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On optimizing the sum of the Rayleigh quotient and the generalized
Rayleigh quotient on the unit sphere
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Abstract Given symmetric matricesB,D ∈ Rn×n and a symmetric positive definite matrixW ∈ Rn×n,

maximizing the sum of the Rayleigh quotientx>Dx and the generalized Rayleigh quotientx>Bx
x>Wx

on the

unit sphere not only is of mathematical interest in its own right, but also finds applications in practice. In

this paper, we first present a real world application arising from the sparse Fisher discriminant analysis.

To tackle this problem, our first effort is to characterize the local and global maxima by investigating the

optimality conditions. Our results reveal that finding the global solution is closely related with a special

extreme nonlinear eigenvalue problem, and in the special caseD = µW (µ > 0), the set of the global so-

lutions is essentially an eigenspace corresponding to the largest eigenvalue of a specially-defined matrix.

The characterization of the global solution not only sheds some lights on the maximization problem, but

motives a starting point strategy to obtain the global maximizer for any monotonically convergent iter-

ation. Our second part then realizes the Riemannian trust-region method of [Absil, Baker and Gallivan,

Found. Comput. Math., 7, 303-330 (2007)] into a practical algorithm to solve this problem, which en-

joys the nice convergence properties: global convergence and local superlinear convergence. Preliminary

numerical tests are carried out and empirical evaluation of its performance is reported.
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1 Introduction

Given symmetric matricesB,W andD∈Rn×n whereW is positive definite, in this paper, we are concerned

with the solution of the following optimization problem:

max
‖x‖2=1

f (x) :=
x>Bx
x>Wx

+x>Dx. (1.1)

Because of the unit sphere constraint

M := {x ∈ Rn|‖x‖2 = 1},

we know that the solution of (1.1) does not change if we replace the matrixD with D + ξ In for any

ξ ∈ R, whereIn represents then-by-n identity matrix; without loss of any generality, therefore, we can

further assumeD is positive definite. Practical applications of this problem can arise, for example, in the

downlink of a multi-user MIMO system [33] and in the sparse Fisher discriminant analysis in pattern

recognition. In section 2, we shall briefly discuss how a corresponding problem (1.1) is formulated. On

the other hand, as maximizing eitherx>Dx or x>Bx
x>Wx

onM is equivalent to solving the extreme eigenvalue

problemDx = λx or computing an extreme eigenpair of a symmetric-definite matrix pencil(B,W) (see

e.g., [22]), respectively, one can expect that problem (1.1) will also be related with some special extreme

eigenvalue problem, which makes it attractive in its own right.

Though it is known that optimizing eitherx>Dx or x>Bx
x>Wx

on M does not admit local non-global

solution (see e.g., [21,20]), difficulty will arise when one attempts to maximize the sum, where multiple

local non-global maxima appear. The following simple example where allB,W andD are 2-by-2 and

diagonal illustrates the different situation.

Example 1.1We letB= diag{1,2},W = diag{10,1},D0 = 0∈R2×2 andD1 = diag{5,1}. For the choice

D = D0, the global maxima of (1.1) are[0,±1]> and the global minima are[±1,0]>; whereas for the case

D = D1, the global maxima are[±1,0]> and the global minima are1
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The points[0,±1]> now become the local maxima. The value of the cost functionf (x1,x2) on the unit

spherex2
1 +x2

2 = 1 is plotted in Figure 1.

Even in this very simple example, we can see the global maxima for the trivial caseD = D0 and

D = D1 vary greatly, and thus one cannot expect that a global solution of a general problem (1) could be

obtained by simply solving a standard eigenvalue problem or a generalized eigenvalue problem. To clarify

our statement, in our first part of this paper, we will investigate the local as well as the global optimality

conditions in section 3. It is interesting to point out that any local maximizerx̄ is a unit eigenvector

corresponding to either the largest or the second largest eigenvalue of a specially-defined matrixE(x̄)
(see section 3); moreover, as a global optimality condition, we can prove that any global solutionx∗

1 We will demonstrate how to compute these points in section 3.
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Fig. 1 The left sub-figure plots the value of the cost functionf (x1,x2) on the unit spherex2
1 +x2

2 = 1 with D = 0; whereas
the right sub-figure plotsf (x1,x2) with D = diag{5,1}.

must be a unit dominant eigenvector ofE(x∗); for the special caseD = µW (µ > 0), further, we are

able to completely characterize the global solutions set as the join of an eigenspace corresponding to the

largest eigenvalue ofE(x∗) andM . These global optimality conditions are useful in finding a global

maximizer because it provides a starting point strategy (section 3.3) for any monotonically convergent

iterative algorithm.

