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ABSTRACT. This paper is devoted to the study of the symmetric cone linear complemen-

tarity problem (SCLCP). In this context, our aim is to characterize the class Q, in terms

of larger classes, such as Q and Ry. For this, we introduce the class F and Garcia’s

transformations. We studied them for concrete particular instances (such as second-order

and semidefinite linear complementarity problems) and for specific examples (Lyapunov,

Stein functions, among others). This naturally permits to establish noncoercive existence

results for SCLCPs.
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1. INTRODUCTION

Consider a Euclidean Jordan algebra (V,o,(-,-)), where o denotes the Jordan product
and V a finite-dimensional vector space over the real field R equipped with the inner
product (-,-). Let L : V — V be a linear transformation (for short L € £(V)) and ¢ € V.
This paper is devoted to the study of the symmetric cone linear complementarity problem
(SCLCP), which consists of finding an element Z such that:

(1) ek, y=L(Z)+qekK and (y,7)=0.

Here, K := {y = x ox : = € V}, denotes the set of squares elements in V. In what
follows, this problem will be denoted by LCP(L, K, q), and its solution will be denoted by
SOL(L, K, q). Also, its feasible set is defined to be FEAS(L,K,q) :={zx € K: L(x) +q €
K}. This problem is a particular case of a variational inequality problem (e.g. [1]), and it
provides a simple unified framework for various existing complementarity problems such
as the linear complementarity problem over the nonnegative orthant (LCP) (e.g. [2]),
the second-order cone linear complementarity problem (SOCLCP) (e.g. [3, 4]) and the
semidefinite linear complementarity problem (SDLCP) (e.g. [5, 6]), and hence has extensive
applications in engineering, economics, game theory, management science, and other fields;
see [1, 7, 8, 9] and references therein.

In the last years, SCLCP has been studied by divers authors, with special emphasis in
its particular cases: SOCLP and SDLCP. For instance, Gowda et al. [10] extended divers
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types of P-transformations and the GUS-transformation for linear transformation from
LCP to the SCLCP setting. These notions are further exploited in the papers [11, 12, 13].

A key issue in linear complementarity problems -of the form SCLCP- consists in find-
ing necessary and sufficient conditions on the linear transformation L that ensures the
nonemptyness and bounded of the solution set SOL(L, K, q) for all g. The class of linear
functions L satisfying this condition is called Qp-transformation.

The aim of this paper is to characterize class Qp in the context of SCLCP. More precisely,
we are interested in to find large classes of linear functions L for which Qp behaves similar
than larger classes, such as Q and Ryg. For this, on the one hand, we extend from LCPs
[14] and SDLCPs [15] particular class called F. Within this class we prove that classes
Qp and Q coincide. Then, we consider subclasses of F (called F; and F3) and study
their connections as well as different examples of linear functions L belonging to them.
We also extended a particular class, called T, which was originally defined in [16] in the
LCP framework, and compare it with class F. Actually, we prove that T C F5. We also
specialize all these classes to particular SCLCP such as LCP, SOCLCP and SDLCP. On
the other hand, we define the class of Garcia’s transformations for SCLCPs. The latter is
an extension from LCPs to this setting (cf. [17]). See [6] to see its extension to SDLCP.
Within this class, we are able to prove that classes Q and Ry coincide. This allows to state
some existence result for SCLCPs.

The existing literature on SCLCPs includes only some few works about the class Q. For
instance, in one of this articles, Gowda and Tao [18] show that, within the class Z, classes
Q and S behave similarly (see the definitions of S- and Z-transformations in Section 2.2).

This paper is organized as follows. Section 2 is devoted to the preliminaries. It is
split into two subsections; first one recalls basic results on Euclidean Jordan algebras,
while second one summarizes some classes of linear transformations in £(V) with their
respective connections. In Sections 3 and 4, we established our main results described
above. Indeed, Section 3 is dedicated to the study of linear functions for which classes Q
and Qp coincide, while Section 4 is devoted to existence results for SCLCPs associated
with Garcia’s transformations, for which we prove that Rg and Q.

2. PRELIMINARIES

2.1. Euclidean Jordan algebras review. In this subsection, we briefly describe some
concepts, properties, and results from Euclidean Jordan algebras that are needed in this pa-
per and that have become important in the study of conic optimization; see, e.g., Schmieta
and Alizadeh [19]. Most of this material can be found in Faraut and Koyanyi [20].

A Fuclidean Jordan algebra is a triple (V, o, (-, -)), where (V, (-,-)) is a finite-dimensional
vector space over R equipped with an inner product (-,-), the jordan product (z,y) —
zoy:V xV —Vis a bilinear mapping satisfying the following three conditions:

(i) zoy=yoxforall z,y €V,
(ii) zo (22 oy) = 220 (x 0y) for all z,y € V where z
(ii) (zoy,z) = (y,xoz) for all z,y,z € V,

2=gouz, and

and there exists a unitary element e € V satisfying that xoe = «x for all x € V. Henceforth,
we simply say that V is a Euclidean Jordan algebra and x o y is called the Jordan product
of z and y. A Euclidean Jordan algebra is said to be simple if it is not a direct sum of two
Fuclidean Jordan algebras.

In an Euclidean Jordan algebra V, it is known that the set of squares K = {z% : z € V}
is a symmetric cone (see [20, Theorem II1.2.1]). This means that K is a self-dual closed
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convex cone with nonempty interior int(K) and for any two elements z,y € int(K), there
exists an invertible linear transformation I' : V. — V such that I'(K) = K and I'(x) = y.
The rank of (V, o, (-,-)) is defined as

r = max{deg(x) : x € V},

where deg(x) is the degree of z € V given by

2

deg(z) = min{k > 0: {e,z,22, ..., 2"} is linearly dependent}.

Example 2.1. Typical examples of Euclidean Jordan algebras are:
(i) Euclidean Jordan algebra of n-dimensional vectors:

n
V:Rna K:Rna r=mn, <x7y>:Z‘/L‘1ylv rToy=xx*xy,
i=1
where x x y denotes the componentwise product of vectors x and y. Here, the
unitary element is e = (1,...,1) € R™.
(ii) Euclidean Jordan algebra of quadratic forms:

V=R" K=/L}={z=(21,2) eRxR" ' [|Z| <21},, r=2,

n
<xay> = Z%Z/u roy= (xlaj) © (ylag) = (<$,y>,1’1g + ylf)
=1

In this algebra, the cone of squares is called the Lorentz cone (or the second-order
cone). Moreover, the unitary element is e = (1,0,...,0) € R™.

(iii) Fuclidean Jordan algebra of n-dimensional symmetric matrices: Let S™ be the set
of all n xn real symmetric matrices and S be the cone of n x n symmetric positive
semidefinite matrices.

1
V=8", K=8I, r=n (X,Y)=t(XY), XoY = (XY+YX)

Here tr denotes the trace of a matrix X = (X;;) € S™. In this setting, the identity
matrix I € R"*™ is the unit element e.

Other examples are the set of n X n hermitian positive semidefinite matrices made of
complex numbers, the set of n X n positive semidefinite matrices with quaternion entries,
the set of 3 x 3 positive semidefinite matrices with octonion entries, the exceptional 27-
dimensional Albert octonion cone (see [20, 21]).

An element ¢ € V is an idempotent if ¢ = ¢; it is a primitive idempotent if it is nonzero
and cannot be written as a sum of two nonzero idempotents. We say that a finite set
{e1,...,e,} of primitive idempotents in V is a Jordan frame if

,
ejoe; =0 for all i # j, and Zeize.
i=1
Note that (e;,ej) = (e; o ej,e) = 0 whenever i # j. The following theorem gives us

a spectral decomposition for the elements in an Euclidean Jordan algebra (see Theorem
I11.1.2 of [20]).

Theorem 2.1 (Spectral decomposition theorem). Suppose that (V,o,(-,-)) is a Euclidean
Jordan algebra with rank r. Then, for every x € V, there exists a Jordan frame {ey, ..., e,}
and real numbers \i(x),..., A\-(x) such that x = A (z)e; + ...+ \-(z)e,. The numbers
Ai(x)’s, called the eigenvalues of x, are uniquely determined.
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It is easy to show that z € IC (resp. int(K)) if and only if every eigenvalue \;(z) of x is
nonnegative (resp. positive). Due to the uniqueness of the eigenvalues \;(x) we can define
the trace of a element x as tr(z) = >_._; A\j(x). Notice that the latter also implies that
tr(c) = 1 for every primitive idempotent ¢ in V.

