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with a nonmonotone second order Armijo type line search
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Abstract. Recently, Fan [4, Math. Comput., 81 (2012), pp. 447-466] proposed a modified
Levenberg-Marquardt (MLM) method for nonlinear equations. Using a trust region technique,
global and cubic convergence of the MLM method is proved [4] under the local error bound
condition, which is weaker than nonsingularity. The purpose of the paper is to investigate the
convergence properties of the MLM method with a line search technique. Since the search di-
rection of the MLM method may be not a descent direction, standard line searches can not be
used directly. In this paper, we propose a nonmonote second order Armijo line search which
guarantees the global convergence of the MLM method. Moreover, we prove that the unit step
will be always accepted finally. Then cubic convergence of the MLM method is preserved under
the local error bound condition.
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1 Introduction

Let F' : R®™ — R"™ be a continuously differentiable mapping. Consider the system of
nonlinear equations

F(z) =0, (1.1)
which is one of the cornerstones of computation mathematics. Throughout the paper, we
suppose that the solution set X of (1.1) is nonempty, and in all cases || - || stands for the

2-norm. Many efficient solution techniques like the Newton method, quasi-Newton meth-
ods, the Gauss-Newton method, the Levenberg-Marquardt method, etc. are available for
this problem such as [1, 3, 5, 8, 10, 11, 12, 14, 15, 16, 17].
In this paper, we focus on the Levenberg-Marquardt (LM) method, which computes
the search direction by
diM = —(JE Ty + M I) LT F,

where )\ is a nonnegative regularized parameter, Fy, = F(zy) and J, = F’'(xy) is the
Jacobian of F' at xi. It is well-known that the LM method has quadratic convergence
as the Newton method if the Jacobian is Lipschitz continuous and nonsingular at the
solution.

However, the condition on the nonsingularity of the Jacobian is very strong. Recently,
under the local error bound condition which is weaker than nonsingularity [15], Fan
[4] proposed a modified Levenberg-Marquardt (MLM) method with cubic convergence.
At each iteration, the MLM method first obtains di™ by solving the following linear
equations

(JEJ + MD)d = —JFF,  with A, = e[ Fe|l, 0 € [1,2],

where pp > 0 is updated from step by step using a trust region technique, then solves
the linear equations

(JE T+ MI)d = —JLF(yr) with g, =y + di™
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to get the approximate LM step dkM LM and set the search direction dj, = dﬁM + d]kw LM
It is clear that dr may be not necessarily a descent direction of the merit function
|F(z)||?>. Fan [4] obtained the global convergence of the MLM method using a trust
region technique.

However, it is not easy to prove the global convergence of the MLM method when
using line search since dy, is no longer a descent direction. And hence standard line search
techniques can not be used directly in this case.

The purpose of the paper is to investigate this problem, that is, with some line search,
whether the global and cubic convergence of the MLM method can be preserved as the
trust region case under the local error bound condition.

First let us simply recall some nonmonotone line search techniques. The best known
nomonotone line search was proposed by Grippo, Lampariello and Lucidi [7] for opti-

mization, which can be written as follows:

) T
Flan+opdy) < | max  flor—) + 9V Fzr)" d,

where M is a nonnegative integer, v € (0,1) and f is a merit function such that f(x) =0
if and only if |F'(x)| = 0. However this line search is only suitable for descent methods
which satisfy V f(xx)Tdy < 0.

Li and Fukushima [10] presented a nonmonotone line search for nonlinear equations,
that is,

1F (2 + awdi) |* = |1 F(xn)I* < —otllonF (zn)l* — oallowdl* + exl|F(ze)]?,  (1.2)

where o1, 09 are positive constants and the positive sequence {¢} satisfies (1.8). This
line search can avoid the necessity of descent directions to ensure that each iteration
is well defined. However it is not suitable for the MLM method since the direction of
this method contains two parts. Hence we need to modify this line search for the MLM
method.

