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Abstract

We consider the (r|Xp)−medianoid problem in networks. Goods are

assumed to be essential and the only decision criterion is the travel

distance. The portion of demand captured by the competitors is modelled

by a general capture function which includes the binary, partially binary

and proportional customer choice rules as specific cases. We prove that,

under certain conditions of the capture function, a finite dominating set
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exists, extending some known results given for maximal covering location

problems.

Keywords: competitive location, networks, medianoid, customer behaviour,

covering decay function, finite dominating set.

1 Introduction

Competitive location problems refer to situations where two or more competing

firms offer services or goods to clients. Firms make decisions on facility locations

and attributes, as well as on prices and quantities of the offered goods, in order

to achieve certain goals. On the other side, customers choose the facilities to

visit taking into account the travel distance or time, and other attributes of

the facilities and goods offered by the firms. Normally, firms want to maximize

profits and consumers desire to minimize the total cost of getting the product.

Competitive location models represent the interactions between the decision

makers involved in the transference of goods and services in a competitive

environment, considering that both firms and consumers make decisions (see

[8, 9, 10, 11, 17, 18] and references therein for a review of competitive location

models).

If we consider that the only decision criterion for consumers is the distance to

the facilities, the simpler customer choice rule is the binary one which represents

the ”all or nothing” behaviour. A customer uses all her/his buying power at the

closest facility, disregarding all other facilities which are more distant than the
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closest one, even those whose difference in travel distance is very small. Other

customer choice rules replace this hyper-sensitive consumer conduct, implicit in

the binary rule, by a threshold sensitive behaviour; a customer uses exclusively

firm A if the distance from this customer to the competitors exceeds the distance

to firm A in an amount greater than or equal to a sensitivity threshold, the

demand captured by each firm in the shared zone, is given by a non-increasing

function of the travel distance [6, 7]. In the case of the partially binary choice

rule, the demand is distributed among the closest facilities of the firms operating

in the market, the proportional choice rule shares out the demand among all

the facilities [13].

A threshold sensitivity behaviour can be modelled by a coverage decay

function [4] or, using a more competitive term, a capture decay function. A

capture decay function represents the demand captured by a firm. In this

paper, we consider the problem of the (r|Xp)−medianoid [13], which is the

follower problem in the Stackelberg location model. The Stackelberg or leader-

follower location problem in networks was formalised by Hakimi who introduced

the terms (r|p)−centroid and (r|Xp)−medianoid to refer to the solutions of the

leader and follower problems respectively. An (r|Xp)−medianoid is an optimal

solution to the follower problem when he/she opens r facilities and the leader

has p facilities located at the points of set Xp. The (r|p)−centroid is an optimal

solution to the leader problem when the leader opens p facilities and the follower

opens r facilities [12, 13].

We assume that goods are essential. Essential goods must be consumed and
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customers visit one or more facilities to get them. This means that consumers

satisfy all their demand which is totally captured by the firms operating in the

market. The only criterion taken into account by the customers in the decision

making is the distance to the facilities. In the more general case, the demand

captured by a firm is a function of the distance from the customers to the r + p

facilities operating in the market.

Initially, we consider the (r|Xp)−medianoid problem in networks with a

customer choice rule modelled by a capture decay function. Later, assuming

that this function satisfies certain properties, we identify a finite dominating set.

A finite dominating set is a finite set which contains an optimal solution. If such

a set exists, we can solve the location problem in networks using tools designed

to solve problems in discrete spaces (for a review of finite dominating sets for

network location problems see [14], some optimality results for competitive

location problems in networks can be found in [13, 16, 19, 20]). Since the

follower problem is essentially a maximal covering location problem, this paper

is directly connected with the gradual covering decay location problem and

extends some results presented in [4] (see [1] for a review of generalized covering

location models).

The paper is organised as follows. In Section 2 we describe the competitive

location problem and introduce the capture decay function used to define the

customer choice rule, some known choice rules are presented as specific cases.

In Section 3 we study the existence of a finite dominating set. First, in Section

3.1, we consider the case where customers visit only the closest facility from the
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firms they patronize. This means that a consumer may visit only one facility

(the closest facility of one of the firms), or he/she may patronize both firms and

visit the closest facility of each. Later, we consider the case where customers may

visit several facilities for both firms. Finally, Section 4 includes some concluding

remarks.

