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Abstract. An instance of the quadratic assignment problem (QAP) with cost matrix Q is
said to be linearizable if there exists an instance of the linear assignment problem (LAP) with
cost matrix C such that for each assignment, the QAP and LAP objective function values
are identical. The QAP linearization problem can be solved in O(n4) time. However, for the
special cases of Koopmans-Beckmann QAP and the multiplicative assignment problem the
input size is of O(n2). We show that the QAP linearization problem for these special cases
can be solved in O(n2) time. For symmetric Koopmans-Beckmann QAP, Bookhold [4] gave a
sufficient condition for linearizability and raised the question if the condition is necessary. We
show that Bookhold’s condition is also necessary for linearizability of symmetric Koopmans-
Beckmann QAP.

1. Introduction

Let Pn be the family of all permutations of N = {1, 2, . . . , n} and Q = (qijkl) be an n2×n2

matrix where rows and columns of Q are identified by ordered pairs (i, j) ∈ N × N . Then
the quadratic assignment problem (QAP) [5] is to

Minimize
∑
i∈N

∑
j∈N

qiπ(i)jπ(j)

Subject to π ∈ Pn.

This general model of QAP was introduced by Lawler [5] as early as 1963. However
its special case, known as Koopmans-Beckmann model (QAP-KB), introduced in 1957 is
continued to remain the most popular and thoroughly investigated version of the QAP.
Let A = (aij)n×n, B = (bij)n×n, D = (dij)n×n be three prescribed square matrices and
Ni = N \ {i}. Then the QAP-KB is defined as

Minimize
∑
i∈N

∑
j∈Ni

aijbπ(i)π(j) +
∑
i∈N

diπ(i)

Subject to π ∈ Pn.

It can be verified that QAP-KB is a special case of QAP when

qijkl =

{
aikbjl if i, j, k, l ∈ N ; i 6= k or j 6= l

dij if i = k, j = l
(1)
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Another special case of QAP studied in literature is the multiplicative assignment prob-
lem (MAP) [6] where the objective function involves product of two linear functions. Let
A,B,D ∈Mn. Then the MAP can be stated as

Minimize

(∑
i∈N

aiπ(i)

)(∑
i∈N

biπ(i)

)
+
∑
i∈N

diπ(i)

Subject to π ∈ Pn.
MAP can also be represented by

Minimize
∑
i∈N

∑
j∈N

aiπ(i)bjπ(j) +
∑
i∈N

diπ(i)

Subject to π ∈ Pn.
By choosing

qijkl =

{
aijbkl if i, j, k, l ∈ N ; i 6= j or k 6= l

dij + aiibjj if i = j, k = l,
(2)

it can be seen that the MAP is also a special case of QAP.
QAP, QAP-KB, and MAP are all known to be NP-hard. Shani and Gonzalez [17] showed

that existence of a polynomial time ε-approximation algorithm for QAP-KB for ε > 0 implies
P = NP . Queyranne [16] strengthened this result by establishing that unless P = NP no
polynomial time heuristic exists for QAP-KB satisfying triangle inequality with a bounded
asymptotic performance ratio. QAP is also known to be PLS-complete with respect to vari-
ous neighborhoods [7]. We refer to [5, 7] for detailed complexity results on the problem. On
the positive side, various special cases of QAP have been shown to be solvable in polynomial
time [12, 7, 8, 9, 10].

Let C = (cij)n×n be a given matrix. Then the linear assignment problem (LAP) with cost
matrix C is defined as

Minimize
∑
i∈N

ciπ(i)

Subject to π ∈ Pn.
Unlike QAP and its special cases discussed above, the LAP can be solved efficiently in

O(n3) time [2].

For any π ∈ Pn, let Q[π] =
∑

i∈N
∑

j∈N qiπ(i)jπ(j) be the quadratic cost of π with respect

to Q and C(π) =
∑

i∈N ciπ(i) be the linear cost of π with respect to C. We say that Q is
linearizable if there exists a matrix C = (cij)n×n such that Q[π] = C(π) for all π ∈ Pn. Such
a cost matrix C is called a linearization of Q. An instance of QAP is said to be lineariz-
able if its cost matrix Q is linearizable. A linearizable instance of QAP can be solved in
polynomial time if a linearization C of its cost matrix Q can be identified in polynomial time.

The QAP linearization problem can be stated as follows: “Given an instance of QAP with
cost matrix Q, check if it is linearizable and if yes, compute a linearization C of Q”
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The terminology “linearization” is used in the QAP literature for the reduction of a integer
quadratic programming formulation to a integer linear programming formulation, possibly by
introducing additional variables [1]. It may be noted that the linearization problem problem
we consider in this paper is different.

Polynomially testable sufficiency conditions are given in [4, 5, 7, 10] for the QAP lin-
earization problem. Recently, Kabadi and Punnen [12] obtained necessary and sufficient
conditions for a QAP to be linearizable and proposed an O(n4) algorithm to solve the QAP
linearization problem. This algorithm is the best possible since the data for QAP is of size
O(n4). For QAP-KB and MAP the input size however is O(n2). This raises an interesting
question. Is it possible to solve the linearization problem for QAP-KB and MAP in O(n2)
time? In this paper we show that the linearization problem associated with QAP-KB and
MAP can indeed be solved in O(n2) time. For the special case of QAP-KB where A and
B are symmetric, Bookhold [4] gave a simple sufficiency condition for linearizability. He
further showed that his condition is necessary for n = 3, 4 and stated that “the necessity
could not be proved but no counterexample could be found either” for n ≥ 5. We prove that
Bookhold’s condition is also necessary for symmetric QAP-KB, resolving his question.