Remark 2.2. We recall that in any simple Euclidean Jordan algebra V, there exists a
0 > 0 such that (z,y) = 0 -tr(zoy) (see [20, Proposition 111.4.1]). Hence, 6 = (c,e) = ||c||?
for every primitive idempotent c in V. In particular, we have ||e;||* = 6 for every element
e; of a Jordan frame {ey,... e }..

For any a € V, the Lyapunov transformation L, : V — V and the quadratic representa-
tion P, : V — V are defined as

(2)  Lo(z):=aoxz, Py(z):=(2L2— L,)(x)=2a0(aozx)—a’ox, forallzecV.

These transformations are linear and self-adjoint on V (see [20]). In the following example,
we describe these transformations in the Euclidean Jordan algebras defined in Example
2.1.

Example 2.2. (i) For the FEuclidean Jordan algebra of n-dimensional vectors, the
above transformations are given by

Lo(z) = Diag(a)z, P,(x) = Diag(a?),

where Diag(q) denotes a diagonal matrix of size n whose diagonal entries are given
by the entries of q.
(ii) For Euclidean Jordan algebra of quadratic forms, the above transformations are

7T 2 7_|_
(a1 a x1 (el 2a1a x1
La(w) = < a arl > ( T )’ Pa(x) = ( 2010 (a? — ||a@||®)I + 2aa’ z )

(7i1) For the Euclidean Jordan algebra of n-dimensional symmetric matrices, the above
transformations are given by

1
La(X)=AoX = J(AX + XA), Pa(X)=AXA4,

A useful tool in the theory of Euclidean Jordan algebras is the Peirce decomposition
theorem which is stated as follows (see Theorem IV.2.1 of [20]).

Theorem 2.3. Let (V,o0,(-,-)) be a Euclidean Jordan algebra with rankr and let {ey, ... e}
be a Jordan frame in V. Fori,j € {1,2,...,r}, define the eigenspaces
Vi={reV:izoe=a}=Re;, Vjj:={xe€V:zoe = %x:xoej}, i # .
Then, the space V is the orthogonal direct sum of subspaces V;; (i < j). Furthermore,
(a) Vij oV C Vi + V5
(b) VijoVj, C Vi ifi#k;

Thus, given any Jordan frame {ej,...,e,}, we can write any element z € V as
T
(3) T = E Tij = E Tie; + E Tij,
1<i<j<r i=1 1<i<j<r

where z; € R and z;; € V;;. Equation (3) corresponds to the Peirce decomposition of x
associated with {e1,... e }.
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Example 2.3. (i) Let V.= R™ and {ej,...,e,} be the canonical basis of R", that
is, e; is a vector with 1 in the i-th entry and 0’s elsewhere. It is easily seen that
{e1,...,en} is a Jordan frame in R™, called canonical Jordan frame, and also that

Vii:{fiei:fiER}, fori=1,...,n, Vij:{()},i#j.
Hence, any element x € R™ can be written as = )" | k;e;, which denotes its
Pierce decomposition associated with {ey,...,e,}.

(1) Let V = R™ and {ej,ea} defined by e; = (%,%,On_g), eg = ( , 1 ,0,—2), where
0,,_» is a vector of zeros in R"2. Clearly, this set is a Jordan frame in R", called
canonical Jordan frame. 1t is easy to verify that

VZ'Z'Z{HQZ':HER}, fOI“iZl,Q, V12={$€Rn:$1=1‘2=0}.
Thus, given an z € V we can write
x = (r1+z2)e1 + (x1 — w2)ea + (0,0,23. .., 2y),

which denotes its Pierce decomposition associated with {e1,es}.

(131) Let V = 8™ and consider the set {E1, ..., E,}, where E; is the diagonal matrix with
1 in the (4, 7)-entry and 0’ elsewhere. It is easily seen that this set is a Jordan frame
in 8", called canonical Jordan frame. Also, associated with this Jordan frame, it
is easy to verify that

Vi={rE;:k R}, fori=1,...,n, V;; ={0E;; :0 € R}, i #j,

where E;; is a matrix with 1 in the (4, j) and (j,7)-entries and 0’ elsewhere. Thus,
any X € 8™ can be written as

X = Zl'“E + Z l‘z] ij-

1<i<j<n
This expression denotes the Pierce decomposition of X associated with {E1, ..., E,}.
Orthogonal projection. In V| fix a Jordan frame {ey,...,e,} and define

V@ = {zeV:zo(ei+...+¢) =z}
for « = {1,...,1} with 1 <[ < r. This set is a subalgebra of V with rank l (see [20,
Proposition IV 1 1]) The symmetric cone in this subalgebra is defined by K(® := ={yoy:
y € V@) = ) N K (see [12, Theorem 3.1]). Corresponding to V(®), we con81der the
(orthogonal) prOJectlon P@ .V - V@, Let x € V be written as = u + v, where
u € V@ and v € (V@)L Then, P(®)(z) = u. Now, we consider that z has the following

Peirce decomposition corresponding to {ey,...,e,}:
xr = g x;e; + g Tij,
1<i<j<r

then (see [10, Lemma 20])

Z«Tzez+ Z Lij.

1<i<5<l

Note that for a given Jordan frame {ej,...,e,}, we can permute the objects and select
the first [ objects (for any 1 < I < r). Thus there are 2" — 1 projections P(® corresponding
to a Jordan frame.
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In a similar way one can define the subalgebra V(® by using the set {e/,1,...,e,} and
also the projection P(® on V(@) where @ = {1,...,7}\a.

Example 2.4. ([10, Example 1.2]) For V = 8", consider the Jordan frame {E, Es, ..., E,}
(defined in Example 2.3(444)). Let a := {1,...,1} with 1 <1 < n. Then X € V(® has the

form
Xoa O
x=(% )

where X, is the principal submatrix of X corresponding to the index set . Thus, we
may view V(@ ag Slel. Hence, the projection P(®) : S® — V(@) is given by

PE(Y) = < Yga 8 ) :

The following result characterizes all Euclidean Jordan algebras (See [20, Propositions

I11.4.4 and I11.4.5, Theorem V.3.7)).

Theorem 2.4. Any Euclidean Jordan algebra is, in a unique way, a direct sum of simple
Euclidean Jordan algebras. Moreover, the symmetric cone in a given FEuclidean Jordan
algebra is, in a unique way, a direct sum of symmetric cones in the constituent simple
Euclidean Jordan algebras.

We note that the ‘direct sum’ in the theorem refers to the orthogonal as well as the Jordan
product direct sum. Thus given a Euclidean Jordan algebra V and the corresponding
symmetric cone IC, we may write

V:V1XV2X--'XV3 and IC:IC1XIC2X'--X’C3,

where each V; is a simple Jordan Algebra with the corresponding symmetric cone K;.
Moreover, for x = (x(l),x@), .. ,:c(j)) and y = (y(l),y(g), ... ,y(j)) in V with 2(0), y0) ¢ V;,
we have

= = 5 . . 3 .
zoy=(aWoyW . aWoyl)) ()= 0 y0), > = [l2D]%
p= =1

Remark 2.5. When the Jordan Algebra 'V is not simple (that is, when j > 1 in the previous
setting), it can be verified that every primitive idempotent element ¢ of V has necessarily
the form ¢ = (0,0, ... .90, ... ,0) for some primitive idempotent element c9) in V;.

In any Euclidean Jordan algebra V, one can define automorphism groups in the following
way (Faraut and Koranyi [20]).

Definition 2.6. A linear transformation A : V — V is said to be an automorphism of V
if A is invertible and

(4) Alxoy)=A(z)oAly) forall x,y € V.
The set of all automorphisms of V is denoted by Aut(V).

Definition 2.7. A linear transformation A : V — V is said to be an automorphism of K
if A(KC) = K. Note that this transformation constrained to K is necessarily invertible. We
denote the set of all automorphisms of KK by Aut(K), and each element of it by I.

