + prex
f(ar) = Sllardil® + (3 + p1)ex (3.10)
flxr) + 3+ p1)ex
(zo)

f(zo) + (3+ p1)n.

IN N
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Moreover, (3.10) and (3.7) imply that

> llewdi || < oo, (3.11)
k=0

which shows
klim aglldg|| = 0. (3.12)

Lemma 3.1. Let Assumption 3.1 hold and the sequence {xy} be generated by Algorithm
3.1. If |g"(zk, €x)|| > 71 with some positive constant 11 for all k, then there exists a
positive constant Mg such that

il < Ms, (3.13)

Proof. From (2.2), (3.2), (3.7) and (3.12), we have
i1l = llg" (wg ) — 9% (@r—1, €1

< |lg™(@k, ex) — grll + gk — gr—1ll + 19" (®—1, €6—1) — gr—1]|
< ex+ €x—1 + Ll|ag—1dk—1] — 0. (3.14)

This together with the assumption implies (3.13) by the same argument as that of Lemma
3.1 in [22]. O

Lemma 3.2. Let Assumption 3.1 hold and the sequence {xy} be generated by Algorithm
8.1. Then there exist a constant ms > 0 such that

lg°(wr en)|®  maer
| |2 [l |l

a 2
a > Hg (xk’76k)|| or ag > mg

I (A

(3.15)



Proof. (i) If ap = vk, by (3.6), then the first inequality holds.
(i) If o # Yk, then aj, = ay/p can not satisfy the line search (3.8). This together
with (3.1) yields

ey + ajdy) > far) = dllagdil? + (1= pr)ex > f(xx) — 6|y .
By the mean value theorem and (2.2), it is easy to obtain that
f@r + ajdy) — f(z1) < ajgi di + Ll|ajdi|*.
Then the above two inequalities and (3.6) imply

S —gldy,
= (L) del?
— gz, ex) T di + (9% (k, €x) — gr) T dy

a

(L +9)||dxl?
> 9", er) di — llg* (xr; ) — grlllldi
- (L +9)||dx?
o llg* @, en)l” — exlldall
- (L+0)ldel>

where the last inequality uses (3.2), which implies (3.15) with m3 = 2= O

+0-
Theorem 3.1. Let Assumption 3.1 hold. Then the sequence {xy} be generated by Algo-
rithm 8.1 converges globally in the sense that

likm inf |V f(xr)]| = 0. (3.16)

Proof. Suppose it is not true. Then there exists a constant 71 > 0 such that ||gx| >
2711,Vk > 0, which together with (3.2) yields that

9" (@k, )l > 71 (3.17)

holds for sufficiently large k. Then from Lemma 3.1 and (3.15), we have that for suffi-
ciently large k,

which together with (3.12) means
k]l — 0.

Then from the definition of the search direction (3.3) and (3.17), we have

19” (rs €r) 11951 Il 1

9% (@r, €)1y || dr—1 ]
2 e
lg*(xp—1, €x—1)||

i

9% (ks er) | < lld|+2

which contradicts to (3.17). This completes the proof. O

Lemma 3.3. [8, Lemma 3.3] Let {ax} and {ry} be positive sequences satisfying ap+1 <
(I +ri)ar +ry and Y 32 i < 0o. Then {ar} converges.

Corollary 3.1. Let Assumption 3.1 hold and the sequence {x} be generated by Al-
gorithm 3.1. If the function f is convex, then the sequence {f(xy)} converges to the
minimum of (1.1).



Proof. From Assumption 3.1 and Theorem 3.1, there exists a subsequence {zy, }32,
which converges to some minimizer z* satisfying g(z*) = 0. From (3.10), we have

f(@p1) = f(@%) < flar) — f(27) + (3 + p1)ex, (3.18)

which together with Lemma 3.3 and (3.7) shows that the sequence {f(zy) — f(z*)} con-
verges. Since the subsequence {f(xy,)} converges to f(x*), therefore {f(zx)} converges
to f(z*). O

4 Application to nonsmooth convex optimization

In this section, we consider the following convex optimization problem
min F'(z), z€ R", (4.1)

where F': R — R is a possibly nondifferentiable convex function. Then general methods
such as conjugate gradient methods for smooth optimization can not be used to solve
(4.1) directly.

An efficient way is to convert the nonsmooth problem (4.1) into an equivalent smooth
problem by the Moreau-Yosida regularization such as [10, 15, 19], that is,

min f(z), z€ R", (4.2)
where f is defined by
. 1 2
f(z) = min {F()+ 55 llz —«lIP} (4.3)

and A is a positive parameter. It is well-known that problems (4.1) and (4.2) are equiv-
alent in the sense that the solution sets of the two problems coincide with each other.
Moreover, the function f is convex and differentiable with Lipschitz continuous gradient

[10, 19] given by g(z) = +(z — p(z)), which satisfies

1
lg(x) =gl < {llz —yll, v,y € R", (4.4)

where g(z) = V f(z) and p(z) is the unique minimizer in (4.3), i.e.,

. 1 2
p() = arg min {F(z) + o+ lz - 2|}

since this is a strongly convex minimization problem.

It is clear that it is impossible in general to compute exactly the function f defined
by (4.3) and its gradient g at an arbitrary point x. But for each x € R", we may obtain
approximate values of the gradient and the function by some existing methods such as
[10, 19]. Therefore we can suppose that, for each x € R"™, we can evaluate f(z) and g(z)
approximately but with any desired accuracy, that is, for each x € R™ and any € > 0, we
can find a vector p®(x,e) € R™ such that

" (,0) + g5 (@) — ] < () + (15)

With this p*(z, €), we define the approximations to f(z) and g(x) by
1
fi(@ €)= F(p*(z,0)) + 5y lip (2, €) - z|® (4.6)

10



and
1

g% (x,e) = X(gU — p*(z, e)), (4.7)
respectively. The following lemma shows that the approximations f%(x,€) and g%(x,¢€)
satisfy (3.1) and (3.2), respectively.

Lemma 4.1. [10, Lemma 3.1] Let p*(x,€) be a vector satisfying (4.5), f*(x,€) and
g%(z, €) be defined by (4.6) and (4.7), respectively. Then

a a 2e
fl@) < f4z,e) < f) +e and g"(x,¢) — g(@)] <4/
From (4.4), Lemma 4.1 and Corollary 3.1, we have the following result.

Corollary 4.2. Let the problem (4.2) be solved by Algorithm 3.1. If (i) in Assumption
3.1 holds, then the sequence { f(zk)} converges to the minimum of (4.2).

5 Conclusions

We have proposed a hybrid HS and PRP method which converges globally and R-linearly
for general optimization problems. It is also extended to inexact case which admits
approximate function and gradient values. Hence this inexact method is very suitable
for solving such problems whose exact gradient and function values are not available or
difficult to compute. We have applied this inexact algorithm to solve nonsmooth convex
problems by way of Moreau-Yosida regularization. We believe that the basic idea of this
paper can be applied to other conjugate gradient methods. How to extend the proposed
methods or linear conjugate gradient methods to fully derivative-free ones for solving
large-scale nonlinear equations will be our further study.
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