2 Problem description and particular choice

rules

Let N = N(V,E) be an undirected network with node set V = {vi}m
i=1 and

edge set E. An edge connecting u, v ∈ V is denoted by [u, v]. The distance

on networks between any two points x1, x2 ∈ N is denoted by d(x1, x2). The

distance from point z ∈ N to set X ⊂ N is d(z,X) = min{d(z, x) : x ∈ X}.

Network N represents the market where firms offer an essential good to

customers concentrated in the set of nodes, being wv (≥ 0) the demand at

node v. The total demand is W =
∑

v∈V

wv.

There are p facilities located at points X = {x1, x2, ..., xp} belonging to firm

A. A competitor, firm B, plans to enter the market with r facilities and wants

to determine the locations that maximize the captured demand. Any point on

the network is a candidate facility location.

Assuming that firm B opens facilities at Y = {y1, . . . , yr}, customers at v

are served by only one of the competing firms if distances d(v,X) and d(v, Y )

are sufficiently different ; otherwise demand at v is shared among the competing
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firms in some way. The distance values which lead to the all or nothing choice

rule are given by the sensitivity thresholds denoted by αv and αv. If d(v, Y ) <

d(v,X)−αv or d(v, Y ) > d(v,X)+αv then customers at v patronize the closest

firm. Given X, the demand at v captured by firm B is wvHv(Y ) where Hv(Y )

is a non-negative real function, non-increasing with respect to d(v, Y ), such that

Hv(Y ) = 1 if d(v, Y ) < d(v,X)− αv, and Hv(Y ) = 0 if d(v, Y ) > d(v,X) + αv.

The total demand captured by firm B is WB(X, Y ) =
∑

v∈V

wvHv(Y ). As demand

is assumed to be totally satisfied (essential goods), the demand captured by firm

A is WA(X, Y ) = W −WB(X, Y ).

In its more general form, function Hv is defined as follows:

Hv(Y ) =


1 if d(v, Y ) < Lv

hv(Y ) if Lv ≤ d(v, Y ) ≤ Uv

0 if d(v, Y ) > Uv

(1)

if Lv > 0, and

Hv(Y ) =


hv(Y ) if 0 ≤ d(v, Y ) ≤ Uv

0 if d(v, Y ) > Uv

(2)

if Lv ≤ 0,

where Lv = d(v,X) − αv, Uv = d(v,X) + αv, and hv(Y ) =

hv(d(v, y1), ..., d(v, yr)), with hv a non-negative, non-increasing real function,

that is, if zi ≤ ui for 1 ≤ i ≤ r, then 0 ≤ hv(z1, ..., zr) ≤ hv(u1, ..., ur). Function

Hv is the capture function for firm B.

Given X, the problem of firm B is to find the set Y ∗ = Y (X) that maximizes
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its market share, that is, the set Y ∗ = {y∗1 , . . . , y∗r} such that

WB(X, Y ∗) = max
Y⊂N,|Y |=r

WB(X, Y ). (3)

Using the denomination introduced by Hakimi [13], a solution to Problem

(3) is an (r|X)-medianoid. Observe that the demand captured by firm B is a

non-increasing function of α and a non-decreasing function of α. Observe also

that, if hv(Y ) = hv(d(v, Y )) with hv(Lv) = 1 and hv(Uv) = 0, we have a decay

function equal to those introduced in [4].

Particular sensitivity threshold values and functions hv lead to different

customer choice rules:

• The binary choice rule

When αv = αv = 0, and hv(Y ) = µ, where 0 ≤ µ ≤ 1, for all v ∈ V , we

obtain a binary choice rule. If µ = 0 we have the binary rule oriented to

firm A, if µ = 1 we have the binary rule oriented to firm B, if µ = 1
2 each

firm takes half of demand at v when d(v,X) = d(v, Y ).

• The partially binary choice rule

If for all v ∈ V , αv = d(v,X), αv = max{d(x, y) : x, y ∈ N} and

hv(Y ) = fv(d(v,X))
fv(d(v,Y ))+fv(d(v,X)) , where fv is non-decreasing and fv(0) ≥ 0,

with hv(Y ) = 1
2 if d(v,X) = d(v, Y ) = 0, we have the partially binary

choice rule.

• The proportional choice rule



Competitive location with threshold-sensitive customer behaviour 8

If for all v ∈ V , αv = d(v,X), αv = max{d(x, y) : x, y ∈ N} and

hv(Y ) =

∑
1≤i≤r

1
fv(d(v,yi))∑

1≤i≤r

1
fv(d(v,yi))

+
∑

1≤i≤p

1
fv(d(v,xi))

, where fv is non-decreasing and

fv(0) > 0, we obtain the proportional choice rule.