As our optimality conditions indicate that problem (1.1) is not simply related with the standard eigen-

value problem or the generalized eigenvalue problem, sophisticated algorithms such as the QR iteration

(see e.g., [22,34]) or the implicitly restarted Arnoldi method (see e.g., [22,27,28]) and the QZ algorithm

(see e.g., [21]) for the generalized eigenvalue problem could not be straightforwardly applied to solve

(1.1). Furthermore, because the cost functionf (x) is not concave and the constraintM is not convex,

finding a global solution is a hard problem as the iteration may be trapped by local maxima or saddle

points. Knowledge of the perturbation property and the characterization of a solution therefore is impor-

tant, which could be helpful in increasing the probability for obtaining a global maximizer.

The purpose of our second part of the paper is to suggest, by making use of the structure of the cost

function and the constraint, an efficient algorithm for solving (1.1). Viewingf |M (x) as a smooth function

defined on the smooth manifoldM , the recently-proposed optimization methods on Riemannian mani-

folds are appropriate. The Riemannian Newton method [5,7,13] is attractive for its local quadratic con-

vergence; however, the method loses the global convergence and is easily attracted by local minima, local

maxima or even saddle points. The Riemannian trust-region (RTR) scheme [5,3,4] is an improvement of

the Riemannian Newton method that addresses its two major drawbacks and is particularly suitable for

our problem (1.1). In section 5, we realize the general RTR to maximize the cost functionf (x) on M .

The method basically follows the classical trust-region algorithm [10,30,35] by constructing a so-called

Riemannian trust-region subproblem of (1.1) at each iteration. The subproblem could be efficiently solved

by, for example, thetruncated conjugate-gradient(tCG) method of Steihaug [35] and Toint [36], which
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only requires the matrix-vector product and therefore, is appropriate for large-scale problems. The RTR

algorithm for (1.1) needs the first information for global convergence to a critical point, and requires a

“sufficiently good” approximation of second order for fast local convergence. Using the gradient and the

Hessian derived in section 3, it is not difficult to implement the RTR algorithm for (1.1). We will show

that the resulting RTR algorithm enjoys good global convergence properties with fast local convergence.

Furthermore, the values of the cost function are nondecreasing which makes our starting point strategy

(section 3) applicable. Our numerical experiment indicates that, though we cannot guarantee that any

convergent point is a global solution of (1.1), the framework of RTR and the numerical implementation

(the truncated conjugate-gradient) of the Riemannian trust-region subproblem provide a good approach

for capturing a global solution.

The structure of the paper is as follows. In section 2, we first present a practical application of problem

(1.1) for obtaining the sparse Fisher discriminant vector in pattern recognition. In section 3, we intend to

characterize the local and the global solutions by investigating the optimality conditions. These conditions

imply that the problem (1.1) is related with some special extreme nonlinear eigenvalue problem. Section

4 then gives some perturbation properties of (1.1) which are useful for designing the stopping criterion for

certain iterative algorithms. The Riemannian trust-region method for (1.1) will be presented in section 5,

and some preliminary and empirical evaluation of its performance is reported in section 6. We conclude

the paper by drawing some final remarks in section 7.

Notation. Throughout the paper, all vectors are column vectors and are typeset in bold, andxi rep-

resents theith component ofx. For a matrixA∈ Rn×n, A> denotes its transpose and tr(A) stands for the

trace ofA. The symbolsSn andS++
n stand for the set of symmetric and symmetric positive definite matri-

ces of sizen-by-n, respectively. The range and kernel ofA areR(A) := {x∈Rn|x = Ay for somey∈Rn}
and Ker(A) := {y ∈ Rn|Ay = 0}, respectively. In addition, we use

λ1(A)≥ λ2(A)≥ ·· · ≥ λn(A)

to denote the ordered eigenvalues ofA when they are all real.

