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Abstract
In this paper we propose an extension of the proximal point method to solve minimization
problems with quasiconvex locally Lipschitz objective functions on Hadamard manifolds. To
reach this goal, we use the concept of Clarke subdifferential on Hadamard manifolds and
assuming that the function is bounded from below, we prove the global convergence of the
sequence generated by the method to a critical point of the function.
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Introduction

In this paper we introduce an extension of the proximal point method for solving
minimization problems with quasiconvex locally Lipschitz objective functions on Hadamard
manifolds, that is,
min f (x),
(1.1)
x∈M

where f : M → IR ∪ {+∞} is a proper lower semicontinuous quasiconvex locally Lipschitz
function and M is a Hadamard manifold (recalling that a Hadamard manifold is a simply
connected finite dimensional Riemannian manifold with nonpositive sectional curvature).
The proximal point method in Riemannian manifolds generates a sequence {xk } given by
0
x ∈ M, and
xk ∈ arg min{f (x) + (λk /2)d2 (x, xk−1 ) : x ∈ M },
(1.2)
where λk is a certain positive parameter and d is the Riemannian distance in M . Observe that
especially when M = IRn we obtain the classical proximal method introduced by Martinet, [23],
and further developed by Rockafellar, [33] (in a general framework):
xk ∈ arg min{f (x) + (λk /2)||x − xk−1 ||2 : x ∈ IRn },
p

where ||.|| is the Euclidian norm, i.e, ||x|| = hx, xi.
It is well known, see Ferreira and Oliveira, [17], that if M is a Hadamard manifold, f is
convex in (1.2) and {λk } satisfies
+∞
X

(1/λk ) = +∞,

(1.3)

k=1

then limk→∞ f (xk ) = inf{f (x) : x ∈ M }. Furthermore, if the optimal set is nonempty, we
obtain that {xk } converges to an optimal solution of the problem.
On the other hand, several applications in diverse Science and Engineering areas are
sufficient motivation to work with nonconvex objective functions and proximal point methods,
see for example [3, 35]. In particular, the class of quasiconvex minimization problems has
been receiving special attention from many researchers due to the broad range of applications, for example, in location theory [18] and specially in economic theory [36]. Furthermore, we point out that an important class of nonconvex problems is given by nonconvex
quadratic problems (with SDP relaxations as a possible issue), as can be seen in [39], Chapter
13.
Proximal point methods to solve the problem (1.1) for nonconvex objective functions in
Euclidean spaces, i.e. M = IRn , was studied by some researchers. Tseng, [37], proved a weak
convergence result, that is, assuming that f is a lower semicontinous and bounded from below
function and λk = λ > 0 then every cluster point z is a stationary point of f , i.e.
f ′ (z, d) := lim inf
λ↓0



f (z + λd) − f (z)
λ



≥ 0.

