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Abstract. In this paper, we propose a smoothing sequential quadratic programming (SSQP)
algorithm for solving a class of nonsmooth nonconvex, perhaps even non-Lipschitz minimization
problems, which has wide applications in statistics and sparse reconstruction. At each step, the
SSQP algorithm solves a strongly convex quadratic minimization problem with a diagonal Hessian
matrix, which has a simple closed-form solution. The SSQP algorithm is easy to implement and
has almost no time cost to solve the convex quadratic minimization subproblems. We show that the
worst-case complexity of reaching an e scaled stationary point is O(¢~2). Moreover, if the objective
function is locally Lipschitz, the SSQP algorithm with a slightly modified updating scheme can obtain
an ¢ Clarke stationary point at most O(e~3) steps.
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1. Introduction. The convexity and Lipschitz continuity are two important
conditions in optimization. However, some real-world applications are often modeled
by nonconvex or even non-Lipschitz optimization problems. In this paper, we con-
centrate on the following unconstrained nonsmooth nonconvex optimization problem

n
: . |p
min - f(x) = H(x) + ;w(\le ), (1.1)
where H : R — R, is continuously differentiable and its gradient VH is globally
Lipschitz with a Lipschitz constant 8 > 0,0 < p < 1, and ¢ : Ry — R, is a given
penalty function satisfying the following assumption.

(Ay) ¢ is continuously differentiable, nondecreasing, V¢ is locally Lipschitz, and
there is a positive constant « such that for all ¢ € (0, 00),

0<Vpt)<a, [{|<a and €]t < a, V&€ d(Ve(t)),

where @ means the Clarke generalized gradient [9)].

To illustrate that the application of (1.1) is not restricted by assumption (A,),
six widely used penalty functions ¢ in statistics and sparse reconstruction are given
in Appendix.

Numerical algorithms for solving nonsmooth optimization have been studied for
decades, but most algorithms assume that objective functions are Lipschitz continuous
in the convergence analysis and complexity estimation. The subgradient methods are
the first order numerical algorithms for nonsmooth convex minimization problems and
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the complexity of these algorithms is proved to be of the order O(¢~2) [15]. Based on
a special smoothing technique for the maximal function, Nesterov [20] improves the
traditional complexity of the gradient algorithms to O(e~!) for nonsmooth convex
optimization problems. A gradient sampling algorithm is proposed by Burke, Lewis
and Overton in [3] for finding a Clarke e stationary point of a locally Lipschitz function
with probability 1, where ¢ is a fixed sampling radius. Most recently, by means of
the first order methods, Catis, Gould and Toint [4] estimate the function evaluation
worst-case complexity of minimizing the following function

Oy (x) := H(z) + h(c(x)), (1.2)

where h : R™ — R is convex but may be nonsmooth, H : R® — R and ¢ : R®" — R™
are continuously differentiable but ®; may be nonsmooth nonconvex. They prove
that it takes at most O(e~2) steps to reduce a first order criticality measure below &
in a first order trust region method or a quadratic regularization method, where the
complexity result is the same in order as the function evaluation complexity of steepest
descent methods applied to the case that @y, is differentiable. In [12], Garmanjani
and Vicente propose a smoothing direct search (DS) algorithm basing on smoothing
techniques and derivative free methods to solve a general unconstrained nonsmooth
nonconvex optimization problem. The smoothing DS algorithm can obtain a Clarke
stationary point of a locally Lipschitz function f and it takes at most O(—c~3loge)
function evaluations to find an 2 such that |V f(z, 1)]|e < € and pu < &, where f is a
smoothing function of f and p > 0 is a parameter. In [13], Ge, Jiang and Ye develop
an interior-point potential reduction algorithm for solving the following non-Lipschitz
constrained optimization

min Y . 2P
st. Ar=2x, x>0,

and show that the interior-point algorithm returns a scaled e-KKT point in no more
than O(ne~tloge™!) steps.

The main purpose of this paper is to construct an efficient algorithm for solving
(1.1) with the worst-case complexity estimation. We propose a smoothing sequential
quadratic programming (SSQP) algorithm for solving (1.1). The SSQP algorithm is
easy to implement and has almost no time cost to solve a strongly convex quadratic
program with a diagonal Hessian matrix at each step. Indeed, the quadratic program
has a simple closed-form solution. We show that the worst-case complexity of finding
an ¢ scaled stationary point is O(72). Moreover, if the objective function is locally
Lipschitz, the SSQP algorithm with a slightly modified updating scheme can obtain
an ¢ Clarke stationary point at most O(c¢~?) steps. To the best of our knowledge,
the SSQP algorithm is the first algorithm with the worst-case complexity for non-
Lipschitz unconstrained optimization. Moreover, the modified SSQP algorithm for
locally Lipschitz minimization has a better complexity bound than the smoothing DS
algorithm proposed in [12]. Note that many penalty functions cannot be written as
h(c(x)) in (1.2), for example, the logistic penalty function, ¢(|z;|) = log(1 + «|z;]).
Hence the first order trust region method proposed in [4] cannot be applied to solve
(1.1).

Penalty functions play an important role in statistical modeling, particularly in
variable selection. When estimating the vector = of regression coefficients, which
is sparse in the sense that many of its elements are zero, one often minimizes the
penalized objective function in (1.1). The performance of resulting estimator depends
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on the choice of the penalty functions. A widely used penalty function is the /y-norm,
with which the minimization model is often called LASSO [19]. Three principles
(unbiasedness, sparsity and continuity) for a good penalty function are proposed in
[1, 11]. Fan and Li [11] show that the smoothly clipped absolute deviation (SCAD)
penalty function proposed in [10] has better properties than the i1 penalty function
in parametric and nonparametric models. More recently, a minimax concave penalty
function (MCP) is proposed by Zhang in [24]. The SCAD and MCP penalty functions
satisfy assumption (A,) with p = 1. When 0 < p < 1, the penalty function in (1.1)
is non-Lipschitz, which includes the [, penalty function as a special case. For the [,
penalty function, Fan and Li [11] point out that the oracle property does not hold
for the [y penalty, while it continues to hold for the [, penalty with 0 < p < 1
by suitable choice of the parameters in it. In [17], Huang, Horowitz and Ma provide
some conditions under which the [, penalized least square problem with 0 < p < 1 can
correctly distinguish nonzero and zero coefficients in sparse high-dimensional settings.
Moreover, the [, penalized least square model with 0 < p < 1 can also be used for
variable selection at the group and individual variable levels simultaneously, while the
[ penalized least square model can only work for individual variable selection [18].