2. Notations, definitions, and past results

Throughout this paper, we use the following conventions to represent matrices and vectors.
All matrices will be denoted by capital letters, sometimes with superscripts, over-bars etc,
and the elements of the matrix will be represented by corresponding small letters with
subscripts representing row and column indices. When rows and columns are indexed by
elements of the set N , the (i, j)th element of matrix C is cij, of matrix AR is aRij, of matrix Cuv

is cuvij etc. When rows and columns are indexed by elements of N × N , the ((i, j), (k, l))th

element of matrix Q is represented by qijkl, of matrix QR by qRijkl etc. Vectors in Rn are
represented by small letters in bold form, sometimes with superscripts, over-bars etc. The
ith component of vector a is ai, of vector b̄ is b̄i etc. Rows and columns of all matrices of size
n× n and (n− 1)× (n− 1) are indexed by N and Ni, (for suitable i), respectively, whereas
rows and columns of all n2 × n2 matrices and (n − 1)2 × (n − 1)2 matrices are indexed by
N×N and Ni×Ni respectively. The vector space of all n×n matrices over R with standard
matrix addition and scalar multiplication is denoted by Mn. Thus Mn2

is the vector space
of all n2 × n2 matrices.

Two matrices C1, C2 ∈ Mn are linear permutation equivalent (LP-equivalent) if C1(π) =
C2(π) ∀ π ∈ Pn. A matrix C ∈ Mn is linear permutation constant (LP-constant) if there
exists a constant K such that C(π) = K for all π ∈ Pn.

For any C ∈ Mn and p ∈ N , let ai = cip − 1
2
cpp and bi = cpi − 1

2
cpp for all i ∈ Np; and

ap = bp = 1
2
cpp. The matrix Ĉ = (ĉij) defined by ĉij = cij − ai − bj for all i, j ∈ N is the

p-linear reduced form of C and the ordered pair of vectors (a,b) is called a reduction vector

pair of C. When specifying a value of p is unnecessary, we simply call Ĉ a linear reduced
form of C. It is easy to see that all the elements of row p and column p of the p-linear
reduced form Ĉ of C are zeros.

Lemma 1. [12] For any C ∈Mn, the following statements are equivalent.

(1) C is an LP-constant matrix.
(2) The p-linear reduced form of C is the zero matrix for any 1 ≤ p ≤ n.
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(3) There exist vectors a and b in Rn such that cij = ai + bj for all i, j ∈ N .

Corollary 2. [12] A matrix C ∈Mn is LP-constant if and only if C(π) =
∑

i∈N(ai + bi) for
all π ∈ Pn where (a, b) is any reduction vector pair of C.

Corollary 3. [12] The p-linear reduced matrix of C has all zero entries for some p, then the
p-linear reduced matrix of C has all zero entries for all p.

Two matrices Q1, Q2 ∈ Mn2
are quadratic permutation equivalent (QP-equivalent) if

Q1[π] = Q2[π] ∀π ∈ Pn. A matrix Q ∈ Mn2
is QP-constant if there exists a constant K

such that Q[π] = K for all π ∈ Pn. If, in addition, K = 0, then Q is a QP-null matrix.

A matrix C ∈Mn is a linearization of Q ∈Mn2
if Q[π] = C(π) for all π ∈ Pn. In this case

we say that Q is a quadratic form of C and that the matrix Q is linearizable. The collection
of all linearizable matrices in Mn2

forms a subspace of Mn2
.

Suppose Q1, Q2 ∈ Mn2
are QP-equivalent. Then Q1 is linearizable if and only if Q2 is

linearizable and the two matrices have the same set of linearizations. In particular, Q1 and

Q1T are QP-equivalent and hence Q1 is linearizable if and only if Q1T is linearizable.
It may be noted that the elements {qijkl : i = k or j = l} of Q do not contribute to

the quadratic cost of any permutation. We call these elements redundant. The redundant
elements may be assigned any value without affecting linearizability of Q. A matrix QR ∈
Mn2

is said to be in quadratic reduced form if all elements in its rows and columns indexed
by {(n, p), (p, n) : p ∈ N} are zeros, except possibly qRnpnp and qRpnpn for p ∈ N .

Theorem 4. [12] For any Q ∈ Mn2
there exists a QR ∈ Mn2

such that QR is in quadratic
reduced form and is QP-equivalent to Q.

By Theorem 4 we can restrict our attention to cost matrices that are in quadratic reduced
form. Let QR ∈Mn2

be in quadratic reduced form. Delete rows and columns of QR indexed
by elements of the set {(n, p), (p, n) : p ∈ N} to get matrix Q̄ ∈ M(n−1)2 . For any i, j ∈ Nn,
let Zij ∈Mn−1 be defined as

zijuv =

{
q̄ijuv if (i, j) = (u, v)

q̄ijuv + q̄uvij if (i, j) 6= (u, v).
(3)

Let Q′ ∈M(n−1)2 be the matrix obtained from Q̄ by setting all its diagonal elements to zero.

Theorem 5. [12] Let QR ∈ Mn2
be in quadratic reduced form. Then QR is linearizable if

and only if the following two conditions hold.

(1) For all (i, j) ∈ Nn×Nn, the submatrix of Zij obtained by deleting its ith row and jth

column is an LP-constant matrix.
(2) Q′ is a QP-constant matrix.