Kaplan and Tichatschke, [21], studied the method for a class of nonconvex functions when
the auxiliary function f (.) + (λk /2)||. − xk−1 ||2 becomes strongly convex on certain convex set
under a suitable choice of λk . The authors proved that the sequence stops in a finite number
of iterations at a stationary point or any accumulation point of {xk } is a stationary point of
f. This does not mean that the whole sequences converge, a property known as full or global
convergence or single limit-point in the literature. Indeed, it is known, see [1], that the sequences
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of iterates of basic descent methods may fail to converge even when the trajectory is bounded
and f is smooth. So a natural question arose: under what minimal condition may the full
convergence (convergence of all the sequence) of the proximal point method be proved?
An advance in this direction was given by Attouch and Bolte, [3], where, under the
assumptions that f satisfies a Lojasiewicz property and {xk } is bounded, they have proved
the convergence of the method to some generalized critical point of the problem. For smooth
quasiconvex minimization on the nonnegative orthant, there are some recent works in the
literature. Attouch and Teboulle, [4], with a regularized Lotka-Volterra dynamical system,
have proved the convergence of the continuous method to a point which belongs to a certain
set which contains the set of optimal points; see also Alvarez et al., [2], that treats a general
class of dynamical systems that includes the one of Attouch and Teboulle [4], and includes
also the case of quasiconvex objective functions in connection with continuous in time models
of generalized proximal point algorithms. Cunha et al. [13] and Chen and Pan [10], with a
particular φ−divergence distance, have proved the full convergence of the proximal method to
the KKT-point of the problem when parameter λk is bounded and convergence to an optimal
solution when λk → 0. Pan and Chen [26], with the second-order homogeneous distance, and
Souza et al. [35] with a class of separated Bregman distances, have proved the same convergence
result of [10] and [13].
The iteration (1.2) on Hadamard manifolds has been previously considered by some researches. Ferreira and Oliveira have proved that if f is convex in (1.2) and {λk } satisfies (1.3),
then limk→∞ f (xk ) = inf{f (x) : x ∈ M }. Furthermore, if the optimal set is nonempty, {xk }
converges to an optimal solution of the problem. Bento et al. [7, 8] have proved that if f is a
special class of nonconvex functions each cluster point of the sequence satisfies the necessary
optimality condition. On the other hand, Papa Quiroz and Oliveira in [29] have proved that
if f is continuous and quasiconvex in (1.2), {λk } satisfies λk → 0 and the optimal solution is
nonempty then, {xk } converges to an optimal solution of the problem. Observe that in [29, 7, 8]
was assumed that (1.2) is solved exactly, which is a strong assumption.
In [30] was observed that the main difficulty in extending the proximal method for nonconvex
functions is that due to the nonconvexity of f the subproblems of (1.2) may not be convex and
thus, from a practical point of view, we may obtain that minimization subproblems may be
as hard to solve globally as the original one due to the existence of multiple isolated local
minimizers. To solve this disadvantage the authors have been proposed the following iteration:




0 ∈ ∂b f (.) + (λk /2)d2 (., xk−1 ) (xk )

(1.4)

where ∂b is the regular subdifferential on Hadamard manifolds. Assuming that the function
is bounded from below, continuous, quasiconvex and the sequence of proximal parameters is
bounded, the authors proved the convergence of the sequence to a generalized critical point,
that is, a point x̄ such that 0 ∈ ∂f (x̄), where ∂f is the limmiting subdifferential of f at x̄, see
Theorem 4.4 of [30].
Unfortunately, although the extended proximal point method was proved to share the favorable convergence results, the limmiting subdifferential may be a set so large that it can contain
points that have nothing to do with local, global or sadle points. This is the main motivation
for the present work.
On the other hand, the motivation to study the proximal point method on Hadamard
manifolds comes from two fields. One of them is that the relative interior of some important
constraints in optimization can be seen as Hadamard manifolds, for example:
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−2
−2
i) the hypercube (0, 1)n with the metric X −2 (I − X)−2 = diag(x−2
1 (1 − x1 ) , ..., xn (1 −
xn )−2 ), see theorems 3.1 and 3.2 of [28];

ii) the positive orthant IRn++ with the Dikin metric X −2 = diag(1/x21 , ..., 1/x2n ), see Section
4.1, Example 1, of [27];
n with the metric given by the Hessian
iii) the set of symmetric positive definite matrices S++
of the barrier − log det X; see Corollary 3.1 of [25] and Corollary 5.10 of [32].

iv) the cone K := {z = (τ, x) ∈ IR1+n : τ > ||x||} endowed with the Hessian of the barrier
− ln(τ 2 − ||x||2 ), see Corollary 3.1 of [25] and Corollary 5.10 of [32].
Thus, we can solve more general optimization problems with nonconvex objective functions, that
is, if we can transform those problems into convex or quasiconvex ones on the manifold, we can
then use the proposed algorithm. Another one is that the class of Hadamard manifolds is the
natural motivation to study more general spaces of nonpositive curvature such as, for example,
Hadamard (also called CAT(0)) and Alexandrov spaces. Observe that spaces of nonpositive
curvature play a significant role in many areas: Lie group theory, combinatorial and geometric
group theory, dynamical system, harmonic maps and vanishing theorems, geometric topology,
Kleinian group theory and Theichmüller theory, see the books [6, 9, 16, 20] for details.
In this paper we propose the iteration