It directly follows from (4) that Aut(V) C Aut(K). Moreover, if I' €Aut(K), then I'"!
and T'" € Aut(K) ([12, Proposition 4.1]).
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Example 2.5. (1) For V=IR", it is easily seen that Aut(R") consists of permutation
matrices, and any element in Aut(R"}) is a product of a permutation matrix and a
diagonal matrix with positive diagonal entries.

(73) For V = R", it is known [10, example 2.1] that any automorphism A in Aut(R")

can be written as A = ( (1) 10) , where D is an (n — 1) x (n — 1) orthogonal
matrix. Also, an n x n matrix I' €Aut(L"}) if and only if there exists © > 0 such
that

LT JT = p,
where J = Diag(1,—1,...,—1) € R™*". .

(731) For V.= 8", it is known (see [22, Theorem 2|) that corresponding to any A € Aut(S™),
there exists an orthogonal matrix U such that

AX)=UXU" (VX eS8").
Also, for I' €Aut(S? ), there exists an invertible matrix ) € R"*" such that
NX)=QXQ" (VX eS8").

From now on, (V, o, (-,-)) will be an Euclidean Jordan algebra of rank r and {e1,...,e,}
will be a Jordan frame in V.

We end this subsection by recalling properties that we shall employ throughout this
paper. Their proofs and more details can be found in [10, 12, 19, 20, 23].

Proposition 2.8. The following results hold:

(a) x € K if and only if (x,y) > 0 holds for all y € K. Moreover, z € int(K) if and
only if (x,y) >0 for all y € K\ {0}.
(b) For xz,y € V the following conditions are equivalent:
(1) z,y € K, and (x,y) = 0.
(1) z,y € K, and zoy = 0.
In each case, the elements x and y operator commute, that is, LyLy = LyL,.
(¢) The elements x and y operator commute if and only if x and y have their spectral
decompositions with respect to a common Jordan frame.
(d) If z € K, then P\ (z) € K\%). Moreover, if x € int(K), then P (z) € int(K(®).
(e) Suppose that x € K and let v =", xie; + Zl§i<j§r x;j be its Peirce decomposi-
tion. If xp, = 0 for some index k, then Zl§k<j§r Tgj + Zl§i<k§r x;, = 0.
(f) For any xz,y € V, we have tr(z oy) < >0 XNi(x)\i(y). The latter holds with
equality if and only if x and y operator commute.
(9) Let x,y € K. Then tr(zoy) > 0. Moreover, tr(zoy) =0 if and only if oy = 0.
(h) The smallest and the largest eigenvalue of x € V are given by

tr(x o u?) N () = max tr(x o u?)

Ain (z) = min —2 2%
min(2) a0 tr(u2) ’ w0 tr(u?)

In particular, when V is simple, these eigenvalues can be equivalently written as

@) )

s - .
) =8 Tl 2 Tl
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2.2. Linear transformations review. The literature on symmetric cone LCP (see [10,
11, 13, 18]) has already be extended, from the LCP theory. Most of the well-known classes
of matrices used in that context have been extended to symmetric cone LCP. We list these
classes here below to be employed in the sequel. Given a linear transformation L € L(V),
we say that:

L has the Q-property if SOL(L, K, q) # 0, for all ¢ € V.

L has the Qp-property if SOL(L, K, q) # 0 and bounded, for all ¢ € V.

L is an Ro-transformation if SOL(L, KC,0) = {0}.

L is copositive (resp. strictly copositive) if (L(x),z) > 0 (resp. > 0) for all x € K

(resp. for all x € K, x # 0).

e [ is monotone (resp. strongly monotone) if (L(x),z) > 0 (resp. > 0) for all z € V
(resp. for all x € V, z # 0).

e [ has the P-property if [z and L(x) operator commute and = o L(z) € —K =

xz =0].

L has the Qg-property if [FEAS(L,K,q) # 0 = SOL(L, K, q) # 0].

L has the S-property if there is a « € int(K) such that L(x) € int(K).

L is normal if L commutes with LT. Here, LT : V — V denotes the transpose of

L, which is defined by (L(z),y) = (x, LT (y)) for all z,y € V.

L is a star-transformation if [v € SOL(L,K,0) = LT (v) € —K].

L has the Z-property if [z,y € K, (x,y) =0 = (L(z),y) <0].

L is a Lyapunov-like transformation if [z,y € IC, (z,y) = 0= (L(x),y) = 0].

It is easy to check that monotone (resp. strongly monotone) transformations are copos-
itive (resp. strictly copositive) and that Lyapunov-like transformations has Z-property.
The next proposition establishes some links between the classes mentioned above.

Proposition 2.9. Let L € L(V) and q € V be given. The following relations hold:

(a): L is strongly monotone = L € P = L € Ry;
(b): LeS < FEAS(L,K,q) #0 for all g € V;

(c): Q=QoNS;
(d): If L is a Lyapunov-like transformation or L € Rg or skew-symmetric (that is,
L" = —L) or monotone = L is a star-transformation.

Proof. Statement (a) is proven in [10]. The equality in (c) follows from (b).

(b): (<) Let d € int(K). By hypothesis FEAS(L, K, —d) # (), that is, there exists z € K
such that y = L(z) — d € K. From this we get L(z) = y + d € int(K), since K + int(K) =
int(K). Hence L € S.

(=) As K is self-dual closed convex cone with int(K) # @, then by [24, Theorem 2.2.13]
we conclude that I has a closed bounded base, that is, K = cone(B), where B is a
compact set such that 0 ¢ B. By hypothesis there is z € K such that L(z) € int(K). Fix
q € V. As B is compact, there exists e, e; such that minecp(L(x),e) = (L(x),e1) > 0 and
mingcp{(q, e) = (g, e2). Clearly, there is some t > 0 such that ¢(L(x),e1) + (g, e2) > 0. For
each y € IC, there exist v > 0 and e € B such that y = ~ye. Therefore,

(tL(x) + q,y) = y(t(L(x), ) + (g, €)) = y(t(L(x), e1) + (g, €2)) > 0.
Then, as y € K was arbitrary, by Proposition 2.8, Part (a) we obtain that tL(x) + ¢ =
L(tx) 4+ q € K. Thus, tz € FEAS(L, K, q). The desired equivalence follows.

(d): If L is a Lyapunov-like transformation, then v € SOL(L,K,0) implies L' (v) =
0 e —K. If L € Ry or L is skew-symmetric, then the proof is trivial. If L is monotone,
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then for v € SOL(L,K,0) from (L(tx — v),tx —v) > 0 for all t € R and = € K it is
not difficult to obtain that (L + LT)(v) € KN (=K). As int(K) # 0, the cone K is
pointed by [25, Exercise 6.22]; that is, K N (—=K) = {0}; thus, (L + LT)(v) = 0 and
LT(v) = —L(v) € —K. O

3. CHARACTERIZATIONS OF Q- AND Qp-TRANSFORMATIONS

A direct consequence of [1, Proposition 2.5.6] is that, within the class Ry, the classes Q
and Qp coincide. This result holds even when K is a general closed convex solid cone in
the SCLCP (cf. (1)). Let us recall this result here below.

Lemma 3.1. Let L € Rg. Then, L € Qp, <= L € Q.
Moreover, since SOL(L, K, 0) is always a cone, it also follows that:
Lemma 3.2. It holds that Qp C Rg. Consequently, Qp = Q N Ry.

Previous lemmas motivate us to study classes of linear transformations in £(V), larger
than Ry, for which the last results are fulfilled.

3.1. The class of F-transformations and its subclasses. Inspired by [14] and [15,
Definition 3.5], we introduce the next new class of linear transformations in L(V).

Definition 3.3. We say that L € L(V) is an F-transformation or L € F if for each
v € SOL(L, KC,0)\{0} there exists x, € V such that

(5) (i) xo € K, (id) (xv,v) >0, (iii) L' (xu) € —K.
Indeed, this class was defined in [14] in the LCP context as follows:

Definition 3.4. A matric M € R"™ ™ is said to be an Fi-matriz if, for every v €
SOL(M,0) \ {0}, there exists a nonnegative diagonal matriz ¥ such that Yv # 0 and
MTYv e —R". Here SOL(M, q) denotes, for given M € R™*™ and q € R", the solution of
problem LCP (M, q).