• Piecewise linear choice rule

Let hv(Y ) = hv(d(v, Y )) for all v ∈ V , with hv a piecewise linear function,

then we have a piecewise linear choice rule. Two specific functions are the

following:

– Step-function

hv(z) =


av1 if Lv ≤ z < r1

...
...

...

avqv
if rqv−1 ≤ z ≤ Uv

(4)

where 1 ≥ av1 > · · · > avqv
≥ 0.

– Continuous function

hv(z) =


(1−µv)(Lv−z)+αv

αv
if Lv ≤ z ≤ d(v,X)

µv
Uv−z

αv
if d(v,X) < z ≤ Uv

if d(v,X) 6= 0,

(5)

Hv(z) =


µv

αv−z
αv

if 0 ≤ z ≤ Uv

0 if z > Uv

if d(v,X) = 0, (6)
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where

Lv = d(v,X)− αv with αv = kvd(v,X) and 0 < kv ≤ 1,

Uv = d(v,X) + αv with αv > 0, and 0 < µv < 1, for all v ∈ V .

Observe that, in our competitive location problem, value µv in expressions

(5) and (6) is the portion of demand at v captured by firm B when d(v, Y ) =

d(v,X).

Example 1 Consider the network represented in Figure 1 where the demand

at node vi is wi = 1, for 1 ≤ i ≤ 4, and the lengths are shown on the edges.

Consider p = r = 1 and X1 = {x1} with x1 = v1. Figure 2 represents the

demand captured by firm B if its facility is located at x ∈ [v2, v3] for the following

customer choice rules: binary (1), partially binary (2), and those defined by the

piecewise linear functions (5) and (6) with Lv = 0, 0, 0, 2, Uv = 1, 4, 4, 6 (3),

Lv = 0, 1, 2, 4, Uv = 3, 5, 6, 8 (4), and Lv = 0, 2, 3, 5, Uv = 3, 5, 6, 8 (5), where

µv = 1
2 for v ∈ V .

3 Finite dominating sets

A finite dominating set (FDS) for a network location problem is a finite set of

points to which some optimal solution must belong [14]. If a FDS is available,

the candidate facility locations can be constrained to this set and the network

problem becomes a discrete problem. It is known that for the binary choice

rule (oriented to the leader) there is an (r|X)−medianoid consisting of points
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Figure 1: Network used in Example 1

which are non-isodistant nodes or non-isodistant points between two isodistant

points on an edge [15, 16, 20]. For the partially binary and proportional

choice rules described in Section 2, if fv is concave for all v ∈ V , we have

an (r|X)−medianoid included in V [13, 20]. For functions (1) and (2), with

hv(Y ) = hv(d(v, Y )), if hv(z) is convex for all v, hv(Lv) = 1, if Lv > 0, and

hv(Uv) = 0, a finite dominating set is F = V ∪{x ∈ N : d(v, x) = Lv or d(v, x) =

Uv, v ∈ V } [4]. As we will see in Section 3.1, taking into account the convexity

of Hv on the open interval (Lv,+∞), this finite dominating set can be reduced

to F = V ∪ {x ∈ N : d(v, x) = Lv, v ∈ V }. A FDS result for the step-functions

defined as (4) is included in [3].

In this section we determine a FDS for the (r|X)−medianoid problem when

the customer choice rule is defined by a capture decay function that verifies

certain conditions. First, we consider the case where customers visit only the

closest facility of the firms they patronize. Later we study the situation where
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Figure 2: Captured demand on edge [v2, v3] for the customer choice rules of

Example 1
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customers may visit several facilities.

3.1 Customers visit the closest facility

Suppose that customers may patronize both firms but they visit only the closest

facility of each of them. Consider Hv(Y ) = Hv(d(v, Y )) where

Hv(z) =


1 if z < Lv

hv(z) if Lv ≤ z ≤ Uv

0 if z > Uv

(7)

if Lv > 0, and

Hv(z) =


hv(z) if 0 ≤ z ≤ Uv

0 if z > Uv

(8)

if Lv ≤ 0,

where hv is a univariate, continuous, and non-increasing function, such that

hv(Lv) = 1, if Lv > 0, and hv(Uv) = 0. It implies the continuity of Hv.