0 ∈ ∂ ◦ f (.) + (λk /2)d2 (., xk−1 ) (xk )

(1.5)

where ∂ ◦ is the Clarke subdiferential on M, see Section 4. Under the assumption that the
function f is proper, lower semicontinuous, quasiconvex, locally Lipschitz and bounded from
below we prove that the sequence {xk } given by (1.5) there exists and converges to a critical
point of the problem. Of course, in the actual quasiconvex case the best that one can expect
from (1.5) is convergence towards a critical point (not necessary a global minimum), this is so
because the local nature of (1.4). But when there is no critical point of f in M, the paper
ensures the convergence of {f (xk )} to be (possibly not realized) infimum value of f on M (see
Remark 4.4). This is interesting in view of the applications, where M is identified with the
relative interior of the feasible set. Indeed, take for instance the minimization of a nonconvex
function f on the non negative orthant IRn+ . The approach consists in taking the interior of the
positive orthant as a manifold, namely M = IRn++ and endow it with a nonpositive sectional
curvature metric such that f becomes quasiconvex in M . But the most interesting case is
when the minimum is realized at the boundary ∂M of M in IRn , while the constraint x ≥ 0 is
irrelevant for those critical points in IRn++ . Moreover, in many interesting situations it is not
possible to extend the metric to the boundary of M due to some singularities (as the metric
induced by the Hessian of the log barrier), thus it is not clear how to prove actual convergence
of {xk } in that case. In this context, the convergence in value result is interesting.
The paper is divided as follows: Section 2 gives some results on metric spaces and Riemannian manifolds. In section 3, some results of Clarke subdifferential on Hadamard manifolds
are presented, providing some characterization and calculus rules. In Section 4, we extend and
analyze the proximal point method with Riemannian distances to solve minimization problems
on Hadamard manifolds for proper lower semicontinuos quasiconvex and locally Lipschitz functions. Then, we prove the full convergence of the sequence generated by this method for a
critical point of the problem. Finally, in Section 5 some conclusions are provided.
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Some Basic Facts on Metric Spaces and Riemannian Manifolds

