
Journal of Global Optimization manuscript No.
(will be inserted by the editor)

Global convergence and the Powell singular function

Trond Steihaug · Sara Suleiman?

Received: date / Accepted: date

Abstract The Powell singular function was introduced 1962 by M.J.D. Powell as an uncon-
strained optimization problem. The function is also used as nonlinear least squares problem
and system of nonlinear equations. The function is a classic test function included in collec-
tions of test problems in optimization as well as an example problem in text books. In the
global optimization literature the function is stated as a difficult test case. The function is
convex and the Hessian has a double singularity at the solution. In this paper we consider
Newton’s method and methods in Halley class and we discuss the relationship between these
methods on the Powell Singular Function. We show that these methods have global but lin-
ear rate of convergence. The function is in a subclass of unary functions and results for
Newton’s method and methods in the Halley class can be extended to this class. Newton’s
method is often made globally convergent by introducing a line search. We show that a full
Newton step will satisfy many of standard step length rules and that exact line searches will
yield slightly faster linear rate of convergence than Newton’s method. We illustrate some of
these properties with numerical experiments.

Keywords System of nonlinear equations · Global optimization · Higher order methods

Mathematics Subject Classification (2000) 49M15 · 58C15 · 65H10 · 90-08 · 90C06 ·
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1 Introduction

In 1962 M.J.D. Powell [37] introduced the objective function

f(x) = (x1 + 10x2)
2 + 5(x3 − x4)2 + (x2 − 2x3)

4 + 10(x1 − x4)4, (1)
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to test an unconstrained optimization algorithm. The function goes under the names Pow-
ell Quartic Function or Powell Singular Function (PSF). Standard starting point is x0 =
(3,−1, 0, 1)T and the Hessian matrix at the standard starting point is nonsingular. PSF is
convex and the unique unconstrained minimizer is x∗ = (0, 0, 0, 0)T . Moreover, the Hes-
sian matrix at x∗ is doubly singular thus PSF is a severe test problem [4, Page 141] and [16]
and particularly for quadratically convergent methods [45].

PSF is a standard reference test for derivative free optimization methods [32,34], for
heuristic methods [42] as well as global optimization algorithms [7,31,36,48]. The test
function is also a standard reference in textbooks [4,9,38,46] and it is included in collections
of test problems [3,29,39,41]. The function is extended to variably dimensioned problems
[6,23,25,43]. PSF represents typical situations that are encountered in testing and is used to
illustrate the behavior of the algorithms including Newton’s method [28].

PSF is an easy problem for most global optimization methods that rely on heuristic
techniques, see for example [21,22]. These methods converge to the global minimizer. This
is also the case for gradient based methods like quasi-Newton methods, see [13,12] and the
references therein. However, for quasi-Newton methods the super linear rate of convergence
will be lost. For more complete collections of more challenging test problems in global
optimization see [1] for unconstrained problems, and [17] for constrained problems.

PSF is a type of optimization problem where a linear transformation of the variables
makes the optimization problem separable. A function g(y) : Rn → R is separable if

g(y) =
n∑
i=1

gi(yi), (2)

where gi : R→ R and yi is component i of y.
Let S ∈ Rn×n be a nonsingular matrix and let g be a separable function. Define the

function f(x) = g(Sx). PSF can be written as f(x) = g(Sx), where g(y1, y2, y3, y4) =
y21+5y22+y

4
3+10y44 and S is 4×4 nonsingular matrix. Since the function g is separable, and

Newton’s method is invariant under a linear transformation of the variables [15, Section 3.3],
Newton’s method will behave like the one dimensional counterpart on minξ gi(ξ). However,
the rate of convergence will be determined by the slowest rate of convergence of the com-
ponents [14]. For one dimensional problems Newton’s method has a global convergence1

under reasonable assumptions like the Fourier conditions [35, Chapter 9] or conditions in
[47].

Let ai ∈ Rn, i = 1, . . . ,m be a constant vector and let g(y) : Rm → R be a separable
function (2). A unary function [26] can be written on the form f(x) =

∑m
i=1 gi(yi(x)), x ∈

Rn, where yi(x) = aTi x. Let S be them×nmatrix where row i is aTi then f(x) = g(Sx).
PSF belongs to a class of unary functions with m = n and a nonsingular matrix S. Other
well known examples of functions in this class are Rosenbrock Cliff function [40, Chapter
4, Page 71], extended PSF [43], extended Rosenbrock Cliff function [18] and the variably
dimensional function [18].