Besides the applications in statistics, minimization problem (1.1) is often used in
sparse reconstruction, which provides an efficient model to extract the essential fea-
tures of general solutions, e.g. in the context of data compression and order reduction
with applications to signal and image analysis, inverse scattering, de-convolution and
tomography problems. In this kind of applications, the original goal is to find a fit-
ting solution with fewer nonzero elements for an underdetermined linear or nonlinear
system H(z) = 0. Such problems can be modeled as lp-norm minimization, which is
difficult to solve by virtue of the noncontinuous structure of the lg-norm. In order
to overcome this difficult, many researchers solve these problems by using regularized
minimization (1.1) with nonconvex and nonsmooth penalty functions. In [7, 21], it is
shown that nonconvex and nonsmooth minimization yields better edge preservation
than convex minimization. Moreover, it appears that the non-Lipschitz penalty [,
with 0 < p < 1 is more robust in image restoration with blurring and noises.

This paper is organized as follows. In Section 2, smoothing approximations for
the nonsmooth function f in (1.1) are studied. In Section 3, the SSQP algorithm for
solving (1.1) and theoretical analysis including the convergence and complexity results
are given, where the worst-case complexity of reaching an ¢ scaled stationary point
is O(¢72). In Section 4, we consider the SSQP algorithm with a modified updating
scheme to solve the nonsmooth, nonconvex but locally Lipschitz optimization problem
(1.1) with p = 1, where the worst-case complexity of reaching an e Clarke stationary
point is O(¢~?). In Section 5, two numerical examples are given to show the efficiency
of the SSQP algorithm.

Let I ={1,2,...,n} and N ={0,1,...}. For a column vector € R™, both [z];
and z; denote the ith component of z and [z;]?"_, := z. For a constant a, [a] indicates
the smallest positive integer such that [a] > a.

2. Smoothing Approximations. Smoothing approximations for nonsmooth
optimization have been studied for decades [2, 5, 20, 22]. In this section, based on the
special structure of the nonsmooth function f in problem (1.1), we use a smoothing
function for the absolute value function |- | to construct a smoothing function f of f.
Using the special structure of the smoothing function, we derive some properties of
f, which provide theoretical basis for constructing the SSQP algorithm.
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DEFINITION 2.1. Let h : R® — R be a locally Lipschitz function. We call
h:R"™ x [0,00) — R a smoothing function of h, ifﬁ satisfies the following conditions.
(i) For any fized u > 0, iL(‘,/J,) is continuously differentiable in R™.
(ii) For any fized x € R™, lim,_, ,,j0 h(z, 1) = h(z).
Smoothing functions have been widely used in nonsmooth optimization with rich
theory and applications. In this section, we focus on a class of smoothing functions
constructed by the following smoothing function of | - |,

|s] if |s| >
0 S, 1) = 2
(&:8) 24k if |s| < p.
2u 2
It is not difficult to find the following properties of the smoothing function 6.

LEMMA 2.2.
(i) |Vs0(s,u)| <1, Vs eR, pue(0,00).
(1) § < 0(s,p) < p, V|s| < pu.
(i) 0 < OP(s,pu) — [s|P < OP(0,p) = (5)P, Vs €R, p € [0,00), p € (0,1].

Due to the continuous differentiability of functions ¢ and 6, we can easily obtain
that (6P (s,p)) is a smoothing function of ¢(|s|P) and ¢(6P(s,-)) is nondecreasing
in (0,00) for any fixed s € R. The following proposition presents estimations for
elements in the generalized Hessian [9] of ¢(6P(-, 1)) for any fixed u > 0.

PROPOSITION 2.3. For any fixed > 0 and £ € 05(Vs(0P(s, 1)), it follows that

2 > 2
€l < Sap 5] |s| > 2p
pr? |s| < 2p.

Proof. The first derivative of ¢(6P(s, 1)) with respect to s is given by

vs‘p(ep(sa :U/)) = v‘p(t)t:m’(s,#)vsep(sa M)
From the expression of 67(s, p1), for any fixed p > 0, it derives that
ifp="Tland|s|<pu, [l <p™" Vi€ ds(Vib(s,p)
ifp=1and |s] > u, V20(s, 1) =0
ifp<land|s|<pu, |9l <p(l—p)pP™? Vi€ ds(Vib(s, 1)
if p<1and |s| > p, V20P (s, 1) = p(1 — p)|s[P~2,
which follows that V6P (s, 1) is globally Lipschitz respect to s for any fixed p > 0.
Since Vo is locally Lipschitz, Vs@(0P(s,n)) is locally Lipschitz respect to s for
any fixed 1 > 0. For a fixed o > 0, denote D,, the set of points at which ¢(07(-, 1))
is differentiable.
Based on the property that a locally Lipschitz function is differentiable almost

everywhere (in the sense of Lebesgue measure), the measure of R\ D,, is 0.
First, we consider the case that p = 1. When |s| > p and s € D,,,

(V2007 (s, 1)) = [V20()ema(s,) (Vs0(s, 1))?| < a7 (s, 1) = arfs| 7. (2.1)
On the other hand, when |s| <y and s € D,,, it follows that
V2007 (5, 1) =1V @(t)1=05.40) (Vs0(5, 1) + Vo(t)1—p s V2O (5, )]

s 1
:|v2¢(t)t:0(s,u)(;)2 + V@(t)t:e(s,#);\ (2.2)