In this section we recall some fundamental properties and notation on Fejér convergence in
metric spaces and convex analysis on Riemannian manifolds. Those basic facts can be seen, for
example, in do Carmo [15], Sakai [34], Udriste [38] and Rapcsák [31].
Definition 2.1 Let (X, ρ) be a complete metric space with metric ρ. A sequence {z k } of X is
Fejér convergent to a set U ⊂ X, if for every u ∈ U we have
ρ(z k+1 , u) ≤ ρ(z k , u).
Theorem 2.1 In a complete metric space (X, ρ), if {z k } is Fejér convergent to a nonempty
set U ⊆ X, then {z k } is bounded. If, furthermore, a cluster point z̄ of {z k } belongs to U, then
{z k } converges and limk→+∞ z k = z̄.
Proof. See, for example, Lemma 6.1 by Ferreira and Oliveira [17].
Let M be a differential manifold
with finite dimension n. We denote by Tx M the tangent
S
space of M at x and T M =x∈M Tx M . Tx M is a linear space and has the same dimension of
M . Because we restrict ourselves to real manifolds, Tx M is isomorphic to IRn . If M is endowed
with a Riemannian metric g, then M is a Riemannian manifold and we denote it by (M, G)
or only by M when no confusion can arise, where G denotes the matrix representation of the
metric g. The inner product of two vectors u, v ∈ Tx M is written as hu, vix := gx (u, v), where
1/2
gx is the metrics at point x. The norm of a vector v ∈ Tx M is set by ||v||x := hv, vix . If
there is no confusion we denote h, i = h, ix and ||.|| = ||.||x . The metrics can be used to define
the length
of a piecewise smooth curve α : [t0 , t1 ] → M joining α(t0 ) = p′ to α(t1 ) = p through
R t1
L(α) = t0 kα′ (t)kα(t) dt. Minimizing this length functional over the set of all curves we obtain
a Riemannian distance d(p′ , p) which induces the original topology on M .
Given two vector fields V and W in M , the covariant derivative of W in the direction V is
denoted by ∇V W . In this paper ∇ is the Levi-Civita connection associated to (M, G). This
connection defines an unique covariant derivative D/dt, where, for each vector field V , along
a smooth curve α : [t0 , t1 ] → M , another vector field is obtained, denoted by DV /dt. The
parallel transport along α from α(t0 ) to α(t1 ), denoted by Pα,t0 ,t1 , is an application Pα,t0 ,t1 :
Tα(t0 ) M → Tα(t1 ) M defined by Pα,t0 ,t1 (v) = V (t1 ) where V is the unique vector field along α
so that DV /dt = 0 and V (t0 ) = v. Since ∇ is a Riemannian connection, Pα,t0 ,t1 is a linear
−1
isometry, furthermore Pα,t
= Pα,t1 ,t0 and Pα,t0 ,t1 = Pα,t,t1 Pα,t0 ,t , for all t ∈ [t0 , t1 ]. A curve
0 ,t1
γ : I → M is called a geodesic if Dγ ′ /dt = 0.
A Riemannian manifold is complete if its geodesics are defined for any value of t ∈ IR.
Let x ∈ M , the exponential map expx : Tx M → M is defined as expx (v) = γ(1), where γ is
the geodesic such that γ(0) = x and γ ′ (0) = v. If M is complete, then expx is defined for all
v ∈ Tx M. Besides, there is a minimal geodesic (its length is equal to the distance between the
extremes).
Given the vector fields X, Y, Z on M, we denote by R the curvature tensor defined by
R(X, Y )Z = ∇Y ∇X Z − ∇X ∇Y Z + ∇[X,Y ] Z, where [X, Y ] := XY − Y X is the Lie bracket.
Now, the sectional curvature as regards X and Y is defined by
K(X, Y ) =

hR(X, Y )Y, Xi
.
kXk2 kY k2 − hX, Y i2
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Given an extended real valued function f : M → IR ∪ {+∞} we denote its domain by domf :=
{x ∈ M : f (x) < +∞} and its epigraph by epif := {(x, β) ∈ M × IR : f (x) ≤ β}. f is said to
be proper if domf 6= ∅ and ∀x ∈ domf we have f (x) > −∞. f is a lower semicontinuous function
if epif is a closed subset of M × IR.
The gradient of a differentiable function f : M → IR, gradf , is a vector field on M defined
through df (X) = hgradf, Xi = X(f ), where X is also a vector field on M .
The complete simply-connected Riemannian manifolds with nonpositive curvature are called
Hadamard manifolds.
Theorem 2.2 Let M be a Hadamard manifold. Then M is diffeomorphic to the Euclidian space
IRn , n = dimM. More precisely, at any point x ∈ M, the exponential mapping expx : Tx M → M
is a global diffeomorphism.
Proof. See Sakai, [34], Theorem 4.1, page 221.
A consequence of the preceding theorem is that Hadamard manifolds have the property of
uniqueness of geodesic between any two points. Another useful property is the following: let
[x, y, z] be a geodesic triangle, which consists of vertices and the geodesics joining them. We
have:
Theorem 2.3 Given a geodesic triangle [x, y, z] in a Hadamard manifold, it holds that:
−1
2
d2 (x, z) + d2 (z, y) − 2hexp−1
z x, expz yi ≤ d (x, y),