Suppose QR is linearizable. Then conditions (1) and (2) of Theorem 5 are satisfied. Let
fij be the constant value of permutations on the submatrix W ij ∈ Mn−2 such that W ij is
obtained from Zij by deleting row i and columns j of Zij. (Note that the index set of rows
of W ij is Nn − {i} and that of columns of W ij is Nn − {j}. These could be renumbered
appropriately to get identical index set, say θ = {θ1, θ2, . . . , θn−2}, for rows and columns
and hence the permutations under consideration are in fact be viewed as permutations of
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θ. Alternatively, assume that we are considering permutations σ ∈ Pn−1 with the property
that σ(i) = j.) In [12], it is observed that if condition (1) of Theorem 5 is satisfied then

fij =
∑

u∈Nn\{i,p}

zijup +
∑

v∈Nn\{j,p}

zijpv − (n− 4)zijpp (4)

where p is an arbitrary but fixed element of Nn \ {i, j}.

Theorem 6. [12] If QR is linearizable, then its linearization C is given by

cij =


qRinin for j = n and i ∈ Nn

qRnjnj for i = n and j ∈ Nn

1
(n−2)

K + qRnnnn for i = j = n

fij + zijij − 1
(n−2)

K for i, j ∈ Nn

(5)

where K = 1
2

(∑
i∈Nn\{n−1} fi(n−1) +

∑
j∈Nn\{n−1} f(n−1)j − (n− 3)f(n−1)(n−1)

)
.

3. QAP-KB Linearization problem

Note that an instance of QAP-KB is completely represented by the triplet (A,B,D). The
instance (A,B,D) of QAP-KB is equivalent to the instance of QAP with cost matrix Q given
by equation (1). We call such a Q the general form of the QAP-KB instance (A,B,D) and
this relationship is denoted by Q = Q(A,B,D). Thus the linearization problem for QAP-KB
can be solved in O(n4) time using the algorithm given in [12]. However, unlike QAP, the
input size of QAP-KB is O(n2). We now show that QAP-KB linearization problem can be
solved in O(n2) time.

Let (A1, B1, D1) and (A2, B2, D2) be two instances of QAP-KB and letQ1 = Q(A1, B1, D1)
andQ2 = Q(A2, B2, D2) be the corresponding general form matrices. We say that (A1, B1, D1)
and (A2, B2, D2) are QP-equivalent if Q1 and Q2 are QP-equivalent.

To solve the QAP-KB linearization problem in O(n2) time, we use the same approach as
described in [12] which in turn verifies the conditions of Theorem 5 and then compute the
linearization C given by Theorem 6. As observed in [12] this can be done in O(n4) time
by converting QAP-KB into general form using equation (1). However, to achieve improved
complexity results, we do not compute the matrix Q(A,B,D) and a QP-equivalent matrix
QR in quadratic reduced form, explicitly. We first establish that given an instance (A,B,D)
of QAP-KB, a QP-equivalent instance (AR, BR, DR) can be obtained in O(n2) time such
that Q(AR, BR, DR) is in quadratic reduced form.

Let (A,B,D) be a given instance of the QAP-KB. For each i ∈ N , define∑
j∈Ni

aij = αi,
∑
j∈Ni

aji = βi,
∑
j∈Ni

bij = γi, and
∑
j∈Ni

bji = µi

For any i ∈ N and any real number ω, consider the following operations on the triplet
(A,B,D):
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grA(i, ω) : For all j ∈ N , subtract ω from aij and add ωγj to dij to

get new matrices Ã, D̃ and set B̃ = B.

gcA(i, ω) : For all j ∈ N , subtract ω from aji and add ωµj to dji to

get new matrices Ã, D̃ and set B̃ = B.

grB(i, ω) : For all j ∈ N , subtract ω from bij and add ωαj to dij to

get new matrices B̃, D̃ and set Ã = A.

gcB(i, ω) : For all j ∈ N , subtract ω from bji and add ωβj to dji to

get new matrices B̃, D̃ and set Ã = A.

Lemma 7. Suppose (Ã, B̃, D̃) is obtained from (A,B,D) using one of the operations grA(i, ω),

gcA(i, ω), grB(i, ω) and gcB(i, ω). Then the QAP-KB instances (A,B,D) and (Ã, B̃, D̃) are
QP-equivalent.

Proof. Let Q, Q̃ ∈Mn2
be the general form matrices of (A,B,D) and (Ã, B̃, D̃) respectively.

Suppose (Ã, B̃, D̃) is obtained from (A,B,D) using the operation grA(i, ω), for some i and
ω. Note that for any π ∈ Pn, Q[π] =

∑
i∈N
∑

j∈Ni
aijbπ(i)π(j). Thus

Q[π]− Q̃[π] = ω
∑
j∈Ni

bπ(i)π(j) − ωγπ(i) = 0.

This proves the lemma for the operation grA(i, ω). The proof for the remaining operations
gcA(i, ω), grB(i, ω) and gcB(i, ω) can be obtained analogously. �

Reduction Algorithm 1: Let (A0, B0, D0) be obtained from (A,B,D) using the reduction
operations grA(i, ain) for all i ∈ Nn followed by the reduction operations grB(i, bin) for all
i ∈ Nn. Now apply gcA0(i, a0

ni) for all i ∈ Nn followed by gcB0(i, b0
ni) for all i ∈ Nn to

(A0, B0, D0) to get (AR, BR, DR). We call (AR, BR, DR) the reduced KB-form of (A,B,D).
By repeated applications of Lemma 7 it can be established that the QAP-KB instances

(A,B,D) and (AR, BR, DR) are QP-equivalent. It may be noted that all elements of the nth
row and column of AR and BR are zeros except possibly aRnn and bRnn.