Therein, the equivalence of Lemma 3.1 is proven within the class F;. This class turns
to be larger than Ry, which makes the result interesting to be analyzed for more general
complementarity problems. So, in [15], this definition was extended to the SDLCP frame-
work as well as the desired equivalence between classes Q and Q. As one can expect,
both definitions, for the LCP and the SDLCP setting, are particular cases of Definition 3.3
given above. The rest of this section is dedicated to extend the desired equivalence within
the class F and to study its different subclasses.

Given a linear transformation L : V — V and A €Aut(V), we define a linear transfor-
mation L on V by

L:=ATLA.

Example 3.1. Consider in V = 8", the automorphism A €Aut(V) defined in Example
2.5(i17). Then,
L(X)=U"LUXU")U.

The next result shows that this class is invariant under automorphisms.

Lemma 3.5. Let L : V — V be a linear transformation and A € Aut(V) be orthogonal.
Then L has the F-property if and only if L has the F-property.
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Proof. We first point out that A~*(SOL(L,K,q)) = SOL(L,K,ATq) (see [12, Theorem
5.1]).

(=): Let w be a nonzero solution of LCP(E,IC,O). Then, by above equality, we get
that for any A € Aut(V) orthogonal, v = A(w) is nonzero solution of LCP(L, K,0). So,
by hypothesis there exist a x, € V such that (5) holds. Clearly, x,, = AT (x») € K. Also,
(Xw,w) = {xv,v) > 0. Finally, since L™ (x,) € —K, A is orthogonal and AT (K) = K, it
follows that LT (x) € —K and hence L € F.

(«<): Let v be a nonzero solution of LCP(L, IC,0). Then, by the above equality, we get that

for any A € Aut(V) being orthogonal, w = A~!(v) is nonzero solution of LCP(L, K, 0).
Thus, by hypothesis there exist a x,, € V such that (5) holds. Clearly, x, = A(xw) € K
and (Xy,v) = {Xw, AT (v)) > 0, since A(K) = K and A is orthogonal. Finally, since
LT (xw) € =K, LT (xw) = ATLT (x) and AT(K) = K, it follows that LT (y,) € —K and
hence L € F. O

We now establish the main properties of the class F. In particular, assertion (b) below
extends Lemma 3.1 to this larger class.

Theorem 3.6. Let L € L(V) be given.

(a): If Le FNS, then L € Ry ;
(b): Let L€ F. Then, L € Qp, < L € Q.

Proof. (a): Let L € FNS. We argue by contradiction. Suppose that L ¢ Ry, that is,
there exist v € SOL(L, KC,0)\{0}. Since L € F, there exists a x, satisfying (i)-(¢i7) in
Definition 3.3. This together with Proposition 2.8, Part (a) implies that (L(z) —v, xy) <0
for all x € K. Consequently, L(x) —v ¢ K for all x € K. Therefore, by Proposition 2.9,
Part (b), it follows that L ¢ S, obtaining a contradiction.

(b): Obviously L € Qy, implies L € Q. If L € Q, then L € S (cf. Proposition 2.9, Part
(¢)). Thus, L € FNS. By item (a) above we conclude that L € Rg, and consequently
L € QN Rp. We thus conclude that L € Qp thanks to equality Qp = Q N Rg established
in Lemma 3.2. g

To check whenever a linear transformation L belongs to F can be a difficult task.
This is mainly because there is no a clear guide about how to chose, for a given v €
SOL(L, K,0)\{0}, a x, satisfying conditions (i)—(iii) in Definition 3.3. For this, we focus
now on the subclass of F for which y, is chosen via Schur product (see [26, Section 5]) of
two elements.

Definition 3.7. For any A = (ai;) € 8" and © € V, with Peirce decomposition r =
Zz‘gj x;j, we define the Schur product of A and z by

(6) Aeyx:= Z QijTij.
1<i<j<r
Definition 3.8. Let L : V — V be a linear transformation. We say that L is an Fq-
transformation or L € Fq, if for each v € SOL(L,K,0)\{0}, with Peirce decomposition
V=), vij, there exists a matriz £ = (§;;) € S such that
(iYZevek (ii) (Zev,v) >0 (i11) LT (2 e v) € —K.

Remark 3.9. Notice that, if E is positive semidefinite and x € KC, then Zex € K (cf. [26,
Theorem 4]). Hence, condition (i) above becomes superfluous.
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We illustrate this concept in the Euclidean Jordan algebras defined in Example 2.1.

Example 3.2. (i) For V.=R" and K = R"}, we consider the Jordan frame {ei,...,e,}
(defined in Example 2.3(7)). Then, for = = (&;;) € ST, the Schur product of Z and
v € SOL(L,R",0)\{0} reduces to

n
Eeuv= Zﬁn‘vz‘ei = Diag(&11, - - -, &nn)v,

i=1
where v = )" | v;e; is its Peirce decomposition associated with {e1,...,e,}. Tak-
ing ¥ = Diag(&11,...,&m) € SY, Definition 3.8 reduces to Definition 3.4 in the
LCP context.

(i1) For V.= R", K = L7, we consider the canonical Jordan frame {ej, e} (defined

in Example 2.3(i7)). Then, for = = (&;) € 8%, the Schur product of = and
v € SOL(L, £ ,0)\{0} reduces to

Zev=2¢& (1 +v2)er + (v —v2)ea +£12(0,0,vs, ..., vp),

where v = (v1 + va2)er + (v1 — v2)ea + (0,0, v3,...,v,) is its Peirce decomposition
associated with {e;,e2}. Taking into account this, condition (i7) of Definition 3.8
is reduced to

(Zev,v) = %(511(111 + 02)2 + &ao(v1 — U2)2) + &12ll (v, ..o, Un)H2 > 0.

(iti) For V = 8™ and K = S}, we consider {E1,...,E,} the canonical Jordan frame
(defined in Example 2.3(79i)). Then, for 2 = (&;;) € S¥, the Schur product of Z
and V € SOL(L,S%,0)\{0} coincide with the well-known Schur (or Hadamard)
product of two symmetric matrices (see [27]). Thus, Definition 3.8 reduces to
Definition of Fi-transformation given in [15] in the SDLCP context: L € L£L(S™)
is an Fi-transformation if for each V' € SOL(L,S?,0)\{0} there exists a matrix
A € 8% such that

(i) AoV €S} (ii) (Ao V,V) >0 (iii) LT (Ao V) € —ST.

In the following proposition we list various classes of linear transformations that are
contained in the class F;.

Proposition 3.10. L € Fy if any of the following conditions is satisfied:

(a): L is a star-transformation;
(b): LeZ and
(i): —L is copositive or
(ii): L is normal;

Proof. (a): Let v € SOL(L, K,0)\{0} with Peirce decomposition v =}, v;;. Since L is
a star-transformation, we have LT (v) € —K. Then, conditions (i)(4ii) of Definition 3.8
can be easily checked provided that = = 1, which denotes the n x n matrix whose entries
are all equal to 1 (note that I € S and 1 e v = v). The result follows.

(b): Let v € SOL(L, K, 0)\{0} with Peirce decomposition v =}, ; v;;, that is, v, L(v) €
K and (L(v),v) = 0. Since L € Z, we get (L(v), L(v)) < 0, and consequently L(v) = 0.
We proceed to prove both cases.
(i): If —L is copositive, then (L(tz + v),tx 4+ v) <0 for all x € K and for all ¢ > 0. From
this, after dividing by ¢ we get t(L(x),z) + (L(z),v) < 0 for all £ > 0. Taking limit £ \, 0



12 JULIO LOPEZ, RUBEN LOPEZ AND HECTOR RAMIREZ C.

we obtain (z, LT (v)) <0 for all 2 € K. From Proposition 2.8, Part (a), we conclude that
LT (v) € =K, that is, L is a star-transformation. The desired result follows from (a).
(ii): Since L is normal and L(v) = 0, we obtain that

ILT @) = (o, LT (@)) = (0, LT (L(v))) = 0.

That is, L' (v) = 0, which is in —k. Thus, the desired result follows again from (a).
O

T-Transformation. In the following definition, we extend the notion of T-property for
matrices given in [16] to our SCLCP context.