where exp−1
z denotes the inverse of expz .
Proof. See Sakai, [34], Proposition 4.5, page 223.
Definition 2.2 Let M be a Hadamard manifold. A subset A is said to be convex in M if given
x, y ∈ A, the geodesic curve γ : [0, 1] → M such that γ(0) = x and γ(1) = y verifies γ(t) ∈ A,
for all t ∈ [0, 1].
Definition 2.3 Let M be a Hadamard manifold and f : M → IR ∪ {+∞} be a proper function.
f is called convex if for all x, y ∈ M and t ∈ [0, 1], it holds that
f (γ(t)) ≤ tf (y) + (1 − t)f (x),
for the geodesic curve γ : [0, 1] → M so that γ(0) = x and γ(1) = y. When the preceding
inequality is strict, for x =
6 y and t ∈ (0, 1), the function f is called strictly convex.
Definition 2.4 Let M be a Hadamard manifold and f : M → IR ∪ {+∞} be a proper function.
f is called quasiconvex if for all x, y ∈ M , t ∈ [0, 1], it holds that
f (γ(t)) ≤ max{f (x), f (y)},
for the geodesic γ : [0, 1] → IR, so that γ(0) = x and γ(1) = y.
Theorem 2.4 Let M be a Hadamard manifold and f : M → IR ∪ {+∞} be a proper function.
f is quasiconvex if and only if the set {x ∈ M : f (x) ≤ c} is convex for each c ∈ IR.
Proof. See Udriste, [38], page 98, Theorem 10.2.
Theorem 2.5 Let M be a Hadamard manifold and let y be a fixed point. Then, the function
g(x) = d2 (x, y) is strictly convex and gradg(x) = −2 exp−1
x y.
Proof. See Ferreira and Oliveira, [17], Proposition II.8.3.
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3

Clarke Subdifferential on Hadamard Manifolds

In this section we present some results on generalized directional derivatives on Hadamard
manifolds which will be used later. For the interested reader in the literature we refer to
[7, 24, 19, 5].
Along the paper M will be a Hadamard manifold.
Definition 3.1 Let f : M → IR ∪ {+∞} be proper function. We said that f is locally Lipschitz
on M if for each x ∈ domf there exists ǫx > 0 such that
|f (z) − f (y)| ≤ Lx d(z, y), ∀z, y ∈ B(x, ǫx ),
where Lx is some positive number (called the Lipschitz constant of f in a neighborhood of x)
and B(x, ǫx ) := {y ∈ M : d(x, y) < ǫx }.
Remark 3.1 From the above definition we obtain that if f : M → IR∪{+∞} is a proper locally
Lipschitz function, then domf is open in M.
Definition 3.2 Let f : M → IR ∪ {+∞} be proper locally Lipschitz function. Given p ∈ domf
the generalized directional derivative of f at p in the direction v ∈ Tp M, denoted by f ◦ (x, v), is
defined as


v
− f (q)
f expq t(D expp )exp−1
p q
f ◦ (p, v) := lim sup
.
(3.6)
t
t↓0 q→p
(Tp M ) ≈ Tp M.
where we use the (accepted) identification Texp−1
p q
It is worth to point out that another definitions has appeared in [5, 24].
Remark 3.2 It easy to prove that the generalized directional derivative is well defined, see
Remark 4.1 in [7].
v = v. In this
Remark 3.3 Note that, if M = IRn then expp w = p + w and (D expp )exp−1
p q
case, (3.6) becomes
f (q + tv) − f (q)
,
f ◦ (p, v) = lim sup
t
t↓0 q→p
which is the Clarke’s generalized directional derivative, see [11, 12]. Therefore, the generalized
differential derivative on Hadamard manifold is a natural extension of the Clarke’s generalized
differential derivative.
Proposition 3.1 Let f : M → IR ∪ {+∞} be a proper locally Lipschitz function. Then, f ◦ is
upper semicontinuous, i.e., if {(pk , v k )} is a sequence in T M such that limk→+∞ (pk , v k ) = (p, v),
then
lim sup f ◦ (pk , v k ) ≤ f ◦ (p, v).
(3.7)
k→+∞

Proof. See Bento et al. [8], Proposition 4.1
Definition 3.3 Let f : M → IR ∪ {+∞} be a proper locally Lipschitz function. The generalized
subdifferential of f at p ∈ domf , denoted by ∂ ◦ f (p), is defined by
∂ ◦ f (p) := {w ∈ Tp M : f ◦ (p, v) ≥ hw, vi, ∀ v ∈ Tp M }.
7