<af™ (s, 1) +ap”! < 3ap™,
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2 iy

1. For any fixed p > 0, from the chain
(07 (s, p)) respect to s is calculated by

m\:

where the last inequality uses 6(s, 1) = % +
Next, we consider the case that 0 < p <
rule, When s € D,,, the second derivative of ¢

VQQO(GP(S IU‘)) 2v2 (t)tzep(s,u)ezniz(& M)(VSQ(Sa M))Q
+pv‘p(t)t:91’(s7u)0p71 (3’ M)V?H(S, U)
+p(p = V() 1=pr (500" (5, 1) (VaO(s, )% (2.3)

O

Ell

When |s| < p, we have § < 0(s, ) < pand [V0(s, )| < 7 < 1. From assump-

tion (A,) and (2.3), we obtain that for s € D, with |s| < p,
V2 (67 (s, )]

_ 52 _ 1
Sp2|v2<p(t)t:9p(s,p,)6p($7,U’)‘ep 2(57H)E +pv@(t)t:91’(s7p)0p 1(‘5’#);
2
_ s
+ (1 = p)[Vo(t)i=or (s, |07 (s, W (2.4)

<ap?0P%(s, 1) + ap 1) + p(1 — p)ald?~2(s, 1)

9(5 M)ep 2( s, )
1
<2ap0” (s, p) < BapuP 2.
Similarly, when |s| > u and s € D,,, we get
V2067 (5, 10))| <P?[V20 (1) 1= s 51715772 + p(L = P) [V () =5t |57~

2.5
<ap?|s|"* + ap(1 = p)|s|"* < ap|s’7%. (%)

It is easy to see that (2.1), (2.2), (2.4) and (2.5) imply that for s € D, and
0<p<l,

S -2 sl > 2
V2(07(s. )| < Sapq 2 el > 21
pr? s < 2p.

Combining this inequality with the definition of the Clarke generalized gradient, we
complete the proof. O

Using the smoothing function (-, u) of | - |, we define the following smoothing
function

n

fla,m) = Hz) + Y (67 (i, 1))

i=1

of f, which satisfies the two conditions of Definition 2.1. Let

9z, p) = [Gi(z, 1), ., Gul(z, w))" = Vo f (2, p).

3. Smoothing SQP Algorithm. Sequential quadratic programming (SQP)
methods are popular iterative methods for solving smooth optimization problems
[14, 16, 23], which solve a quadratic programming problem at each step. In this
section, we propose a smoothing SQP method to solve the nonsmooth optimization
problem (1.1). At each step, we construct a convex quadratic approximation of the
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smoothing function f(-, ) around z* and update py by a simple criterion. In our
convergence and complexity analysis, we assume that the function f is level bounded,
i.e. for any I' > 0, the level set {z € R™: f(z) <T'} is bounded.

When 0 < p < 1, (1.1) is a non-Lipschitz optimization problem. It is hard
to find an efficient algorithm for solving it. Inspired by smoothing approximations
and SQP methods, in this section, we construct a smoothing SQP algorithm for
solving (1.1) with 0 < p < 1. The SSQP algorithm uses a smoothing function f(z, 1)
to approximate the nonsmooth objective function f and solves a strongly convex
quadratic subproblems generated from f (x, pr) at each step. The Hessian of the
quadratic subproblem is a diagonal and positive definite matrix. Thus, the SSQP
algorithm is easy to implement and has almost no time cost in calculating a new iterate
and updating the smoothing parameter at each step. We show that any accumulation
point of the iterates is a scaled stationary point of optimization problem (1.1) with
complexity O(e72).

Note that for any x,y € R™, the assumptions on H imply

H(@) < Hy) + (VH@). 2~ ) + 5 > (@~ ) (31)
i=1

Following by Proposition 2.3, we define

2P i e > 2
= u

K(s, 1) = 8ap |2| o (3.2)
pr? if [s] < 24,

which is an upper bound for all elements in the generalized Hessian §%¢(0P(s, u)) for
any fixed p € (0,00). What follows is an inequality derived by Taylor’s formula.

PROPOSITION 3.1. For any 1 > 0 and s,§ € R such that |s — §| < max{lzﬂ,u},
the following inequality holds

(07 (5.1)) < p(07(3, 1)) + (Vap(0P (3. 0)).s — &) + "o (o g (33

Proof. For || < 2u, by Proposition 2.3, 92p(6P(s, 1)) can be uniformly bounded
by (8, 1) = 8apuP~2 for any p > 0. Thus, by Taylor’s formula, (3.3) holds naturally
in this case. ) X

For || > 2pu, since |s — §| < max{%l,u} = %‘, for any 7 € [0, 1],

»>
0>

>

[rTs+ (1 —7)8| > |8| —7|s—§| > |§| — 7= >

3

|
|

which implies |75 + (1 — 7)8[P72 < |g|p72.
From the above inequality, Proposition 2.3 and Taylor’s formula, there is 7 € [0, 1]
such that

Sap|Ts + (1 — 7)3|P—2

(07 (5,1)) < (67 (3,1)) + (Vesp07(5, ), s — §) + : (s - §)°

< Q07(5, ) + (Va0 (5,1),5 ) + 5 (s g2



Now we give an important inequality for the smoothing function f.
LEMMA 3.2. Suppose |x; — y;| < max{‘yT"l,u} holds for all i € I, then

Flaw) < fly.pn) + @y, m),x—y) + %Z%(y,u)(ﬁ + sy, ) (s — )%, (3.4)

where

7i(y, p) = max{l, }, del. (3.5)

max{ %L, =5 u8 (8 + k(ys, 1))
Proof. By (3.1) and (3.3), the inequality (3.4) holds for ~;(y, x) = 1. Thus (3.4)
holds with ~; defined by (3.5) using the max operator. O

3.1. Proposed Algorithm. The quadratic program in the SSQP algorithm is
constructed based on Lemma 3.2. For any fixed y € R™ and g > 0, the right hand
of the inequality (3.4) is a strictly quadratic convex function. Let the quadratic

approximation to f(-, u) at  be

n 2

Qx,y, 1) = fly, 1) + Gy, 1),z — y) +;Zm (3.6)
where
di(y, u) = ! iel.

