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ABSTRACT. In this paper, we present a barrier method for solving nonlinear
programming problems. It employs a Levenberg-Marquardt perturbation to
the Karush-Kuhn-Tucker (KKT) matrix to handle indefinite Hessians and a
line search to obtain sufficient descent at each iteration. We show that the
Levenberg-Marquardt perturbation is equivalent to replacing the Newton step
by a cubic regularization step with an appropriately chosen regularization pa-
rameter. This equivalence allows us to use the favorable theoretical results
of [15], [21], [3], and [4]. Numerical results are provided on a large library of
problems to illustrate the robustness and efficiency of the proposed approach
on both unconstrained and constrained problems.

1. INTRODUCTION

Many popular algorithms for solving nonlinear programming problems (NLPs)
use a quadratic model of the problem, either with explicit or approximated second-
order information. These algorithms require certain regularity conditions to guar-
antee global convergence and can generally guarantee quadratic, or at least super-
linear, rates of local convergence, and they have the computational benefit of re-
quiring only the solution of a linear system at each iteration. If using exact second-
derivatives and negative curvature is encountered, a perturbation may be applied
to the Hessian and combined with either a line search or a trust region to compute
an appropriate steplength. Successful implementations of these types of algorithms
include interior-point codes LOQO [23], IPOPT [25], and KNITRO [2], as well as active
set codes FILTERSQP [11] and sNOPT [13].

Recently, papers by Nesterov and Polyak and Cartis, et.al. have proposed using
a cubic regularization when computing the step direction within a nonlinear pro-
gramming algorithm. In fact, the consideration of using a cubic regularization to
the quadratic model when computing a step direction appears in literature as early
as three decades ago, in a paper by Griewank. In [15], he proposes a cubic regular-
ization to develop an algorithm based on Newton’s method that is affine-invariant
and convergent to second-order critical points.

In [21], Nesterov and Polyak re-introduce cubic regularization of Newton’s method
for unconstrained NLPs and provide global complexity results for certain classes of
problems. Their main motivation is that the cubic model is a global upper estimate
for the function to be minimized and, therefore, enforces global performance guar-
antees of the resulting method. Local convergence results are also provided. This
proposed method is further accelerated for convex unconstrained NLPs by Nesterov
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in [20] using a multi-step approach. In [19], Nesterov also introduces an appropriate
cubic regularization scheme using support functions and variational inequalities for
convex constrained NLPs. While the authors give implementation pointers in all
three papers, there are no numerical results provided.

Further work on cubic regularization was documented by Cartis, Gould, and
Toint in [3] and [4], where the authors proposed the Adaptive Regularisation algo-
rithm using Cubics (ARC). This algorithm uses an approximate Hessian and finds
an approximate minimizer of the cubic model, which reduces the computational
work while retaining the local and global convergence properties of [15] and [21]
and the worst-case complexity results of [21]. The complexity results are further
improved on by the authors in [5] for convex unconstrained NLPs, corresponding
to similar work in [20], and they also extend their method to convex constraints
in [6]. We should note that there is a distinct trust-region method focus to this
work, since the regularization parameter is related by the authors to the inverse of
the trust-region parameter and controlled accordingly throughout the algorithm.
Numerical results are provided by the authors in [3] on small unconstrained NLPs
from the CUTEr [8] test set and by Gould, Porcelli, and Toint in [14] on large
nonlinear-least squares problems. Both papers show that ARC gives an improve-
ment in iteration counts, however, the CPU time results provided in [14] for large
problems show that the traditional trust-region approach based on the quadratic
model is more efficient.

In all of the above mentioned papers, the regularization parameter for the cubic
term is initalized at the beginning of the algorithm and then updated at each itera-
tion using a scheme based on sufficient descent. This scheme can have a significant
impact on the number of iterations performed by the algorithm. In addition, using
the cubic regularization at each iteration of the algorithm means that a nonlinear
system will need to be solved at each iteration. As a result, even if the overall iter-
ation count is reduced due to obtaining better step directions, each iteration with a
positive definite Hessian will require more computational effort than one iteration
with a quadratic model, which requires the solution of a single linear system.

In this paper, we propose a hybrid approach that uses cubic regularization only
during those iterations in which the Hessian is indefinite. We show that computing
the cubic step is equivalent to solving the linear system for a certain value of
the Levenberg-Marquardt perturbation parameter, allowing us to naturally set the
cubic regularization parameter in a problem dependent way for each iteration where
it is needed. This selective use of cubic regularization allows us to use some of its
theoretical properties without adversely affecting the convergence properties of our
solution approach and to do so without costing significant extra time for the overall
solution method. In addition, we begin to extend this method to line-search interior-
point methods for constrained NLPs. This work is preliminary and is included to
indicate the direction the research will take on this problem.

The outline of the paper is as follows. In Section 2, we briefly review Newton’s
method and the Adaptive Cubic Regularization method for solving unconstrained
NLPs. We also introduce the Cubic Hybrid Approach, which uses a pure Newton
step when the Hessian is positive definite and the cubic step otherwise. We extend
this methodology to constrained NLPs in Section 3 using an ¢;1-penalty and barrier
method as outlined in [1] to handle the constraints and taking advantage of the
basic framework of the previous section to introduce cubic regularization as needed.
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We have implemented our proposed approach within the LOQO framework, and in
Section 4, we present details of our implementation and comparative numerical
results. These results indicate that this theoretically robust approach can also
be implemented in a computationally efficient way for a wide range of problems,
including those with large numbers of variables and constraints.

1.1. Notation. Throughout the paper, || - || indicates the Euclidean norm.

2. UNCONSTRAINED OPTIMIZATION

Let us start with the unconstrained NLP
(1) min f(x),
x

where z € R™ and f : R™ — R. We assume that f is smooth, its Hessian is Lipschitz
continuous, and that there exists a neighborhood, N, in which V2 f(z) is positive
definite.

2.1. Newton’s Method. When employing Newton’s Method to solve (1), the
algorithm starts at some initial point 2" and, at each iteration k, finds a step
direction Az such that

(2) fy(@® 4+ Ax) = f(z*) + V(") T Az + %AxTVQf(:ck)Ax

is minimized. Doing so requires the solution of the first-order necessary conditions
(3) Vih) + V2 f(a*) Az =0,

subject to the second-order condition

(4) V2f(a*) = 0.

If (4) is not satisfied then negative curvature is encountered, and we use the stan-
dard Levenberg-Marquardt technique ([17], [18]) of replacing the Hessian with
V2f(x*) 4+ Al in (3) and (4), where A > 0 is chosen to satisfy this modified second-
order condition. Denoting the most negative eigenvalue of V2f(x*) by A\pnin(2),
it suffices to pick any A > Apnin(2¥). Then, a line search is conducted to find a
steplength a for which 2**1 = 2% + oAz satisfies an Armijo condition for sufficient
descent. In the line search, 0 < a < 1, with a = 1 generally satisfying the Armijo
condition close to a local minimum. If an iterate 2* € A/, then Newton’s Method
will converge quadratically from z* to the local minimum in A. The basic outline
of this algorithm is given in Algorithm 1.

In practice, we use a modified Cholesky factorization of V2 f(2¥) 4+ AI to handle
several of the steps in Algorithm 1. If we denote by L(A) and D(\) the lower
triangular and diagonal matrices, respectively, such that

LINDN LT = V2 (%) + AT,
we can determine if V2 f(2¥) = 0 by checking that D;;(0) > 0 for j = 1,...,n. If
this condition is satisfied, we set A = 0. Otherwise, we initialize A as — Hllin D,;(0)
j=1,....,n

and double it until D;;(A) > 0 for j = 1,...,n. If this initial value of X is too large,
then we can halve A until we find the smallest value for which D;;(A\) > 0 for
j=1,...,n. We obtain Az by using three backsolves on the linear system

(5) LON)DN LT Az = -V f(zF).
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Set k = 0 and pick a suitable 2%, ¢ > 0, v > 0.
while ||[Vf(2F)|| > ¢ do
if V2f(2*) = 0 then
A

else
A= — ) min DJJ(O)
Jj=1,...,
A—\/2.
end
while -E{IinnDjj()‘) < 0do
A <—j2)\’. ’
end
end
Solve (V2f(2*) + M\) Az = —V f(z*).
Set a = 1.0.
while f(zF + aAx) > f(z) + vaVf(z)T Az do
a— /2.0
end
bt — 2k oAz, B — k+ 1.
end
Algorithm 1: Modified Newton’s Method for solving unconstrained NLPs,
with a Levenberg-Marquardt perturbation to handle negative curvature.

When A = 0, Az is the Newton direction. As A gets larger, V2 f(x*)+ I becomes
increasingly diagonally dominant, so Az approaches the steepest descent direction.
Additionally, ||Az|| is a strictly decreasing function of A, so if A is chosen too large,
we could end up with a short step, in a direction that exhibits slow convergence.
On the other hand, if A is too close to —A,in (ack), we could have numerical issues
due to V2f(z*) + A being nearly singular. Most theoretical results ignore such
concerns, since the subsequent line search will ensure that we take a small step that
nevertheless gives progress for the algorithm. However, in implementation, A must
be carefully chosen, and the popular approach of doubling/halving outlined above
is not sufficient to guarantee a favorable computational performance. The issue
is even more complicated since the determination of a suitable A\ can significantly
affect the efficiency of the algorithm as it requires the factorization of the Hessian
for every trial value.

2.2. Adaptive Cubic Regularization. Let L be the Lipschitz constant for V2 f(z).
Then, we can also define

(6)  fr(z® + Az):= f(a®) + V()T Az + %AJ:TVQf(xk)AJ: + %||Ax||3,

which has the property that fr(z* +Ax) > f(2* + Ax) for all Az € R®. While this
gives us a means of building a solution method for (1), explicit determination of L
for general unconstrained NLP requires significant computational effort. Instead,
we use an approximation, M, to the Lipschitz constant and define

(1) fu(z® + Az) = fa®) + V(") T Az + %AzTVQf(zk)Ax + %HAwH‘3
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The cubic step direction is found by solving the problem

(8) Az € arg mgin far(@® + ).

In [15], [21], and [3], it is shown that for sufficiently large M, z* + Az will satisfy
an Armijo condition. On the other hand, for ¥ € A/, having a small M so that
fau(zF + Az) =~ fn(2F + Az) would take advantage of the fast local convergence
of Newton’s Method close to the optimal solution. Therefore, to ensure sufficient
descent at each iteration and to allow for an efficient solution method, we need
to control the approximation to the Lipschitz constant, M, rather than impose a
steplength a as in Newton’s Method.

The basic outline of the Adaptive Cubic Regularization method to solve (1) is
as follows:

Set k = 0 and pick a suitable 2°, M >0,e>0,3>1,v>0,0< x < 1.
while |[Vf(z*)| > ¢ do
Find Az € arg msin far(@® +s).
if f(z* + Az) > f(z) then
else
if f(z* + Ax) < f(z) + vV f(z)T Az then M «— xM.
2 — gk 4 Az, k— k4 1.
end
end

Algorithm 2: Basic outline of the adaptive cubic regularization algorithm for
unconstrained NLPs as given in [15], [21], and [3].

The main step of the algorithm determines Ax, and it is nontrivial as it in-
volves the solution of an unconstrained NLP, albeit one with a special form that
can be exploited. In [3], the authors propose solving the optimization problem
only approximately and show that the resulting algorithm retains the convergence
properties of [21].

Another important issue here is the choice of the regularization parameter, M.
A simple approach to initializing M is to start with a very small value and let the
first iteration of Algorithm 2 raise it to be sufficiently large. Then, picking § and
x close to 1 will ensure controlled progress. In practice, however, it may be good
to be aggressive when decreasing M, especially for well-behaved convex problems,
to reduce both iteration counts and the runtime.