Remark 3.4 If the proper locally Lipschitz function f : M → IR ∪ {+∞} is convex, then
f ◦ (p, v) = f ′ (p, v) (respectively, ∂ ◦ f (p) = ∂F f (p), where ∂F f is the Fenchel Subdifferential of
f ) for all p ∈ domf
Definition 3.4 Let f : M → IR ∪ {+∞} be a proper locally Lipschitz functions. A point p ∈ M
is said to be a stationary point of f if 0 ∈ ∂ ◦ f (p).
Theorem 3.1 If a proper locally Lipschitz function g : M → IR ∪ {+∞}, has a local minimum
at x̄ then 0 ∈ ∂ ◦ g(x̄).
Proof. Immediate.
Proposition 3.2 Let f : M → IR ∪ {+∞} be a proper locally Lipschitz functions at p ∈ M ,
λ > 0 and p̃ ∈ M . Then,
∂ ◦ (f + (λ/2)d2 (., p̃))(p) ⊂ ∂ ◦ f (p) − λ exp−1
p p̃.
Proof. See [7], Proposition 4.2.

4

Proximal Point Method on Hadamard Manifolds
Along this section we are interested in solving the problem:
(p) min{f (x) : x ∈ M }

where f : M → IR ∪ {+∞} is a proper locally lipschitzian function on a Hadamard manifold M .
The proposed algorithm is as follows:
PPM Algorithm
Initialization:
Let {λk } be a sequence of positive parameters and an initial point
x0 ∈ M.

(4.8)

Main Steps:
For k = 1, 2, 3, ...
If 0 ∈ ∂ ◦ f (xk−1 ) then, stop.
Otherwise, find xk ∈ M such that




0 ∈ ∂ ◦ f (.) + (λk /2)d2 (., xk−1 ) (xk )

(4.9)

Take k = k + 1.
Remark 4.1 Observe that the proposed method is a natural extension (for nonconvex
functions) of the proximal point method in Hadamard manifolds studied by Ferreira and Oliveira,
[17]. In fact, as M is a Hadamard manifold, then d2 (., xk−1 ) is strictly convex and by the
convexity of f on M and Remark 3.4 then (4.9) becomes




0 ∈ ∂F f (.) + (λk /2)d2 (., xk−1 ) (xk ),
which is equivalent to
xk = arg min{f (x) + (λk /2)d2 (x, xk−1 ) : x ∈ M }.
8

Remark 4.2 As we are interested in solving the problem (p) when f is nonconvex, it is
important to observe that the method (4.8)-(4.9) only needs, in each iteration, to find an
stationary point of the regularized function f (.) + (λk /2)d2 (., xk−1 ). So we believe that the proposed algorithm may be more practical than a previous work with quasiconvex functions.
Theorem 4.1 Let M be a Hadamard manifold. If f : M → IR ∪ {+∞} is a proper lower
semicontinuous and locally Lipschitz function and lower bounded, then the sequence {xk }, given
by (4.8)-(4.9) exists.
Proof. We proceed by induction. It holds for k = 0, due to (4.8). Assume xk exists. As
f is lower semicontinuous and bounded below then, the function f (.) + (λk+1 /2)d2 (., xk ) has
k+1 and from Theorem 3.1
compact level sets,
and thus this function

 has a global minimum x
we have 0 ∈ ∂ ◦ f (.) + (λk+1 /2)d2 (., xk ) (xk+1 ).
Remark 4.3 Under the assumptions of the preceding theorem, from (4.9), and Proposition 3.2,
we obtain that there exists g k ∈ ∂ ◦ f (xk ) such that
g k = λk exp−1
xk−1 .
xk
We impose the following assumptions:
Assumption A. M is a Hadamard manifold and f : M → IR ∪ {+∞} is a proper
locally Lipschitz function bounded from below.
Assumption B. f is lower semicontinuous and quasiconvex.
As we are interested in the asymptotic convergence of the method we also assume that in
each iteration 0 ∈
/ ∂ ◦ f (xk ) which implies that xk 6= xk−1 , for all k.
Lemma 4.1 Let M be a Hadamard manifold and f : M → IR ∪ {+∞} be a proper locally
Lipschitz and quasiconvex function. If g ∈ ∂ ◦ f (x) and hg, exp−1
x zi > 0, then f (x) < f (z).
Proof. Let g ∈ ∂ ◦ f (x), then from Definition 3.3
f ◦ (x, exp−1
x z) > α > 0,
for some positive α. Then, exists {yl } ⊂ M and {tl } ⊂ IR++ such that d(x, yl )+tl <