Without any loss of generality, we can assume Lv ≥ 0, for all v.

Definition 1 Let h : D ⊆ R −→ R where D is a convex set. Then, h is

piecewise convex if there exists a set of points S = {bk}q
k=1 ⊂ R and h is convex

on D ∩ (a, b), for any open interval (a, b) such that (a, b) ∩ S = ∅. Points bk,

1 ≤ k ≤ q, are the breakpoints.

Proposition 1 Let hv be a piecewise convex, non-negative, continuous, and

non-increasing real function defined on R+ = {z ∈ R : z ≥ 0}. Let {bvk}qv

k=1

be the set of breakpoints of hv in [Lv, Uv], v ∈ V . Then F = V ∪ {x ∈ N :
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d(v, x) = Lv or d(v, x) = bvk, k = 1, ..., qv, v ∈ V } is a finite dominating set

for the (r|X)−medianoid problem.

Proof. Under the conditions assumed for hv, function Hv is continuous

and piecewise convex in R+, with breakpoints bv0 = Lv, bvk, k = 1, ..., qv, for

v ∈ V . Let Y ∗ = {y∗i }r
i=1 be an optimal solution to Problem (3) and suppose

that there exists y∗i which does not belong to set F . Without loss of generality

we can suppose i = 1 and y∗1 ∈ (u, u′), with [u, u′] ∈ E. Consider that y = y∗1

varies along the edge [u, u′] and the rest of locations remain fixed. Then, if

Y = {y, y∗i }2≤i≤r, d(v, Y ) = min{d(v, y),K} where K = min
2≤i≤r

{d(v, y∗i )}.

Let F ∩ (u, u′) = {c1, ..., cq} where points ck are enumerated by increasing

value of the distance to node u. Let u = c0 and u′ = cq+1. Then, there

exists k, 0 ≤ k ≤ q such that y ∈ (ck, ck+1). Given v, the distance d(v, y) is a

continuous and concave function of y on any edge and, consequently, function

gv(y) = min{d(v, y),K} has these same properties. In particular, d(v, y)

and min{d(v, y),K} are concave functions of y when y varies on the segment

[ck, ck+1]. Let a = min{d(v, x), x ∈ [ck, ck+1]}, b = max{d(v, x), x ∈ [ck, ck+1]},

and J = {z ∈ R : gv(y) = z, y ∈ [ck, ck+1]}, then only three cases can occur:

1) if K ≤ a then J = {K}, 2) if a < K < b then J = [a,K], and 3) if K ≥ b

then J = [a, b]. If J = {K}, Hv(d(v, Y )) = Hv ◦ gv(y) = Hv(K), leading to

a constant function on [ck, ck+1]. For all case, since (ck, ck+1) ∩ F = ∅ and

Hv(z) is continuous, it follows that Hv(z) constrained to J is convex. Then, as

gv(y) is a concave function of y on [ck, ck+1], Hv(z) is non-increasing and Hv(z)

constrained to J is convex, we deduce that Hv ◦gv(y) constrained to [ck, ck+1] is
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convex for all v ∈ V . Then, W (y) =
∑

v∈V

w(v)Hv(gv(y)) constrained to [ck, ck+1]

is convex, and we conclude that W (y) reaches the maximum at ck or at ck+1.

Therefore, if c∗ = arg max{W (ck),W (ck+1)} then W (c∗) ≥ W (y∗1), and we can

replace y∗1 by c∗ without decreasing of W .

Corollary 1 Let hv be a convex, non-negative, continuous, and non-increasing

real function defined on R+. Then F = V ∪ {x ∈ N : d(v, x) = Lv, v ∈ V } is a

finite dominating set for the (r|X)−medianoid problem.

Proof. It follows directly from proposition 1.

Example 2 Consider the market share function used in Example 1 and

numbered 4 in Figure 2. The breakpoints are Lv2 = 1, bv21 = d(v2, v1) = 2,

Lv3 = 2, bv31 = d(v3, v1) = 3, Lv4 = 4, bv41 = d(v4, v1) = 5. Then,

F ∩ [v2, v3] = {v2, v3, c1, c2} where d(c1, v2) = 1 and d(c2, v2) = 2.