Yi(y, 1) (B + K (yi, 1))’

For any fixed y € R™ and p € (0,00), we consider the following quadratic pro-
gramming subproblem

min Q(z,y, u)- (3.7)

Since Q(-, y, i) is a strongly quadratic convex function for any fixed y and p, problem
(3.7) has an unique minimizer.

The scheme for updating the smoothing parameter p is crucial for the efficiency

of smoothing methods. It can effect the convergence and complexity of the SSQP

algorithm. A simple and intelligent scheme for updating py is used in the following
SSQP algorithm.

SSQP Algorithm
Choose ° € R", pp > 0 and o € (0,1). Set k=0 and 2° = z°.
For k£ > 0, set
" = arg Irel]%ri Q(z, z", up), (3.8a)
if f(zbtt, — f(zF, < —4apu?
s = {uk f( . ) = fa®, ) < —dappy, (3.8b)
ok othewise,
k .
x if =0
2Pl = . HitL ik (3.8¢)
z othewise.
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Fig. 3.1: Illustration of the relationship among jy, 2* and z*

Noting that the Hessian matrix V2Q(z,z", u1.) is a diagonal and positive definite
matrix, (3.8a) has a simple closed-form solution

aF = 2k dy(at )i ), Ve I (3.9)

K2

Moreover, there is no line search procedure in the SSQP algorithm. It is easy to
implement and there is almost no time losing in performing (3.8a)-(3.8c) at each step.
In what follows, we always denote

N ={keN: upy1 =opur} and Nt ={keN:k¢g N},

where N~ and N,& are the rth smallest elements in N~ and N7, respectively. The
sequence {z*} is well-defined and can be written as

L=k ke N- (3.10)
F =N NS +1<k< N, '

The relationships among z*, z* and j; with po = 1 are illustrated in Figure 3.1.

3.2. Theoretical Results. In this subsection, we will give the theoretical anal-
ysis on the SSQP algorithm, including the convergence and complexity results. First,
we define some index sets for any fixed x € R™ and g > 0. Let

K(x,p)={iel: |z <2u}, J(x,p)={el: |z;]>2u} (3.11)

K(z,p) and J(z, u) are mutually disjoint and I = K (x, u) |J J(x, ). We divide each
of K(x,u) and J(z, 1) into two mutually disjoint sets

K*(z,p) ={i € K(z,p) : |gi(x, )| > u(B + kilwi, 1))}
T (o) = {i € J,p) s |Gi(ow] > |15 ERE (8 + r(zi )}

K= (z,p) = K(z,p) \ K (2, p0) and T~ (2, p) = J (@, ) \ J* (2, p).

The following lemma shows that the sequence {f(z*, ux)} is monotonely decreas-
ing and strictly decreasing at (z*, ) when [|g(z", ur)||loo # 0.
LEMMA 3.3. The sequence {f(x*, ux)} is monotonely decreasing and satisfies

F@ Y ) = F(@*, ) <P ) — )

o z”: di(®, )G (s i) _ o (3.12)
=1

<0
B) =
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Moreover, there is R > 1 such that ||2*||. < R, Vk € N.
Proof. Firstly, we prove that

LA

k+1
i R

oF| < max{"— )}, Viel.

From (3.9), for any ¢ € I, we have
it — | = di(2, ) |G (2" )|
For i € K (2, ug), we get
25| <2, and |gi(a®, )| = k(B + K@, pr),
which implies that

|gl(xk7/’['k)|
(B + w(xF, )

Mk
|gi (2%, )|

’Yi(xka,uk)) = and di(‘rkvl’ék) =

For i € K~ (z*, uy), we get

|2¥] < 2pp, and  [Gi(2®, )| < g (B + K(2f, ),

which implies that

1
k k
(", =1 and d;(z", = .
,‘Y( :u‘k) ( ,LLk) B /ﬁ}(x?,,u/k-)

Then, from (3.14), (3.16) and (3.18), we know
2l — 2| <, Vi€ K (2, ).
Similarly, for i € J* (2, uy,), we get

k
~ r; 1_p 2
21> 2 and (GGt )l > 151 E g (8 4+ (k)

[Ms]

which implies that

P

k P
ek ) = ZL0E
) = )

For i € J~ (2%, ux.), we have

k
- ZTi 12 &
o] > 2 and - [gi(a", )| < [T (B + Al o)),

which implies that

_r
B+ r(xk, p)
Then, from (3.14), (3.20) and (3.22), we have

di(2%, i) =

k+1 Lk xic -z % |xf . k
A < VieJ
|2; 9%|_|2 P S == VL E (¥, ug).
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Therefore, we can obtain the estimation in (3.13).
k
Applying |28 — 2¥] < max{ |12i L i}, Vi € T to Lemma 3.2, it holds that

F@™Y ) < QP+ 2%, ),

which, together with (3.9), gives that

F@t )
<f@", p) + (G(a", pr), a* Qi a0 xk7ﬂk wi T — af)?
:f(xkvﬂk)_id( ") g; (2 ) %2": AN CANTIY
=1 =1
=f (@, ) — %idi(wkvﬂk)gf(xk’uk)
=1

Since fig41 < fix, we can obtain the inequality in (3.12). Moreover, from f(2*, ) >
f(2%), we have

F(@®) < (2, o).
Using the assumption that f is level bounded, we find that there is R > 1 such that
|2*|e <R, keN.

|

The objective function f is non-Lipschitz for 0 < p < 1. It has been proved
that finding a global minimizer of the unconstrained l3-I, minimization problem with
0 < p < 1 is strongly NP hard in [6]. We extend the definition of the scaled first
order necessary condition in [8] to define the scaled stationary points of (1.1) with
O<p<1.