2.3. A Hybrid Approach. Note that the adaptive cubic regularization method
outlined in Algorithm 2 starts and proceeds with M > 0 at each iteration. However,
for certain well-behaved problems and within a small neighborhood of a local min-
imum, the Newton direction suffices to give us a robust and efficient performance.
When coupled with the added computational effort of solving (8) instead of a lin-
ear system of equations for the Newton direction, it is worthwhile to consider using
cubic regularization only on those iterations where we encounter negative curvature.
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To motivate this idea, let us examine the solution of (8). Note that the first-order
necessary conditions for the optimization problem are

M
o) Vi) + (VA1) + sl ) s =
and the second-order conditions are
M T
(10) V) 4 (55 sl ) o

2.4. Case I (V2f(x*) = 0): The Newton direction obtained by Algorithm 1 when
V2f(z*) = 0 (and therefore A = 0) corresponds to the cubic direction obtained
when solving (9) with M = 0. Since the Newton direction, for some steplength «,
is guaranteed to give sufficient descent according to an Armijo condition, we can
simply conduct a line search and find such an a.

Algorithm 2, on the other hand, solves the nonlinear equation given by (9) for a
nonzero value of M at each iteration. In [21] and [3], the authors propose using a
sequence of factorizations to solve this system. We have investigated this approach
as well as using a conjugate gradient method to cheaply solve (8) directly. We
have found that the reduction in the number of iterations did not justify the added
runtime of using additional factorizations or even an efficient conjugate gradient
code at every iteration of the algorithm. The numerical results of [14] support
this claim as well—while the authors show a decrease in the number of iterations
performed, the runtime comparisons show that the overall solution time tends to
increase. These results suggest that we should try to use the Newton step whenever
it is a good quality step.

2.5. Case II (V2f(2*) # 0): If we need to have A > 0, however, the situation
could be different. As shown in Algorithm 1, determining a suitable value of A
will require multiple factorizations, so we may already need to expend significant
computational effort just using the doubling/halving scheme to find a not-too-big-
but-not-too-small value of A\. Again, as mentioned, we are not guaranteed to get
a quality step out of this process, and it is possible that a large value for \ will
result in a small ||z]| or a small value for A will result in « close to 0, both of
which give too short of a step. Therefore, it would be useful to investigate a cubic
regularization step that might require a similar computational effort but guarantee
sufficient descent. In that case, the reduction in the number of iterations due to
choosing better steps may provide an acceptable trade-off to a slightly increased
computational requirement per iteration.

The key difference in our study is that we have decided to take a different point of
view to setting M. In Algorithm 2 (as in [15], [21], [3], and [14]), M is a parameter,
problem dependent when initially computed, but then controlled by other tunable
parameters 0 and x. If M is decreased too aggressively at the end of one iteration,
we may need to increase it again to get sufficient descent in the next iteration,
which can result in an increased runtime. Also, determining appropriate values of
0 and x can be a problem when balancing robustness and efficiency. In our study,
we compute a new, data-dependent value of M at each iteration of the algorithm
and our approach is efficient even when the parameters used to control it are chosen
conservatively.
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Set k = 0 and pick a suitable 2°, ¢ > 0, v > 0, 3,3 > 1.
while [|[Vf(2)|| > € do
if V2f(2*) = 0 then
Solve V2f(zF)Ax = —V f(z*).

Set ao = 1.0.
while f(z* + aAz) > f(z) + vaVf(z)T Az do
a— a/2.0
end
else

A = —min Djj (0)
while D;;(A) >0,57=1,...,ndo
A—M\/5.
end
while -E{IinnDjj()‘) < 0do
AT
end
Use the Shifted Inverse Power Method (shift = ) with Aitken
acceleration to obtain A (z%). Set X < —BAnin (z¥).
Solve (V2f(z*) + M\)Az = —V f(zF).
while f(z* + Az) > f(z) + vV f(z)T Az do
A — BA.
Solve (V2 f(z*) + M)Az = —V f(2*).
end
end
Pt — ok Ak — k41
end
Algorithm 3: Modified Newton’s Method for solving unconstrained NLPs,
with a cubic regularization procedure to handle negative curvature. The cu-
bic regularization used is equivalent to the Levenberg-Marquardt approach for
appropriately chosen parameters.

Our approach is given by Algorithm 3 and can be described as follows. Instead
of doubling/halving A, we use a factor of 5 to multiply/divide in order to get close
to a sufficiently large A. This allows us to get a very coarse approximation to
Amin (%) very quickly. The resulting A does not yield a terribly efficient algorithm
in the sense of Algorithm 1, since it is too large and we end up approximating
a steepest descent step in the presence of negative curvature. However, it can
be obtained significantly faster than using the doubling/halving scheme. We then
use this approximation within an inverse power method to quickly get an accurate
estimate of A (2F). Since the inverse power method only uses backsolves, it
does not generally contribute significantly to the Algorithm 3’s runtime. We have
included the Aitken acceleration with the inverse power method to get quadratic
convergence near i, (z%). Once we know i (z¥), we can start with a value of
A slightly higher than — A, (2%), and refactor V2 f(x*) + AI. Solving (5) for this
value of A\ gives us the Az we seek.
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The above description of our approach does not mention the cubic regularization
at all. However, note that the Newton step, Az, obtained by solving

(V2f(a®) + M)Az = =V f(z"),
satisfies both (9) and (10) when

2
1Az

Thus, we simply re-interpret the cubic regularization step as coming from a Levenberg-
Marquardt regularization of the Newton step with appropriately related values of
A and M. (A similar insight was mentioned in [26] but not explicitly used.) If
this direction does not provide sufficient descent with @ = 1, then we increase A
and refactor. Since |Az| is a stricly decreasing function of A, M increases with
this scheme as well. In this case, we can increase A conservatively, but M will
be increased more aggressively, due to the corresponding decrease in ||Az||. Since
the theory presented in [15], [21], and [3] guarantees that we can obtain sufficient
decrease with a sufficiently large M, our scheme ensures that we will be able to find

a value of A\ for which a full step will be acceptable.

Technically speaking, the careful and conservative setting of A can be done within
Algorithm 1, as well. However, in that algorithm, we have no mechanism for re-
adjusting A to ensure a good step. The only criterion is that A be large enough to
give us V2f(x) + Al = 0. After that, we only determine a steplength in the given
direction using a line search. It is, therefore, not a good idea to spend the extra
effort to determine the value of A, (%) and then start very close to it.

In this new scheme, which is equivalent to performing cubic regularization with
an appropriately chosen M, we change A to give us a good step direction and take
a full step. Thus, the direction itself changes, rather than «. The numerical results
show that this approach behaves well, resulting in reductions in both the number
of iterations and runtimes.

3. CONSTRAINED OPTIMIZATION

A constrained NLP in standard form can be written as
(11) @

where x € R", f: R™ — R, and r : R” — R™. As before, we assume that f and r
are twice Lipschitz continuously differentiable.

Our approach here will be to convert (11) into an unconstrained problem and
then use a modified version of Algorithm 1 within our algorithmic framework. As
in the quasi-feasible algorithm outlined in [1], we start by relaxing the constraints
and using an ¢; penalty approach:

min  f(z) + d¥¢

x’

(12) st. r(z) + ¢
£

where £ € R™ are the relaxation variables and d € R™ are the corresponding
(positive) penalty parameters.

0
0,

IV IV
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The barrier function associated with (12) is

(13)  pla,&pd) = fz) +d"¢ - uzlog 2)+ &) —p ) log (&)
=1

1=1

where g > 0 is the barrier parameter. In order to use a barrier method, we can
simply initialize & > max{—r;(x),0}, thereby ensuring that a strictly feasible so-
lution for any x can be found readily. Note that our assumptions on f and r mean
that such an initialization exists and is finite for finite x.

Our problem has now become

(14) min p(x,&; p, d)

for a decreasing sequence of p and, if necessary, increasing sequence of d. (14) is an
unconstrained optimization problem, as long as we can start and keep 7(z*) 4 ¢*
and &F strictly positive for all iterates (z¥,£). By our assumptions on f and r,
we also know that p(z,&; p,d) is twice Lipschitz continuously differentiable and
2p(z,&; p, d) is positive definite in a neighborhood of a solution of (14).
Applying Newton’s Method to solve (14) gives us a system of the form

a5) [HEHE)+ (Vak,e9)" Ah) (V(fv’%f’“))T} (Aa:):_(v(xk,sk))

V(" ¢") U(z*, &%) | \Ag o(a®, &")

at each iteration, where

_ c 1 K
AR = VD 12 Gy V)
V(ah,e5) = p(R(z") +EF)2A("),
U@h,€%) = p(R(")+E872 + u(E)™
y(z*,eF) = Vf( ") — pA@EM)T(R(2") + )_16
o(a*,e") = p(R(x )+5k) le— u(z*) e
A(x) is the transpose of the Jacobian of r(x), and R(z) and E are diagonal matrices

whose entries are from the corresponding vectors r(x) and &, respectively. Here and
throughout the paper, e denotes a vector of ones of appropriate dimension. As in
[1], we introduce dual variables

(16) y" = u(R(z") + =)~ e and ¢* = p(E*) e

and rewrite the Hessian and other matrices as

(xh, &k k) = VEF@R) =Dy vrr(ah),
V(b ek gt = (R(ab) + 251y EA(h)
Uak, &%, y*, o) = (R(z*) +25)-1Y* 4 (2k) 1wk
@k y*) = Vf(ak) — AR Ty
ok, vk = d—yb—v
Letting
(17)

bk ke H(xk7§k7yk)+(V(mk’gk))TA(xk) (V(xk)€k7yk))T
M(ZE ag Y 7w )* V(xk7£k7yk) U(l'k,é-k,ykawk)
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we can express (15) as
Ax\ (k)
(18) M(zkvgkaykvwk) (Af) - (O’(yk,'lﬁk)) .

We make this change of notation simply to show the equivalence between the algo-
rithm shown here and the one proposed in [1].

Note that if H(z* &% y*) = 0, we have that M(z*, &% y¥ %) is also positive
definite and the system (18) has a unique solution. Therefore, if H(x*, &% y*) £ 0,
the traditional remedy is to replace it with H(z*,&*,4%) + A, where X is chosen
sufficiently large to ensure that H(z* &% y*) + AT = 0. Note that this remedy is
exactly the same one we used for unconstrained optimization, so as described there,
we can use a doubling/halving scheme until we find an appropriate value of A. We
denote by M (x*, €% y¥ %) the matrix obtained by replacing H(z*, &% y*) with
H (2%, &% y*)+ AT = 0 in (17). We also re-define the lower-triangular matrices L(\)
and diagonal matrices D()) such that L(A)D(A)L(A\)T = M (2%, &*, 4% F).

Once we find a step direction (Az, AE), we let

2Pt = 2k 4 aAx
(19) €k+1 — fk—l—aA{

where a € (0,1) is the steplength, such that

r(xk+1)+§k+1 > 0
§k+1 > 0

(20) Az
p(a* & d) — p(at, &85 p,d) < vaVp(at, &8 p, d)T <A§>,

where v is a small constant as before. The iterations continue until |Vp(z, &; u, d)||
is less than a tolerance ¢, for the current value of the barrier parameter, that is

o e =012 <o

The algorithm described above is stated as Algorithm 4 and solves (13) for a
fixed value of the barrier parameter p. In order to solve (12), we will need to solve
a series of problems of the form (13) for decreasing values of p. A formal statement
of this algorithm is provided as Algorithm 5.