2 An application: the sparse Fisher discriminant analysis

In this section, we will discuss some applications where the problem (1.1) arises. First, we note that (1.1)

is in essence equivalent to the following problem (2.1) for matricesB̂, D̂ ∈ Sn andŴ,G∈ S++
n :

max
x6=0

x>B̂x

x>Ŵx
+

x>D̂x
x>Gx

. (2.1)

Such kind of problem can arise in the downlink of a multi-user MIMO system [33]. To see the equivalence,

by noting that the objective function of (2.1) is invariant with respect to non-zero scaling ofx, one can

definey = G
1
2 x and impose‖y‖2 = 1 to equivalently transform (2.1) to the form (1.1).

Besides the above equivalent problem, we will introduce a specific application of problem (1.1) aris-

ing from the feature extraction and dimensionality reduction. High dimensional data arises frequently

from many modern applications of data mining, machine learning, bioinformatics and others. The linear
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discriminant analysis (LDA) is one of the most efficient statistical approaches for supervised dimension-

ality reduction and classification (see e.g., [8,11,15,16,18,24,38–40]).

Suppose there arec independent classes, and for theith class(i = 1,2, . . . ,c), we haveni samples,

each of which is represented by a high dimensional vector inRn. Thus these samples form a data matrix

A∈ Rn×d, whered = ∑c
i=1 ni . The basic idea in the Fisher-LDA is to find a matrixX ∈ Rn×l (generally

l ¿ n), so that each original samplea∈ Rn is mapped to a new but reduced ‘sample’y via

y = X>a∈ Rl .

The principle in defining an ‘optimal’X [18] is to simultaneously maximize thebetween-class separation,

measured by tr(X>SbX), and minimize thewithin-class cohesion, measured by tr(X>SwX). The matrices

Sb,Sw ∈ Rn×n are both symmetric and positive semidefinite formed from the data matrixA, which are

called thebetween-class scatter matrixand thewithin-class scatter matrix[18], respectively. There are

various criteria (see e.g., [11,15,16,18,24,38–40]) for obtainingX, and Foley and Sammon [16] suggest

to findX column by column so thatX>X = Il . Thus, the first Foley-Sammon optimal discriminant vector

is just the solution of Fisher criterion [15]:

max
‖x‖2=1

x>Sbx
x>Swx

. (2.2)

The solution of (2.2) is an extreme eigenvector of the symmetric-definite matrix pencil2 (Sb,Sw).
Besides the capability of classification, one always requires a sparse discriminant vectorx. This is

because in high dimensional data, groups of objects often exist in subspaces rather than in the entire space,

and therefore, each group is a set of objects identified by a subset of dimensions and different groups are

represented in different subsets of dimensions (see e.g., [12,19,29,37]). This leads to a variable selection

problem. Many variable selection techniques are implemented by using various penalty functions (see

e.g., [14,19,29,25]). For the Fisher-LDA (2.2), this leads to the following problem:

max
‖x‖2=1

x>Sbx
x>Swx

−
n

∑
i=1

pi(|xi |)λi , (2.3)

wherepi(·) for i = 1,2, . . . ,n, are given nonnegative penalty functions andλi > 0 are the tuning parameters

controlling the strength of the incentive for classification on less dimensions. The penalty functionspi(·)
and the parametersλi are not necessarily the same for alli. For ease of presentation, however, we can

assume that they are identical for alli, and then we denotepi(·)λi = pλ (·). A favorable choice ofpλ (·) is

theL1 penalty:pλ (|xi |) = λ |xi | (see e.g., [29,37]). Another popular one is the so-called smoothly clipped

absolute deviation penalty (SCAD) proposed in [14], which is proved to be very effective in parametric

models such as generalized linear models and robust regression models [14,25]. To solve (2.3), Fan and

Li [14] propose a local quadratic approximation for the penalty functionpλ (·) : Supposex(0) is an initial

point. If x(0)
i is very close to zero, then setx(1)

i = 0; otherwise, the penalty functionpλ (|xi |) is locally

approximated by a quadratic function, i.e.,

pλ (|xi |)≈ pλ (|x(0)
i |)+

x2
i − (x(0)

i )2

2|x(0)
i |

p′λ (|x(0)
i |+),

2 The matrixSw can be assumed to be positive definite as the singularity inSw (i.e., the undersampled problem) can be
handled by, for example, the regularization [17].
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wherep′λ (|x(0)
i |+) denotes the derivative ofpλ (·) at |x(0)

i | from above. As a result, a local approximation

for (2.3) is

max
‖x‖2=1

x>Sbx
x>Swx

−x>Σ0x+c0, (2.4)

whereΣ0 := diag{ p′λ (|x(0)
1 |+)