Definition 3.11. We say that L € L(V) has the T-property if for any A € Aut(V) being
orthogonal and any index set o« = {1,...,1} (1 <1 <), the existence of a solution x € V
to the system
(7) B -
P () e int(K®), (I—-P»)(z)=0, P (L(z))e-K®, POL(z)) ek,
(- P — P@)(L(z)) =0,

{1,...,7}\«, implies that there is a nonzero y € V satisfying

P (y) € K9, (I = P@)(y) =0, P(LT(y)) € -k, PO(LT(y)) € -K,
(I = P — PO)LT(y) = 0, (P(y), P (L(x)))

We illustrate this concept in some known examples of Euclidean Jordan algebras.

Example 3.3. (i) For V. =R" and I = R"}, we consider the Jordan frame {ey, ..., e,}
(defined in Example 2.3(7)) and set o = {1,...,l} with 1 <[ < n. Then, it is easily
seen that V(® = {(2,,0) € V : 2, € R} and V@ = {(0,z4) € V : 24 € RlOl},
Hence, the projection P(® of z € V on V(@ is given by P(®)(z) = 22:1 x;e;, where
x =Y 1" x;e; is its Peirce decomposition. On the other hand, taking I € Aut(R")
(because I(e) = e) we get that P@ (L(z)) = > i1 Zi€i, where L(z) = Y1 zie;
is its Peirce decomposition associated to {ej,...,e,}. Hence, taking into account
the above and that L(z) = Mx with M € R™"™, Definition 3.13 reduces to saying:
A matrix M € R™*"™ has T-property if only if for any nonempty set o = {1,...,l} C
{1,...,n}, the existence of a vector z, € RI%l satisfying

9) Ta >0, Myara <0 and Mgoaxa >0,

implies that there exists a nonzero vector y, € R'_f‘ such that

(10) Yo Mo <0 and  y, (Maawa) = 0.

The last definition by using subclass, coincides with that given by Aganagié¢ and
Cottle [16] in the LCP context.

(#) For V. =R", K = L, we consider the canonical Jordan frame {e1, es}(defined in
Example 2.3(ii)). Then, corresponding to o = {1,2} we have V(®) = V (because
e1 + es = e) and, associated with a = {1} and @ = {2} we have V(® = vV,
and V(@ = Va9, respectively. Moreover, K(® = {ke; : k € R;}. Hence, for
o = {1}, the projection P of z = (z1,...,x,) € R" on V(*) is given by P (z) =
(x1 + x2)e1, where x = (x1 + x2)e; + (z1 — z2)ea + (0,0, x3,...,x,) is its Peirce
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decomposition associated with {e;,es}. On the other hand, since V(®) are one
dimensional spaces, their orthogonal projection are easily computed at the elements
of L(Vy), with L € L(R"), as follows:

(L(e1), e1)
le1 ]|

So, for L(z) = Mz with M € R™" and for x € R" with Pierce decomposition
x = (z1 + x2)e1 + (1 — x2)e2 + (0,0,23,...,2,), Definition 3.11, for a = {1},

(L(e1), e2)

e k€ R.
lea2 7%

(11) P (L(key)) =& er, PO(L(ker)) =r

reduces to:
A matrix M : L™ — L™ is said to have the T-property if for any matrix A =
(1) 10) with D € R®"1X7~! being an orthogonal matrix, the existence of a
solution z € R™ to the system
(12) r1=29>0, 13=---=x, =0, (ATMA(e1),e1) <0, p=0,
<ATMA(€1), €2> 2 O,
where z(x) = K1e1+k2e2+(0,0,p), implies that there is a nonzero y € R™ satisfying
(13)
y=y2>0, y3=---=y, =0, y1(ATM Aler),e1) <0, p' =0,

y1(ATM T A(er),e2) <0, y1(ATMA(er),e1) =0,

where LT (y) = khe1+khea+(0,0,p"). Here we have used the Pierce decomposition
of y with respect to {ej,ea}.

(iti) For V = 8™ and K = S¥, we consider the Jordan frame {Ey,...,E,} (defined in
Example 2.3(7i7)) and set o« = {1,...,l} with 1 <[ <n. Then, taking into account
Examples 2.4, 2.5 and 3.1, Definition 3.11 reduces to saying:

A linear transformation L : 8" — S" is said to have the T-property if for any
orthogonal matrix U € R"*" and for any index set @ = {1,...,k}(1 <k < n), the
existence of a solution X € 8™ to the system

(14)

Xoa € SEL, Xy = 0.¥i,j ¢ @, [Lu(X)]aa € =S5, [Lu(Xaa =0, [Lo(X)]aa € S,

implies that there is a nonzero matrix ¥ € S™ satisfying

Yoo €S, Vij=0¥ij ¢ a, [L(V)ea € -S, [L(Y)]aa € —S

[LZ(Y)]a@ =0, (Yaa: [Lu(X)]aa) =0.

As far as, we know this is the first time that T-transformation is extend to a nonpoly-
hedral cone K.
The following result is a extension of [16, Proposition 2] to our SCLCP context.

(15)

Proposition 3.12. If a linear transformation L : V — V is monotone, then it has the
T-property.

Proof. Let A be an orthogonal automorphism of V, o = {1,...,l} (1 <1 < n) be a
nonempty index set, and € V a solution of the system (7). Clearly, L and LT are
monotone. Then, from the inequality 0 < (z, L(z)) = (P®(z), P(*)(L(z))) and the fact
that P()(z) € int(K(®) and P (L(z)) € =K, we deduce that P(®)(L(x)) = 0. Hence,
(&, E(2)) = (P@(z), P (E(2))) = 0.
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We claim that
PO(LT () e =K@, PO(LT(2)) € =K@, (I — P — POYLT(z)) =0.

Indeed, since (z, (L + LT)(z)) = 0 and L + LT is a self-adjoint monotone linear transfor-
mation, it clearly follows that (L + LT)(z) = 0. But L(z) € K (because P (L(z)) = 0
and (7) holds), then LT (z) € —K. From this, it follows that P (LT (z)) € —K® and
P@(LT(z)) € =K@, On the other hand, since P(*)(z) € int(K(®), P@(LT (z)) € —K(®)
and
(@) A —
(PY(LT(2)), P (@) = (LT (), @) = 0,

it follows that P(®)(LT (z)) = 0. This together with condition —LT (z) € K and Proposition
2.8, Part () implies that (I — P(®)(LT(z)) = 0. Thus, y = z solve (8). O

Fs-Transformation.

Definition 3.13. A linear transformation L : V — V is said to have the Fo-property if
for any A € Aut(V) orthogonal and any index set o = {1,...,1} (1 <1 <), the existence
of a solution x € V to the system
(16) N N

P(z) € (K@), (I-PW)(z)=0, (I-PY)(L(z))=0, P (L(x)) €K,
a={1,...,r}\«, implies that there is a nonzero y € V satisfying
(17)

Py e K, (1= PO)(y) =0, (1 PO)ET() =0, POIT() e K.

We illustrate this definition in the following Euclidean Jordan algebras.

Example 3.4. (i) For V= R" and I = R"}, we consider the Jordan frame {ey, ..., e,}
(defined in Example 2.3(7)) and set o = {1,...,{} with 1 <[ < n. Taking into
account Example 3.3, Part (i7) and that L(zx) = Mz with M € R"*", Definition
3.13 reduces to saying;:

A matrix M € R™*" is an Fj-matrix if only if for any nonempty set o = {1,...,l} C
{1,...,n}, the existence of a vector x, € Rl satisfying
(18) To >0, Mywra =0 and Mazazs >0,

implies that there exists a nonzero vector y, € R'f‘ such that
(19) y;—Maa =0 and y;—Ma@ <0.

The last definition by using subclass, coincides with that given by Flores and Lopez
[14] in LCP context.