If ||€]| is sufficiently close to 0 when Algorithm 5 terminates, we will declare it
as a first-order point for (11). Otherwise, we will increase the penalty parameters
and solve the problem again. After a finite number of updates, an infeasibility
detection phase is entered, where we drop the original objective function and the
penalty parameters and instead minimize the ¢; norm of the infeasibility. If the
norm is sufficiently larger than 0, the algorithm stops with a certificate of (local)
infeasibility. Under an assumption on the exactness of the penalty approach, the
resulting algorithm was shown in [1] to either converge to a first-order point of (11)
or to a minimizer of the ¢; norm of the infeasibility after a finite number of penalty
parameter updates. A formal description of the algorithm is given as Algorithm 6.
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11

Set k = 0 and pick a suitable v € (0,1).
while res(z*,&; ) > ¢, do
Let y* = u(R(z*) + ZF)~te and o* = p(=F) e
if H(z", &% y*) = 0 then
0.

else

)\ = — . min DJJ(O)

j=1,....n
while D;;(A) >0,57=1,...,ndo
A= A/2.
end
while min D;;(A) <0do

J=1,...,

end
k ook ok oky (DT _ W(ffk»yk)
Solve My (x", &%, y" 9 )<A§> = <0(yk,¢k)>'
Compute steplength « using a line search in (0, 1] such that (20) is
satisfied.
2Pt — oF 4 oAz, R — 8 L ALk — k4 1.
end

Algorithm 4: A description of the solution algorithm for (13) for a fixed
barrier parameter p. This algorithm uses a Levenberg-Marquardt perturbation
applied only to H (2%, &*, y*) when M(z*, &% y¥, %) is indefinite.

Set pu® >0, €,0 >0, and ¢ € (0,1).
Initialize fi(o) > max{—r;(z(®),0},i =1,...,m.
Let 5 =0.
while res(z7,£7;0) > ¢ do
Starting from (27,¢&7), apply Algorithm 4 to solve (13) with barrier

parameter p/ and stopping tolerance €,;. Let the solution be (xFL It

Set pt — 1p? and €541 — Leg.
Set j «— j+1.
end

Algorithm 5: A description of the solution algorithm for (12) for fixed penalty
parameters d.

3.1. A Hybrid Approach for Constrained NLP. Following the steps of the

previous section, we define the cubic approximation

(22) pu(a® + Az, €8 + A, d) = p(a”, €85, d) + (VpH)T (fg)

1 [Azx T Az M Az
w5 (a1) v (30)+ 5 (29)

3

)
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Set d® >0,7>1,7>1,and é > 0.
Initialize z(*) € R™.
Let 7 = 0.
repeat
if (i =) then
Starting from 2(°)| apply Algorithm 5 to solve (12) with f(z) = 0 and
penalty parameters d = e.
Let the solution be (z¢F! ¢+1).
if ||¢H1|| > € then
STOP. Problem (11) is infeasible.
else
Set 4« i+ 1.
end
end
Starting from 2(*), apply Algorithm 5 to solve (12) with penalty
parameters d.
Let the solution be (21 1),
Set d'Tt — ndt.
Set i — i+ 1.
until ||| < €;
Algorithm 6: A description of the solution algorithm for (11).

where o
v k _ 7(1: » Y ))
g (o<yk,w>

To find the appropriate cubic step, we need to solve the problem

and

(23) Jmin par(a® + Az, &8 4+ Ag 1, )

Letting, s = (Az, A)T, we can write the first-order conditions of (23) as
(o) Vi (MGt s sl ) s =,

and its second-order conditions as

(25) V2pk + % <|s|ss|T + ||s||I> > 0.

As before, we would like to establish the equivalence of using cubic regularization
with finding an appropriate value of the Levenberg-Marquardt perturbation for the
constrained NLP. Unlike the unconstrained optimization approach, however, we
need to modify our original barrier-method slightly before continuing. Note that to
obtain M (z*,&*, 4% %), the Levenberg-Marquardt perturbation is only applied
to H(z*,£F), not to the whole matrix M (z*, €% y* 1)*). Given that the Hessian is
the only possible source of negative curvature, choosing this type of modification
can ensure a positive definite matrix for (18) while modifying as little as possible
from the original system.
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Set k = 0 and pick a suitable v € (0,1) and 8 > 1.
while res(z*,&; ) > ¢, do
Let y* = u(R(z*) + ZF)~te and o* = p(=F) e
if H(z", &% y*) = 0 then

Az RICANT)
Solve Mz, &F, y*, k( )( ’ .
Vi ( 5 Y T/J ) Af U(yk,'l/Jk)
Compute steplength « using a line search in (0, 1] such that (20) is

satisfied.
else
A= — ) min D]J(O)
Jj=1,..., n

while D;;(A) >0,7=1,...,ndo
A—M\/5.

end

while r{linnDjj()\) < 0do
PP

end

Use the Shifted Inverse Power Method (shift = \) with Aitken
acceleration to obtain A, (2%, €F). Set X « — B\ in (25, €F).
k ¢k ok ok Az _ SICARTLY

Solve (M (z*, &%,y *) + AI) <A§> = (U(yk,z/)k))'
Compute steplength o < 1 such that r(z* + aAzx) + (£F + @A) > 0
and &F + aA€ > 0.

end

2Pl — 2k 4 oAz, €8T — F L aAE k — k+ 1.

end

Algorithm 7: A description of the solution algorithm for (13) for a fixed
barrier parameter pu. This algorithm uses a cubic regularization applied only
to the full matrix when M (a, &% 4% %) is indefinite.

In cubic regularization, however, the full matrix is regularized. Therefore, we
will need to apply the Levenberg-Marquardt regularization to the full matrix in

(18) in order to extend it to the cubic regularization. Thus, if M(§”,§”,T”,1/)”)k

is not positive definite, we will replace it with M(§”,§“,T“,z/)“)k + M. Since the
proofs of [1] as adapted from [7] only require that (18) have a unique solution with
a positive definite matrix, this modification is sufficient to keep the convergence
results.

As in the constrained case, we define a new algorithm that uses cubic regular-
ization when negative curvature is attained. This algorithm, Algorithm 7, replaces
Algorithm 4 in the constrained optimization approach.

4. NUMERICAL RESULTS

In our numerical testing, we implemented Algorithm 6, which uses Algorithm
5 to solve problems for a fixed value of d and Algorithm 7 to solve problems for
a fixed value of u. As mentioned above, Algorithm 7 is a hybrid approach that
uses the Newton step arising in a classical implementation of a line search barrier
method when the Hessian is positive definite and the cubic regularization step when
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Unconstrained NLPs | Constrained NLPs
Solver Iterations Runtime || Iterations | Runtime
Pure Newton 8343 214.98 6404 47.36
Cubic Hybrid 8287 224.15 5709 47.84

TABLE 1. Overall iteration and runtimes (in CPU seconds) for the
Newton method and the hybrid cubic codes on unconstrained and
inequality constrained NLPs from the CUTEr test set.

negative curvature is encountered. In the case of an unconstrained problem, this
overall approach reduced to Algorithm 3.

We compared our numerical results to the traditional line-search barrier method
within the same framework, that is Algorithms 4-6. Both codes were implemented
using LOQO’s [24] (Version 6.06) source code, employing modified versions of its
linear algebra routines, AMPL [12] interface, and other utilities.

Numerical testing was conducted on a laptop running Fedora Core 8 with 3GB
of main memory and dual CPUs with 2.4GHz clock speeds. We did not specifically
take advantage of the dual CPUs in our implementation. The numerical testing
was conducted on a wide range of problems from literature, including the Hock
and Schittkowski [16] and the CUTEr [8] test suites, for which the AMPL models
were obtained from [22]. We have limited our numerical results to unconstrained
problems and problems with only inequality constraints and simple bounds. Doing
so allowed us to bypass numerical issues arising due to the splitting of equality
constraints or two-sided variable bounds to fit the framework of (11) in order to
present the fairest possible comparison between the Newton step and the hybrid

approach.
The parameter values used throughout the implementation were as follows:
e = 1076, v = 1074, 8 = 1.2
6 = 1.5, . = 0.2, i = 6,
n = 10.

In Algorithm 5, we initialized p such that

po = argmin 2 (res(, & p, )
and €,, = Uo-

We start with a comparison of the hybrid approach to Newton’s method, and
we will later provide numerical comparisons to LOQO as well, to show the compet-
itiveness of the algorithm against a commercial code. Given that all of the codes
are built on top of the same linear algebra and function evaluation schemes, this is
a good way to assess the potential of the hybrid cubic regularization approach as a
real-world NLP code.

Table 1 gives the total iteration counts and runtimes for the Newton step and
the hybrid cubic step on the whole suite of problems tested. Results on individual
problems can be found in the Appendix.

In our test suite, there were 232 unconstrained problems, all of which were
solved by both codes. We also tested 136 constrained NLPs, and both codes solved
the same 133 problems of that group. They declared that two of the remaining
problems, s342 and snake, were locally infeasible, and they reached their iteration
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limit on s359. The latter problem becomes unbounded when relaxed with the initial
value of the penalty parameters, which violates Assumption 2 of [1]. Since all three
of these problems have optimal solutions, we have listed them as failures in the
Appendix.

The results of Table 1 indicate that including cubic regularization in our code
results in improving our overall iteration counts without a significant computational
cost. A closer look at the results through performance profiles puts the cubic hybrid
in an even more positive light. Performance profiles were proposed by Dolan and
Moré [9] and compute an estimate of the probability that an algorithm performs
within a multiple of the runtime or iteration count (or any other metric) of the best
algorithm. We briefly describe the methodology here and refer the reader to [9] for
further details. Assume that we are comparing the performance of ng solvers on n,
problems using runtime as the performance metric. Letting

tp,s = computing time required to solve problem p by solver s

and
t, =min{t, ;1 < s <ng},
the performance ratio of solver s on problem p is defined by
tp,s
Tps = =
tp

If solver p cannot solve problem s, r, ; = 0o. In order to evaluate the performance
of the algorithm on the whole set of problems, we can use the following estimate to
the cumulative distribution function of the performance ratio:

P(tps <Tty) ~ nicard{p 1<p<mnyrps <71}
P
Plotting the cumulative distribution function versus 7 for the two solvers on the
same plot yields a comparison of their performance over the whole test set, while
still being based on comparisons on individual problems.

In Figures 1-4, we present performance profiles of the Newton and cubic hy-
brid codes on unconstrained and constrained problems using two different metrics.
Figures 1 and 3 show the performance profiles of the two solvers with respect to
iteration counts and Figures 2 and 4 use runtime (in CPU seconds) as their met-
ric. While all of the problems were included for the iteration count comparisons,
we have only included 57 unconstrained problems in Figure 2 and 28 constrained
problems in Figure 4. The reason for choosing a smaller subset of the problems
for the runtime comparisons is that we have not included models whose runtimes
were less than 0.05 CPU seconds. For runtimes less than 0.05 CPU seconds, we
have found that small differences in system performance could have provided an
unfair comparison. Since the three failures discussed above each took less than 0.05
CPU seconds for each instance, they were not included in the runtime comparison,
either.

We start with a discussion of the unconstrained NLPs, and Figure 1 shows
that cubic hybrid approach is superior to the Newton method with respect to
iteration count comparisons on individual problems. On 84% of the problems, the
cubic hybrid approach gives the same or a smaller iteration count than the Newton
approach, and it also retains a higher cumulative probability for 7 < 2.5. (Ouly 2
problems gave performance ratios of more than 2.5 for the Newton method and 3
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FIGURE 1. Performance profiles of the Newton and cubic hybrid
codes on unconstrained NLPs. The metric used in this figure is
the iteration count.

problems for the cubic hybrid approach.) It should also be noted that the cubic
regularization was invoked by 121 of the 232 problems, or roughly 52% of the test
set. For the 111 instances where the cubic regularization is invoked, the two codes
yield the same number of iterations on 30 instances, the Newton approach takes a
smaller number of iterations on 37 instances, and the cubic hybrid approach is the
winner on the remaining 54. Thus, we can conclude that cubic regularization yields
the same or a better number of iterations on 76% of the cases where it is invoked.