2|x(0)
1 |

, . . . ,
p′λ (|x(0)

n |+)

2|x(0)
n |

}, and c0 is a constant. The resulting problem (2.4) conse-

quently is an application of (1.1). For the discussion on the convergence of such approximation as well as

more variable selection techniques, please refer to [12,14,19,25,29,37].

3 Characterization of the solution

Returning to the problem (1.1), in this section, we attempt to shed some lights on the solution of (1.1)

by describing the optimality conditions. Letf|M (x) : M →R be the restriction of the cost functionf (x),
and we will provide the local optimality conditions in section 3.1 and present some global optimality

conditions in section 3.2. These optimality conditions not only characterize the solutions of (1.1) to some

extent, but also motivate a starting point strategy in section 3.3 for certain iterative algorithm.

3.1 Optimality conditions for the local solution

Viewing the unit sphereM as a Riemannian submanifold of the Euclidean spaceRn endowed with the

natural inner product, the tangent spaceTxM at any pointx ∈M is given by [5]

TxM = {z|z = Pxy, ∀y ∈ Rn},

wherePx = In−xx> is the orthogonal projection onto Ker(x>) = R(x)⊥. Now, for the smooth real-valued

function f|M (x) defined onM , the gradient atx ∈M can be expressed by

g(x) := gradf|M (x) = Px∇ f (x), (3.1)

and a critical pointx ∈M of f|M (x), i.e., a KKT point of (1.1), is a point satisfyingg(x) = 0. Therefore,

we have the following first-order optimality condition:

Theorem 3.1 Let B,D ∈ Sn and W∈ S++
n . A pointx ∈M is a critical point of f|M (x) onM if and only

if it satisfies

E(x)x = φd(x)φw(x)x, (3.2)

where

E(x) := B− φb(x)
φw(x)

W+φw(x)D, (3.3)

andφb(x) := x>Bx, φw(x) := x>Wx andφd(x) := x>Dx.
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Proof From (3.1) and the expression of

∇ f (x) = 2(
Bφw(x)−Wφb(x)

φ2
w(x)

+D)x,

we know thatx ∈M is a critical point if and only ifg(x) = 0 where

g(x) = gradf|M (x) = Px∇ f (x) = 2[
Bφw(x)−Wφb(x)

φ2
w(x)

+D−φd(x)In]x. (3.4)

By the positive definiteness ofW, the conclusion follows.

The specially-defined matrixE(x) plays an important role in characterizing the solutions of (1.1).

Theorem 3.1 first implies that any critical point̄x is an eigenvector ofE(x̄) with φd(x̄)φw(x̄) as the

corresponding eigenvalue. That is, all critical points off|M (x) forms the set

S = {‖x‖2 = 1|E(x)x = φd(x)φw(x)x}. (3.5)

This also implies that finding a global maximizer of (1.1) could not simply be obtained by solving a

standard eigenvalue or a generalized eigenvalue problem, as the matrixE(x) is itself dependent onx.

On the other hand, for very simple cases, Example 1.1 for instant, we can compute all critical points of

f|M (x) directly based on (3.2). For the general case, however, solving a nonlinear system (3.2) is another

difficult problem.

There is another interesting question arising from Theorem 3.1. Supposex̄ is a local or a global

maximizer, then is(φd(x̄)φw(x̄), x̄) a dominant eigenpair ofE(x̄)? We will make some efforts on this

problem. In particular, we will show that if̄x is a local maximizer of (1.1),φd(x̄)φw(x̄) is eitherthe largest

or the second largesteigenvalue ofE(x̄), whereas ifx̄ is a global maximizer, it must be a dominant

eigenvector ofE(x̄). To prove these results, we next establish the second-order optimality conditions,

where the Hessian off|M (x) is required. Forf|M (x), defining the symmetric Hessian operator atx ∈M