PSF is also used as a test function for nonlinear least squares [30] where f(x) =
F (x)TF (x) or in a nonlinear system of equations F (x) = 0 where the nonlinear func-

1 There is no assumption on x0 to be sufficiently close to the solution.
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tion F : R4 → R4 is given by [5]

F (x) =


f1(x)
f2(x)
f3(x)
f4(x)

 ≡


x1 + 10x2√
5(x3 − x4)

(x2 − 2x3)
2

√
10(x1 − x4)2

 . (3)

The Jacobian matrix of F at the solution x∗ is singular, which makes the function a difficult
test function [24]. Test functions for nonlinear least squares like the Cuyt and Cruyssen
function [8] and Problem 201 in [39] are further examples of functions in the subclass of
unary functions where we find PSF.

The classical iterative method to solve∇f(x) = 0, where f : Rn → R is at least three
times continuously differentiable, is Newton’s method. For a given iterate xk the correction
is given by

sk(1) = −∇
2f(xk)−1∇f(xk), (4)

provided that the Hessian matrix at xk is nonsingular and the new iterate is xk+1 = xk +
sk(1), k ≥ 0. If ∇2f(x∗) is nonsingular and ∇f(x∗) = 0, it is well known that if the
starting point x0 is sufficiently close to the solution x∗, then Newton’s method converges
with a quadratic rate of convergence. The Halley class of methods [20] have local and third
order rate of convergence. For a given value of α and a given iterate xk, the new iterate of a
method in the Halley class is given by xk+1 = xk + sk(1) + sk(2), k ≥ 0, where sk(1) is the
Newton step (4) and sk(2) is given by

sk(2) = −
1

2

(
∇2f(xk) + α∇3f(xk)sk(1)

)−1
∇3f(xk)sk(1)s

k
(1). (5)

For specific values of α in Halley class we get some well known methods. Chebyshev’s
method, Halley’s method and super-Halley’s method are obtained when α = 0, 12 and 1
respectively. Further, each method in the Halley class is invariant under linear transformation
[44]. As for Newton’s method on one dimensional problems, the Chebyshev and Halley
methods have global convergence under reasonable assumptions [2,27].

A global strategy like a line search using the Newton direction and the PSF has been
discussed in [10,16,19]. The new iterate using line search is xk+1 = xk + λks

k
(1), k ≥ 0

where λk is called the step length. For the PSF it is often observed that the full Newton step
λk = 1 will be acceptable.

The paper is organized as follows. In section 2, we discuss solving PSF as an uncon-
strained optimization problem. We show that Newton’s method is globally convergent with
a linear rate of convergence. Further, we show that methods in the Halley class are glob-
ally convergent with a linear rate for α in an interval. In section 3, we take a closer look at
Newton’s method coupled with line search. We show that the step length λk = 1 and the
Newton direction s(k)1 will satisfy standard line search conditions. Furthermore, we show
that the Newton direction with exact step length has a faster convergence than with the step
length λk = 1. This violates the folklore that taking the Newton step is the best choice
close to a solution. Finally, the observation that alternating the step length between 1 and 3
reduces the number of iterations is proved by showing finite termination after two iterations.
In section 4, we consider the Brent formulation (3) of PSF as system of nonlinear equations
and we show global and linear rate of convergence for. In the final section 5, some of the
properties are illustrated with numerical experiments.



4 T. Steihaug and S. Suleiman

2 PSF as unconstrained optimization problem

For the unconstrained optimization problem where the objective function is smooth, we
are searching for a stationary point ∇f(x) = 0. Since (1) is convex, any stationary point
will be a global minimizer. The determinant of the Hessian matrix ∇2f(x) is given by
12700800(x1−x4)2(x2−2x3)