(#7) For V.= R"™ and K = L7, we consider the Jordan frame {e1,es} defined in Ex-
ample 3.3(i7). Then, taking into account the ideas of Example 3.3(ii) and letting
L(z) = Mx with M € R™" for all z € R", Definition 3.13, for @ = {1}, reduces

to saying:

A matrix M € R™ ™ is said to have the Fas-property if for any matrix A =
1 . . . .
0 lO) with D € R~ 1*"~1 an orthogonal matrix, the existence of a solution

x € R” to the system
(20) 21 =22>0, 23="---=x, =0, <ATMA(€1)7€1> =0, p=0, (ATMA(el),@} >0,
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where E(w) = R1e1+kgea+(0,0,p), implies that there is a nonzero y € R" satisfying
(21)
_ o TasT _ ’_ TasT
Y1=y22>0, y3=-=y, =0, y1(A M A(e1),e1) =0, p' =0, y1(A M A(e1),e2) <0,

where LT (y) = rhe1 + khea + (0,0,p).

(i4i) For V = 8" and K = S7, we consider the Jordan frame {Ei,...,E,} (defined
in Example 2.3(7i7)) and set a = {1,...,{} with 1 <! < n. Then, taking into
account Examples 2.4, 2.5(7i7) and 3.1, Definition 3.13 reduces to Definition of Fa-
transformation given in [15] in SDLCP context: A linear transformation L : S" —
S™ is said to have the Fao-property if for any orthogonal matrix U € R™*™ and for
any index set @ = {1,...,k}(1 < k < n), the existence of a solution X € §™ to the
System

(22)

Xoa € SPL, X35 =0.Yij ¢ o, [Ly(X)]aa = 0, [Luy(X)]aa =0, [Ly(X)aa € 5,

implies that there is a nonzero matrix Y € S satisfying
(23)
Yoo € S ¥y =0.ij ¢ o, [LH(V)laa =0, [LE(V)aa =0 [LF(¥)]aa € -8

Proposition 3.14. If L has the Fo-property, then L is an F-transformation.

Proof. Let v be a nonzero solution of LCP(L, I, 0). Consider an orthogonal automorphism
A €Aut(V) such that

AT(v)=A"1(v) = Z)\i(v)ei =M@er+ ...+ N(v)eg + 0ej4q1 + ... + Oey,
i=1

where {ej,...,e,} is a Jordan frame of V and A\;(v) > 0 for all « = 1,...,[, with [ €
{1,...,r}. We proceed to show that x = A~!(v) is a solution of (16). It is immediate that
z = P@(z) € int(K®), where o = {1,...,1}, and hence z satisfies first two conditions
of (16). Also, L(z) = AT(L(v)). So, since L(v) € K it follows that P (L(z)) € K@ (cf.
[12, Remark 4.1] and Proposition 2.8, Part (d)). Moreover, condition (L(v),v) = 0 implies
that (z, L(z)) = 0. Then, by using Proposition 2.8, Part (b) and (c), we get that L(z) has
the following spectral decomposition

L(z) =Y N(L(z))ei = Oer + ...+ 0ey + g1 (L(2))ers1 + - - + Ar(L(@))er,
=1

where A;(L(z))e; > 0 for all i = [+ 1,...,7. From this, it follows that L(z) € K(® and
hence P (L(z)) = L(z). Then, L(x) satisfies the last two conditions of (16). Therefore,
there exists a nonzero solution y of (17).

We claim that 7, = A(y) satisfies conditions (i)—(iii) in (5). Indeed, it is obvious that
7, € K, because y = P (y) € K@ and A(K) = K. So, due to that x €int(K(®), y € K
with y # 0, from Proposition 2.8, Part (a), we get

(ro,0) = (y,2) >0.
Finally, since LT (r,) = (AT)"Y(L7 (y)) and LT (y) € —K (consequence of (17)), it follows
that LT (,) € —K. We have thus deduced that L is an F-transformation. O

In the following proposition we list various classes of linear transformations that are
contained in the class Fo.



16 JULIO LOPEZ, RUBEN LOPEZ AND HECTOR RAMIREZ C.

Proposition 3.15. L € Fq if any of the following conditions is satisfied:

(a): L is a star-transformation;
(b): LeZ and
(i): —L is copositive or
(ii): L is normal;
(c): L has T-property.

Proof. (a): Let A be an orthogonal automorphism of V, a = {1,...,l} (1 <1 <n) bea
nonempty index set, and x € V be a solution of the system (16). Let us define v = A(z).
Clearly, v, L(v) = (AT)"Y(L(z)) € K (because z, L(z) € K and A, (AT)~! preserve K)
and (v, L(v)) = (z, L(z)) = 0. Hence, v is a nonzero solution of SOL(L, K, 0). Since L is a
star-transformation, we have that LT (v) € —K. Then, L () = AL (v) € —K (because
A~! preserve K). On the other hand, since P (z) € int(K(®)), P@(LT(z)) € =K@ (cf.
Proposition 2.8, Part (d)) and

(PNLT (), P\ (x)) = (LT (2),2) = (&, L(x)) = 0,

it follows that P(*)(LT (z)) = 0. This together with condition —LT (z) € K and Proposition
2.8, Part (e) implies that (I — P®)(LT(x)) = 0. Therefore, y = x solves (17). Thus, we
conclude that L has the Fa-property.

(b): Let A be an orthogonal automorphism of V, a = {1,...,1} (1 <1 < n) be a nonempty
index set, and = € V a solution of the system (16). As before, v = A(z) is a nonzero
element of SOL(L,X,0). Since L € Z, we obtain (L(v),L(v)) < 0 and consequently
L(v) = 0. Hence, L(z) = ATL(v) = 0. On the other hand, as (L(z), z) = (L(A(2)), A(2))
and —L is copositive, it follows that —Lis copositive (because A preserve K). Moreover, as
L is normal and A is an orthogonal automorphism, it follows that L also is normal. T hus,
the arguments given in order to prove that L € F;, but applied to L instead of L, imply
that L has the Fo-property.

(¢): If L has the T-property, then obviously L € Fy, since (16) implies that P(®(L(z)) = 0

and this implies P (LT (y)) = 0. O

3.2. Examples of transformations. In this section, we present some linear in £(V) that
belong to subclasses F1, F2 and T. These linear transformations are intensively studied
in the LCP literature.

(1) Lyapunov transformation: Let a € V with V any Euclidean Jordan algebra.
The Lyapunov transformation L, defined in (2) is a Lyapunov-like transformation
[13]. By Proposition 2.9, Part (d), Proposition 3.10, Part (a) and Proposition 3.15,
Part (a) we have that L, € F1 NFa. On the other hand, if a €int(K), then L, is
strongly monotone (cf. Proposition 2.8, Part(a)); thus, L, has the T-property by
Proposition 3.12.

(2) Quadratic representation: Let V be a Euclidean Jordan algebra and a € V.
If, in addition, V is simple and +a €int(K), the transformation P, is strongly
monotone (see [13, Theorem 6.5]). By Proposition 2.9, Parts (a) and (c), Propo-
sition 3.10, Part (a) and Proposition 3.15, Part (c) we have that P, € F1 N Fa.
On the other hand, under the same assumptions, P, also has the T-property by
Proposition 3.12.

(3) Stein transformation: Let a € V with V any Euclidean Jordan algebra. Consider
the Stein transformation S, defined by S, = I — P,. If \j(£a) C (—1,1), for all 1,
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then the transformation S, is strongly monotone (see [28, Theorem 3.3]). Hence, by
using Proposition 2.9, Parts (a) and (c), Proposition 3.10, Part (a) and Proposition
3.15, Part (c) we have that S, € F1 N Fa. On the other hand, under the same
assumptions, S, also has the T-property by Proposition 3.12.

(4) The relaxation transformation: Let {e;,...,e,} be a Jordan frame in V and
A € R™". We define Ry : V — V as follows. For any z € V, write the Peirce
decomposition r = 22:1 ziei+ >, <j Tij- Then

.
Ry(z) = Zyiei + Z zij,
i=1 i<j

where [y1,v2,...,yr] = A([z1,29,...,2,]"). This is a generalization of a concept
introduced in [29] for V = S8™. Let A be a P-matrix (i.e all its principal minors
are positive). By [11, Proposition 5.1], the latter is equivalent to saying that R4
has the P-property, which in turn by Proposition 2.9, Parts (a) and (c), implies
that R4 is star-transformation. Hence, by using Proposition 3.10, Part (a) and
Proposition 3.15, Part (a) we have that R4 € F1NF2. On the other hand, if A is a
nonnegative diagonal matrix, then clearly R4 is monotone transformation. Hence,
by using Proposition 3.12 we have that R4 has the T-property.

