On convergence rate of the Douglas-Rachford
operator splitting method
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Abstract. This note provides a simple proof on a O(1/k) convergence rate for the Douglas-
Rachford operator splitting method where k denotes the iteration counter.

Keywords. Douglas-Rachford operator splitting method, convergence rate.

1 Introduction

Finding a root of a monotone set-valued operator is a fundamental problem, and it serves as the
uniformed model of many important problems such as fixed point problems, partial differential
equations, convex programming problems and variational inequalities. Let us consider finding a root
of the sum of two maximal monotone set-valued operators in an finite-dimensional space

0 € A(u) + B(u), (1.1)

where A and B are continuous monotone mappings from " to itself. Throughout we assume the
solution set of (1.1), denoted by S*, to be nonempty.

A fundamental method for solving (1.1) is the proximal point algorithm (PPA) which was pro-
posed originally in [17]. Applying the general PPA for solving (1.1) amounts to an exact estimate
of the resolvent operator of A + B. Here, the resolvent of a monotone set-valued mapping (say T")
denoted by J2 is defined as J3 := (I + AT)~!, where ) is a positive scalar, see e.g. [22]. Recall
that the resolvent operator of a monotone operator is single-valued, see Corollary 2.2 in [4] or [22].
An exact estimate of the resolvent operator of A + B, however, could be as hard as the original
problem (1.1). This difficulty thus has inspired many operator splitting methods in the literature,
whose common idea is to alleviate the original problem to estimating the resolvent operators of A
and B individually, see [4, 9, 16] to mention a few of earlier articles.

This short note only discusses the Douglas-Rachford operator splitting method in [16], which
appears to have the most general convergence properties as mentioned in [4]. As elaborated in
[16], starting from an arbitrary iterate u® in the domain of B, choosing »° € B(u’) and setting
w = u® 4+ A0 in such a way that u® = J3w® (the existence of such a pair of (u’, w?) is unique by the
Representation Lemma), the iterative scheme of the Douglas-Rachford operator splitting method in
[16] generates the sequence {w*} by induction

whtl = JA (203 — Dwk + (I — J)w". (1.2)

In the case where both A and B in (1.1) are singled-valued, the scheme (1.2) reduces to the original
Douglas-Rachford scheme in [3] for heat conduction problems. It turns out that the scheme (1.2) is

!Department of Mathematics, Nanjing University, Nanjing, 210093, China. This author was supported by the

NSFC grants 10971095 and 91130007, and the grant of MOE of China 20110091110004. Email: hebma@nju.edu.cn
2Corresponding author. Department of Mathematics, Hong Kong Baptist University, Hong Kong, China. This
author was supported by a grant from Hong Kong General Research Fund. Email: xmyuan@hkbu.edu.hk

1



the root of a number of celebrated methods such as the alternating direction method of multipliers
(ADMM) in [6, 8] (as analyzed in [2]) and a primal Douglas-Rachford scheme in [5].

We focus on the convergence rate of the Douglas-Rachford scheme in [16]. An important result is
[4], where the Douglas-Rachford operator splitting method in [16] is shown to be a special application
of the original PPA in [17]. Thus, analysis for the generic PPA in [18] ensures a worst-case O(1/k)
convergence rate of the Douglas-Rachford scheme (1.2), but only for some special cases of (1.1) such
as the variational inequality problem (VIP) where the mapping B in (1.1) is the normal cone of a
nonempty closed convex set in R". We emphasize that a worst-case O(1/k) convergence rate means
the accuracy (measured by a certain criterion) to a solution is of the order O(1/k) after k iterations of
an iterative scheme, or equivalently, it requires at most O(1/¢) iterations to achieve an approximate
solution with e accuracy. We also refer to some recent results on the O(1/k) convergence rate of
Douglas-Rachford based methods for some special cases of (1.1), such as the ADMM [13] for convex
programming, projection and contraction methods [11] and interior projection methods [1] for VIPs.

The purpose of this note is to provide a novel and very simple proof to derive a worst-case O(1/k)
convergence rate for the Douglas-Rachford operator splitting method in [16]. Note we discuss the
generic case of (1.1) without any assumption on the structure of A and B. Thus, as mentioned in
[18], a O(1/k) rate is an optimal worst-case convergence result we can expect.

2 Preliminaries

We first recall some well known properties and then establish some preliminary results for further
analysis. For simplicity of notation and clearer exposition of our idea, we present our analysis under
the assumption that one mapping in (1.1), say B, is single-valued, and its extension to the case where
B is also set-valued is not hard.