Even though the aggregated results of Table 1 would have suggested a similar per-
formance from the two codes, problem-by-problem comparisons of the performance
profile indicates that the cubic hybrid approach performed better more frequently
and more consistently than the Newton method. The closeness of the total itera-
tion counts in Table 1 can be attributed to there being a large number of problems
with small iteration counts and small improvements, and a very small number of
ill-behaved problems where the cubic hybrid approach took a significantly larger
number of iterations. In general, for problem families such as pfit and palmer,
where there is at least one degree of freedom, the resulting numerical issues near
the optimal solution can have a significant impact on the iteration counts. Since
the neighborhood around the optimal solution yields a positive definite Hessian, the
cubic regularization is used only within the first few iterations for these problems,
with the remaining 50-300 iterations taking place in the neighborhood using a New-
ton step. There is little reason to suspect that a purely cubic approach can yield
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FIGURE 2. Performance profiles of the Newton and cubic hybrid
codes on unconstrained NLPs. The metric used in this figure is the
runtime and only problems for which the solvers took more than
0.05 CPUs were included.

significantly better performance here, as approaches such as that implemented in
[3] are designed to provide small to no perturbation close to the optimal solution
to take advantage of the convergence properties of the Newton step.

For the runtime comparison of the two approaches on unconstrained problems,
we refer to Figure 2. As discussed above, we have limited our attention to those
problems where the best solver took at least 0.05 CPU seconds. Additionally, if
the cubic hybrid regularization was not invoked, we disregard the calculated per-
formance ratio (which may be influenced by small perturbations in system perfor-
mance) and simply declare both solvers to have a performance ratio of 1 for those
problems. On 22 of the 57 problems where the runtime was large enough, cubic
regularization was never invoked. On the other 35 problems, the two codes reported
the exact same runtime on 1 problem, the Newton method was the fastest on 17
problems, and the cubic hybrid approach was the fastest on 17 problems. This be-
havior is consistent as the problem size increases: of the 10 problems where cubic
regularization is invoked and both solvers take more than 1 CPU second, the two
codes each win on 5 instances.

Even though they match the minimum performance ratios on half of the problems
each, the cubic hybrid code performs slightly worse than the Newton approach for
7 < 2. For example, the Newton approach solves roughly 95% of the problems
within 1.5 times the best runtime, whereas the cubic hybrid code does so on roughly
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FIGURE 3. Performance profiles of the Newton and cubic hybrid
codes on constrained NLPs. The metric used in this figure is the
iteration count.

91% of the problems. On the other hand, the cubic hybrid code is more consistent,
as it never needs more than 2.06 times the best runtime, whereas the Newton
method exhibits higher ratios than that on 2 of the unconstrained NLPs considered.
In general, then, the reduction in the number of iterations due to the additional work
performed per iteration tends to either improve or not appreciably hurt the runtime
of the code for unconstrained NLPs. For example, nonconvex problems msqrtals
and msqrtbls each see a reduction of 7 iterations, which yields 25% reductions in
the number of iterations and 16-23% reductions in runtime. The family curly and
their scaled versions scurly have a nearly 30% reduction in the number of iterations
while the overall runtime remains nearly the same.

The few cases where the Newton approach significantly outperforms the cubic
hybrid (with respect to runtime) generally correspond to those problems where a
large number of additional factorizations may be required to find a suitable value
of the Levenberg-Marquardt perturbation parameter. For example, fminsurf only
requires a perturbation of 10713 to give a positive definite modified Hessian, but a
perturbation on the order of 1072 is needed to guarantee sufficient descent for the
objective function. Given our conservative choice of 1.5 for 8, this requires more
than 50 factorizations of the KKT matrix until we find a suitable perturbation in the
first iteration. We have included heuristics to remember this suitable perturbation
and use it to speed up our search in subsequent iterations, but the work required
to find it in the first iteration dominates our solution time and the cubic hybrid
approach is significantly slower on that problem. A more sophisticated approach to
the line search for the perturbation may yield faster results and will be considered
in future work.

We now switch our attention to constrained NLPs. Performance profiles for the
two codes with respect to iteration counts and runtimes are given in Figures 3 and
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FIGURE 4. Performance profiles of the Newton and cubic hybrid
codes on constrained NLPs. The metric used in this figure is the
runtime and only problems for which the solvers took more than
0.05 CPUs were included.

4, respectively. The overall success of the cubic hybrid approach is similar to the
case of unconstrained NLPs, which is to be expected since our method converts
the constrained NLPs into unconstrained ones using a barrier function. As shown
in Figure 3, on 87% of the problems, the cubic hybrid approach gave the same
or better iteration counts and also retained a higher cumulative probability for
all values of 7. Cubic regularization was invoked on 45 of the 136 constrained
problems, with the two codes failing on 3 and giving the same iteration counts
on 7, the Newton method performing fewer iterations on 15, and the cubic hybrid
approach as the winner on the remaining 20. This means that, when it is invoked,
the cubic regularization yields the same or fewer iterations on 60% of the problems.

A significant portion of the difference between the total number of iterations for
constrained NLPs, as shown in Table 1, is due to a single problem, s238. On this
problem, the Newton method takes 531 iterations, as compared to the 30 iterations
taken by cubic hybrid approach. Most of the iterations are taken at the initial
value of u, as the algorithm makes very slow progress after negative curvature is
encountered in the first few iterations. If we use the same perturbations within
the Newton method, but regularize the whole KKT matrix, the total number of
iterations is reduced to 30, which is the same as the cubic hybrid approach. Thus,
in this case, the biggest benefit of the cubic hybrid approach is that it requires the
regularization of the full KKT matrix. Especially for those problems where we get
close to the boundary of the feasible region before p becomes sufficiently small, a
full regularization may be very beneficial.
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Unconstrained NLPs | Constrained NLPs
Solver Iterations Runtime || Iterations | Runtime
LOQO 9825 366.90 3189 14.26
Pure Newton 8343 214.98 6404 47.36
Cubic Hybrid 8287 224.15 5709 47.84

TABLE 2. Overall iteration and runtimes (in CPU seconds) for
LOQO, the Newton method, and the cubic hybrid codes on uncon-
strained and inequality constrained NLPs from the CUTEr test
set.

We can examine the problem hs029 to assess the benefit of using cubic regu-
larization to compute a step direction. In the first iteration of both algorithms,
negative curvature is encountered. The Newton step uses a perturbation of 2.64,
and the resulting step direction is not sufficient to take the iterates out of the region
with negative curvature. 4 more iterations are required until Algorithm 1 converges
for this initial value of u. On the other hand, the cubic hybrid approach uses a
cubic regularization for the first iteration, with a perturbation of 1.63, and the re-
sulting step direction and its length are sufficient to reach a point that satisfies the
stopping criteria of Algorithm 1 for the initial value of p.

For the runtime comparison on constrained NLPs, we refer to the performance
profiles in Figure 4. Again, only runtimes of 0.05 CPU seconds or more were
included, so 28 problems were used for this comparison. Of the 28 problems, 17 did
not invoke cubic regularization, so we have used performance ratios of 1 for both
solvers on those problems. For the remaining 11 problems, Newton’s method was
faster on 4 instances, and the cubic hybrid approach was faster on the other 7. As
in the unconstrained case, the cubic hybrid approach is also more consistent, with
all instances falling within 7 = 1.72, whereas there is one instance for which the
Newton method exceeds 7 = 2. These results indicate that the additional work per
iteration is offset by the reduction in iterations.

4.1. Comparison to LOQO. In order to assess the real-world potential of the pro-
posed approach, we now compare our results to LOQO, which is a highly efficient
code implementing an infeasible primal-dual interior-point method with a filter
line search. Since the implementations discussed above use LOQO’s linear algebra
routines and AMPL-Solver Interface, this is a fair way to assess the computational
performance of the proposed methods.

Table 2 gives the total iteration counts and runtimes for LOQO as well as repeating
the information contained in Table 1 for the other two implemented algorithms.

For the comparison on unconstrained NLPs, it is important to note that LOQO
splits free variables and, therefore, does not take a pure Newton step. As outlined
in [24], an unconstrained problem of the form (11) is first converted to

ming g f(2)
(26) s.t. r—g+t=0
9,t =20,
which provides a regularization to the Hessian by requiring the solution of a system
of the form

(H+(ST'T+Z7'G) Az = —c+ (ST'T+ Z7'G) (—x + pZ e — pS~'e)
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FIGURE 5. Performance profiles of LOQO, the Newton, and cubic
hybrid codes on unconstrained NLPs. The metric used in this
figure is the iteration count.

at each iteration. We denote the Lagrange multipliers of the nonnegativity condi-
tions on g and t by z and s, respectively. While regularization may be useful to
prevent numerical issues on some problems, in this case, the benefit is offset by
the fact that we are now solving a constrained NLP for which the set of optimal
solutions to (26) is unbounded. Therefore, in general, the Newton method and
the cubic hybrid approach outperform LOQO in terms of the number of iterations.
Since all three codes are based on the same linear algebra routines, LOQO taking a
significantly larger number of iterations also means that it takes significantly longer
to solve all of the unconstrained NLPs. Besides the results in Table 2, we have in-
cluded the performance profiles comparing all three codes on unconstrained NLPs
as Figures 5 (iteration counts) and 6 (runtimes), and they confirm our conclusions.

For constrained NLPs, however, the situation is exactly the opposite. The main
reason is that LOQO performs one iteration for each value of the barrier parameter,
whereas the other codes seek to approximately solve barrier problem for each value
of p. Additionally, the barrier method implemented for the Newton code and the
cubic hybrid approach is purely primal and suffers from ill-conditioning near the
optimal solution. We have included an extrapolation method as outlined in [10]
to re-initialize the iterates when the barrier parameter is updated to remedy this
ill-conditioning as much as possible. Nevertheless, for an interior-point method,
independently maintaining dual variables via a primal-dual framework can prevent
this ill-conditioning. It can be seen from Table 2 as well as the performance profiles
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FIGURE 6. Performance profiles of LOQO, the Newton, and cubic
hybrid codes on unconstrained NLPs. The metric used in this
figure is the runtime and only problems for which the solvers took
more than 0.05 CPUs were included.

in Figures 7 and 8 that LOQO outperforms both codes with respect to iteration
counts and runtime.

5. CONCLUSION

We have incorporated cubic regularization into a line search barrier method for
both unconstrained and constrained NLPs. When used only on iterations with
indefinite Hessians, this approach is equivalent to picking a suitable value for the
Levenberg-Marquardt parameter and, therefore, retains the convergence properties
of the original barrier method. Additionally, this selective use of cubic regulariza-
tion ensures that we retain the iteration-reduction benefits of the approach without
the significant cost to the runtimes. In fact, our numerical studies show that, in
general, the cubic hybrid approach improves the iteration count and provides the
same or slightly better same runtime than using the Newton step at each iteration.
This result is significantly better than that presented in [14], where the iteration
counts were improved but the resulting algorithm was significantly slower on a
certain set of problems.