Lemma 8. QR = Q(AR, BR, DR) is in quadratic reduced form and is QP-equivalent to
Q(A,B,D). Further, if A (B) is symmetric, the corresponding matrix AR (BR) is also
symmetric.

Proof. All the non-diagonal elements of the nth row and column of AR and BR are zeros.
Thus, for all p ∈ N , all the non-redundant elements in the rows and columns of QR in-
dexed by elements of the set {(n, p), (p, n) : p ∈ N} are zeros, except possibly the diagonal
elements. Thus QR is in quadratic reduced form. From Lemma 7, QR and Q(A,B,D) are
QP-equivalent. The reduction from A to AR (B to BR) preserves symmetry follows from
definition. �

Let Ā, B̄, D̄ ∈ Mn−1 be obtained from AR, BR, DR, respectively, by deleting their nth
rows and columns and let Q̄ = Q(Ā, B̄, D̄). The matrix Q′ of Theorem 5 is thus given by
Q′ = Q(Ā, B̄, O), where O ∈ Mn−1 with all elements zero. Thus Q′ is also of the QAP-KB
type. Now, consider condition (1) of Theorem 5. Since Q̄ = Q(Ā, B̄, D̄), for any i, j ∈ Nn,
the elements of the matrix Zij ∈Mn−1 of equation (3) become
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zijuv =

{
d̄ij if (i, j) = (u, v)

āiub̄jv + āuib̄vj otherwise
(6)

Let W ij ∈ Mn−2 be obtained by deleting row i and column j of Zij. We have to check if
W ij is an LP-constant matrix. Let us now prove two general results to establish that this
verification can be done in O(n) time.

Lemma 9. Let C ∈Mn be defined by cij = xiyj+gihj where x,y,g,h ∈ Rn. Then its p-linear

reduced matrix Ĉ satisfies ĉij = x̂iŷj + ĝiĥj for all i, j ∈ N where the vectors x̂, ŷ, ĝ, ĥ ∈ Rn

are given by x̂j = xj − xp, ŷj = yj − yp, ĝj = gj − gp, ĥj = hj − hp for and j ∈ N.

The proof of the above lemma follows from simple algebra and hence omitted.

Lemma 10. For x,y,g,h ∈ Rn, let C ∈Mn be defined by cij = xiyj + gihj for all i, j ∈ N .
Let S1 = {i : xi 6= 0, gi 6= 0} and S2 = {i : yi 6= 0, hi 6= 0}. Then cij = 0 for all i, j if and
only if at least one vector from each of the pairs {x,y}, {g,h} is zero or there exists α such
that xi

gi
= α for all i ∈ S1 and hi

yi
= −α for all i ∈ S2.

Proof. Suppose cij = 0 for all i, j. If xi = 0, gi 6= 0 for some i ∈ N , then hj = 0 for all j ∈ N
and either yj = 0 for all j or xj = 0 for all j. Similarly, If yj = 0, hj 6= 0 for some j ∈ N ,
then gi = 0 for all i ∈ N and either xi = 0 for all i or yi = 0 for all i. By symmetry, the
cases gi = 0, xi 6= 0 for some i ∈ N and hj = 0, xj 6= 0 for some j ∈ N also yields at least
one vector from each of the pairs {x,y}, {g,h} is zero. If S1 = ∅ then x = g = 0 and if
S2 = ∅ then y = h = 0. Thus we are left with the case S1 6= ∅ and S2 6= ∅ and xi 6= 0 if and
only if gi 6= 0 and yi 6= 0 if and only if hi 6= 0. Since cij = 0, we have for all i ∈ S1, j ∈ S2

cij = xiyj + gihj = 0 which implies xi
gi

= −hj
yj

. The converse can be verified easily. �

Let us now come back to the question of testing if W ij is LP-constant. From Lemma 1
we have W ij is LP-constant if and only if its p-linear reduced matrix has all zero entries, for
some p 6= i, j. But wijuv = xuyv +guhv where x,y,g,h ∈ Rn−2 and x(g) is the row (column) i
of Ā with āii deleted and y(h) is row (column) j of B̄ with b̄jj deleted. (Note that the index
set of vectors x,y and the index set of rows of W ij is Nn − {i} and the index set of vectors
g,h and the index set of columns of W ij is Nn − {j}.) It now follows from lemmas 9 and
10 that this can be checked in O(n) time. Thus we can verify condition (1) of Theorem 5
for all i, j ∈ N in O(n3) time. If condition (1) of the theorem is satisfied, then it is shown
in [12] for the general case of QAP that condition (2) of theorem 5 can be verified in O(n3)
time. This yields an overall complexity of O(n3) for solving the linearization problem for
QAP-KB, which improves the O(n4) bound for the general QAP given in [12]. Let us now
discuss how to reduce this complexity by a factor of O(n).

We first show that testing if the matrix W ij is LP-constant and computing the correspond-
ing constant value of permutations, for all i, j ∈ Nn can be done more efficiently in O(n2)
time. First, let us establish some general results. Consider n2 + 2 matrices A,B ∈ Mn and
Crs ∈Mn for (r, s) ∈ N ×N such that crsij = aribsj + airbjs. We give necessary and sufficient
conditions for crsij = 0 for all (i, j), (r, s) ∈ N × N , i 6= r, j 6= s and establish that the

validity of these conditions can be verified in O(n2) time, even though there are O(n4) such
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crsij values. If A or B is a diagonal matrix, then clearly crsij = 0 for all (i, j), (r, s) ∈ N ×N ,
i 6= r, j 6= s. Let

Sa = {(i, j) ∈ N ×N : exactly one of {aij, aji} is zero}

and

Sb = {(i, j) ∈ N ×N : exactly one of {bij, bji} is zero}.