DEFINITION 3.4. Let G : R* — R™ be defined by

G(x) = XVH(x) + p| X[P[Ve(t) t=ja, pliz1,

where X =diag(z1,...,zy) and | X P =diag(|z1|P,. .., |xn|?). For a given € > 0, we
call z* € R™ an € scaled stationary point of (1.1) if

1G(2")]loo <&

And x* is called a scaled stationary point of (1.1) if € = 0.

Following the proof of Theorem 2.3 in [8], we can show that any local minimizer
of (1.1) is a scaled stationary point of (1.1).

The SSQP algorithm acts on the smoothing approximation function f. The fol-
lowing lemma presents that X g(-, 1) tends to G(-) uniformly with O(p?) as p — 0.

LEMMA 3.5. For allx € R™, u € (0, po] and 0 < p < 1, we have

1Xg(2, 1) = G()|loo < 3app®.
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Proof. Let us counsider a fixed i € I. For |z;| > p, it is obtained that
zigi(x, ) = 2 VH(@)]i + pVp(t)i=jo, p|2:]" = [G(2)]i-
For |z;| < pand 0 < p < 1, we have § < 6(z;, 1) and

|2igi(x, 1) — 2 [VH(2)]i — pVo(t)t=a|p i
2
_ ‘T’i
=p|Ve(t)t=or (20" l(zivﬂ); = Vo (t) =)z, p|2i]”|

<2app® + app? < 3apu®.
Similarly, for |z;| < p and p =1, it gives
|2:gi (2, 1) — 2 [VH(z)]i = Vo(t)i=|e,|

2
Ty
:|v¢(t)t=9(xi,u)z = Vo(t) =z, 7] < 2ap.

4|

Hence, for all 0 < p <1, from

1X3(, 1) = Gl)low = oo il 1) — e TH@): ~ PV (0ol

we complete the proof of this lemma. O

The following lemma gives the magnitude of the decreasing of f and |25 g (2%, e
LEMMA 3.6. If K+ (2, un) U JH (2, ur) # 0, then

F@™ ) — F@F, ) < —dapp?.

Otherwise,

|2k (2, )| < Chp, Vield,

where Cy = max{(B + 8a)ug , 2R2B + 16apR} with R > 1 and R > ||2*]|0, ¥k € N.

Proof. Fix k € N. We first consider the case that K+ (2, us.) U J* (2%, i) # 0.
If there is an i € I such that i € K (2%, ug), from (3.2), (3.12), (3.15) and (3.16),

we obtain that

2
- - U - H
P i) = P ) < = 13" )| < =TFn(a, py) < —doppf. (3.23)

If there is an i € I such that i € J* (2%, ug), from (3.2), (3.12), (3.19) and (3.20), we
have

b

- ~ L zal, o
F@ ) = fa®, ) < ~3tk |7\1 21gi(a®, )| < —dappl. (3.24)

Next, we consider the case that K+ (2, up) U J* (2, up) = 0. Then,
I'= Ki(xka [4k) U Jf(xkvﬂk)'
For i € K~ (x*, uy), from (3.2), (3.17) and (3.18), we get

|2Fgi (2", )| < 13 (B + Sappl ™) < (B + 8a)u?.
11



If i € J~ (2%, ug), from (3.2), (3.21) and (3.22), we obtain

k~ ( k g xf 2-2 xf p—2
2:(a*, )] <20f |55 (8 + Sap| 7 2)
<2(R%B + SapR)u?,

where R > 1 and ||z < R, Vk € N.
Combining the above analysis, we conclude the second inequality in this lemma.

0
Now, we are ready to present the convergence theorem of the SSQP algorithm.
THEOREM 3.7. For all k € N, if K+ (2 ) |JJ T (2, u) # 0, then
FaM ) = Fa, ) < —dappy,. (3.25)
Otherwise,
1G(a*)]ls0 < Cpif, (3.26)

where C' = max{ (8 + 1104),110%, 2R?3 + 16apR + 3a,u§} with R > 1 and R > ||2"]| oo,
Vk € N. Moreover, >~ o ph < 00 and limy_, f(@F) = limy, o0 f(2F) exists.

Proof. From Lemma 3.5 and Lemma 3.6, we can obtain (3.25) and (3.26).

When N;- <k < N, with r € N, up = ppo”, which is illustrated in Figure 3.1
with po = 1. Ttk ENT, from (3.25), we have

dapf, < fa* k) — F@ ) and g = g
Combining it with the non-increasing property of f (z%, py,) gives
_ _ 1 -
> Z Flat o) = F@ )] < g Faf o). (3:27)

keNt kEN+

From the relationship illustrated in Figure 3.1, when k = N, up = poo" L.

Then,

P p(r—1) _
> k< Zuoa - Up (3.28)

keN—

Adding (3.27) and (3.28), we have

Ho
Zuz < 7]( 7/140)

—opr’
P dap l1-0

Therefore, limy_, o0 pt, = 0.
Using Lemma 2.2 (iii) and the middle value theorem, we obtain that

|f(2. 1) — f(2)| < nopp?, Vo € R™ p> 0.

Since {f(z*, )} is non-increasing and bounded from below, limy a0 (2", 1)
exists. From limy_, oo ur = 0 and (3.8¢), we find

Jim (¥, ) = Jim f(@*) = lim f(z").

k—o00
12



O

The next theorem shows the worst order magnitude of the SSQP algorithm for
obtaining an ¢ scaled stationary point of (1.1).