Note that Goldfarb [6, 14] proposed a second order Armijo step rule for the negative
curvature direction method for solving optimization, which is given by

1
[z + agsy + a’dy,) < ’y(aks;‘gi(wk) + §aﬁdzv2f(mk)dk), (1.3)
where v € (0,1) and (s, d) is a descent pair(please see [6, 14]) of the objective function
f at zp.
Motivated by (1.2) and (1.3), in this paper, we propose a new nonmonotone second
order Armijo type line search (1.7) below. Now it is convenient for us to present the

complete algorithm with this new line search as follows.
Algorithm 1.1 (The MLM method with line search).

Step 1. Choose a starting point g € R™ and several constants . > 0, 01, 092,03 > 0
and r,p € (0,1). Let k := 0.

Step 2. If ||J] Fy|| = 0, then stop. Otherwise compute dj, by solving the following
linear equations

(JET, 4+ M d)d = —JFF, with A\, = pl|Fyl. (1.4)

Then solve the following linear equations to obtain d:

(JE e+ MD)d = —J F(yr)  with gy, =z, + dy. (1.5)



Step 3. If X
1F (e + di + di) || < pl| Fi], (1.6)

then take ap = 1 and go to Step 5. Otherwise go to Step 4.

Step 4. Compute o = max{1,7!,r? ---} with a = ¢ satisfying

|F(z), + ady + o’dy)||* — || Fy|>
< —010?||di|? — o20®||d||* — o3| Fi|* + ek | Fi|l?, (1.7)

where {¢} is a given positive sequence such that

o0

D e < 0. (1.8)

k=0

Step 5. Set xx11 = xp + ardy + a%cfk. Let k:= k + 1 and go to Step 2.

Remark: (i) It is clear that as o — 07, the left-hand side of (1.7) goes to zero, while the
right-hand side tends to the positive e ||Fg||?>. Thus (1.7) is satisfied for all sufficiently
small & > 0. Then the algorithm is well defined.

(ii) The computation cost of the MLM method is almost as same as that of the stan-
dard LM method since (1.5) only involves F(y;) and can use the available decomposition
of JIJi, + A1 after solving (1.4).

(iii) In [4], the parameter A\, = pg || Fy||® with 6 € [1,2]. In Algorithm 1.1, we only set
A = p]| Fx|| which is also suggested by Kelley in his book [9].

The paper is organized as follows. In Section 2, we show the global convergence
of Algorithm 1.1 under suitable conditions. In Section 3, we prove that ap = 1 for
sufficiently large k. And hence the cubic convergence of Algorithm 1.1 is still preserved
under the local error bound condition.

2 Global convergence

Define the level set .
Q= {z| [|[F(2)|| <ez|Fo|}, (2.1)

where € is a positive constant such that

o
D e <e< oo, (2.2)
k=0

Lemma 2.1. [2, Lemma 3.3] Let {ax} and {ry} be positive sequences satisfying ap+1 <
(1 +ri)ak +ri and Y 5o ok < 00. Then {a} converges.

Then we have the following lemma whose proof is similar to that of Lemma 2.1 in
[10], however for completeness, we give the proof here.

Lemma 2.2. Let the sequence {xy} be generated by Algorithm 1.1, then the sequence
{IIFx||} converges and xy, € Q2 for all k > 0.

Proof. From (1.6) and (1.7), we have

1Fsnl* < (1 + en) | Fil?,



which together with (2.2) and Lemma 2.1 implies that {| Fj||*} converges. Hence {| Fi|}
also converges.
Moreover, from (2.2), we deduce that

1 1
1Pl < (U ten)2|Fell < - <To(1+ )2 || Fol

1 T
) s
< (;kH( +a) T IR
k+1
€ \ 2z
< (1 )
< (1tg) T IRl
< e3| R,
which means z € € for all k. The proof is completed. O

It is clear that Lemma 2.2 implies the sequence {||Fx||} is bounded, that is, there
exists a constant M > 0 such that

|Fll < M, ¥k > 0. (2.3)

In this section, we make the following assumptions to study the global convergence of
Algorithm 1.1.