Lemma 11. Suppose A and B are not diagonal matrices. If Sa ∪ Sb 6= ∅ then there exists
(i, j), (r, s) ∈ N ×N , i 6= r, j 6= s, such that crsij 6= 0.

Proof. By symmetry in the definition of Sa and Sb, let us assume without loss of generality
that Sa 6= ∅. Choose an (i, j) ∈ Sa. Again, by symmetry, we assume that aij 6= 0 and
aji = 0. Let bpq be a non-zero, non-diagonal element of B. By hypothesis, such an element

exists. Then cipjq = aijbpq 6= 0. �

Lemma 12. Suppose A and B are not diagonal matrices and crsij = aribsj + airbjs. Then
crsij = 0 for all (i, j), (r, s) ∈ N × N , i 6= r, j 6= s, if and only if A is symmetric and B is
skew-symmetric or B is symmetric and A is skew-symmetric.

Proof. Suppose crsij = 0 for all (i, j), (r, s) ∈ N×N , i 6= r, j 6= s. By Lemma 11, Za∪Zb = ∅.
Let Ωa = {(i, j) ∈ N × N :, i 6= j, aij 6= 0, aji 6= 0} and Ωb = {(i, j) ∈ N × N : i 6= j, bij 6=
0, bji 6= 0}. Since A and B are not diagonal matrices and Za ∪ Zb = ∅, Ωa 6= ∅ and Ωb 6= ∅
and crsij = aribsj + airbjs = 0 for all (r, i) ∈ Ωa and (s, j) ∈ Ωb. Thus

ari
air

= −bjs
bsj

= α(say) ∀(r, i) ∈ Ωa and (s, j) ∈ Ωb (7)

Note that if (r, i) ∈ Ωa then (i, r) ∈ Ωa. Likewise, if (j, s) ∈ Ωb then (s, j) ∈ Ωb. We thus
have

ari
air

=
air
ari

= −bjs
bsj

= −bsj
bjs

= α ∀(r, i) ∈ Ωa and (s, j) ∈ Ωb (8)

From (7) and (8), we have α = 1 and hence either A is symmetric and B is skew-symmetric
or B is symmetric and A is skew symmetric.

Conversely suppose A and B are not diagonal matrices and either A is symmetric and
B is skew-symmetric or B is symmetric and A is skew-symmetric. Then, it can be verified
from the definition that crsij = 0 for all (i, j), (r, s) ∈ N ×N , i 6= r, j 6= s. �

Recall the definition of Zij ∈ Mn−1 given in equation (6) and the fact that W ij ∈ Mn−2

is obtained from Zij by deleting row i and column j. To verify conditions of Theorem 5,
we first have to check if W ij is LP-constant for all (i, j) ∈ Nn × Nn. By Lemma 1, W ij

is LP-constant, if and only if its p-linear reduced matrix W̄ ij has all zero entries for some
p 6= i, j. We want to verify this condition for all (i, j) in O(n2) time.

Case 1: 1 ≤ i, j ≤ n − 2: Let Ŵ ij be the (n − 1)-linear reduced matrix of W ij. From

Lemma 9, it can be verified that ŵijuv = âiub̂jv+āuib̄vj for (i, j) 6= (u, v) where âiu = āiu−āi,n−1

and b̂jv = b̄jv − b̄j,n−1. Then by Lemma 12, ŵijuv = 0 for i, j ∈ {1, 2, . . . n− 2}, (i, j) 6= (u, v),

u, v ∈ {1, 2, . . . n − 2} if and only if one of the matrices Â, B̄ is symmetric and the other is
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skew symmetric. This can be done in O(n2) time.

Case 2: i = n− 1, 2 ≤ j ≤ n− 1 or j = n− 1, 2 ≤ i ≤ n− 1: In this case choose Ŵ ij as the
1-linear reduced matrix of W ij. From Lemma 9, it can be verified that ŵijuv = âiub̂jv + âuib̂vj
for (i, j) 6= (u, v) where âiu = āiu − āi1 and b̂jv = b̄jv − b̄j1. Let w̃ijuv = ãiub̃jv + b̃uib̃vj where

Ã and B̃ be obtained from Â and B̂ by replacing diagonal entries by zero and deleting row
n − 1 and column n − 1. Then for each i, j satisfying conditions of this case, ŵijuv = 0 for
i, j ∈ {1, 2, . . . n − 2}, (i, j) 6= (u, v), u, v ∈ {1, 2, . . . n − 2} if and only if w̃ijuv = 0 for all
u, v ∈ {1, 2, . . . n− 2}. For each i, j, using Lemma 10 on matrix W̃ ij, this can be verified in
O(n) time. Since there are only O(n) choices of (i, j) pairs in this case, the overall complexity
is O(n2) for this case.