3.2 Customers may visit several facilities

Now, we consider the case where r ≥ 2 and the customers may visit several

facilities of both firms and where facilities different to the closest one may

capture demand. For Y = {y1, ..., yr} ⊂ N , consider function Hv(Y ) =

Hv(d(v, y1), ..., d(v, yr)), v ∈ V . For v ∈ V and ~z = (z1, ..., zr) ∈ Rr
+, Hv(~z) is

defined as follows:
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Hv(~z) =



1 if min
1≤i≤r

{zi} < Lv

hv(~z) if Lv ≤ min
1≤i≤r

{zi} ≤ Uv

0 if min
1≤i≤r

{zi} > Uv

(9)

if Lv > 0, and

Hv(~z) =


hv(~z) if 0 ≤ min

1≤i≤r
{zi} ≤ Uv

0 if min
1≤i≤r

{zi} > Uv

(10)

if Lv = 0,

where hv is a non-negative r-variate continuous and non-increasing real function

such that, if ~z = (z1, ..., zr) ∈ Rr
+ and min

i
{zi} = Lv > 0 then hv(~z) = 1, and if

~z = (z1, ..., zr) ∈ R+ and min
i
{zi} = Uv then hv(~z) = 0. Under these conditions,

Hv is continuous.

Definition 2 Let h : Rr
+ → R. Then, h is partially piecewise convex if there

exists a set of real values S = {bk}q
k=1 and h is convex with respect to any

coordinate i on (a, b), for any open interval (a, b) such that (a, b) ∩ S = ∅.

Points bk, 1 ≤ k ≤ q, are the breakpoints.

That is to say, for any i ∈ {1, . . . , r} and ~z = (z1, . . . , zr) ∈ Rr
+, function

hvi(z) = hv(z1, . . . , zi, z, zi+1, . . . , zr) is piecewise convex with breakpoints

belonging to {bk, 1 ≤ k ≤ q}.

Proposition 2 For any v ∈ V , let hv be a partially piecewise convex, non-

negative, continuous, and non-increasing real function defined on Rr
+. For each

v ∈ V , let {bvk}qv

k=1 be the set of breakpoints of hv. Then F = V ∪ {x ∈ N :
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d(v, x) = Lv or d(v, x) = bvk, k = 1, ..., qv, v ∈ V } is a finite dominating set

for the (r|X)−medianoid problem.

Proof.

For all v, under the conditions assumed for hv, function Hv is continuous and

partially piecewise convex in Rr
+, with breakpoints bv0 = Lv, bvk, k = 1, ..., qv,

v ∈ V . Let Y ∗ = {y∗i }r
i=1 be an optimal solution to Problem (3) and suppose

that there exists y∗i which does not belong to set F . Without loss of generality

we can suppose i = 1 and y∗1 ∈ (u, u′), with [u, u′] ∈ E. Consider that

y = y∗1 varies along the edge [u, u′] and the rest of locations remain fixed.

Let F ∩ (u, u′) = {c1, ..., cq} where points ck are enumerated by increasing value

of the distance to node u. Let u = c0 and u′ = cq+1. Then, there exists k,

0 ≤ k ≤ q such that y ∈ (ck, ck+1).

Given v, the distance d(v, y) is a continuous and concave function of y on

any edge, in particular d(v, y) is continuous and concave on [ck, ck+1]. Let

gv : R+ → R be the function defined as gv(z) = Hv(z, d(v, y∗2), ..., d(v, y∗r ))

and let J = {z ∈ R : d(v, y) = z, y ∈ [ck, ck+1]}. Then J = [a, b] where

a = min{d(v, x), x ∈ [ck, ck+1]}, b = max{d(v, x), x ∈ [ck, ck+1]}. From the

properties of Hv it follows that gv is continuous and non-increasing. Moreover,

since (ck, ck+1) ∩ F = ∅ and gv(z) is continuous, we conclude that gv(z)

constrained to J is convex. As d(v, y) is a concave function of y in [ck, ck+1]

and gv constrained to J is convex and non-increasing, the composite function

Gv(y) = gv ◦ d(v, y) = Hv(d(v, y), d(v, y∗2)..., d(v, y∗r )) constrained to [ck, ck+1]

is convex for all v ∈ V . Then, W (y) =
∑

v∈V

w(v)Gv(y) constrained to [ck, ck+1]
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is convex, and we conclude that W (y) reaches the maximum at ck or at ck+1.

Therefore, if c∗ = arg max{W (ck),W (ck+1)} then W (c∗) ≥ W (y∗1), and we can

replace y∗1 by c∗ without decreasing of W .