THEOREM 3.8. Any accumulation point of {z*} generated by the SSQP algorithm
is a scaled stationary point of (1.1) with the complexity O(e~2). Specially, z* is an e
scaled stationary point of (1.1) when

sz(xov NO)

= 4apoPe?

2 2
+ —log, e — —log, C1] +1,
p p
where up =1 and C' is the constant in Theorem 3.7.
Proof. Let € € (0,1] be a given number and let j > 2 be the positive integer such
that

G=Dp (G—=2)p

Com = <¢e¢ and Co 2 >¢ (3.29)

where C' is the constant in Theorem 3.7. Then from Theorem 3.7, we have
IG@N Yoo < Cluy; )% < Cluy-)% <Clo? )% <y VreNr>j (330
From (3.10) and (3.30), we obtain
IG(z")|oo <&, Vk>=N; +1. (3.31)

In order to let (3.31) hold, it needs to carry out at most N;” +1 steps of the SSQP
algorithm. From Theorem 3.7, when k € N* and k < N,

~ ~ . 4apoPe?
F@ ) — F(a, ) < —dappl < —4apel=DP < _79072, (3.32)

Moreover, there are at least N, — j + 1 steps such that the above inequality holds.
Owning to the non-increasing property of f(x’“, k) and (3.32), we have that
dape?o?(N; —j+1)
C? '
Due to the fact that f(x, u) >0, Vo € R™, pu > 0, we confirm that

f( Nj_vﬂNj_) < f~(x0,,u0) -

C2f(°, o)
N < ——— 1> +45-1. 3.33
7~ 4apore? T (3:33)
From the first inequality in (3.29), we obtain that
2
i< 5(10&7 e —log, C)+ 1. (3.34)

Combining (3.33) with (3.34), we derive

2 0
N < C f(x 7/1’0)

2 2
“log, e — - log, C.

Coming back to (3.31), this shows the complexity of the SSQP algorithm for obtaining
an ¢ scaled stationary point of (1.1). Let ¢ — 0, we obtain that
lim G(z*) =0,
k—o0
which shows that any accumulation point of z* is a scaled stationary point of (1.1). O
13



4. Locally Lipschitz optimization. In this section, we consider (1.1) with
p = 1, which is a nonsmooth nonconvex, but locally Lipschitz optimization problem.
We present a slightly modified SSQP algorithm to find a Clarke stationary point of
(1.1). We call this algorithm SSQP; algorithm. We show the worst-case complexity
of obtaining an e Clarke stationary point is O(e~3).

For fixed y, i, k(s, 1) in Q(x,y, u) defined by (3.6) with p = 1 has the following
form.

S, _1 .

- if |s| > 2
. I 5] > 23
pt if |s| < 2u.

SSQP; Algorithm
Choose 2° € R"™, pp € (0,1] and o € (0,1). Set k =0 and 2° = 2°.
For k > 0, let

" = arg m]iRn Qz, 2", ur), (4.1a)
TER™
k if f(af Y ) — f(a®, ) < —dopd

W:{u (@) = et ) T (4.1b)
ok othewise,

A (4.1¢c)

k . _
2k+1 — xllk lf /J’]C+1 - O-/J’k
z othewise,

k : k
x; if |z¥]| >
where [xﬁk]l = {Ol | z‘ Z Kk

The SSQP algorithm and the SSQP; algorithm have the same structure, except
the updating scheme for u; and z*. (4.1a) can also be expressed by the format of
(3.9) and the results in Lemmas 3.2 - 3.3 hold for the SSQP; algorithm.

Let us use the index sets K (z, u) and J(z, ) in (3.11) again. However, we divide
each of these two index sets into two different sets. Denote

i€l

otherwise,

Kt (z,p) ={i € K(z,p): |§i(z, p)| > (B + k(zs, 1))},
T (o) ={i € J(op) ¢ 15, w)] = 1518 (B4 e w)},

K_(xaM)ZK($7M>\K+($7M) and J_(xa/i):t](%ﬂ)\fr(%ﬂ)-

Then, the following lemma holds.
LEMMA 4.1. If K+ (2%, pup) U JH (2%, pr) # 0, then

f(xk+17.uk) - f(xkhuk) < 740‘/”‘2:'
Otherwise,

||§(xka ;u'k)HOO < (5R + Sa):ukv

where R > 1 such that R > ||2*||~, Vk € N.
Proof. Similar to the proof of Lemma 3.6, the following statements hold.

14



If there exists i € K+ (z*, up) U JH (2, ug), then
F@ ) = F@®, ) < —daysi.
Otherwise, for any i € K~ (2, up),
|G (2", )| < (B + 8a) g,

and for any i € J~(xF, uy),

1Gi (2", )] < (BR + 80x) -

Hence, we complete the proof of this lemma. O

The objective function f with p = 1 is locally Lipschitz, but nonsmooth and
nonconvex. We define a Clarke stationary point of (1.1) [9].

DEFINITION 4.2. We call x* an e Clarke stationary of (1.1) if there exists £ €
Of (z*) such that

1€lloc < e

And z* is reduced to a Clarke stationary point of f when e = 0.
From the definition of f and the analysis in [5], for any fixed € R™, it follows
that

z—x,pud0

LEMMA 4.3. For any x € R™ and p > 0,
min{[|V f(z, 1) — €lloo, € € 0f (2,)} < (a+ By

z; if |z >
where [x,]; = f| = p Viel.
0 if || < p,
Proof. Since VH is globally Lipschitz with Lipschitz constant 3, we have
IVH(2) — V@)l < 8o (4.2)

Denote It (z,p) ={i € I : ;| > pu} and I~ (z,pn) ={i € I : |x;] < p}. Then,

Zq o _
W(t)t:e(xi,ﬂ); ifi eI (z,p)

Vo(t)i=|q, sign(z;) if i € It (x, p).

vwi @(9($i> /’L)) =

From assumption (A,) and Lemma 2.2 (ii), for any ¢ € I~ (x, p),
xZ; T
|V@(t)t:9(wi,u); - VSD(O)E' < |Vo(t)i=o(zi,m) — V(0)] < alf(zi, p)| < ap.