Case 3: i = 1, j = n − 1 or j = 1, i = n − 1: In this case let Ŵ ij be the 2-linear reduced
matrix of W ij. There are only two matrices to consider here and by direct computation, Ŵ ij

is LP-constant or not can be verified in O(n2) time.
Thus, combining cases (1), (2) and (3), condition (1) of Theorem 5 can be verified in O(n2)

time. Once W ij is verified to be LP-constant for all (i, j), we have to find the constant value
fij of all the permutations on W ij for each (i, j) ∈ Nn ×Nn. For each i ∈ Nn, let us define
ᾱi, β̄i, γ̄i and µ̄i as follows:

n−1∑
j=1
j 6=i

āij = ᾱi,
n−1∑
j=1
j 6=i

āji = β̄i,
n−1∑
j=1
j 6=i

b̄ij = γ̄i, and
n−1∑
j=1
j 6=i

b̄ji = µ̄i (9)

Then for each (i, j) ∈ Nn ×Nn and any p ∈ Nn \ {i, j},

fij =
∑

u∈Nn\{i,p}

zijup +
∑

v∈Nn\{j,p}

zijpv − (n− 4)zijpp

=
∑

u∈Nn\{i,p}

(
āiub̄jp + āuib̄pj

)
+

∑
v∈Nn\{j,p}

(
āipb̄jv + āpib̄vj

)
− (n− 4)(āipb̄jp + āpib̄pj)

= b̄jpᾱi + b̄pjβ̄i + āipγ̄j + āpiµ̄j − (n− 4)(āipb̄jp + āpib̄pj) (10)

The values {ᾱi, β̄i, γ̄i, µ̄i : i ∈ Nn} can all be computed in O(n2) time. Using these values
and equation (10) each fij value can be obtained in constant time; and thus all the fij values
can be computed in O(n2) time. In [12] it is shown that if condition (1) of theorem 5 is
satisfied, then condition (2) is satisfied if and only if the matrix F = (fij) is LP-constant.
Hence, condition (2) of Theorem 5 can be verified in O(n2) time. Now, the linearization C
can be identified using Theorem 6.

3.1. Symmetric QAP-KB. An interesting special case of QAP-KB is the Bookhold QAP
where A is upper-triangular, B is symmetric and dij = aiibjj. Bookhold [4] investigated this
case and proved the following sufficient condition.

Theorem 13. [4]The Bookhold QAP (A,B,D) with n ≥ 3 is linearizable if aij = a1i+a1j +
a(n−1)n− a1(n−1)− a1n for i = 2, 3, . . . n− 2 and j = i+ 1, . . . , n or bij = b1i + b1j + b(n−1)n−
b1(n−1) − b1n for i = 2, 3, . . . n− 2 and j = i+ 1, . . . , n.

9



Bookhold [4] showed that the condition of Theorem 13 is also necessary for n = 3, 4 and
for n ≥ 5 he states that the “the necessity could not be proved but no counter examples
could be found either”. We now show that the condition of Theorem 13 is indeed necessary
for all n ≥ 3. Consider an instance (A,B,D) of Bookhold QAP and let A′ = (A+AT )/2. It
is easy to see that A′ is symmetric and the Bookhold QAP (A,B,D) satisfies the conditions
of Theorem 13 if and only if (A′, B,D) satisfies the conditions of Theorem 13. Thus we
restrict our attention to symmetric QAP-KB where A and B are symmetric.

Note that in the reduced form (AR, BR, DR) of (A,B,D), all the elements in the nth row
and nth column of AR and BR are zero except possibly the diagonal entries aRnn and bRnn; and
Ā, B̄ and D̄ are obtained from AR, BR and DR, respectively, by deleting their nth rows
and columns. Thus, for each pair i, j ∈ Nn , āi,j = aij − ain − anj and b̄i,j = bij − bin − bnj
and since A and B are symmetric, Ā and B̄ are symmetric as well. It now follows from
Lemma 12 and its application in our O(n2) scheme for testing linearization of QAP-KB that
W ij is LP-constant if and only if either all the non-diagonal elements of Ā have equal value
or all the non-diagonal elements of B̄ have equal value. Thus, either for all i, j ∈ Nn, i <
j, āij = aij − ain − anj = ā1(n−1) = a1(n−1) − a1n − an(n−1) or for all i, j ∈ Nn, i < j, b̄ij =
bij − bin − bnj = b̄1(n−1) = b1(n−1) − b1n − bn(n−1). Hence,

aij = ain + anj + a1(n−1) − a1n − an(n−1) for all i, j ∈ Nn, i < j or (11)

bij = bin − bnj + b1(n−1) − b1n − bn(n−1) for all i, j ∈ Nn, i < j (12)

It may be noted that if we change the labeling of the elements of the set N and permute
the rows and columns of matrices A,B and D accordingly, we get an equivalent instance of
QAP. Interchanging the indices 1 and n in equations (11) and (12) and using the fact that
A and B are symmetric matrices, we get precisely the Bookhold conditions. We thus have
the following theorem, which resolves the question raised in [4].

Theorem 14. For the symmetric QAP-KB (A,B,D) the Bookhold conditions of Theorem 13
are necessary and sufficient for linearizability.

4. The MAP Linearization problem

An instance of MAP is completely represented by the triple (A,B,D). As observed in
the introduction section, MAP is equivalent to QAP with cost matrix Q defined in equation
(2). We represent this relationship by Q = H(A,B,D) and we call Q the general form of
the MAP instance (A,B,D). Thus by Theorem 5, the linearization problem for MAP can
be solved in O(n4) time. As in the case of QAP-KB, the data for MAP is O(n2). We now
show that the linearization problem for MAP can also be solved in O(n2) time.