Hessf|M (x) : TxM →TxM : h 7→ Ohgrad f|M (x)

involves the so-calledaffine connectionO (see [2,5]). A natural and preferable choice of affine connection

is theRiemannian connection, as it possesses distinctive properties ([5],§5.5) and significantly simplifies

the analytical derivations. With the Riemannian connection, the action of Riemannian Hessian off|M (x)
on a tangent vectorh ∈TxM can be expressed by (see [5], Definition 5.5.1 and Proposition 5.3.2)

Hessf|M (x)[h] = Px(Dgradf|M (x)[h]) = Px(Dg(x)[h]), ∀h ∈TxM , (3.6)

whereDg(x)[h] represents the derivative atx ∈M alongh. From (3.4), by calculations, one can get that

Dg(x)[h] =
2

φw(x)
[E(x)−φd(x)φw(x)In +

4φb(x)
φ2

w(x)
Wxx>W

− 2
φw(x)

(Bxx>W+Wxx>B)]h−4(x>Dh)x. (3.7)

Based on this expression, we can establish the second-order optimality conditions.

Theorem 3.2 Let B,D ∈ Sn and W∈ S++
n . Then
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(i) the Hessian operator of f|M (x) at pointx ∈M acting on∀h ∈TxM is

Hessf|M (x)[h] =
2

φw(x)
H(x)h,

where H(x) ∈ Sn is given by

H(x) = Px[E(x)−φd(x)φw(x)In +
4φb(x)
φ2

w(x)
Wxx>W

− 2
φw(x)

(Bxx>W+Wxx>B)]Px; (3.8)

(ii) if x̄ is a local maximizer of(1.1), then the matrix

K(x̄) := E(x̄)−φd(x̄)φw(x̄)In +2P̄x(Dx̄x̄>W+Wx̄x̄>D)P̄x (3.9)

is negative semidefinite;

(iii) for any x̄ ∈S , if K(x̄) : TxM → TxM is negative definite, whereS and K(x̄) are given by(3.5)

and (3.9), respectively, then̄x is a strictly local maximizer of(1.1).

Proof Based on (3.6), (3.7),Pxx = 0, andPxh = h for anyh ∈ TxM , (i) follows. For(ii) , we note ifx̄ is

a local maximizer of (1.1), then

E(x̄)x̄ = (B− φb(x̄)
φw(x̄)

W+φw(x̄)D)x̄ = φd(x̄)φw(x̄)x̄.

Therefore,

P̄x[E(x̄)−φd(x̄)φw(x̄)In]P̄x = E(x̄)−φd(x̄)φw(x̄)In, (3.10)

and

4φb(x̄)
φ2

w(x̄)
Wx̄x̄>W− 2

φw(x̄)
(Bx̄x̄>W+Wx̄x̄>B)

=
2

φw(x̄)
Wx̄x̄>(

φb(x̄)
φw(x̄)

W−B)+
2

φw(x̄)
(

φb(x̄)
φw(x̄)

W−B)x̄x̄>W

= 2Wx̄x̄>(D−φd(x̄)In)+2(D−φd(x̄)In)x̄x̄>W

= 2(Wx̄x̄>D+Dx̄x̄>W)−2φd(Wx̄x̄>+ x̄x̄>W). (3.11)

Consequently, from (3.10), (3.11) and

P̄x(Wx̄x̄>+ x̄x̄>W)P̄x = 0,

we haveH(x̄) = K(x̄). Based on the projected Hessian technique developed by [9] (see also [5,13,23]),

a necessary condition for̄x to be a local maximizer is that the HessianH(x̄) is negative semidefinite on

Tx̄M . Now, let [x̄,Q] ∈Rn×n be an orthogonal basis ofRn. Note that for anyy ∈Rn, there areτ ∈R and

b ∈ Rn−1 so thaty = x̄τ +Qb; moreover, fromK(x̄)x̄ = 0, we have

y>K(x̄)y = τ2x̄>K(x̄)x̄+2τb>Q>K(x̄)x̄+b>Q>K(x̄)Qb = b>Q>K(x̄)Qb≤ 0,

where the last inequality follows fromQb ∈ Tx̄M . This implies thatK(x̄) is a negative semidefinite

matrix, and(ii) is true. Lastly, the part(iii) is a sufficient condition for̄x to be a strictly local maximizer

of (1.1).
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Theorem 3.2 reveals some information about the eigenvalue ofE(x̄) whenever̄x is a local or a global

maximizer of (1.1). Particularly, we have

Theorem 3.3 Let B,D ∈ Sn and W∈ S++
n . If x̄ is a local maximizer of(1.1), then it must be a unit

eigenvector corresponding to either the largest or the second largest eigenvalue of E(x̄).