For any A > 0, it is clear that u* is a solution of (1.1) if and only if

wt = JA(u* — AB(u*)). (2.1)

This fact immediately shows that we can measure the accuracy of a vector u € R" to a solution of
(1.1) by |le(u, \)||* where
e(u, A) == u — JA(u — AB(u)). (2.2)

By using w = (I + AB)u and J3(w) = u, the Douglas-Rachford scheme (1.2) in the form of w is
uFt 4 AB(uF ) = T (uf — AB(u)) + AB(uF).
Moreover, with the notation (2.2), it can be rewritten as
P L AB(WF ) = uF £ AB(WF) — e(uF, ). (2.3)
Inspired by [24] (Page 240) and [12] for VIP cases of (1.1), our analysis will be conducted for
WM L AB(WF) = oF £ AB(WF) — ye(uF, \), (2.4)

which is a general version of (2.3) with v € (0,2). Obviously, the original Douglas-Rachford scheme
(2.3) is recovered when v = 1 in (2.4), and we refer to [12] for the numerical efficiency contributed
by the parameter . Since we focus on the generic case of (1.1) where no specific structure of A
and B is assumed, we do not discuss how to solve the subproblem (2.4). For concrete applications
of (1.1) with specific structures of A and B, the subproblem (2.4) could be easy enough to have a



closed-form solution; while for generic cases without any structure, Newton-like methods for solving
smooth equations in the literature can be applied to solve (2.4).

We now provide some elementary results which will be used later. Proof of Lemma 2.1 could be
found easily in many literatures such as [4, 22|, and we omit it.

Lemma 2.1 The resolvent operator of a monotone operator T defined on R"™ is firmly nonexpansive.
That s,
(u—0)" (I3 (u) = Jp(v)) = | I3 () = S| Vu,0 € R™ (2.5)

The following lemma and its corollary are essential tools for establishing the main results later.
Lemma 2.2 For any u,v € " and A > 0, we have
{(u—v) + AMB(w) = B))} (e(u, A) = e(v, 7)) = [le(u, A) — (v, V)| (2.6)
Proof. Since A is monotone, by setting u := u — AB(u) and v := v — AB(v) in (2.5), we have

{(v = AB(v)) = (u = AB(w)} {JA(v — AB(v)) — JA(u — AB(u))}
> [[Ji(v = AB(v)) = Ji(u — AB(w))|. (2.7)

Adding the following term
2(u—v)"{JA(v = AB(v)) = Ji(u — AB(u))}
to the both sides of (2.7) and by a simple manipulation, it follows that

{(u =) + A(B(u) = B(w))} {Ji(v = AB(v)) = Ji(u = AB(u))}
> [(u—wv) + [Ji(v = AB(v)) = Ja(u = ABW))]|* — u —v||*. (2.8)

Because B is monotone, we have
{(u =) + A(B(u) = B())} (u =) > |lu—v|. (2.9)

Adding (2.8) and (2.9) and using the notation of e(u, A) in (2.2), the assertion (2.6) follows directly
and the lemma is proved. O

Corollary 2.1 For any u € R, we have
{(u—u*) + MNB(u) — Bu))} e(u,\) > [le(u, \)||?, Vu* e S*. (2.10)

Proof. By setting v = v* and using e(u*, A) = 0, (2.10) is derived from (2.6) immediately. O

3 Main results

We establish a O(1/k) convergence rate for the generalized Douglas-Rachford scheme (2.4) in this
section. First of all, we show that both of the sequences {||(u* — u*) + A(B(u*) — B(u*))||} and
{lle(u*, \)||} generated by the scheme (2.4) are monotonically decreasing whenever a solution of
(1.1) is not found (i.e, |[e(u”, \)|| # 0).



Lemma 3.1 Let {u*} be the sequence generated by (2.4). Then we have
(! =) + ABW) = B(u)|”
< l@? =)+ AB) = B@))|P = v(2 =)@, N)|? Vu* e 5. (3.1)
Proof. Using (2.4) by a simple computation, we get
(! =) + ABW) = B(u)|”
= [(* — ") + AB") = B(u*)) = ye(u®, )|
= [ (* =) + A(B(u") - B(u))|?
—29{(u* — ") + A(B(u") = B(u))} e(u®, X) +7[le(u”, ). (3.2)
Substituting (2.10) in the right-hand side of (3.2), we obtain (3.1) and the lemma is proved. O

Lemma 3.2 Let {u*} be the sequence generated by (2.4). Then we have
2—7
le(@* 1, M%< fle(u®, M)]* - T!\e(uk%) —e(uM V)| (3.3)

Proof. Setting u = u* and v = u**1 in (2.6), we get
{(u" ="+ AB) = B ) e, X) — e(u™ 0} > [le(u®, A) = e(" N[ (3.4)

Note that (see (2.4))
(u® — uP ) + N(B(uF) — B(uF1)) = ve(u®, \).

Hence, it follows from the last equation and (3.4) that
1
(AT el ) = e ) 2 el ) = el V), (3.5)
Substituting it in the identity
le(u™ 1, NP = fle(w®, NP = 2¢(u®, )T {e(u?, X) = e(u?, )} + [le(w®, A) — e(@* 1N,
we obtain (3.3) and thus the lemma is proved. O

Now, we are ready to show a worst-case O(1/k) convergence rate for the generalized Douglas-
Rachford scheme (2.4).