Let (A1, B1, D1) and (A2, B2, D2) be two instances of MAP and let Q1 = H(A1, B1, D1)
andQ2 = H(A2, B2, D2) be the corresponding general form matrices. We say that (A1, B1, D1)
and (A2, B2, D2) are QP-equivalent if and only if Q1 and Q2 are QP-equivalent.

10



For any i ∈ N and real number ω, define the following operations on the triplet (A,B,D):

hrA(i, ω) : Subtract ω from row i of A to obtain matrix Ai and generate the

triplet (Â, B̂, D̂) = (Ai, B,D + ωB)

hcA(i, ω) : Subtract ω from column i of A to obtain matrix Ai, generate the

triplet (Â, B̂, D̂) = (Ai, B,D + ωB)

hrB(i, ω) : Subtract ω from row i of B to obtain matrix Bi and generate the

triplet (Â, B̂, D̂) = (A,Bi, D + ωA)

hcB(i, ω) : Subtract ω from column i of B to obtain matrix Bi, generate the

triplet (Â, B̂, D̂) = (A,Bi, D + ωA)

Lemma 15. The MAP instance (Â, B̂, Ĉ) obtained by any of the operations hrA(i, ω), hcA(i, ω),
hrB(i, ω), and hcB(i, ω) is QP-equivalent to the MAP instance (A,B,C).

Proof. Let Q = H(A,B,C) and Q̂ = H(Â, B̂, Ĉ) for the operation hrA(i, ω). For any π ∈ Pn

Q̂[π] =
∑
k∈N

∑
j∈N

âkπ(k)b̂jπ(j) +
∑
j∈N

d̂jπ(j)

=
∑
k∈N

∑
j∈N

akπ(k)bjπ(j) − ω
∑
j∈N

bjπ(j) +
∑
j∈N

djπ(j) + ω
∑
j∈N

bjπ(j)

= Q[π]

Proof for the remaining operations follows analogously. �

Definition 1. Let (A0, B0, D0) be obtained from (A,B,D) using the reduction operations
hrA(i, ain) for all i ∈ Nn followed by the reduction operations hrB(i, bin) for all i ∈ Nn. Now
apply to (A0, B0, D0), operations hcA0(i, a′ni) for all i ∈ Nn followed by operations hcB0(i, b0

ni)
for all i ∈ Nn to get (AR, BR, DR). We call (AR, BR, DR) the reduced product form of
(A,B,D).

Note that all the non-diagonal elements in the nth row and column of AR and BR are
zeros.

Lemma 16. (AR, BR, DR) and (A,B,D) are QP-equivalent. Further, QR = H(AR, BR, DR)
is the quadratic reduced form of Q = H(A,B,D).

Proof. The QP-equivalence of (AR, BR, DR) and (A,B,D) follows from repeated applications
of Lemma 15. Since aRin = bRin = aRni = bRni = 0 for i ∈ Nn, all the non-redundant elements in
the rows and columns of QR indexed by elements of the set {(n, p), (p, n) : p ∈ N} are zeros,
except possibly the diagonal elements. �

Let Ā, B̄ and D̄ be obtained by deleting the nth row and column from AR, BR and DR,
respectively.

To obtain an O(n2) algorithm for the MAP linearization problem, it is enough to show
that condition (1) of Theorem 5 can be verified in O(n2) time and the fij values of equation
(4) can be obtained in O(n2) time. From equation (2), the matrix Zij for i, j ∈ Nn of
Theorem 5 is given by,

11



zijuv =

{
d̄ij + āiib̄jj if (i, j) = (u, v)

āij b̄uv + āuv b̄ij otherwise
(13)

It may be noted that the matrix W ij is obtained from Cij by deleting its ith row and jth
column. Let us index the rows and columns of W ij by N̄i = Nn − {i} and N̄j = Nn − {j},
respectively. Thus, wijuv = āij b̄uv + āuv b̄ij for all u ∈ N̄i and v ∈ N̄j. By Lemma 1 and
Corollary 2, W ij is LP-constant for all i, j ∈ Nn if and only if the p-linear reduced form of
W ij is the zero matrix for some p ∈ Nn \ {i, j} (and hence for any p ∈ Nn \ {i, j}).

Let us now prove some general results. Let τ ijuv = xij ȳuv+yijx̄uv for some X, Y, X̄, Ȳ ∈Mn.
Consider the sets

S1 = {(i, j) : xij 6= 0, yij 6= 0} and S2 = {(i, j) : x̄ij 6= 0, ȳij 6= 0}

Lemma 17. Let X, Y, X̄, Ȳ ∈ Mn be such that each of them contains at least two rows or
at least two columns with non-zero entries and let τ ijuv = xij ȳuv + yijx̄uv. Then τ ijuv = 0 for
all u, v ∈ N, u 6= i, v 6= j if and only if there exists some α ∈ R such that

xij
yij

= α for all

(i, j) ∈ S1 and
x̄ij
ȳij

= −α for all (i, j) ∈ S2.

Proof. Suppose τ ijuv = 0 for all u, v ∈ N, u 6= i, v 6= j. First, we establish that xij 6= 0 if
and only if yij 6= 0. Thus, suppose xij = 0 and yij 6= 0. Then τ ijuv = yijx̄uv = 0 and hence
x̄uv = 0 for all u, v except u = i, v = j, a contradiction to the assumption that X̄ contains at
least two non-zero rows or columns. Similarly, if xij 6= 0 and yij = 0, we get a contradiction.
Using similar arguments, it can be established that x̄ij 6= 0 if and only if ȳij 6= 0. Thus,
τ ijuv = 0 for all u, v ∈ N, u 6= i, v 6= j if and only if xij ȳuv + yijx̄uv = 0 for all (i, j) ∈ S1 and
(u, v) ∈ Z, i 6= u, j 6= v. This is possible if and only if

xij
yij

= − x̄uv
ȳuv

for all (i, j) ∈ S2, (u, v) ∈ S
and the result follows. �

Lemma 18. If one of the matrices X, Y, X̄, Ȳ ∈ Mn contains at most one row and column
with non-zero entries, then we can verify whether τ ijuv = xij ȳuv + yijx̄uv = 0 for all u, v ∈
N, u 6= i, v 6= j in O(n2) time.