Assumption 2.1 There exists a neighbourhood Q; of  such that F'(z) and its Jacobian
J(x) are Lipschitz continuous, that is, there exists a positive constant L such that

1J(z) = J)|l < Lllz —yll, Yo,y e, (2.4)
and
[1F(z) = F(y)ll < Lllz —yll,  Vz,y . (2.5)
From (2.5), we have
|J(z)|| <L, Vze. (2.6)
In fact, for x € 21, h € R™ and t > 0, we have
1J@)h| = HF(:H—th) —F(z) (F(a;+th) —F(z) J(m)h)H
t t
HF(w +th) — F(z) H N HF(x +th) - F(z) J(q:)hH
- t t
< pppf + | FEEZIE |

where the second inequality uses (2.5). Let t — 0T, by the differentiability of F', we have
[7(z)h| < LA,

which implies (2.6).
Now we give the following global convergence result for Algorithm 1.1.

Theorem 2.1. Let Assumption 2.1 hold. Then Algorithm 1.1 terminates in finite iter-
ations or satisfies
lim inf IJE Fill = 0. (2.7)
— 00



Proof. We prove the theorem by contradiction. Suppose it is not true, then there exists
an integer k such that .
1T Fell > 7, Yk >k, (2.8)

which implies that
[ Fxll = 71 (2.9)

holds for sufficiently large k£ with some positive constant 7.
If (1.6) holds for infinite k, then || Fg| — 0, which is a contradiction to (2.9). In fact,
denote the index sets

If (1.6) holds for infinite &, then as j — oo,
|Hj| — 00,

where |H;| is the number of the set H;. From (1.6) and (1.7), we have

IFerall < JJ+e) I ellFol

1€Gy 1€Hy,
= I a+e)?o )Ry
1€Gy

IN

el || Byl — 0, as k — oo.

From now on we assume (1.6) holds only for finite k. Therefore we obtain from (1.7)
that

oo oo o0

aplldil® < oo, D oplldl® < oo, > ailFil* < oo,
k=0 k=0 k=0

which imply

lim ayldgl| =0, lim ay|ldyl| =0, lim ay|Fyl| = 0.
k—oo k—oo k—o0
These equalities together with (2.9) yield

lim o = 0. (2.10)

k—o0
Set ay = ag/r. Then from the line search (1.7), we have

| F (g + andy + andy]|* — || F||®
—o1ap||dil|* — o2ai||di||® — o3ai || Full? + ekl Fil?

vV v

—ovaq\dil® — o20i|ldi|* — osail Fill?,
which means that

az (o1lldill + o2|di)|? + o3| Fl|?)

> —(|F (g + ardy + ajdy)||* — |F))?)
S (2F,3’(F(xk + apdy + aZdy) — Fy) + |F(zk + ardy, + a2dy,) — Fk||2)
> —2F(F(xy, + apdy, + agdy) — Fi,) — Crag (|| dl|® + [|dx]|?), (2.11)



for some positive constant C, where the last inequality uses (2.5) and the fact a; <
Now we estimate the term FkT(F(xk + aydy, + o_zza?k) — F}). Note that

1
=

FL(F(xy + agdy + agdy) — Fr)
= FI(F(xy, + ardy, + aidy) — Fay, + ardy)) + FL (F(xy, + ardy,) — Fy)

IN

1
LM |du] + F Juand+ FF [ (Jan + tand) = )t
0
< 2LMaj|dy — ardf (Ji Te + \eD)dy, (2.12)

where the first inequality uses (2.5) and (2.3), the last inequality uses (1.4) and (2.4).
Then from (2.11)-(2.12), we get that there exists a positive constant C such that

Gy > dE (JE Ty, 4+ A ) dy, - Ardldy,
— Co(llde|l* + Nldrl|* + | FxlI? + ldill) — Calldrll* + lldill? + | FlI* + [|dg|)

Let the SVD of Jj, be

(2.13)

J, =UxVT,

where U,V are two orthogonal matrixes, and ¥ is a diagonal matrix with nonnegative
0;>0,7=1,---,n. Then

NTE T+ D)7 = V(SR + MD)WV
= (Z2+ D)7

2 —1
ie{?g}.(,n}(az Ae)