Since Vo(0) 2 € Vip(0)-[~1, 1] = 9 (| [z, ]i]) for i € I~ (2, 1) and 8, p(6 (s, ) =

a[xu]zsa(ux#]lb for i € I+(1’7M)a we derive
=1 =1

15



Combining (4.2) and (4.3), we complete the proof. O

From Lemma 4.1, following the proof of Theorem 3.7 and Theorem 3.8, we can
show that the SSQP; algorithm takes at most O(e~3) steps to reduce ||V f(x, 1)] o0 <
e and p < e, while the DS algorithm in [12] need to take at most O(—e 3loge)
steps. Moreover, the SSQP; algorithm takes at most O(c~2) steps to find an ¢ Clarke
stationary point.

THEOREM 4.4. Any accumulation point of {z*} generated by the SSQP; algo-

rithm is a Clarke stationary point of (1.1) and the complezity is O(e=3). Specially,

2% is an e Clarke stationary point when

k> [Cf(2°, po)e™® + log, & —log, (28R + 9a)] + 1, (4.4)

where C = GBEH90° iy >1 and R > ||2%]|, Vk € N.

dao3ud

Proof. Similar to the proof of Theorem 3.7, we can obtain that

lim px = 0.

t—o0

For a given ¢ € (0,1], let j > 2 be the positive integer such that
(28R +9a)0" Y <& and (26R+9a)cV~? > ¢ (4.5)

From (4.1b), for k € N, the following inequality holds

f(‘rk+17u'k) - f(xkvuk) > _405”%' (46)

If (4.6) holds, from Lemma 4.1, then K+ (27 , uy-)JJ (27, uy-) = 0, which
follows that

192" gy loo < (BR+80)pay -
From Lemma 4.3 and k € N, we have
minf[§(x7 i) — Elloe. € € O (N ) < (B+ chpy-
Combining the above two inequalities and the non-increasing property of uy, we derive

min{|[¢]loo : § € 0 (M)} < 2BR+90)uy- <2, VEZ Ny +1. (47)

Similar to the proof of Theorem 3.8, we only need to evaluate IV ;- From Lemma
4.1, when k € N* and k < N,

} 3 . dapdoded
F@ Y ) = f(2%, ) < —dapd < —dapdo®U—Y < (28R + 9a)3

There are at least N — j + 1 steps such that the above inequality holds. Hence
we obtain

0< fa™  uy-) < fa® po) = CTIE N =i+ 1),
16



with € = @BEH9)° "y o

dao3pd
Ny <Cf@® po)e™+j— 1.
Moreover, (4.5) gives j < log, e —log, (28R + 9a) + 1. Hence, we have
N, < Cf(2°, uo)e™3 + log, € — log, (28R + 9a).

Coming back to (4.7), we can obtain the estimation of steps in (4.4) and the
complexity of the SSQP; algorithm for finding a Clarke stationary point of (1.1). Let
€ — 0, then any accumulation point of z* is a Clarke stationary point of (1.1). O

For given ¢ € (0, 1], it is difficult to verify the following inequality

min{||€]lec, & € 8f (")} < ¢ (4.8)

directly. However, from (4.7), if

13", e )los + (@ + B)* <, (4.9)

then for all k& > k*, there exists ¢€¥ € 9f(2¥) such that ||¢¥|o < e. Hence, we can use
(4.9) to verify (4.8).

5. Numerical Experiments. In this section, we give two examples to show
1

the performance of the SSQP algorithm for solving (1.1) with p = 5 and p = 1,
respectively. The numerical testing is carried out on a Lenovo PC (3.00GHz, 2.00GB
of RAM) with the use of Matlab 7.4. Throughout this section, we always use po = 10
and ¢ = 0.9. Example 5.1 is used to show that the SSQP algorithm can find a
global minimizer of (1.1). Since z = 0 is a trivial scaled stationary point and a local
minimizer of (1.1) with p € (0,1), some first order methods may stop at = 0. We
use Example 5.2 to show that the SSQP algorithm with starting point ° = 0 can find
a nonzero scaled stationary point of (1.1) with p € (0,1]. Moreover, at these nonzero
stationary points, the function values are less than that at = 0.

ExaAMPLE 5.1. Consider the following l2-1 1 optimization problem

min (@) = (o1 + 22— 1)+ A/ Jor] + V), (5.1)
where A > 0. This example is used to explain the optimality conditions in [6].
When A = %, (1/3,0) and (0,1/3) are two nonzero vectors satisfying the first

and second order necessary conditions given in [8], while (0,0) is the unique global
minimizer of (5.1). When A = 1, the global minimum of f is 0.927 with two minimizers
(0,0.7015) and (0.7015,0). Figure 5.1 shows the tracks of z* generated by the SSQP

algorithm with 10 different random initial points z° and A = % and A = 1. Any

sequence {z*} started from one of the 10 initial points converges to one of these
minimizers. Figure 5.2 shows the convergence of the corresponding function values
f(2*). This example shows the possibility of the SSQP algorithm for finding a global
minimizer of (1.1) with 0 < p < 1, even such problem is NP hard in general.

ExXaMPLE 5.2. We use randomly generated standard testing problems to show
the validity of the SSQP algorithm for finding a scaled stationary point of (1.1). For
a given positive integer ng, we use the following Matlab code to generate A € R"*"™
and b € R™ .

17



fimit point
©0)"

(29

120 140

200 250 300 350 400

for j=1:n

A(:,4) = A, g)/norm(A(:, 5)) 5

end

n=100%ng; m =mn/4; v=zeros(n,1); A=randn(m,n); P = randperm(n);

v(P(1:ng),1) =2=*randn(ng,1); b= Axv—0.1*randn(m,1)

We set ng = 10 in the Matlab code and choose z° = 0 € R™. Then |[v|o = 10,
and from (0) = 0, we have f(2°) = H(2°) and ||G(2°)||« = 0. Moreover, at these

given data, f(2°) = 3.4939, ||3(2°, 110)]|cc = 0.2071 and S = 2||AT A|s = 18.2177.