2. Therefore, the matrix∇2f(x) is nonsingular if and only
if f3(x) 6= 0 and f4(x) 6= 0 where fi, i = 1, 2, 3, 4 are given in (3). For simplification, we
will remove the iteration index and use that x is the current iterate and x+ is the next iterate.
The Newton step s(1) is given by (4) and can be written as

s(1) = −
(
I − 4

3
N

)
x, (6)

and the matrix N has eigenvalue decomposition N = V DV −1 where

N =
1

42


20 −10 20 −20
−2 1 −2 2
−1 −10 20 1
−1 −10 20 1

 , V =


0 1 −10 0
2 0 1 0
1 0 0 1
0 1 0 1

 (7)

and D = diag(0, 0, 1/2, 1/2). The Newton iterate, x+ = x+ s(1), is given by

x+ =
4

3
Nx. (8)

Using the definition (3) at the iterate x+ in (8), we have fi(x+) = 4
9fi(x) for i = 3, 4, and

then det(∇2f(x+)) 6= 0 if det(∇2f(x)) 6= 0.
A Halley class iterate for a given α is defined by x+ = x + s(1) + s(2) where s(1) is

the Newton step and s(2) is given by (5). In terms of the matrix N , s(2) is given by

s(2) =
2

3(2α− 3)
N x.

The determinant of∇2f(x)+α∇3f(x)s(1) is 1411200(2α− 3)2(x1−x4)2(x2− 2x3)
2,

which is nonsingular if f3(x) 6= 0 and f4(x) 6= 0, provided that α 6= 3/2. Therefore,
Halley class iterate can be written as

x+ =
2(4α− 5)

3(2α− 3)
Nx. (9)

From the definition (3) and (9), we have fi(x+) =
(4α−5)2

9(2α−3)2 fi(x) for i = 3, 4. Therefore,
det(∇2f(x+)) 6= 0 if det(∇2f(x)) 6= 0 provided α 6= 5/4 and α 6= 3/2.

We need a technical Lemma.

Lemma 1 Let |β| < 2, and the matrix N be defined by (7). Consider the sequence of
iterates {xk} defined by

xk+1 = βNxk, k ≥ 0, (10)

then xk+1 = β
2x

k, k ≥ 1. Either x1 = x∗ or ‖x
k+1−x∗‖
‖xk−x∗‖ =

∣∣∣β2 ∣∣∣ , k ≥ 1.
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Proof If x0 is in the null space of the matrix N i.e. x0 ∈ Null(N), then x1 = x∗. Hence
the iteration terminates with the solution after one iteration when x0 ∈ Null(N) or β = 0.

Consider the sequence of iterates {xk}, k ≥ 0 given by (10). Since N = V DV −1,
then N2 = 1

2N . Now let k ≥ 1, and using the iterate (10), then

xk+1 = βNxk = β2N2xk−1 =
β2

2
Nxk−1 =

β

2

(
βNxk−1

)
=
β

2
xk.

Then
∥∥xk+1 − x∗

∥∥ /‖xk − x∗‖ = |β/2| , k ≥ 1, using that x∗ = 0 is the solution, and
the sequence of iterates is converging provided |β| < 2. ut

This lemma will be used to show global and linear rate of convergence for the methods
considered. For simplicity, the case of reaching the solution in one iteration i.e. x1 = x∗ is
not considered in the theorem.

We can now state a global convergence result for Newton’s method and methods in the
Halley class.

Theorem 1 Let x0 be a starting point so that ∇2f(x0) is nonsingular. Newton’s method
and methods in Halley class for α 6= 3/2, 5/4 are well defined for all k ≥ 0 and given by (8)
and (9), respectively. Further, for any starting point the sequence of iterates {xk} defined
by (8) is globally convergent and converges linearly to the solution x∗ with quotient factor
2
3 . For any starting point the sequence of iterates {xk} given by (9) is globally convergent

and converges linearly to the solution x∗ with quotient factor
∣∣∣4α−5
6α−9

∣∣∣ provided α < 7/5 or
α > 2.

Proof First, we start with Newton’s method. Assume that the Hessian ∇2f(xk) is nonsin-
gular. Then xk+1 is well defined and fi(xk+1) = 4

9fi(x
k) 6= 0, i = 3, 4. Then the Hessian

∇2f(xk+1) is nonsingular since det(∇2f(xk+1)) 6= 0. By induction, Newton’s method is
well defined for all k ≥ 0 and the iterates is given by (8). Using Lemma 1 for β = 4