Proof We prove the result according to(ii) of Theorem 3.2. Denote

u = 2P̄xDx̄ and v = P̄xWx̄,

then we have

K(x̄) = E(x̄)−φd(x̄)φw(x̄)In +(uv>+vu>).

Note that the rank of the matrixuv>+vu> ∈ Sn is at most 2, and it is easy to check that its only possible

nonzero eigenvalues areu>v±‖u‖2‖v‖2 with the corresponding eigenvectorsu± ‖u‖2
‖v‖2

v, respectively.

Therefore,

λ1(uv>+vu>)≥ 0 = λ2(uv>+vu>) = · · ·= λn−1(uv>+vu>)≥ λn(uv>+vu>).

On the other hand, according to(ii) of Theorem 3.2, sinceK(x̄) is negative semidefinite, by Weyl’s

monotonicity principle, we know that





λ1(E(x̄)−φd(x̄)φw(x̄)In) ≤ λ1(uv>+vu>),
λ2(E(x̄)−φd(x̄)φw(x̄)In) ≤ λ2(uv>+vu>) = 0,

...

λn(E(x̄)−φd(x̄)φw(x̄)In) ≤ λn(uv>+vu>).

(3.12)

Moreover, because(0, x̄) is an eigenpair ofE(x̄)−φd(x̄)φw(x̄)In, the relation (3.12) implies the following

three possible cases:

(i) λ1(E(x̄)−φd(x̄)φw(x̄)In) = 0 > λ2(E(x̄)−φd(x̄)φw(x̄)In),
(ii) λ1(E(x̄)−φd(x̄)φw(x̄)In) = 0 = λ2(E(x̄)−φd(x̄)φw(x̄)In), and

(iii) λ1(E(x̄)−φd(x̄)φw(x̄)In) > 0 = λ2(E(x̄)−φd(x̄)φw(x̄)In).

The first two cases imply thatφd(x̄)φw(x̄) is the largest eigenvalue ofE(x̄), whereas the last case implies

thatφd(x̄)φw(x̄) is the second largest eigenvalue ofE(x̄). This completes the proof.

It deserves to point out that it is possible that a local non-global maximizerx̄ is indeed an eigenvector

corresponding to the second largest eigenvalue ofE(x̄). An illustrative example will be presented in

section 3.2. However, for some special cases, we can show that,x̄ must be a dominant eigenvector of

E(x̄) whenever̄x is a local maximizer of (1.1).

Theorem 3.4 Let B∈ Sn and W∈ S++
n . Then

(i) if D = 0, then there is no local non-global maximizer for(1.1); that is, any local maximizer is a global

maximizer;
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(ii) if D = µW (µ > 0), thenφd(x̄)φw(x̄) must be the largest eigenvalue of E(x̄) for any local maximizer

x̄ of (1.1).

Proof The conclusion in part(i) is already known (see e.g., [20]). To prove(ii) , we supposeφd(x̄)φw(x̄) is

not the largest eigenvalue ofE(x̄), and then assumey is a dominant unit eigenvector. Therefore, according

to Theorem 3.2 again, one has

0≥ y>K(x̄)y = y>(E(x̄)−φd(x̄)φw(x̄)In)y+4µ‖y>P̄xWx̄‖2
2,

yielding

y>E(x̄)y−φd(x̄)φw(x̄)≤−4µ‖y>P̄xWx̄‖2
2 ≤ 0,

which is a contradiction becausey is a dominant unit eigenvector ofE(x̄), while φd(x̄)φw(x̄) is not the

largest eigenvalue ofE(x̄). Thus, we conclude that in this case,x̄ must be a dominant eigenvector ofE(x̄).

Unlike the case(i), for the caseD = µW (µ > 0), we point out that we cannot exclude local non-global

maximizer. A simple illustrative example is demonstrated.