We consider the optimization problem

min
TER™

where ¢ is defined by ¢;, i = 1,2, ..

n

=1

([ Az — b3 + 1) + > (jail?),

(5.2)

.,6 in Appendix with a = 3.7 for ¢1, 5, s,
and a = 1 for y2, @3, 4. To show the robustness of the SSQP algorithm, we choose
A = 0.3 for all of the 6 penalty functions.

The numerical results using the SSQP algorithm for solving (5.2) with p = %
and p = 1 are listed in Table 5.1, where k* is the number such that pur < ¢ and

18



@ a p | K JFE) | WF 12" o [ 1125~ vll2
»1 0.3 0.5 | 1163 | 2.3652 | 7.16E-8 9 0.9967
1 1715 | 2.2894 | 1.72E-10 191 1.2253
P2 0.3 0.5 | 1378 | 2.0435 | 5.22E-6 9 0.9972
1 2101 | 1.8081 | 4.85E-6 182 1.2222
©3 0.6 0.5 | 6551 | 1.7901 | 1.43E-10 19 0.8247
1 2539 | 1.5076 | 6.25E-10 175 1.1938
on 2 0.5 | 9152 | 2.6110 | 1.74E-11 73 2.2405
1 2198 | 1.5362 | 6.65E-6 32 0.4915
ws | 04111 | 0.5 | 1453 | 1.9782 | 7.96E-8 9 0.9855
1 1893 | 1.6617 | 1.88E-6 180 1.0415
e 0.3 0.5 | 2189 | 3.3313 | 1.66E-7 15 0.6613
1 1271 | 3.4939 | 1.45E-9 194 1.0962

Table 5.1: The SSQP algorithm for finding an (= 107°) scaled stationary point of (5.2)
with p=05andp=1

1G(2%) ]|
e=1073.

For ¢ := g and different values of ¢, the steps k* and CPU time that are needed
to obtain an e scaled stationary point z*~ are reported in Figures 5.3 with f(zk) and
125" —ll2 -

IN

e for all k > k*, ||2¥7||o is the number of nonzero elements of z*", and
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Appendix A. Penalty functions and assumption (A4,).

We consider the following six penalty functions which are often used in statistics
and sparse reconstruction.

e soft thresholding penalty function [17, 19]: ¢1(s) = As
e logistic penalty function [21]: @a(s) = log(l + as)
e fraction penalty function [7, 21] P3(s) = A s
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e hard thresholding penalty function[10]: p4(s) = A* — (A — s)3
e smoothly clipped absolute deviation (SCAD) penalty function[10]:

ws(s) = /\/0S min{1, %}dt

e minimax concave penalty (MCP) function [24]:

eols) =3 [ (1= St

where a and A are two positive parameters, especially, a > 2 in the SCAD penalty
function and a > 1 in the MCP function.

(1) For the penalty function ¢1, assumption (A,) holds with a > A.

(2) The minimum of ¢2(s) is 0 obtained at 0 and lims_,o0 p2(s) = 00. @a(s) is
twice continuously differentiable on (0, 00), and

Aa 9 a?
Ve = iy Vel = T
which follows that [Va(s)| < Aa, |VZpa(s)| < Aa? and |V2py(s)|s < Aa. Hence,

assumption (A,) holds with a > max{Aa, Aa®} for ¢,.
(3) The minimum of ¢3(s) is 0 obtained at 0 and lim,_, @3(s) = A. ©3(s) is
twice continuously differentiable on (0, c0), and

Aa 9 2\a?

m’ Vps(s) = —m’

Vips(s) =
which follows that |Vs3(s)| < Aa, |[VZp3(s)| < 2Xa? and |VZp3(s)|s < 2Xa. Hence,
assumption (A,) holds with o > max{2Xa?,2\a} for 3.

(4) For the penalty function ¢4, we can easily obtain that

-2 if s <A
Vpa(s) =2(A = s)+ and d(Vpy(s)) =< [-2,0] if s=A
0 if s > A

Hence, assumption (A,) holds with a > max{2\, 2} for ¢4.
(5) The SCAD penalty function can be expressed by the form

S if s <A\
2a\s — s2 — \2 .
@5(5): w lf)\<$§a>\
1)\2
% if aX < s.

The minimum of the SCAD penalty function on [0, 00) is 0 obtained at 0 and its

. . 1)A2
maximum 1S M

(0,00) and

obtained at all s > aX. @5(s) is continuously differentiable on

(aX — s)4

Vs (s) = min{\, ]

21
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Hence, the SCAD penalty function is globally Lipschitz with Lipschitz constant .
Moreover, ¢5(s) is twice continuously differentiable for s € (0, ) [J(A, a)) J(aX, o),
and

0 f0<s< A or s>a\
1 .
d(Vs(s)) = [_mao] if s=\and s =a\
- ! if A< s <al.
a—1

Hence, assumption (4,) holds with o > max{\, -1;, 22} for ¢5.

(6) The MCP function can be expressed by the form

§2
)\s—% if s <al
e
2

pe(s) =
if s > a.

The minimum of MCP is 0 obtained at 0 and its maximum is % obtained at all
s > aX. pg(s) is continuously differentiable in (0, c0) and

Veos(s) = (A — §>+, Vs € (0, 00).

Hence, the MCP function is globally Lipschitz with Lipschitz constant A. Moreover,
v6(s) is twice continuously differentiable for s € (0, a)) J(aA, 00), and

21 if0 < s < a)
a
OVes(s) = =L 0] ifs=an
a
0 if s > a.

Hence, assumption (A,) holds with a > max{\, 1} for ¢g.
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