h

i

(exp−1
f (yl ) + α < f expyl tl (D expx )exp−1
x z)
x yl

1
l

satisfying

.

From the quasiconvexity of f we have


h

i

(exp−1
f (yl ) + α < f expyl (D expx )exp−1
x z)
x yl

.

Finally, taking l → +∞ and using the continuity of f we obtain the desired result.
Proposition 4.1 Under assumptions A and B we have that {f (xk )} is decreasing and
converges.
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Proof. As xk 6= xk−1 , and from Remark 4.3 we have hg k , exp−1
xk−1 i > 0. Using the
xk
quasiconvexity of f and Lemma 4.1, this implies that f (xk ) < f (xk−1 ). The convergence of
{f (xk )} is immediate from the lower boundedness of f.
Now, we define the following set
U := {x ∈ M : f (x) ≤ inf f (xj )}
j≥0

Observe that this set depends on the choice of the initial iterates x0 and sequence {λk }.
Furthermore, if U = ∅ then it can be easily proven that limk→+∞ f (xk ) = inf x∈M f (x), and
{xk } is unbounded.
From now on we assume that U 6= ∅, so from assumptions A and B, it is a nonempty closed
and convex set (see Theorem 2.4 for the convexity property).
Theorem 4.2 Under assumptions A and B and U 6= ∅, the sequence {xk }, generated by the
Proximal algorithm, is Fejér convergent to U .
Proof. Let x ∈ U, then f (x) ≤ f (xk ). As g k = λk (exp−1
xk−1 ) ∈ ∂ ◦ f (xk ) (see Remark 4.3)
xk
and f is quasiconvex, using Lemma 4.1 we have
hexp−1
x, exp−1
xk−1 i ≤ 0.
xk
xk

(4.10)

On the other hand, for all x ∈ U from Theorem 2.3, taking y = xk−1 and z = xk , we have
d2 (x, xk ) + d2 (xk , xk−1 ) − 2hexp−1
xk−1 , exp−1
xi ≤ d2 (x, xk−1 ).
xk
xk
Now, the last inequality and (4.10) imply, in particular,
0 ≤ d2 (xk , xk−1 ) ≤ d2 (x, xk−1 ) − d2 (x, xk )

(4.11)

d(x, xk ) ≤ d(x, xk−1 ).

(4.12)