Example 3.1We letB = diag{1,9,2},W = D = diag{5,2,3}. Then according to Theorem 3.1, we know

that x̄ = [1,0,0]> andx∗ = [0,1,0]> are critical points. Furthermore, by calculation, one has that

E(x̄) = diag{25,18.6,16.4}, H(x̄) = diag{0,−6.4,−8.6},

and

E(x∗) = diag{−11.5,4,−5.5}, H(x∗) = diag{−15.5,0,−9.5}.
According to Theorem 3.2, we know that bothx̄ andx∗ are local maxima of (1.1), and they are both the

dominant eigenvectors of the related matricesE(x̄) andE(x∗). However,f (x̄) = 5.2< f (x∗) = 6.5, which

implies that̄x is a local non-global maximizer. Figure 1 plots the cost functionf (x1(θ ,η),x2(θ ,η),x3(θ))
in the 2π-periodθ −η plane with 0≤ θ ≤ 2π, 0≤ η ≤ 2π, wherex1(θ ,η) = cos(θ)cos(η),x2(θ ,η) =
cos(θ)sin(η),x3(θ) = sin(θ). From Figure 1, we easily find thatx∗ is a global maximizer.

3.2 Optimality condition for the global solution

This subsection focuses on some necessary global optimality conditions for (1.1). In particular, we shall

prove two results: the first claims thatφd(x∗)φw(x∗) must be the largest eigenvalue ofE(x∗) if x∗ is a

global maximizer; the second one says that, for the caseD = µW (µ > 0), the global solutions set of

(1.1) is essentially an eigenspace corresponding to the largest eigenvalue ofE(x∗). The following lemma

is important for this conclusion.

Lemma 3.1 Let B,D ∈ Sn and W∈ S++
n . Then for any two pointsz,x ∈M , we have

f (z)− f (x) =
(z>E(x)z−φd(x)φw(x))+(φw(z)−φw(x))(φd(z)−φd(x))

φw(z)
. (3.13)



11

0
1

2
3

4
5

6
7

0
1

2
3

4
5

6
7

3.5

4

4.5

5

5.5

6

6.5

θ
η

f(x
1(θ

,η
),x

2(θ
,η

),x
3(θ

))

Fig. 1 This figure plots the cost functionf (x1(θ ,η),x2(θ ,η),x3(θ)) of Example 3.1 in the2π-periodθ −η plane with
0≤ θ ≤ 2π, 0≤ η ≤ 2π, wherex1(θ ,η) = cos(θ)cos(η),x2(θ ,η) = cos(θ)sin(η),x3(θ) = sin(θ).

Proof According to the definition ofE(x), we know that

z>E(x)z−φd(x)φw(x) = φb(z)− φb(x)
φw(x)

φw(z)+φw(x)φd(z)−φw(x)φd(x)

= φw(z)(
φb(z)
φw(z)

− φb(x)
φw(x)

)+φw(x)(φd(z)−φd(x))

= φw(z)( f (z)− f (x))− (φw(z)−φw(x))(φd(z)−φd(x)),

which then leads to our assertion.

Theorem 3.5 Let B∈ Sn and W,D∈ S++
n . Then for any global maximizerx∗ of (1.1), (φd(x∗)φw(x∗),x∗)

must be an eigenpair corresponding to the largest eigenvalue of E(x∗).

Proof We prove it by contradiction. Suppose it is not true, then we assume thaty is a dominant eigenvector

of E(x∗), and hence it is true that

y>E(x∗)y−φd(x∗)φw(x∗) > 0, y>x∗ = 0, and Px∗y = y. (3.14)

Moreover, by(ii) of Theorem 3.2, one has

0≥ y>K(x∗)y = y>E(x∗)y−φd(x∗)φw(x∗)+4(y>Dx∗)(y>Wx∗),

or equivalently,

4(y>Dx∗)(y>Wx∗)≤−y>E(x∗)y+φd(x∗)φw(x∗) < 0. (3.15)
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On the other hand, according to Lemma 3.1 withx = x∗ andz= y, and the fact thatf (y)− f (x∗)≤ 0 and

(3.14), it must follow that

δ (x∗,y) := (φw(y)−φw(x∗))(φd(y)−φd(x∗)) < 0, (3.16)

which leads to the following two possible cases:

Case I.