4. EXISTENCE RESULTS FOR SYMMETRIC CONE LCP’s

In this section, we present coercive and noncoercive existence results for symmetric
cone SCLCP’s. Our approach follows the same arguments of [30] for LCP’s and of [6] for
SDLCP’s. For this, we recall that problem (1) is equivalent to the following variational
inequality problem VIP(L, K, q): find an element Z such that:

(24) z €K and (L(Z)+q,z—z) >0, forall z € K.

We approximate this problem by the following sequence of variational inequality problems
VIP(L, Dy, q): find an element x* such that:

(25) 2% € Dy and (L(2%) 4+ ¢,z — 2*) > 0 for all z € Dy.

where Dy, := {x € K : (d,z) < o} with d € int(K) and o}, — +00. Since each set Dy is
compact and convex, by Hartman-Stampacchia theorem we have that (25) has a nonempty
solution set SOL(L, D, q). Moreover, it is clear that each solution z* is a solution of (25)
if and only if X* € Q, is an optimal solution of the linear program

ir%f [(L(mk) +q,x): zeK, (dx) < Uk].

Applying optimality conditions, we obtain that z* is a solution of (25) if and only if
there exists 6, € R such that (z¥,6;) is a solution of the following problem, called the
augmented symmetric cone LCP: find 2* € K and ), > 0 such that

y* = L(z")+q+0pd € K, (d,2%) < oy, (y*, 2%) = 0 and 0y (op — (d, z¥)) = 0. (ASCLCP;)
From this, we observe that

(26) (d,a*y <o), = 6,=0 =— 2¥ e SOL(L,K,q).
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Moreover, we have from (ASCLCP}) that

zk

(27) 0, = —<L(xk) +q, f>.
O

Implications (26) shows that only the case (d,z*) = oy, for all k € N, deserves further

analysis. This analysis is carried out below by extending the arguments from [6, 30] to our

symmetric cone framework via the spectral decomposition theorem. Since (d, z*) = o}, for
all kK € N, we are interested in to obtain asymptotic properties of the sequence {%}

As ¥, % € K and (y*, i—:) = 0 for all £ € N, by Proposition 2.8, Part (b) and (c), it
follows that there exists a Jordan frame {e¥, ..., ¥} such that

(28) o Erjx (”“’k> e, yf = ijMy’“)e’“
O'k o 1 O’k 79 — 7 (e

where )\(%) = ()\1(%),...,/\,«(%)) and A(y*) := (M (y¥),..., \(¥F)) denote the eigen-
values of % and y*, respectively. Therefore, <d “”k> =37, )\i(%ﬂd, eF) = 1 and since

) a

)\i(%xd, ey > 0forallie {1,...,7}, we conclude that for all k € N it holds that

P i= (M <i> (d,eb), . A (i) (def)) €= {yeRy: Z'y =1},
=1

As stated in [31, Theorem 18.2], the simplex A can be decomposed as the disjoint union
of the relative interior of its extreme faces Ay, = co{(0,...,0,1,0,...0) : s € J;}, with J;
——

S
being a nonempty subindex set of {1,...,r} for each i = 1,...,2" — 1; that is to say,
2r—1
(29) A= || ri(AJi>.
i=1

The next result describes the asymptotic behavior of the sequence {c%}

Lemma 4.1. Let {z¥} be a sequence of solutions to (ASCLCPy) such that (d,z*) = oy,
for all k € N and % — v for some v € K. Then

(a): v € SOL(L, K, 1d) with 7, = —(L(v),v) > 0.

Moreover, there exist a nonempty subindez set J, C {1,...,r}, a Jordan frame {e1, ..., e.}
and a subsequence {kn,} such that
(b): {6lfm". "ef”"} — {61’,,, 767.} (],’n,d )\(ii:) — )\(U) as m — +oo7' thus fyk7rL N

v = (A (v)(d,e1),..., \(v){d,e.)) € A.
(c): 7Fm e ri(Ay); de., supp{/\(i—:)} = J, and A\(y*)| =0 forallm € N. As a
consequence supp{A(v)} C J,; '
Finally, for every z € IC\ {0} with supp{A\(z)} C J, one has
(d): (y*m,z) =0 for all m € N;
(e): <L(mkm) +4q, ﬁ> = (L(x*m) + q,v) for all m € N;

(£): (L(). ) = (L(v). ).
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Proof. (a): By dividing inequality (25) by o2, setting z = 0 and
and taking limit £ — +o0 we get (L(v),v) <0 and (L(v )
results follows from this since (d,v) =1

(b): Let us consider the case when V is not necessarily simple. Due to Theorem 2.4, it
suffices to consider V=V; x V3 x --- x Vj, where each V; is a simple Jordan Algebra with
the corresponding symmetric cone KC; and rank 7;. As before, the superscript (j) is used
to denote the j-th block of a given vector in V.

Remarks 2.2 and 2.5, applied to each V;, imply the existence of positive numbers 0, with
j=1,...,7, such that either ||(¥)9)||? = 0 or ||(e})D|> = ¢;, for all i € {1,...,7}, k €N,
where the latter holds for one and only one block j. Then ||ef||2 <max{f;:j=1,...,j}
foralli € {1,...,r}, k € N. Set 0 := max{6; : j = 1,...,j}. Therefore, there exists a
Jordan frame {ey, ..., e,} and a subsequence {k,,} such that {e¥™ ... eFm} converges to
{e1,...,e,}. Moreover, Proposition 2.8, Part (h), yields *

Z D) O] 09 ()) _ et
=1 05ll(en)@> 16 1,02
foralli € {1,...,r} and for all £ € N. This together with the equality > ;_, )\i(%ﬂd, eky =

1 implies that elgenvalues Ai(Z- ) withé=1,...,r, are bounded. Hence, passing to a subse-

= >zforz€/C\{0}
—v)y > 0 respectively. The

Amin (d) S

quence if necessary, it follows that {)\( } converges to A(v) as m — +oo. Consequently,

Akm — v as m — +o0, and vy € A.
(c): Since v¥ € A for all k, from decomposition (29) without loss of generality we may
consider that there exists a nonempty subindex set J C {1,...,r} such that v*m € 1i(A,)

for all m € N. Hence, we obtain that Supp{)\( =)} = J, for such m (see [25, Exer-

cise 2.28(e)]). From this, we prove that supp{A(v )} C J,. From the spectral decomposi-
tions (28) we get
km

0= (E50m) = () ey

o
Fm 3,j=1

= Lo (S e
= S (ED) nmlen

i€Jy

andthus)\(k)J—Osmce)\( =) >0 for i € J,.

(d): Let z € K be such that supp{)\( )} € J,. By applying part (g) of Proposition 2.8
and item (c) above, we obtain:

0 < tr(yPm o 2) < (A(Y™),M2)) = (A(y"™)

Jy

Therefore, tr(y*m o z) = 0 for all m € N. The desired result follows from Parts (g) and (b)
of Proposition 2.8.

IThis upper bound can be slightly improved thanks to Remark 2.5. Indeed, one can obtain Amin(d) <
(diel) o (dief)

- = )
ik min; 0

where j; 1, corresponds to the nonzero block of ef.
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(e): If z € £\ {0} is such that supp{A(z)} C J,, then equation (27) and item (d) yield

k
<L(x )+ q, O’kzm> = <L(:U )+ q, (d,z>>'
Replacing z by v, we obtain item (e).
(f): After dividing the equality in item (e) by oy, and taking the limit m — 400 we
obtain the desired result. O

The proof of Lemma 4.1, Part (a), shows us that sets SOL(L, IC, 7d) for 7 > 0 play an
important role in our analysis. Conditions imposed to these sets allow us to extend to
SCLCP’s the following classes of linear transformations that were introduced for LCP’s by
Garcia (see [30] and the references therein) and that were extended to SDLCP’s in [6].

Definition 4.2. Let L : V — V be a linear transformation.

o L is a Garcia’s transformation if there exists a d € int(KC) such that SOL(L, IC, 7d) =
{0} for all T > 0. In this case we say that L is a G-transformation with respect to
d, or simply L € G(d).

e L is a #-transformation if [v € SOL(L,K,0) = (L + L")(v) € K].

o L is a G¥-transformation if L € G and it is a #-transformation. Similarly, a
G (d)* -transformation is defined for d € int(K).