A

IN

From (1.4), (2.5), (2.6) and the above inequality, we have
_ _ _ L
ldll = 11T T+ XMeD) 7T Fill < T T+ M) THHTMIERN <IN Fill = m (2.14)

Similarly, from (1.5), (2.9) and (2.5), we obtain

|| |(JE T + XeI) " TEF ()|
< NIETe + D) TE(F (yg) — F) ||+ [(JE T + M) LT Fy||
L2
L\ Yd dell < (14 =) ||dg]|- 2.15
i el + il < (1 el (2.15)

IN

If liminfg o ||di|| = 0, then we have from (1.4) and (2.3) that
lim inf ||.J] Fy|| = lim inf ||(JE Jy, + M\ T)de| = 0,
k—o00 k—o00
which contradics to (2.8). Hence there exists a constant 72 > 0 such that
liminf ||dg|| > 72,
k—o0

which together with (2.13)-(2.15), (2.3) and (2.9) implies that {a;} is bounded away
from zero. This leads to a contradiction to (2.10). The proof is then finished. O



3 Cubic convergence

In this section, we assume that z; — 2* € X and the sequence {zj} lies in some
neighbourhood of z*. The key to the local convergence is to show that the unit step will
be taken for all sufficiently large k. We give the following assumptions as same as those
of [4] for the local convergence analysis.

Assumption 3.1 (i) ||F'(x)|| provides a local error bound on some neighbourhood of z*,
i.e., there exist two positive constant ¢; and b; such that

|F(z)]| > erdist(x, X), Vo€ N(z*,b1) ={z| ||z —z*| < b} (3.1)

(ii) The Jacobian J(z) is Lipschitz continuous on N(z*,b;), that is, there exists a
constant L such that

17(y) = J(@)[ < Llly —«ll,  Va,y € N(2™,b1). (3.2)

It is clear that if J(x) is nonsingular at a solution, then || F'(z)|| provides a local error
bound on its neighbourhood. However, the converse is not necessarily true [15], which
shows that the local error bound condition is weaker than nonsingularity.

By Assumption 3.1, we have

I1F(y) = F(2)| < Llly —«ll, Va,y € N(27,b1) (3-3)

and
IF(y) = F(z) — J(z)(y —2)|| < Ly — |, Va,y € N(a*,b). (3.4)

In the following, we denote T € X such that

¢ — || = dist(z, X) = inf ||y — z|].
|z — || = dist(z, X) = inf ||y — |

From the local error bound condition and (3.3), we have
crpl|Z — wil < e = pll Fill < Lpllze — 2kl (3-5)

Now suppose the SVD of J(x*) is
" o (S0 (v -
sy =wrop (0 ) (vhe ) v, (36)

where (U7,Us) and (V}*, V") are two orthogonal matrixes, and ¥ is a diagonal matrix
with positive diagonals. Correspondingly, we can suppose that the SVD of J(x) has the
following form

Y0 %5 T T
J(CC) = (U17 UQ) O 22 VQT = Ulzl‘/]_ + UQEQVQ 5 (37)

where Rank(¥;) = Rank(37) and ¥y converges to zero as x — z*. In the following,
for clearness, we also neglect the subscription & in the decomposition of J(xy), and still
write J(xg) as same as (3.7).

By the matrix perturbation theory [13] and (3.2), we have

1350 = 23]+ [1B2l) < [k = J (%) < Lilag — 27,

which implies
151 = S50 < Lllg —a*ll, 1%l < Lilag — 7). (3.8)



Note that zp — x*, then there exist a constant C3 such that
1] < Cs, 1571 < Cs. (3.9)
Then we deduce

|(JE T+ D)~ |

_ (S 4+ M) 715y U, T
- (V17V'2) < (Z% + )\kl)_122 U2T

< (22 + X))y
= (32 4+ A\ )13,
271
< 1
- < A 'S > H
L _ *
< o4 Ha =2l (3.10)

T ETE]
cipl|Zy — x|

where the last inequality follows from (3.9), (3.8) and (3.5). Then we have the following
lemma.