3 and

(8) we have ‖x
k+1−x∗‖
‖xk−x∗‖ = 2

3 , k ≥ 1. Thus Newton’s method converges linearly to x∗ with
quotient factor 2

3 .
Similarly, using Halley class iterate (9), then from Lemma 1, the quotient factor of meth-

ods in Halley class is
∣∣∣4α−5
6α−9

∣∣∣ which is less than one for the values α < 7/5 or α > 2. ut

3 Line search and Newton’s direction

Define the matrix M = −
(
I − 4

3N
)
, then from (6) the Newton direction is obtained by

sk =Mxk. We introduce a step length λ which is a positive scalar and the new iterate is on
the form

xk+1 =xk + λsk = (I + λM)xk. (11)

3.1 The Wolfe Conditions

Let the function φ(λ) = f(x + λs), where s is the search direction. Wolfe conditions [33]
are φ(λ) ≤ φ(0) + λc1φ

′(0) and φ′(λ) ≥ c2φ
′(0), which are to avoid too big or too

small step lengths. The step length λ = 1 will satisfy the Wolfe conditions if c1 ≤ 1
2 and
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c2 ≥ 8
27 ≈ 0.296. Grippo et al. [19] observed numerically that the full Newton step, λ = 1,

satisfy Armijo’s condition [33, Section 3.1]. Also the more stringent condition
∣∣φ′(λ)∣∣ ≤

c2
∣∣φ′(0)∣∣ is satisfied for λ = 1 provided c2 ≥ 8

27 . Typical choice for c1 and c2 in Newton’s
method is c1 = 10−4 and c2 = .9 [9, Appendix A, Page 328] and [33, Section 3.1].

3.2 The Exact Line Search

Define the function φk(λ) at iterate k, as φk(λ) = ak(1 − λ)2 + bk
(
1− λ

3

)4
, where

ak = f1(x
k)2+f2(x

k)2, and bk = f3(x
k)2+f4(x

k)2. The exact minimizer λk is defined
by λk = argminφk(λ). The function f is strictly convex so φk(λ) is strictly convex and
the exact minimizer λk is the solution of the cubic equation φ′k(λ) = 0. The cubic equation
has one real and two complex conjugate solutions. Let wk = 3ak

2bk
then the real root of the

cubic polynomial is

λk = 3

((
−wk + wk(1 + wk)

1
2

) 1
3 −

(
wk + wk(1 + wk)

1
2

) 1
3
+ 1

)
. (12)

From (11) we have fi(xk+1) = (1−λ)fi(xk), for i = 1, 2 and fi(xk+1) =
(
1− λ

3

)2
fi(x

k),

for i = 3, 4. Thus, wk+1 = (1−λ)2

(1− λ
3 )

4wk. The minimizer λk will satisfy φ′k(λk) = 0, and

the expression for wk+1 simplifies wk+1 = λk−1

1− λk
3

. Let

λ(w) = 3

((
−w + w(1 + w)

1
2

) 1
3 −

(
w + w(1 + w)

1
2

) 1
3
+ 1

)
.

The function λ(w) is monotonically decreasing for w ≥ 0, λ(0) = 3, and λ(w) > 1.
Consider the function g(w) = (λ(w) − 1)/(1 − λ(w)/3) which is also monotonically
decreasing for w > 0 and has a fixed point w∗ = g(w∗). Since the sequence {wk}k≥0

satisfies the fixed point iteration, and λ∗ = λ(w∗) then λk → λ∗ as k → ∞ and λ∗ =
15−3

√
17

2 . The quotient factor for the iteration (11) is given by (
√
17− 3)/2 ≈ 0.5616.

Table 1 is a comparison of the quotient factor of super-Halley, Halley, Chebyshev, New-
ton’s methods in section 2 and exact line search. It is observed that Newton’s method has the
slowest convergence, after that Chebyshev, then Halley and then super-Halley has the fastest
convergence. Table 1 shows that the quotient factor of super-Halley is half of the one given
by Newton’s method. However two steps of Newton is slower than one step of super-Halley.
In addition, Newton’s method is slower than exact line search.