As stated above, the greatly superior performance of LOQO in the constrained
case is due to better handling of the barrier parameter and the primal-dual nature
of the algorithm. Our next goal is to study the application of cubic regularization
in primal-dual interior-point methods. The challenge for this study stems from the
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FIGURE 7. Performance profiles of LOQO, the Newton, and cubic
hybrid codes on constrained NLPs. The metric used in this figure
is the iteration count.

quasi-definite nature of the Karush-Kuhn-Tucker matrix and the need to regularize

the

(1]
2]

3

(4]

(5]

(6]

7

9]

full step.
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LOQO Newton Cubic
Problem n m | Iter Time f(z™) | Tter Time f(z™) | Tter Time f(z™)
aircrftb 5 0 15 0.001 1.462E-18 10 0.000 5.631E-19 10 0.001 8.146E-22
allinitu 4 0 9 0.000 5.744E4-00 7 0.000 5.744E4-00 9 0.001 5.744E4-00
arglina 100 0 1 0.011 1.000E+02 1 0.015 1.000E+02 1 0.014 1.000E+02
arglinb 10 0 1 0.000 4.634E+400 1 0.000 4.634E+400 1 0.001 4.634E+400
arglinc 8 0 1 0.000 6.135E4-00 1 0.001 6.135E4-00 1 0.000 6.135E4-00
arwhead 5000 0 16 0.334 -2.597E-09 5 0.068 1.634E-11 5 0.066 1.634E-11
bard 3 0 15 0.000 8.215E-03 7 0.000 8.215E-03 7 0.001 8.215E-03
bdexp 5000 0 15 0.191 1.657E-04 3 0.081 1.174E401 3 0.082 1.174E401
bdqrtic 1000 0 17 0.080 3.984E4-03 9 0.027 3.984E4-03 9 0.030 3.984E4-03
beale 2 0 8 0.001 2.576E-14 14 0.001 2.802E-13 11 0.001 1.381E-11
biggs3 3 0 11 0.001 1.684E-13 7 0.001 7.422E-11 7 0.000 4.987E-09
biggsb 5 0 22 0.002 1.451E-13 29 0.002 1.051E-07 21 0.001 6.552E-11
biggs6 6 0 46 0.003 1.462E-15 30 0.001 1.955E-07 23 0.001 8.984E-11
box2 2 0 9 0.000 1.081E-12 7 0.000 5.846E-11 7 0.001 1.439E-08
box3 3 0 10 0.000 2.617E-15 7 0.000 4.091E-11 8 0.001 9.199E-12
bratuld 1001 0 (IL) 5 0.030 -8.519E+00 5 0.016 -8.519E+00
brkmecc 2 0 7 0.000 1.690E-01 2 0.000 1.690E-01 2 0.000 1.690E-01
brownal 10 0 9 0.001 3.043E-14 6 0.000 7.977E-11 6 0.000 7.977E-11
brownbs 2 0 35 0.001 2.007E-26 5 0.000 8.437E-12 4 0.000 5.856E-11
brownden 4 0 24 0.001 8.582E+-04 8 0.000 8.582E+-04 8 0.000 8.582E+-04
broydn7d 1000 0 50 0.202 3.577E+02 46 0.180 3.641E+402 42 0.224 3.545E+402
brybnd 5000 0 11 0.609 3.894E-16 7 0.374 1.295E-13 7 0.356 1.295E-13
chainwoo 1000 0 59 0.141 6.362E4-01 | 106 0.176 8.147E400 | 102 0.363 6.362E4-01
chnrosnb 50 0 47 0.005 6.614E-15 43 0.003 6.867E-15 43 0.003 1.208E-15
cliff 2 0 31 0.001 1.998E-01 26 0.000 1.998E-01 26 0.000 1.998E-01
clplatea 4970 0 7 0.200 -1.259E-02 5 0.140 -1.259E-02 5 0.138 -1.259E-02
clplateb 4970 0 9 0.244 -6.988E4-00 4 0.129 -6.988E+00 4 0.125 -6.988E+00
clplatec 4970 0 5 0.148 -5.020E-03 1 0.055 -5.021E-03 1 0.053 -5.021E-03
cosine 10000 0 11 0.299 -9.999E+03 10 0.237  -9.999E+03 11 0.351  -9.999E+-03
cragglvy 5000 0 16 0.280 1.688E+03 13 0.213 1.688E+03 13 0.203 1.688E+03
cube 2 0 32 0.001 2.901E-16 26 0.000 4.042E-14 26 0.001 4.042E-14
curly10 10000 0 19 1.314 -1.003E+406 14 0.970 -1.003E+06 10 0.816 -1.003E+06
curly20 10000 0 19 2.711 -1.003E4-06 16 2.218 -1.003E4-06 10 1.823 -1.003E4-06
curly30 10000 0 20 4.188 -1.003E+-06 12 3.238 -1.003E+06 10 3.106 -1.003E+06
deconvu 51 0 77 0.059 1.468E-10 13 0.013 3.745E-08 | 131 0.131 4.964E-09
denschna 2 0 8 0.000 9.088E-14 5 0.000 2.214E-12 5 0.000 2.214E-12
denschnb 2 0 8 0.001 4.871E-15 30 0.001 4.935E-13 4 0.001 1.361E-11
denschnc 2 0 13 0.000 3.012E-14 10 0.000 2.178E-20 10 0.001 2.178E-20
denschnd 3 0 36 0.001 2.823E-10 22 0.000 4.289E-08 24 0.001 5.847E-08
denschne 3 0 13 0.001 4.307E-14 9 0.001 4.660E-13 9 0.000 1.535E-20
denschnf 2 0 10 0.001 2.407E-17 6 0.001 6.513E-22 6 0.001 6.513E-22
dixmaana 3000 0 9 0.059 1.000E+400 5 0.028 1.000E+400 5 0.036 1.000E+400
dixmaanb 3000 0 11 0.172 1.000E+00 7 0.108 1.000E+00 10 0.172 1.000E+00
dixmaanc 3000 0 12 0.188 1.000E+00 12 0.197 1.000E+00 8 0.129 1.000E+00
dixmaand 3000 0 13 0.200 1.000E+00 9 0.133 1.000E+00 9 0.153 1.000E+00
dixmaane 3000 0 17 0.121 1.000E+00 11 0.063 1.000E+00 10 0.063 1.000E+400
dixmaanf 3000 0 17 0.304 1.000E+400 14 0.225 1.000E+400 12 0.224 1.000E+400
dixmaang 3000 0 19 0.332 1.000E+00 16 0.285 1.000E+00 13 0.249 1.000E+00
dixmaanh 3000 0 21 0.388 1.000E+00 15 0.257 1.000E+00 14 0.269 1.000E+00
dixmaani 3000 0 16 0.113 1.000E+00 9 0.057 1.000E+00 12 0.078 1.000E+00
dixmaanj 3000 0 21 0.371 1.000E+00 25 0.427 1.000E+00 16 0.314 1.000E+00
dixmaank 3000 0 22 0.379 1.000E+00 19 0.307 1.000E+00 17 0.336 1.000E+00
dixmaanl 3000 0 23 0.404 1.000E+00 19 0.305 1.000E+00 20 0.358 1.000E+00
dixon3dq 10 0 1 0.000 2.860E-18 1 0.000 1.972E-31 1 0.000 1.972E-31
dqdrtic 5000 0 1 0.025 5.820E-19 1 0.020 0.000E4-00 1 0.018 0.000E4-00
dqgrtic 5000 0 49 0.267 1.036E-06 25 0.083 1.535E4-00 25 0.081 1.535E+4-00
edensch 2000 0 10 0.053 1.200E+4-04 6 0.024 1.200E+4-04 6 0.027 1.200E+4-04
eg2 1000 0| 587 3.438 -9.989E-+02 3 0.006 -9.989E+02 3 0.006 -9.989E+02
engvall 5000 0 11 0.132 5.549E4-03 7 0.061 5.549E4-03 7 0.058 5.549E4-03
engval2 3 0 20 0.001 9.087E-19 17 0.001 3.691E-25 15 0.000 1.980E-21
errinros 50 0 50 0.006 3.990E4-01 27 0.003 4.040E+4+01 26 0.002 4.040E+01
expfit 2 0 9 0.000 2.405E-01 6 0.000 2.405E-01 8 0.000 2.405E-01
extrosnb 10 0 0 0.000 0.000E+-00 0 0.000 0.000E+-00 0 0.000 0.000E+-00
fletcbv2 100 0 6 0.002 -5.140E-01 1 0.000 -5.140E-01 1 0.000 -5.140E-01
fletcher 100 0 50 0.011 1.157E-16 15 0.002 5.814E-16 17 0.004 1.517E-15
flosp2hl 650 0 11 0.126 3.887E401 2 0.066 3.887E401 2 0.065 3.887E401
flosp2hm 650 0 21 0.154 3.887E+-01 2 0.034 3.887E4-01 2 0.035 3.887E4-01
flosp2th 650 0| 212 1.417 1.000E+01 6 0.091 1.000E+01 7 0.103 1.000E+01
flosp2tl 650 0 11 0.076 1.000E+01 1 0.020 1.000E+01 1 0.021 1.000E+01
flosp2tm 650 0 11 0.081 1.000E+01 2 0.037 1.000E+01 2 0.035 1.000E+01
fminsrf2 1024 0 (IL) 33 0.309 1.000E+400 27 0.369 1.000E+400
fminsurf 1024 0 54 31.129 1.000E+00 34  20.846 1.000E+00 29 36.364 1.000E+00
freuroth 5000 0 21 0.966 6.082E4-05 7 0.198 6.082E4-05 6 0.183 6.082E4-05
genhumps 5 0] 121 0.004 3.294E-14 87 0.002 4.656E-11 81 0.003 3.109E-18
genrose 500 0| 758 0.606 1.000E+00 | 739 0.380 1.000E4-00 | 742 0.361 1.000E+400
growth 3 0 81 0.003 1.004E+4-00 68 0.002 1.004E+4-00 69 0.003 1.004E+4-00
growthls 3 0 82 0.004 1.004E+400 68 0.004 1.004E+400 68 0.003 1.004E+4-00