Corollary 2 Let hv be a convex, non-negative, continuous, and non-increasing

real function defined on Rr
+. Then F = V ∪ {x ∈ N : d(v, x) = Lv, v ∈ V } is a

finite dominating set for the (r|X)−medianoid problem.

Proof. It follows directly from Proposition 2.

Example 3 Consider r = 2. For v ∈ V , let I1 = [0, Lv) × [0,+∞),

I2 = [Lv,+∞) × [0, Lv), I3 = [Lv, Uv] × [Lv, Uv], I4 = (Uv,+∞) × [Lv, Uv],

I5 = [Lv, Uv]× (Uv,+∞), I6 = (Uv,+∞)× (Uv,+∞). Observe that {Ij}6
j=1 is

a partition of R2
+. Let Hv be the function defined as follows:

Hv(z1, z2) =



1 if (z1, z2) ∈ I1 ∪ I2

max
i=1,2

{
Uv−zi

Uv−Lv
exp[−(z1 − Lv)

1
2 (z2 − Lv)

1
2 ]

}
if (z1, z2) ∈ I3

max
i=1,2

{
Uv−zi

Uv−Lv
exp[−(zi − Lv)

1
2 (Uv − Lv)

1
2 ]

}
if (z1, z2) ∈ I4 ∪ I5

0 if (z1, z2) ∈ I6

if Lv > 0, and

Hv(z1, z2) =



µ · max
i=1,2

{
Uv−zi

Uv
exp[−z

1
2
1 z

1
2
2 ]

}
if (z1, z2) ∈ I3

µ · max
i=1,2

{
Uv−zi

Uv
exp[−z

1
2
i U

1
2
v ]

}
if (z1, z2) ∈ I4 ∪ I5

0 if (z1, z2) ∈ I6

if Lv = 0, where 0 < µ ≤ 1, for all v ∈ V .
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Figure 3: Function Hv of Example 3

Function Hv, represented in Figure 3, is continuous, non-increasing, and

partially piecewise convex in R2
+ with breakpoints Lv, v ∈ V . Then F = V ∪{x ∈

N : d(v, x) = Lv, v ∈ V } is a finite dominating set for the (r|Xp)−medianoid.

In particular, for the network of Figure 1, with Lv = 0, 1, 2, 4, Uv = 3, 5, 6, 8,

and µ = 0.5, the candidate locations are V ∪{c1, c2, c3, c4, c5}, where c1 ∈ [v1, v2]

with d(v1, c1) = 1, c2, c5 ∈ [v2, v3] with d(v2, c2) = 1, d(v2, c5) = 2, c3 ∈ [v2, v4]

with d(v2, c3) = 1, and c4 ∈ [v1, v3] and d(v1, c4) = 1. The optimal pair of

locations is {c1, c4} which captures 3.12 units of demand.
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4 Concluding remarks

In this paper we considered the (r|Xp)−medianoid problem in networks with a

general customer choice rule that includes several specific rules studied in the

literature. We considered two scenarios, in the first scenario customers visit at

most the closest facility from each firm, in the second scenario customers may

visit several facilities for both competing firms. A customer visits exclusively

one of the firms if the difference in distances between this customer and the

competitors exceeds certain threshold, otherwise the demand is shared among

the competing firms in some way. In its more general form, the capture

(coverage) decay function is multivariate and the demand captured by a firm

depends on the distance from the demand point to the locations of all the

facilities. For both scenarios, assuming some convexity conditions for the

capture function, we proved the existence of a finite dominating set. If a finite

dominating set is found, the location problem on networks can be solved as a

discrete problem. In this case, for the univariate capture function (Section 3.1),

the Linear Programming formulations and results shown in [2, 3, 4, 5] can be

applied to our competitive location problem.

The translation of our discretization results to maximal covering location

problems leads to an extension of those presented in [4]. On one hand, we replace

the convexity of the univariate coverage function by the piecewise convexity, and

on the other hand we give a result for multivariate coverage functions.

Finally, our results can be useful to solve location problems where the capture

function is approximated by a piecewise convex function and/or where several
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facilities and not only the closest one attract demand. Moreover, the model

can be adapted to unessential goods; if we consider that customers visit only

facilities which are close enough, we can use capture functions similar to (1)-

(2) with Uv = min{βv, d(v,X) + αv}, where βv is the maximum distance

that a customer at v is willing to travel to get the product, in this case

WA(X, Y ) + WB(X, Y ) ≤ W .
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