Table 1 Quotient factor for different methods and for exact line search

Super-Halley Halley Chebyshev Newton Newton with exact line search
1/3 1/2 5/9 2/3 ≈ 0.5616

The slow convergence of Newton’s method was observed by Dixon [10]. A significant
reduction in the number of iterations was achieved by using the dominating degree D = 4
[11], and a step length λ = D − 1 after a Newton with λ = 1. To see this, we have
fi(x

k+1) = (1− λ)fi(xk), i = 1, 2 and fi(xk+1) = (1− λ
3 )

2fi(x
k), i = 3, 4 from the

definition (3) and the iterate (11). Moreover, after a step length λk = 1, we have f1(xj) =
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f2(x
j) = 0 for j ≥ k + 1. For λk = 3, the functions f3(xj) = f4(x

j) = 0 for j ≥ k + 1.
The Newton’s method will therefore terminate after two iterations using step lengths λ0 = 1
and λ1 = 3.

4 PSF as a system of nonlinear equations

Consider the PSF as a nonlinear system of equations F (x) = 0 where F is given in (3),
and the determinant of the Jacobian matrix is 84

√
50(x1−x4)(x2−2x3). We immediately

have that F ′(x) is nonsingular if and only if f3(x) 6= 0 and f4(x) 6= 0 using the definition
(3). Assuming that F ′(x) is nonsingular, it can be shown that the Newton iterate is given by

x+ = x− F ′(x)−1F (x) = Nx,

where N is given by (7). From definition (4), we have fi(x+) = 1
4fi(x), i = 3, 4. We can

conclude that det(F ′(x+)) 6= 0 whenever det(F ′(x)) 6= 0, and Newton’s method is well
defined and from Lemma 1 will be globally convergent provided that the Jacobian at the
initial point is nonsingular.

Consider any method in the Halley class where the iterate is given by

s(1) = −F ′(x)−1F (x),

s(2) = −
1

2

(
F ′(x) + αF ′′(x)s(1)

)−1
F ′′(x)s(1)s(1),

x+ = x+ s(1) + s(2).

For a given scalar α, the determinant of the matrix F ′(x) − αF ′′(x)F ′(x)−1F (x) is
105
√
2(α − 2)2(x1 − x4)(x2 − 2x3). It follows that, if F ′(x) is nonsingular and α 6= 2,

then F ′(x)− αF ′′(x)F ′(x)−1F (x) is also nonsingular. The next iterate x+ is

x+ =
2α− 3

2(α− 2)
Nx.

The last two components of F at x+ are given by fi(x+) =
(2α−3)2

16(α−2)2 fi(x), i = 3, 4, then
det(F ′(x+)) 6= 0 when det(F ′(x)) 6= 0, α 6= 3/2 and α 6= 2. We can conclude that if the
Jacobian matrix is nonsingular at x then for α 6= 2 the new iterate x+ is well defined. If in
addition α 6= 3/2 the Jacobian at x+ is nonsingular and the methods in the Halley class are
well defined and globally convergent for α < 11/6 or α > 5/2. The quotient factors for
some of these methods described in Table 2.

For a quadratic function two steps of Newton’s method is one step of super-Halley
method (α = 1) [20]. The function (4) is quadratic and to see that two steps of Newton’s
method is one step of super-Halley, recall N = V DV −1

x+ = NNx = N2x = V D2V −1x =
1

2
V DV −1x =

1

2
Nx.

Table 2 Quotient factor for different methods on F (x) = 0

Super-Halley Halley Chebyshev Newton
1/4 1/3 3/8 1/2
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5 Numerical illustrations

In this section numerical comparison between the methods with the variation of PSF de-
scribed in Section 2 is introduced. In addition to some experiments on the exact line search
explained in details in Section 3. All experiments conducted from MATLAB 7.11 release
R21010b on a personal computer with processor Intel Core 2 Duo 2.4 GHz and 3.8 GB
memory.
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Fig. 1 (a) Comparing the number of iterations of the used method to solve PSF as unconstrained optimization
problem. (b) Comparing Newton’s method to the exact line search in the perspective of the iterate.

Consider PSF problem ∇f(x) = 0, where the objective function is given by (1). We
solved this problem by Newton, Chebyshev, Halley, and super-Halley methods. The standard
starting point x0 = (3,−1, 0, 1)T used with the stopping criteria ||∇f(x)|| ≤ 10−10.
Figure 1(a) shows that all methods are linearly converging and super-Halley has the smallest
quotient factor of the other methods. Figure 1(b) is the comparison between the exact line
search and Newton’s method with respect to the iterate xk. It can be shown from Figure 1(b)
that the exact line search has the least values of ‖xk−x∗‖2 comparing to Newton’s method.
We also see that the quotient factor stabilizes after 4 iterations.
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