for every x ∈ U . Thus
This means that {xk } is Fejér convergent to U.
Proposition 4.2 Under the assumptions of the preceding theorem, the following facts are true
a. For all x ∈ U the sequence {d(x, xk )} is convergent;
b. limk→+∞ d(xk , xk−1 ) = 0;
Proof.
a. From (4.12), {d(x, xk )} is a bounded below nonincreasing sequence and hence convergent.
b. Taking k → +∞ in (4.11) and using a, we obtain the result.
Theorem 4.3 Suppose that assumptions A and B and U 6= ∅ are satisfied, then the sequence
{xk } converges to a point of U.
Proof. From the previous theorem, {xk } is Fejér convergent to U, and therefore {xk } is bounded
(see Theorem 2.1). Then, there exist x̄ and a subsequence {xkj } of {xk } converging to x̄. From
the lower semicontinuity of f we obtain lim inf j→+∞ f (xkj ) ≥ f (x̄). As {f (xk )} is a decreasing
sequence and converges then f (x̄) ≤ limk→+∞ f (xk ) ≤ f (xk ), ∀k ∈ IN . This implies that x̄ ∈ U.
Now, from Theorem 2.1 we conclude that {xk } converges to x̄.
To obtain strong results for the proximal method we impose some conditions to {λk }.
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Theorem 4.4 Suppose that assumptions A and B and U 6= ∅ are satisfied. If 0 < λk < λ̄,
where λ̄ is a positive real number, then sequence {xk } converges to critical point of f .
Proof. The convergence was proved in Theorem 4.3. From Remark 4.3, λk expxk xk−1 ∈
∂ ◦ f (xk ), so
f ◦ (xk , v) ≥ λk hexpxk xk−1 , vi, ∀v ∈ Txk M.
Let x̄ be the limit of {xk }, and v̄ ∈ Tx̄ M, then
f ◦ (xk , v k ) ≥ λk hexpxk xk−1 , v k i,
where v k = D(expx̄ )exp−1 xk v̄. Taking lim sup in the above inequality and using Proposition 3.1
x̄
we obtain that
f ◦ (x̄, v̄) ≥ lim sup f ◦ (xk , v k ) ≥ 0
k→+∞

It follows that 0 ∈ ∂f (x̄).
Remark 4.4 Observe that along this section we did not assume in M the existence of the
optimal solution or critical points of the problem (p). This fact, in particular, is important in
the applications of the Riemannian geometry to solve constrained optimization problems. For
example, consider the following problem
min{f (x) : x ∈ X},
where X ⊂ IRn (probably implicit constraints), f : X → IR is a nonconvex function. Assuming
that the Hadamard manifold M is modelling the interior of X, i.e M = int(X), f is locally
Lipschitz and quasiconvex on the manifold and there are no critical points in M, then we have
that U = ∅ and so
lim f (xk ) = inf f (x) = inf f (x).
x∈M

k→+∞

x∈int(X)

n

Furthermore, if X is closed and convex in IR , we obtain that inf x∈int(X) f (x) = inf x∈X f (x)
(see Kiwiel [22], Lemma 1), and thus
lim f (xk ) = inf f (x).
x∈X

k→+∞

That is, if there are no critical points in M, the algorithm gives us enough
information to obtain an approach of the infimum value of the constrained problem.
In particular, if the problem only has optimal solutions in the boundary ∂X and f is convex
as regards the manifold M, then using Remark 3.4 we conclude that {f (xk )} converges to the
minimum of the original problem.

5

Conclusion

We have obtained new results on the convergence of the proximal point method for solving
minimization problems with proper lower semicontinuous, locally Lipschitz quasiconvex objective functions. For a computational implementation of the proposed method it is needed to
solve the iteration (4.9) using a local algorithm, which only provides an approximate solution.
Therefore, we consider that in a future work it is important to analyze the convergence of the
proposed algorithm considering now an inexact iteration.

11

References
[1] Absil, P. A., Mahony, R., and Andrews, B., Convergence of the Iterates of Descent Methods
for Analytic Cost Function, SIAM J. Optim., 16, 531-547, 2005.
[2] Alvarez, F., Bolte, J., and Brahic, O., Hessian Riemannian Gradient Flows in Convex
Programming, SIAM J. Optim., 43, 2, 477-501, 2004.
[3] Attouch, H., and Bolte, J., On the Convergence of the Proximal Algorithm for Nonsmooth
Functions Involving Analytic Features, Mathematical Programming, 116, 1-2, B, 5-16,
2009.
[4] Attouch, H., and Teboulle, M., Regularized Lotka-Volterra Dynamical System as
Continuous Proximal-Like Method in Optimization, Journal Optimization Theory and
Applications, 121, 541-580, 2004.
[5] D. Azagra, J. Ferrera, F. Lop-Mesas, Nonsmooth analysis and Hamilton-Jacobi equations
on Riemannian manifolds, Journal of Functional Analysis 220, 2005, 304-361.
[6] Ballmann, W., Lectures on Spaces of Nonpositive Curvature, Birkhäuser, Basel, 1995.
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