TABLE 3. Numerical results on unconstrained NLPs. (IL) indi-

cates that the code reached its iteration limit.
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LOQO Newton Cubic
Problem n m | Iter Time f(z™) | Tter Time f(z™) | Tter Time f(z™)
gulf 3 0 26 0.005 1.088E-16 18 0.004 1.488E-10 17 0.004 4.858E-12
hairy 2 0 53 0.001 2.000E4-01 30 0.001 2.000E4-01 34 0.001 2.000E4-01
hatfldd 3 0 22 0.001 6.615E-08 17 0.000 6.629E-08 19 0.001 6.615E-08
hatflde 3 0 27 0.001 4.434E-07 22 0.001 4.434E-07 22 0.001 4.434E-07
heart6ls 6 0| 693 0.042 5.292E-21 823 0.042 7.160E-21 821 0.050 1.414E-21
heart8ls 8 0 53 0.006 8.836E-17 48 0.004 3.582E-14 76 0.010 6.329E-19
helix 3 0 11 0.000 6.143E-15 12 0.001 1.568E-15 9 0.000 9.927E-23
hilberta 10 0 1 0.000 4.990E-16 1 0.000 8.168E-21 1 0.000 8.168E-21
hilbertb 50 0 1 0.002 1.987E-19 1 0.002 9.192E-28 1 0.002 9.192E-28
himmelbb 2 0 10 0.000 2.679E-17 7 0.000 9.148E-19 9 0.000 5.000E-26
himmelbf 4 0 21 0.001 3.186E+-02 9 0.000 3.186E+-02 9 0.001 3.186E+-02
himmelbg 2 0 7 0.000 1.802E-15 5 0.000 2.997E-17 5 0.000 1.393E-16
himmelbh 2 0 8 0.001 -1.000E+00 20 0.001 -1.000E+00 20 0.000 -1.000E+00
humps 2 0 189 0.004 8.803E-14 | 339 0.006 1.272E-11 143 0.003 1.103E-11
jensmp 2 0 13 0.001 1.244E+02 9 0.001 1.244E+02 9 0.000 1.244E+02
kowosb 4 0 8 0.001 3.075E-04 7 0.000 3.075E-04 6 0.000 3.075E-04
liarwhd 10000 0 19 0.700 1.270E-17 12 0.382 8.198E-22 12 0.368 8.198E-22
loghairy 2 0 14 0.001 1.276E+01 0 0.000 6.553E4-00 0 0.000 6.553E4-00
mancino 100 0 17 0.382 2.086E-20 4 0.107 7.565E-19 4 0.107 7.565E-19
maratosb 2 0 17 0.001 -1.000E4-00 10 0.000 -1.000E4-00 12 0.000 -1.000E4-00
methanb8 31 0 92 0.048 8.916E-18 7 0.004 6.741E-10 12 0.007 1.906E-11
methanl8 31 0| 147 0.079 1.189E-17 44 0.023 3.197E-05 49 0.032 1.280E-10
mexhat 2 0 6 0.000 -4.010E-02 4 0.000 -4.010E-02 3 0.000 -4.010E-02
meyer3 3 0] 193 0.008 8.795E401 | 178 0.006 8.795E401 | 168 0.006 8.795E4-01
minsurf 36 0 10 0.001 1.000E+00 3 0.001 1.000E+00 3 0.001 1.000E+00
morebv 5000 0 0 0.013 1.040E-11 0 0.014 1.040E-11 0 0.014 1.040E-11
msqrtals 1024 0 31  79.753 1.924E-13 29  36.677 8.478E-12 22 28.425 8.840E-12
msqrtbls 1024 0 26 63.567 6.369E-14 27 31.418 3.827E-10 20 26.405 4.849E-08
nasty 2 0 1 0.000 5.000E-21 1 0.000 0.000E+-00 1 0.001 0.000E+-00
ncb20 1010 0 7 0.486 1.669E+03 6 0.449 1.669E+03 6 0.455 1.669E+03
ncb20b 1000 0 9 0.736 1.722E+03 7 0.607 1.722E+03 6 1.159 1.722E+03
nlmsurf 15129 0| 110 27.313 3.906E4-01 80 20.335 3.906E4-01 80 19.918 3.906E4-01
noncvxu?2 1000 0| 286 36.227 2.317E403 | 245 28.088 2.317E403 | 248 38.232 2.318E4-03
noncvxun 1000 0 47 0.073 2.317E403 49 0.077 2.317E403 21 0.028 2.317E403
nondia 9999 0 11 0.428 1.268E-19 4 0.203 2.605E-13 4 0.203 2.605E-13
nondquar 10000 0 23 0.502 7.177E-11 19 0.314 4.140E-10 19 0.310 4.140E-10
nonmsqrt 9 0 (IL) | 245 0.007 7.518E-01 | 125 0.004 7.518E-01
osbornea 5 0 (IL) 27 0.002 5.465E-05 17 0.002 5.465E-05
osborneb 11 0 26 0.009 8.759E-02 13 0.006 4.014E-02 11 0.005 4.014E-02
palmerlc 8 0 1 0.000 9.760E-02 1 0.000 9.760E-02 1 0.000 9.760E-02
palmerld 7 0 1 0.000 6.527E-01 1 0.000 6.527E-01 1 0.000 6.527E-01
palmerle 8 0 81 0.005 8.353E-04 | 107 0.007 8.353E-04 | 107 0.008 8.353E-04
palmer2c 8 0 1 0.001 1.442E-02 1 0.000 1.442E-02 1 0.000 1.442E-02
palmer2e 8 0 75 0.005 2.154E-04 85 0.005 2.156E-04 97 0.005 2.255E-04
palmer3c 8 0 1 0.001 1.954E-02 1 0.000 1.954E-02 1 0.000 1.954E-02
palmer3e 8 0| 103 0.005 5.074E-05 69 0.003 5.074E-05 | 399 0.018 5.074E-05
palmerdc 8 0 1 0.000 5.031E-02 1 0.000 5.031E-02 1 0.000 5.031E-02
palmerde 8 0 41 0.002 1.480E-04 56 0.003 1.480E-04 54 0.004 1.480E-04
palmerbc 6 0 1 0.000 2.128E4-00 1 0.000 2.128E400 1 0.000 2.128E400
palmerbd 4 0 1 0.001 8.734E4-01 1 0.000 8.734E4-01 1 0.000 8.734E4-01
palmer6c 8 0 1 0.001 1.639E-02 1 0.000 1.639E-02 1 0.000 1.639E-02
palmer7c 8 0 1 0.000 6.020E-01 1 0.000 6.020E-01 1 0.000 6.020E-01
palmer8c 8 0 1 0.000 1.598E-01 1 0.000 1.598E-01 1 0.000 1.598E-01
penaltyl 1000 0 53 27.231 9.686E-03 40 9.625 9.686E-03 40 9.406 9.686E-03
penalty?2 100 0 23 0.026 9.710E4-04 19 0.015 9.710E4-04 19 0.017 9.710E4-04
penalty3 100 0 (IL) 25 3.697 9.998E-04 12 0.652 1.000E-03
pfitl 3 0| 254 0.007 1.451E-17 | 245 0.006 1.816E-12 | 252 0.006 7.491E-14
pfitlls 3 0| 254 0.007 1.451E-17 | 245 0.006 1.816E-12 | 252 0.006 7.491E-14
pfit2 3 0 87 0.003 7.536E-18 91 0.002 9.641E-14 53 0.001 7.751E-14
pfit2ls 3 0 87 0.002 7.536E-18 91 0.003 9.641E-14 53 0.002 7.751E-14
pfit3 3 0] 114 0.003 6.711E-18 | 130 0.004 3.007E-17 | 139 0.004 6.866E-16
pfit3ls 3 0] 114 0.003 6.711E-18 | 130 0.003 3.007E-17 | 139 0.003 6.866E-16
pfit4 3 0 | 210 0.005 2.204E-20 | 211 0.005 1.578E-16 | 217 0.005 3.266E-19
pfitdls 3 0 | 210 0.005 2.204E-20 | 211 0.005 1.578E-16 | 217 0.006 3.266E-19
powellsg 4 0 18 0.000 7.233E-10 15 0.000 4.379E-09 15 0.000 4.379E-09
power 1000 0 1 0.003 4.110E-21 1 0.002 0.000E4-00 1 0.001 0.000E4-00
quartc 10000 0 53 0.625 2.623E-06 26 0.187 9.710E4-00 26 0.199 9.710E4-00
rosenbr 2 0 24 0.001 1.837E-17 21 0.001 3.744E-21 21 0.000 3.744E-21
s201 2 0 1 0.000 2.812E-20 1 0.000 0.000E4-00 1 0.001 0.000E4-00
5202 2 0 12 0.000 4.898E+401 6 0.000 4.898E+401 6 0.000 4.898E+401
5204 2 0 7 0.001 1.836E-01 4 0.000 1.836E-01 4 0.001 1.836E-01
s205 2 0 11 0.000 1.402E-15 10 0.001 4.019E-11 7 0.000 6.381E-15
5206 2 0 10 0.000 9.246E-17 3 0.000 7.730E-12 3 0.000 7.730E-12
5207 2 0 10 0.000 1.831E-13 6 0.000 1.177E-12 6 0.001 1.177E-12
5208 2 0 24 0.001 1.837E-17 21 0.000 3.744E-21 21 0.001 3.744E-21
s209 2 0 85 0.001 6.039E-18 79 0.001 3.785E-15 79 0.001 3.785E-15
s210 2 0| 361 0.006 6.100E-21 | 348 0.005 4.566E-18 | 348 0.004 4.566E-18
s211 2 0 32 0.001 2.901E-16 26 0.000 4.042E-14 26 0.001 4.042E-14