Lemma 3.3. Let Assumption 3.1 hold, then we have

ldell = Oz — will),
ldill = O|Zx — zill)-

Proof. From (1.4), it is easy to see that dj is also the minimizer of the following convex
optimization problem:

min or1(d) = [+ Jyd + M) (3.11)

Thus from (3.11), F(Z;) =0, (3.4) and (3.5), we get

ldel?2 < or1(dr) < or1(Th — xk)
k
Ak Ak
F + Je(Zg — xp) |2 _
e LR
k
< Cullzp — 2kl]® + |7k — 2]

for some positive constant Cy, which implies that
ldi|l = O(l|Zk — kl])- (3.12)
From (1.5), (3.4), (1.4), (3.10) and (3.12), we obtain

ldill = (JF T+ M) TEF (i) |
< NIE Tk + D) T TE(F (k) — Fr — Jidi)|
T Tk + e D) T TE el + 1T Tk + A D) ™ T Tdi|
< LI dlPII(JE Tk + XeI) ™ T || + 2| di |
< Cslldllllzr — =¥ + Cs|ldy||
= O(||Zx — x||)
for some positive constant C'5. This finishes the proof. 0



Lemma 3.4. Let Assumption 3.1 hold, then we have
102U5 Bl = o2k — ),
IE (i)l = olllzr — zxl)-

Proof. Let jk =U1X4 VlT and a?k = —jlj F}., where j,j is the Moore-Penrose generalized

inverse of Jj,. Then dj, is the least squares solution of min || Fy + Jid||. From (3.4) and
(3.8), we have

102Uy Fill = || Fr + Jdil|
< NP+ Je(@ — )|
< NF + Je(@k — 2) | + 1Tk — Ji) (@ — ) |
< Llzg — agl? + [(U2S2Vy) (2, — ) |
< Ll|Z — xpll* + Lok — o*||[| 25 —

= o(||zk — zx|)- (3.13)
From the SVD of Jg, it is easy to get
di = V(2] + \e) 'S UL Fy — Va(23 + \I) ' E0U7 B
Then we know

| Fy + Jdy|| MU (23 + M) T UL Fy, 4+ MU (33 + N D) ~HUT F|
MRS Fell + U203 Fel
L2pC3 |2k — wil|* + U205 Fi|
= o(l|lzx — zxl)), (3.14)
where the second inequality uses (3.5), (3.3), F/(Zx) = 0 and (3.13).
Note that yx = zx + d, then from (3.4) and (3.14), we have
IE@i)ll < [1F(ye) = Fr = Jrdiell + [|1Fr + Jedi|
< Ll|dg|® + o(l|zx, — zx]])

= o(||Zr — wl]).

IN A

O
Lemma 3.5. Let Assumption 3.1 hold. Then for sufficiently large k, we have oy = 1.

Proof. From (1.5), it is easy to see that dy, is the minimizer of the convex optimization
problem:
min ppa(d) = [|F(yk) + Jrd|” + Nel|d]|>.

Then by Lemma 3.4, we have

1F (yw) + Jrdill < 1/ or2(dr) < \/or2(0) = [[F (gn)l| = o(l| 2k — wil))- (3.15)

Therefore from (3.4), Lemma 3.3, Lemma 3.4, (3.14) and (3.15), we have

|F (), + di + dy,)|

|F (g + di, + di) — Fi — Ji(di + dip) || + || By + Ji(di + )|
Co(lldil* + 1k |?) + |1 Fr + Jrdill + I|F (i) + Judp |l + |F (yr) |
o(|Zx — =)

M|k — x| < el Fell < pll Frll,

IN A



for some constant Cg > 0, where the last line uses the error bound condition and 7, — 0.
The above inequalities show that (1.6) holds for all sufficiently large k, which means

ap = 1 for sufficiently large k, i.e., the unit step will be always accepted finally. O
Then cubic convergence of Algorithm 1.1 can be established using completely same

arguments as [4]. We list this local convergence result but omit the proof here.

Theorem 3.1. Let Assumption 3.1 hold. Then x — x* cubically.
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