Example 4.1. (1) Monotone and copositive transformations are G-transformations.
(2) Proceeding exactly as in [6, Proposition 4.8] one can prove that L € # if any
of the following conditions is satisfied: L is self-adjoint (that is, LT = L); L is
skew-symmetric; L € Ro; L is copositive; —L is a star-transformation; and L is a
star-transformation and —LT € Z.

The next result shows that the class G is invariant under automorphisms.

Lemma 4.3. Let L : V — V be a linear transformation. For I' € Aut(K), define
L =TTLL. Then, L is a G-transformation with respect to d if and only if L is a G-
transformation with respect to T'7(d).

Proof. The result follows directly from T"}(SOL(L, K, d)) = SOL(L,K,TT(d)) (see [12,
Theorem 5.1]) and T'T € Aut(K). O

The next proposition provides two characterizations of the class of Garcia’s linear trans-
formations. This is an symmetric cone version of [30, Proposition 3.1] and [6, Proposi-
tion 4.6] proved for LCP’s and SDLCP’s ,respectively.

Proposition 4.4. Let d € int(K) and L : V. — V be a linear transformation. Then, the
following are equivalent:

(a) L € G(d);

() [0 €K, L) = (L(v),v)d € K, {d,v) = 1] = (L(v),v) > 0;

(¢) [v ek, (d,v) =1, (L(v),v) < O] = L(v) — (L(v),v)d ¢ K.

Proof. (a) = (b): We argue by contradiction. Suppose that the left-hand side of item
(b) holds and (L(v),v) < 0. It follows that (L(v) — (L(v),v)d,v) = 0 and hence v €
SOL(L, K, 7d) with 7 = —(L(v),v) > 0. By linearity we have v/7 € SOL(L, K, d), which
implies that v = 0 by item (a), obtaining a contradiction with the fact that (d,v) = 1.

(b) = (c): We argue by contradiction. Suppose that the left-hand side of item (¢) holds
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and that L(v) — (L(v),v)d € K. Then, by using item (b) we conclude that (L(v),v) > 0,
obtaining a contradiction.

(¢c) = (a): We argue by contradiction. Suppose that for some 7 > 0 there exists a v # 0
such that v/7 € SOL(L, K, d). By changing 7 if necessary we may assume that (d,v) = 1.
By assumption we have that v, L(v)+7d € K and (v, L(v) +7d) = 0. From this, we deduce
that (L(v),v) = —7 < 0. Then, by using item (c) we conclude that L(v) — (L(v),v)d ¢ K,
obtaining a contradiction with the fact that L(v) 4+ 7d € K. O

We now obtain a bound for the asymptotic cone of the solution set to symmetric cone
LCP’s for G#-transformations.

Proposition 4.5. If L € G¥, then SOL(L, K, q)> C SOL(L, K,0) N {—q} ™.

Proof. Let d € int(K) be such that L € G#(d) and v € SOL(L,K,q)®. If v = 0 then
the inclusion is trivial. So, we consider that v # 0. Without loss of generality we assume
that (d,v) = 1. By definition there exists {z*} and {t;} such that z¥ € SOL(L,K,q)

for all £ € N, t, — 400 and % — v as k — +oo. By defining o}, = (d,z¥) for all

k € N it is easy to check that o — +oo and % — v. By Lemma 4.1, Part (a) we have

v € SOL(L, K, 1,d) \ {0} with 7, = —(L(v),v) > 0. If 7, > 0, then we get a contradiction

to L being a G-transformation. Therefore, 7, = 0 and we have v € SOL(L, K,0). From
km =

this and Lemma 4.1, Part (f) for z = 2— we get (L(v), Ji—m> = 0. Then,

k

km
x
0= (L) +0, 50 ) = (1) +g,0) = (@b, (L4 D)) + a,0)
where we have used Lemma 4.1, Part (d) and the fact that each z*™ is a solution to problem
(1). As L € #, we have (L+L")(v) € K, which in turn by Proposition 2.8, Part (a) implies
that (z¥= (L + L7)(v)) > 0. Hence, from the above equality we get (g,v) < 0. O

We now obtain existence results that extend [32, Theorems 9 and 11] given for LCP’s
and [6, Theorem 5.1] given for SDLCP’s.

Theorem 4.6. Let ¢ € V and L € G#.

(a): If ¢ € SOL(L,K,0)", then SOL(L, K, q) is nonempty (possibly unbounded);
(b): If q € int[SOL(L, K, 0)"], then SOL(L, K, q) is nonempty and compact.

Proof. Let d € int(K) be such that L € G¥(d).

(a): Let {(x*,60;)} be a sequence of solutions to problems (ASCLCP},). If there exists
k € N such that (d,z*) < o}, then by implication (26) we have that ¥ € SOL(L, K, q)
and we are done. On the contrary, if (d, 2*) = o}, for all k € N, then up to subsequences
% — v for some v. By Lemma 4.1, Part (a) we have v € SOL(L, KC, 7,d). Proceeding as
in Proposition 4.5 we prove that 7, = 0; thus, v € SOL(L, K, 0). From this, by Lemma 4.1
there exists a nonempty subindex set J, C {1,...,7} and a subsequence {%:} such that
supp{)\(fﬁ;:—:)} = J, and (L(v),z*") = 0 for all m € N. By using this, equality (27), and
Lemma 4.1, Part (e) we obtain

€T k m

0< 0, = (L) 4.~ —) = ~(L*) +.0) = (", (L+ L)) ~ {g.v).

m
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As v € SOL(L, K, 0), by hypothesis we get (g,v) > 0and (L+L")(v) € K; thus, (zF= (L+
L") (v)) > 0 by Proposition 2.8, Part (a). Consequently, 6, = 0 and by implication (26)
we conclude that z¥» € SOL(L, K, q) and we are done.

(b): From item (a) we conclude that SOL(L, K, q) # 0. To prove that this set is bounded
it is sufficient to show that SOL(L, K, ¢)>° = {0}. This follows from Proposition 4.5 since by
hypothesis SOL(L, K,0) N {—q}* = {0}. Indeed, if on the contrary we suppose that there
exists u # 0 such that u € SOL(L,K,0) and (g, u) < 0, then as q € int[SOL(L,,0)"] =
SOL(L, K,0)5" (see [25, Exercise 6.22]) we obtain (q,u) > 0, a contradiction. O

The last theorem directly implies the following result.
Corollary 4.7. If L € G, then L € Rg if and only if L € Qy,.

Remark 4.8. The hypothesis on q of Theorem 4.6, Part (a) implies the following necessary
condition:
q € SOL(L,K,0)" = Anax(q) > 0.

Indeed, if ¢ € SOL(L,K,0)", then {(q,z) > 0 for all x € SOL(L,K,0). In case when V is
not simple, we denote by V;, with j = 1,... .7, the simple Jordan Algebra located in the
J-th position, by KC; its corresponding symmetric cone, by r; its rank, and by 29 and ¢
the j-th block of x and q, respectively. So, Proposition 2.8, Part (f), applied to V;, implies
that 337_; S (@) (20)) > (g, @) > 0. But, since N\j(z)) >0 for alli = 1,...,r;
and j=1,...,7 (because zU) € KCj), it necessarily follows that Amax(q) > 0.

By taking into account Example 4.1 we now list some conditions under which the linear
transformations defined in Section 3.2 are Garcia’s transformations.

Example 4.2. Let V be a Euclidean Jordan algebra and a € V.

(1) If a €int(K), then L, is strongly monotone (cf. Proposition 2.8, Part(a)). Thus,
L, € G(d) N Ry for any d € int(K).

(2) If V is simple and +a €int(K), the quadratic transformation P, is strongly mono-
tone by [13, Theorem 6.5]. Thus, P, € G(d) N Ry for any d € int(K).

(3) If \j(£a) C (—1,1), for all 7, then the Stein transformation S, is strongly monotone
(see [28, Theorem 3.3]). Thus, S, € G(d) N Ry for any d € int(K).

(4) Let A € R™*" be a nonnegative matrix, then the relaxation transformation R4 is
copositive. Thus, R4 € G(d) for any d € int(K).
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