TABLE 4. Numerical results on unconstrained NLPs. (IL) indi-

cates that the code reached its iteration limit.
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LOQO Newton Cubic
Problem n m | Iter Time f(z™) | Tter Time f(z™) | Tter Time f(z™)
s212 2 0 10 0.001 5.117E-16 8 0.001 1.944E-17 7 0.000 4.452E-13
s213 2 0 31 0.000 1.321E-09 26 0.001 4.455E-08 26 0.001 4.455E-08
5240 3 0 1 0.000 1.269E-17 1 0.000 0.000E4-00 1 0.001 0.000E4-00
5243 3 0 6 0.000 7.966E-01 4 0.000 7.966E-01 4 0.000 7.966E-01
5245 3 0 17 0.000 6.848E-14 11 0.001 1.573E-13 9 0.000 1.750E-09
5246 3 0 13 0.000 6.860E-17 10 0.000 1.039E-21 10 0.000 1.039E-21
5256 4 0 18 0.001 7.233E-10 15 0.001 4.379E-09 15 0.001 4.379E-09
5258 4 0 44 0.001 2.660E-15 38 0.001 8.194E-17 39 0.000 1.525E-23
5260 4 0 44 0.001 2.660E-15 38 0.001 8.331E-17 39 0.001 1.522E-23
5261 4 0 15 0.001 1.143E-09 12 0.001 1.483E-08 12 0.001 1.483E-08
5266 5 0 8 0.001 1.000E+00 7 0.001 1.000E+00 7 0.000 1.000E+00
s267 5 0 31 0.002 2.514E-14 26 0.002 8.580E-10 22 0.002 2.321E-10
s271 6 0 1 0.001 1.223E-22 1 0.000 0.000E4-00 1 0.000 0.000E4-00
5272 6 0 55 0.003 1.139E-13 72 0.005 2.428E-01 61 0.013 2.428E-01
s272a 6 0 (IL) 26 0.003 1.068E-08 69 0.006 1.893E-07
s273 6 0 14 0.001 7.755E-15 10 0.000 7.011E-18 10 0.000 7.011E-18
s274 2 0 1 0.001 4.000E-20 1 0.000 1.972E-31 1 0.000 1.972E-31
s275 4 0 1 0.000 4.000E-20 1 0.000 1.444E-28 1 0.000 1.444E-28
5276 6 0 1 0.000 4.018E-20 1 0.000 3.011E-25 1 0.000 3.011E-25
s281a 10 0 1 0.000 2.994E-21 1 0.000 0.000E+-00 1 0.000 0.000E+-00
5282 10 0 63 0.002 1.900E-14 60 0.002 1.639E-13 60 0.002 1.882E-18
$283 10 0 38 0.001 7.003E-11 32 0.001 6.846E-09 32 0.001 6.846E-09
5286 20 0 24 0.001 1.837E-16 21 0.001 3.744E-20 21 0.001 3.744E-20
5287 20 0 44 0.004 8.400E-15 38 0.001 3.905E-15 39 0.002 7.618E-23
5288 20 0 18 0.001 3.617E-09 16 0.000 4.325E-09 16 0.001 4.325E-09
$289 30 0 11 0.002 1.240E-10 3 0.001 0.000E4-00 3 0.001 7.772E-16
$290 2 0 1 0.000 3.750E-21 1 0.000 0.000E4-00 1 0.000 0.000E4-00
5291 10 0 1 0.000 7.322E-21 1 0.000 0.000E4-00 1 0.000 0.000E4-00
5292 30 0 1 0.000 9.987E-21 1 0.000 0.000E+-00 1 0.001 0.000E+-00
5293 50 0 1 0.001 1.125E-20 1 0.000 0.000E+-00 1 0.001 0.000E+-00
5294 6 0 22 0.000 3.974E4-00 19 0.000 3.974E4-00 19 0.001 3.974E4-00
5295 10 0 29 0.001 3.987E4-00 25 0.001 3.987E4-00 25 0.000 3.987E4-00
5296 16 0 38 0.001 3.987E4-00 33 0.001 3.987E4-00 34 0.001 3.987E4-00
5297 30 0 65 0.004 3.577E-17 59 0.002 9.860E-15 59 0.002 9.860E-15
5298 50 0 96 0.010 1.040E-16 89 0.005 2.280E-21 89 0.006 2.280E-21
$299 100 0| 172 0.030 1.271E-15 | 161 0.017 1.616E-11 | 161 0.018 1.616E-11
s300 20 0 1 0.000 -2.000E+01 1 0.000 -2.000E+01 1 0.000 -2.000E+01
s301 50 0 1 0.000 -5.000E4-01 1 0.000 -5.000E4-01 1 0.000 -5.000E4-01
s302 100 0 1 0.001 -1.000E+-02 1 0.000 -1.000E+-02 1 0.000 -1.000E+-02
s303 20 0 14 0.001 1.065E-15 11 0.001 1.120E-32 11 0.000 1.120E-32
s304 50 0 19 0.005 2.205E-16 15 0.003 1.623E-20 15 0.003 1.623E-20
s305 100 0 23 0.022 2.272E-17 19 0.014 1.235E-38 19 0.014 1.235E-38
s308 2 0 11 0.000 7.732E-01 8 0.000 7.732E-01 8 0.000 7.732E-01
s309 2 0 11 0.001 2.891E-01 6 0.000 2.891E-01 6 0.000 2.891E-01
s311 2 0 12 0.001 2.656E-15 5 0.000 1.962E-13 5 0.000 1.407E-13
s312 2 0 26 0.000 5.923E4-00 19 0.000 5.923E4-00 19 0.001 5.923E4-00
s314 2 0 7 0.000 1.690E-01 2 0.000 1.690E-01 2 0.001 1.690E-01
8333 3 0 (IL) 7 0.000 4.327E-02 6 0.000 4.327E-02
s334 3 0 15 0.001 8.215E-03 7 0.000 8.215E-03 7 0.000 8.215E-03
s350 4 0 8 0.000 3.075E-04 7 0.001 3.075E-04 6 0.001 3.075E-04
s351 4 0 21 0.001 3.186E4-02 9 0.001 3.186E4-02 9 0.000 3.186E4-02
$352 4 0 1 0.000 9.032E4-02 1 0.001 9.032E4-02 1 0.001 9.032E4-02
s370 6 0 15 0.001 2.288E-03 11 0.001 2.288E-03 11 0.001 2.288E-03
s371 9 0 17 0.001 1.400E-06 12 0.002 1.400E-06 12 0.001 1.400E-06
s379 11 0 26 0.009 8.759E-02 13 0.005 4.014E-02 11 0.005 4.014E-02
s386 2 0 1 0.000 2.812E-20 1 0.000 0.000E4-00 1 0.000 0.000E4-00
sbrybnd 5000 0 70 4.756 8.972E-26 60 3.817 8.072E-24 60 3.670 8.072E-24
schmvett 10000 0 6 0.435 -2.999E4-04 3 0.210 -2.999E+-04 3 0.211 -2.999E4-04
scosine 10000 0 | 122 3.760 -9.999E+03 75 1.867 -9.999E+03 | 101 3.743  -9.999E+03
scurly10 10000 0| 106 10.854 -1.003E406 97 7.672 -1.003E4-06 64 7.592 -1.003E4-06
scurly20 10000 0 98 18.242 -1.003E+06 89 13.384 -1.003E+06 60 13.456 -1.003E+06
scurly30 10000 0 92 28.767 -1.003E+406 84 20.652 -1.003E+406 54 19.130 -1.003E+406
sineval 2 0 46 0.001 6.465E-18 41 0.001 6.435E-16 41 0.001 6.435E-16
sinquad 10000 0 68 6.111 1.478E-11 13 0.858 1.392E-09 13 0.835 1.392E-09
sisser 2 0 15 0.000 8.706E-10 12 0.000 1.244E-08 12 0.000 1.223E-08
snail 2 0 65 0.001 2.844E-13 62 0.001 2.834E-12 62 0.001 5.805E-19
srosenbr 10000 0 24 0.463 9.186E-14 21 0.277 1.872E-17 21 0.274 1.872E-17
testquad 1000 0 1 0.002 9.139E-19 1 0.001 0.000E+-00 1 0.002 0.000E+-00
tointgss 10000 0 14 0.623 1.000E+01 1 0.079 1.000E+01 1 0.078 1.000E+01
tquartic 10000 0 13 0.637 6.408E-18 1 0.147 1.892E-25 1 0.146 1.892E-25
tridia 10000 0 1 0.034 2.188E-20 1 0.023 6.077E-25 1 0.023 6.077E-25
vardim 100 0 31 0.028 2.635E-19 25 0.018 7.271E-27 25 0.018 7.271E-27
vibrbeam 8 0 35 0.009 5.532E4-00 25 0.004 7.980E-01 22 0.008 6.481E4-00
watson 31 0 17 0.005 9.159E-13 11 0.004 2.484E-08 10 0.004 9.213E-07
woods 10000 0 44 1.144 2.799E-14 38 0.763 3.517E-10 39 0.726 3.811E-20
yfitu 3 0 40 0.002 6.670E-13 36 0.002 9.113E-13 38 0.002 8.525E-13
zangwil2 2 0 1 0.000 -1.820E4-01 1 0.001 -1.820E4-01 1 0.000 -1.820E4-01

TABLE 5. Numerical results on unconstrained NLPs. (IL) indi-
cates that the code reached its iteration limit.
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LOQO Newton Cubic
Problem n m | Iter Time f(z™) | Tter Pen Time f(z™) | Tter Pen Time f(z™)
3pk 30 0 19 0.002 1.720E+00 13 1 0.003 1.721E+00 13 1 0.003 1.721E4-00
cantilvr 5 1 16  0.000 1.340E+00 94 1 0.003 1.340E+00 94 1 0.003 1.340E+00
cb2 3 3 11 0.001 1.952E+00 28 1 0.001 1.952E+00 28 1 0.002 1.952E+00
cb3 3 3 11 0.001 2.000E+-00 26 1 0.001 2.006 E+00 26 1 0.001 2.006E+-00
chaconnl 3 3 11 0.000 1.952E+400 26 1 0.001 1.952E+00 26 1 0.001 1.952E+400
chaconn2 3 3 11 0.001 2.000E+-00 20 1 0.001 2.006 E+00 20 1 0.001 2.006E4-00
chenhark 1000 0 18 0.018 -2.000E400 30 1 0.085 -1.985E400 30 1 0.080 -1.985E+00
congigmz 3 5 33 0.001 2.800E+01 99 2 0.003 2.800E+01 99 2 0.003 2.800E+01
coshfun 61 20 21 0.003 -7.733E-01 33 1 0.008 -7.724E-01 34 1 0.008 -7.724E-01
demymalo 3 3 15 0.001 -3.000E400 27 1 0.001 -3.000E+00 27 1 0.001 -3.000E+00
dipigri 7 4 11 0.001 6.806E+-02 47 1 0.003 6.806E4-02 47 1 0.003 6.806E4-02
elattar 7 102 | 105 0.083 5.263E-10 | 262 1 0.231 1.338E+02 | 215 1 0.291 4.624E-02
expfita 5 21 23  0.001 1.137E-03 30 1 0.003 1.809E-03 41 1 0.004 1.809E-03
expfitb 5 101 31 0.005 5.019E-03 64 1 0.021 1.030E-02 64 1 0.025 1.030E-02
expfitc 5 501 46  0.037 2.330E-02 | 101 1 0.139 5.397E-02 52 1 0.081 5.397E-02
gigomezl 3 3 17 0.001 -3.000E4-00 21 1 0.001 -2.999E400 21 1 0.001 -2.999E+00
gigomez2 3 3 11 0.000 1.952E+00 29 1 0.001 1.952E+00 29 1 0.001 1.952E+00
gigomez3 3 3 10 0.000 2.000E+00 30 1 0.002 2.000E+00 30 1 0.001 2.000E+00
gmncasel 175 300 16 0.277 2.670E-01 40 1 2920 2.712E-01 40 1 2972 2.712E-01
goffin 51 50 13 0.010 4.015E-09 21 1 0.071 9.855E-02 21 1 0.068 9.855E-02
gpp 250 498 19 0.505 1.440E+04 66 1  2.836 1.440E+04 66 1 2.850 1.440E+04
haifam 85 150 (IL) 28 1 0.031 -4.496E401 28 1 0.032 -4.496E401
haifas 7 9 12 0.000 -4.500E-01 19 1 0.002 -4.441E-01 19 1 0.001 -4.441E-01
haldmads 6 42 26 0.003 3.264E-02 66 1 0.016 5.148E-02 54 1 0.018 3.962E-02
hanging 288 180 17 0.019 -6.202E+02 28 1 0.047 -6.201E+402 28 1 0.048 -6.201E+02
harkerp2 100 0 30 0.028 -5.000E-01 54 1 0.105 -4.695E-01 54 1 0.104 -4.695E-01
hatflda 4 0 8 0.001 1.620E-15 16 1 0.000 2.535E-04 25 1 0.001 3.942E-07
het-z 2 1002 50 0.058 1.000E+4-00 27 1 0.039 1.001E+00 27 1 0.041 1.001E4-00
himmelbi 100 12 26 0.005 -1.755E+03 13 1 0.008 -1.753E+403 13 1 0.008 -1.753E+03
hs004 2 0 8 0.000 2.667E4-00 25 1 0.000 2.672E400 25 1 0.001 2.672E400
hs010 2 1 15 0.000 -1.000E400 24 1 0.000 -9.990E-01 24 1 0.001 -9.990E-01
hs011 2 1 13  0.001 -8.498E+00 27 1 0.000 -8.494E400 27 1 0.001 -8.494E400
hs012 2 1 10 0.000 -3.000E+01 27 1 0.001 -3.000E+401 27 1 0.001 -3.000E+01
hs013 2 1 (IL) T 2 0.002 9.019E-01 70 2 0.002 9.019E-01
hs022 2 2 9 0.000 1.000E+00 22 1 0.000 1.011E+00 22 1 0.001 1.011E+00
hs024 2 2 13 0.000 -1.000E400 24 1 0.001 -9.998E-01 30 1 0.002 -9.998E-01
hs029 3 1 9 0.000 -2.263E+01 21 1 0.001 -2.262E401 14 1 0.001 -2.262E401
hs035 3 1 10 0.001 1.111E-01 24 1 0.001 1.113E-01 24 1 0.002 1.113E-01
hs043 4 3 11  0.000 -4.400E+01 32 1 0.001 -4.400E+401 32 1 0.002 -4.400E+01
hs044 4 6 17 0.000 -1.500E4-01 79 2 0.003 -1.500E+01 90 2 0.005 -1.500E+01
hs057 2 1 20 0.001 2.846E-02 13 1 0.002 3.065E-02 13 1 0.002 3.065E-02
hs076 4 3 11 0.001 -4.682E+00 23 1 0.001 -4.679E400 23 1 0.001 -4.679E400
hs086 5 6 15 0.001 -3.235E401 42 1 0.003 -3.235E+401 42 1 0.003 -3.235E+01
hs088 2 1 28 0.006 1.363E4-00 93 3  0.025 1.344E+00 | 101 3 0.027 1.354E+00
hs089 3 1 28 0.010 1.363E+00 | 201 3  0.077 1.344E+00 | 128 3  0.053 1.344E+00
hs090 4 1 29 0.015 1.363E+00 | 146 3 0.082 1.321E+00 54 3  0.034 1.344E+00
hs091 5 1 29 0.021 1.363E+4-00 81 3 0.066 1.344E+00 69 3 0.056 1.354E4-00
hs092 6 1 23 0.024 1.363E4-00 62 3 0.070 1.321E+400 53 3  0.062 1.344E+00
hs093 6 2 12 0.001 1.351E4-02 50 1 0.003 1.351E+02 42 1 0.003 1.351E+02
hs100 7 4 11 0.001 6.806E4-02 47 1 0.003 6.806E+402 47 1 0.003 6.806E+-02
hs100mod 7 4 15 0.001 6.788E+02 39 1 0.002 6.788E+02 39 1 0.002 6.788E+02
hs113 10 8 16  0.001 2.431E401 32 1 0.002 2.431E+01 32 1 0.002 2.431E401
hs117 15 5 19  0.001 3.235E4-01 45 1 0.005 3.235E4-01 43 1 0.005 3.235E4-01
hs268 5 5 27 0.001 6.526E-09 24 1 0.001 1.953E-06 24 1 0.001 1.953E-06
hs35mod 2 1 16 0.000 2.500E-01 19 1 0.001 2.501E-01 19 1 0.000 2.501E-01
hs44new 4 5 21 0.000 -1.500E+01 89 2 0.004 -1.500E401 72 2 0.004 -1.500E+01
jnlbrngl 15129 0 22 2.142 -1.806E-01 21 1 8.097 -8.927E-02 21 1 8.172 -8.927E-02
jnlbrng2 15129 0 22 2.223 -4.150E+00 16 1 7.515 -1.019E4-00 16 1 7.532 -1.019E+400
jnlbrnga 15129 0 21 2.048 -2.685E-01 19 1 8.842 1.273E-01 19 1 8.949 1.273E-01
jnlbrngb 15129 0 21 2.061 -6.281E+00 21 1 9.068 -5.924E400 21 1 9.092 -5.924E400
kissing2 90 576 | 151 0.555 3.745E+-00 45 1 0.311 2.246E-01 68 1 0.535 3.675E+00
kiwcresc 3 2 14 0.000 -1.944E-09 30 1 0.001 2.471E-03 25 1 0.001 2.471E-03
logros 2 0 1 0.000 0.000E4-00 84 1 0.002 1.697E-10 | 126 1 0.003 1.697E-10
madsen 3 6 24 0.001 6.164E-01 37 1 0.002 6.165E-01 37 1 0.001 6.165E-01
madsschj 81 158 24 0.097 -7.973E+02 17 1 0.309 -7.972E402 17 1 0.304 -7.972E+402
makelal 3 2 14 0.000 -1.414E400 18 1 0.000 -1.413E400 18 1 0.001 -1.413E400
makela2 3 3 12 0.001 7.200E4-00 23 1 0.001 7.204E4-00 23 1 0.000 7.204E4-00
makela3 21 20 18 0.001 1.648E-09 24 1 0.002 5.785E-02 24 1 0.002 5.785E-02
makelad 21 40 12 0.001 1.354E-08 32 1 0.003 1.078E-03 32 1 0.003 1.078E-03
mifflinl 3 2 9 0.000 -1.000E400 25 1 0.001 -9.999E-01 25 1 0.001 -9.999E-01
mifflin2 3 2 13 0.001 -1.000E400 22 1 0.001 -9.957E-01 22 1 0.001 -9.957E-01
minmaxbd 5 20 31 0.002 1.157E4-02 | 237 1 0.016 1.157TE+02 | 237 1 0.015 1.157E+02
minmaxrb 3 4 13 0.000 1.454E-08 35 1 0.001 3.693E-04 35 1 0.001 3.693E-04
minsurfo 2500 0 22 0.499 2.515E4-00 56 1 2519 2.564E400 56 1 2513 2.564E4-00
mosarqpl 2500 700 18 0.079 -9.529E+02 50 1 0.698 -9.529E402 50 1 0.697 -9.529E+402
mosarqp2 900 600 22 0.078 -1.597E+403 96 2 0.524 -1.597E4-03 96 2 0.525 -1.597E+03