Theorem 3.1 Let {u*} be the sequence generated by (2.4). For any integer number k > 0, we have

1
k 2 0 * 0 *\Y (2 * *
e(u”, \)||* < uw —u*)+ ANB(u’) — B(u , Yu'eS*. 3.6
lle(w®, M)l 7(2—7)(k+1)”( )+ AB(w”) — B(u"))]| (3.6)
Proof. First, it follows from (3.1) that
> (2= )le(w’ NP < [1(w” = u*) + AB@’) = Bw))|?, Vu* € 5™ (3.7)

=0
In addition, it follows from (3.3) that the sequence {|le(u’, \)||?} is monotonically non-increasing.
Therefore, we have

k
(k+Dlle® NP < D lle(u’, V> (3-8)
i=0
The assertion (3.6) follows from (3.7) and (3.8) directly. O

Thus, a convergence rate O(1/k) of the recursion (2.4) in the worst case is established based on

(3.6), where k denotes the iteration counter and the accuracy to a solution of (1.1) is measured by
leu®, M.



4 Applications to monotone variational inequalities

We take the variational inequality problem as an example to show that the presented approach can
recover the O(1/k) convergence rate for some classical methods such as the proximal point algorithm
(PPA) in [17] and its relaxed version in [7]. Analysis of the presented approach is much easier than
existing approaches in the literature such as [18].

The monotone variational inequality problem (VIP) in R™ is to find u* € Q such that

VI(Q, F) (u—u)TF(u*) >0, YueQ, (4.1)

where (2 is a nonempty closed convex set in " and F' is a monotone mapping from R” to itself. We
denote by Q* the solution set of (4.1).
The VIP (4.1) can be reformulated as finding u* such that

0 € No(u") + F(u"), (4.2)
where Nq(-) is the normal cone operator to €2, i.e.,

{fw](v—ulw<0, YoeQ}, ifucq,
0, otherwise.

No(u) := {

Therefore, (4.1) is a special case of (1.1) with A = N and B = F. Let Po(v) denote the orthogonal
projection of v on €, i.e.,
Pq(v) = argmin {||u — v|| |u € Q}.

Then, by noticing the obvious facts Ng = ANq for any A > 0 and J;\l = (I + ANq)~! = Pq, the
vector e(u, \) defined in (2.2) can be specified into

e(u, \) = u — Po[u — AF(u)] (4.3)
for (4.1), and the Douglas-Rachford scheme (2.4) is accordingly simplified to
WP AR () = uF + AF(uF) — ye(uF, N). (4.4)

We refer to [10] for similar discussions for general monotone variational inequalities. Based on this
analysis, the conclusion in Theorem 3.1 can be specified as: The sequence {u*} generated by the
recursion (4.4) satisfies

1
Y2 =)k +1)

Note that the Douglas-Rachford scheme (2.4) converts the VIP (4.1) to a series of systems of nonlinear
equations (4.4), which are in general easier than (4.1).

For solving (4.1), a fundamental method is the PPA proposed originally in [17] which turns out
to be the root of a number of celebrated methods such as the projected gradient method [20], the
augmented Lagrangian method [14, 21], the extragradient method [15], the accelerated projected
gradient method [19, 23], and so on. We consider the relaxed PPA in [7] whose iterative scheme for
(4.1) can be written as

le(u®, M)[1* < I(u® — ) + A(F(u°) = F(u")|?, Vu* € Q"

{ @* e Q, (u—a")T{AF(@*) + (@ —ub)} > 0, Vueq, (4.5)

W = uF — (uk — a@F), 5 € (0,2),



where the parameter A serves as the proximal parameter. Note that the original PPA in [17] is a
special case of (4.5) where v = 1. In [18], a O(1/k) convergence rate of the original PPA was shown.
Now, we show that the scheme (4.5) is also a special case of the Douglas-Rachford recursion (2.4)
and thus our general result in Theorem 3.1 immediately indicates the same O(1/k) convergence rate
for the relaxed version of PPA (4.5).

Let A := Nqg + F and B := 0. For given A > 0 and u € R", we define @ := J(u) which means
u €+ AF(a) + ANq(@).

Note that Ji“ defined above is firmly nonexpansive. In fact, since Jﬁ(v) € (), it follows from the
definition of J ;\1 that

(JA(v) = JA(u) {AF(JA(w) + (JA(u) = u)} > 0.
Analogously, it follows that
(JA(w) = JA(){AF(JA(v)) + (JA(v) =)} > 0.
Adding the above two inequalities, using the monotonicity of F' and by a manipulation, we have
(=) (JA(u) = JA(v)) > [ JA(u) = JA()[?, Vu,0€ R,

which implies the nonexpensiveness of J ;\1.
In addition, when B = 0, it follows from (2.2) that

e(u, \) = u — J(u) = u—a.
Thus, the Douglas-Rachford scheme (2.4) is simplified to
dH = b~ Py ),

or equivalently,

uk—l—l _ uk _ ,y(uk _ ﬂk),

which is exactly the scheme of relaxed PPA (4.5) (since the iterate @* generated by (4.5) can be
expressed as @F := J}(u*)). Therefore, Theorem 3.1 implies that the sequence {u*} generated by
(4.5) satisfies

1
12 =)k +1)

A simple proof for the O(1/k) convergence rate of the relaxed PPA in [7] for solving the VIP (4.1)
is thus established.

le(u®, M| = [|uf —@"|* < [ — w2, Vu* € Q.
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