Proof. Suppose X̄ = 0. If X is zero, then the result follows. If X 6= 0 then there exists
r, s ∈ N such that xrs 6= 0. Then ȳuv = 0 except for u = r or v = s. If row r or column s of
Ȳ contains a non-zero element, then X contains at most one row, say p and one column, say
q, with non-zero entries. Thus τ ijuv = 0 for all u, v ∈ N, u 6= i, v 6= j can be verified in O(n2)
time by simply verifying the condition τ ijuv = 0 for i = p, j ∈ N ; j = q, i ∈ N ; u = r, v ∈ N ;
v = s, u ∈ N ; and u 6=, i, v 6= j. The other three cases, X = 0, Y = 0 and Ȳ = 0 can be
verified similarly.

Suppose X̄ contains exactly one row and column with non-zero entries. In this case, it
can be verified that X and Ȳ will have at most two rows and columns with non zero entries
and Y will have at most three rows and columns with non-zero entries. Thus we need to
consider only O(n2) combinations of i, j, u, v to verify τ ijuv = 0 for all u, v ∈ N, u 6= i, v 6= j
and hence this can be done in O(n2) times. The other three cases where X, Y and Ȳ have
exactly one row and/or column with possible non zero entries can be verified similarly and
the result follows. �

We shall use the above results to show that for MAP, condition (1) of Theorem 5 can be
verified in O(n2) time.
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Case 1: 1 ≤ i, j ≤ n − 2: Let ˆ̄A and ˆ̄B be the (n − 1)-linear reduced forms of ma-
trices Ā and B̄, respectively. Then W ij is LP-constant for all 1 ≤ i, j ≤ n − 2 if and

only if wijuv = āij
ˆ̄buv + b̄uv ˆ̄auv = 0 for all 1 ≤ i, j, u, v ≤ n − 2, u 6= i, v 6= j. Choosing

X = Ā, Ȳ = ˆ̄B, Y = B̄, X̄ = ˆ̄A in lemmas 17 and 18, this condition can be verified in O(n2)
time.

Case 2: i = n − 1, 2 ≤ j ≤ n − 1 or j = n − 1, 2 ≤ i ≤ n − 1: Let ˆ̄A and ˆ̄B be
the 1-linear reduced matrix of Ā and B̄ respectively. Then W ij is LP-constant for all

i = n− 1, 2 ≤ j ≤ n− 1 or j = n− 1, 2 ≤ i ≤ n− 1 if and only if wijuv = āij
ˆ̄buv + b̄uv ˆ̄auv = 0

for all 2 ≤ i, j, u, v ≤ n− 1, u 6= i, v 6= j. Choosing X = Ā, Ȳ = ˆ̄B, Y = B̄, X̄ = ˆ̄A in lemmas
17 and 18, this condition can be verified in O(n2) time.

Case 3: i = 1, j = n− 1 or j = 1, i = n− 1: Let ˆ̄A and ˆ̄B be the 2-linear reduced matrix
of Ā and B̄ respectively. Then W ij is LP-constant for all i = 1, j = n− 1 or j = 1, i = n− 1

if and only if wijuv = āij
ˆ̄buv + b̄uv ˆ̄auv = 0 for all i = 1, j = n − 1 or j = 1, i = n − 1

1 ≤ u, v ≤ n− 1, u 6= i, v 6= j. This can be verified directly in O(n2) time.
Let us now compute the fij (given in equation (4)) in O(n2) time. For any p ∈ Nn, define:

αp =
∑

k∈Nn\{p}

ākp; β
p =

∑
k∈Nn\{p}

āpk; γ
p =

∑
k∈Nn\{p}

b̄kp and ζp =
∑

k∈Nn\{p}

b̄pk.

Then it can be verified that for each pair i, j ∈ Nn, and any choice of p ∈ Nn \ {i, j},
fij = āij(γ

p − b̄ip + ζp − b̄pj) + b̄ij(α
p − āip + βp − āpj)− (n− 4)(āij b̄pp + b̄ij āpp)

All the values {αp, βp, γp, ζp : p ∈ Nn} can be computed in O(n2) time. Using these and
the above expression, each fij value can be computed in constant time, and hence all the
fij values can be computed in in O(n2) time. In [12] it is shown that if condition (1) of
theorem 5 is satisfied, then condition (2) is satisfied if and only if the matrix F = (fij) is
LP-constant. Hence, condition (2) of Theorem 5 can be verified in O(n2) time. Now, the
linearization C can be identified using Theorem 6.

5. Conclusion

We showed that the linearization problem for QAP-KB and MAP can be solved in O(n2).
For these problems, the data is of size O(n2) and hence these algorithms are the best pos-
sible. As a consequence, we have faster algorithms for solving some special cases of QAP.
For symmetric QAP-KB, we show that a sufficient condition established by in [4] is both
necessary and sufficient, resolving a question of Bookhold [4].
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