TABLE 6. Numerical results on constrained NLPs. (IL) indicates
that the code reached its iteration limit and (PI) indicates that the

code declared the problem to be local infeasible.




30 HANDE Y. BENSON AND DAVID F. SHANNO

LOQO Newton Cubic
Problem n m | Iter Time f(z™) | Tter Pen Time f(z¥) | Tter Pen Time f(z™)
oetl 3 1002 16  0.019 5.382E-01 31 1 0.046 5.420E-01 31 1 0.043 5.420E-01
oet2 3 1002 175 0.252 8.716E-02 26 1 0.062 1.045E-01 26 1 0.064 1.045E-01
oet3 4 1002 17 0.024 4.505E-03 26 1 0.048 3.442E-02 26 1 0.046 3.442E-02
oet4d 4 1002 84 0.161 4.295E-03 22 1  0.064 1.064E-01 20 1 0.051 2.246E4-00
oetd 5 1002 55 0.088 2.650E-03 26 1 0.081 3.934E-01 26 1 0.075 3.934E-01
oet6 5 1002 91 0.253 2.070E-03 38 1 0.180 6.350E-02 49 1 0.266 6.350E-02
oet7 7 1002 | 225 1.015 4.446E-05 70 1 0.489 6.351E-02 55 1 0.500 6.381E-02
pentdi 1000 0 21 0.025 -7.500E-01 40 1 0.130 -7.096E-01 40 1 0.130 -7.096E-01
polakl 3 2 14 0.000 2.718E4-00 84 1 0.002 2.718E+00 84 1 0.002 2.718E4-00
polak?2 11 2 24 0.001 5.460E4-01 19 1 0.001 5.460E+-01 19 1 0.001 5.460E4-01
polak3 12 10 22 0.003 5.933E4-00 41 1 0.008 5.933E+00 41 1 0.009 5.933E4-00
polak4 3 3 13 0.000 2.286E-13 31 1 0.001 1.127E-04 31 1 0.001 1.127E-04
polak5b 3 2 38 0.001 5.000E4-01 | 270 1 0.006 5.000E+01 | 281 1 0.006 5.000E4-01
polak6 5 4 27 0.001 -4.400E+01 44 1 0.003 -4.400E401 44 1 0.002 -4.400E+01
pt 2 501 16 0.007 1.784E-01 24 1 0.016 1.914E-01 24 1 0.015 1.914E-01
rosenmmx 5 4 16 0.001 -4.400E+01 135 1 0.005 -4.400E+401 135 1 0.004 -4.400E+01
5221 2 1 (IL) | 119 3 0.003 -1.021E400 | 116 3  0.002 -1.021E400
5222 2 1 10  0.000 -1.500E4-00 26 1 0.000 -1.500E400 26 1 0.001 -1.500E400
s225 2 5 17 0.001 2.000E4-00 37 1 0.001 2.000E+-00 38 1 0.002 2.000E4-00
5226 2 2 9 0.000 -5.000E-01 27 1 0.001 -4.999E-01 27 1 0.001 -4.999E-01
s227 2 2 9 0.001 1.000E+00 30 1 0.001 1.000E+00 30 1 0.000 1.000E+00
5228 2 2 10 0.000 -3.000E4-00 21 1 0.001 -2.998E400 21 1 0.000 -2.998E400
$230 2 2 9 0.000 3.750E-01 21 1 0.001 3.778E-01 21 1 0.001 3.778E-01
s231 2 2 32 0.000 8.226E-20 44 1 0.001 1.083E-06 43 1 0.001 3.828E-10
5232 2 2 12 0.000 -1.000E+00 19 1 0.001 -9.954E-01 23 1 0.000 -9.998E-01
s233 2 1 13 0.000 1.354E-18 34 1 0.001 1.044E-09 34 1 0.001 1.044E-09
5238 2 3 44 0.002 -8.198E400 | 531 1 0.016 -5.890E401 30 1 0.001 -5.890E+401
$253 3 1 13 0.000 6.928E4-01 20 1 0.002 6.928E4-01 20 1 0.002 6.928E4-01
5264 4 3 11 0.000 -4.411E401 20 1 0.001 -4.408E+01 20 1 0.001 -4.408E+401
5268 5 5 27 0.000 6.534E-09 24 1 0.001 1.953E-06 24 1 0.001 1.953E-06
s277 4 4 12 0.000 5.076E4-00 28 1 0.002 5.076E+00 28 1 0.001 5.076E4-00
s278 6 6 12 0.000 7.839E4-00 32 1 0.002 7.839E4-00 32 1 0.001 7.839E4-00
s279 8 8 12 0.001 1.061E+4-01 37 1 0.003 1.061E+01 37 1 0.002 1.061E+4-01
5280 10 10 12 0.001 1.338E+01 28 1 0.003 1.339E+01 28 1 0.002 1.339E+01
5284 15 10 27 0.002 -1.840E+03 68 1 0.010 -1.840E+03 68 1 0.010 -1.840E+03
5285 15 10 15 0.002 -8.251E403 27 1 0.005 -8.251E+403 27 1 0.004 -8.251E403
s307 2 0 17 0.001 1.244E+02 18 1 0.001 1.244E+02 18 1 0.000 1.244E+02
s315 2 3 14 0.000 -8.000E-01 21 1 0.001 -7.956E-01 21 1 0.000 -7.956E-01
8323 2 2 11 0.000 3.799E4-00 25 1 0.001 3.799E+00 25 1 0.001 3.799E4-00
5326 2 2 12 0.000 -7.981E401 27 1 0.001 -7.981E401 27 1 0.000 -7.981E401
s327 2 1 19 0.001 2.846E-02 10 1 0.001 3.067E-02 10 1 0.001 3.067E-02
s339 3 1 11 0.000 3.362E4-00 30 1 0.001 3.362E4-00 30 1 0.001 3.362E4-00
s341 3 1 11 0.000 -2.263E+01 30 1 0.001 -2.263E401 26 1 0.001 -2.263E+01
5342 3 1] 23 0001 -2.263E+01 (PT) (PI)
s354 4 1 16 0.001 1.138E-01 24 1 0.001 1.140E-01 24 1 0.001 1.140E-01
5359 5 14| 17 0.000 -5.504E-+06 (IL) (IL)
s384 15 10 15 0.001 -8.310E403 36 1 0.006 -8.310E403 36 1 0.006 -8.310E+403
5385 15 10 19 0.002 -8.315E+03 22 1 0.003 -8.315E403 22 1 0.003 -8.315E+403
s387 15 11 21 0.002 -8.250E+03 39 1 0.007 -8.250E+403 39 1 0.006 -8.250E+03
s388 15 15 18 0.003 -5.821E4-03 53 2 0.011 -5.821E+03 53 2 0.011 -5.821E+03
s389 15 15 19 0.002 -5.810E403 44 1 0.010 -5.810E403 45 1 0.010 -5.810E403
simpllpa 2 2 12 0.000 1.000E+4-00 35 1 0.001 1.000E+00 35 1 0.001 1.000E+4-00
simpllpb 2 3 13 0.000 1.100E+400 33 1 0.001 1.100E+00 33 1 0.001 1.100E+400
sipowl 2 10000 17 0.419 -1.000E4-00 14 1 0.342 -1.855E-01 14 1  0.349 -1.855E-01
sipowlm 2 10000 16 0.407 -1.000E4-00 14 1 0.343 -1.855E-01 14 1 0.339 -1.855E-01
sipow4 4 10000 19 0.621 2.728E-01 15 1 0.570 4.016E4-00 15 1 0.575 4.016E4-00
snake 2 2 (IL) (PI) (PI)
spiral 3 2 | 124 0.003 -3.115E-09 68 1 0.008 3.376E-03 75 1 0.003 1.425E-04
stancmin 3 2 18 0.000 4.250E400 44 1 0.001 4.250E4-00 43 1 0.001 4.250E+400
womflet 3 3 11 0.000 6.050E4-00 28 1 0.001 3.884E-03 54 1 0.002 1.404E-04

TABLE 7. Numerical results on constrained NLPs. (IL) indicates
that the code reached its iteration limit and (PI) indicates that the
code declared the problem to be local infeasible.