φw(y) > φw(x∗) and φd(y) < φd(x∗),

Case II.

φw(y) < φw(x∗) and φd(y) > φd(x∗).

Now for Case I, we will show the contradiction by constructing a vector of the formz= αx∗+βy so that

‖z‖2 = 1 and f (z) > f (x∗), (3.17)

which implies thatx∗ is not a global maximizer.

For this purpose, we note first that, becausex∗ andy are both the eigenvectors ofE(x∗), from (3.14),

‖z‖2 = 1 is true ifα2 +β 2 = 1; moreover, for any scalarsα,β satisfyingα2 +β 2 = 1, one has that

z>E(x∗)z = α2(x∗)>E(x∗)x∗+β 2y>E(x∗)y > (x∗)>E(x∗)x∗ = φw(x∗)φd(x∗).

Therefore, based on (3.13), we know that (3.17) is fulfilled if we can construct a vectorz= αx∗+βy∈M

with φd(z) = φd(x∗). To this end, we note that the conditionφd(z) = φd(x∗) yields a quadratic with respect

to α :

α2φd(x∗)+2αβ (y>Dx∗)+β 2φd(y)−φd(x∗) = 0. (3.18)

Denoteγ = y>Dx∗ which is nonzero by (3.15). Equation (3.18) has two distinctive roots because accord-

ing to Case I andβ 2 ≤ 1,

∆ = 4β 2γ2−4φd(x∗)(β 2φd(y)−φd(x∗))

> 4β 2γ2−4φd(x∗)(φd(y)−φd(x∗)) > 0.

Consider the root of (3.18)

α(β ) =
−βγ +

√
(βγ)2−φd(x∗)(β 2φd(y)−φd(x∗))

φd(x∗)
. (3.19)

As we can freely choose the sign ofβ , we assumeβγ > 0, and thus it is easy to check that

0 < α(β ) <
−βγ +

√
(βγ)2 +φ2

d (x∗)+2βγφd(x∗)

φd(x∗)
= 1.

We next seek a nonzero|β |< 1 so that

α(β )2 +β 2 = 1. (3.20)



13

Plugging (3.19) into (3.20) yields

2βγ2 +βφd(x∗)(φd(x∗)−φd(y)) = 2γ
√

(βγ)2−φd(x∗)(β 2φd(y)−φd(x∗)). (3.21)

Becauseβγ > 0, (3.21) is satisfied if

4γ4β 2 +β 2φ2
d (x∗)(φd(x∗)−φd(y))2 +4β 2γ2φd(x∗)(φd(x∗)−φd(y))

= 4γ2(β 2γ2−β 2φd(x∗)φd(z)+φ2
d (x∗))

is met. This leads to

β 2 =
4γ2φ2

d (x∗)
φ2

d (x∗)(φd(x∗)−φd(y))2 +4φ2
d (x∗)γ2

∈ (0,1).

Therefore, we have constructed a vectorz = α(β )x∗+βy where

β =
2sgn(γ)|γ|φd(x∗)√

φ2
d (x∗)(φd(x∗)−φd(y))2 +4φ2

d (x∗)γ2

andα(β ) is given by (3.19) so that (3.17) is fulfilled, which is a contradiction.

An analogous argument withD replaced byW applies to the Case II, and we can again construct a

new vectorz so that (3.17) is fulfilled. This completes the proof.

To illustrate the difference between the optimality conditions for the global maximizer (Theorem 3.5)

and for the local maximizer (Theorem 3.3), we present a numerical example below. In this example, we

employ the Riemannian trust-region method (RTR) proposed in section 5 to find a local maximizerx̂,

which is shown to be an eigenvector corresponding to the second largest eigenvalue ofE(x̂), and hence

is not a global solution for (1.1) according to Theorem 3.5. This serves as an illustration for Theorem 3.5

and Theorem 3.3 as well.

Example 3.2In this example,

B =




2.3969 0.4651 4.6392

0.4651 5.4401 0.7838

4.6392 0.7838 10.1741


 ,W =




0.8077 0.8163 1.0970

0.8163 4.1942 0.8457

1.0970 0.8457 1.8810


 , and

D =




3.9104 −0.9011−2.0128

−0.9011 0.9636 0.6102

−2.0128 0.6102 1.0908


 .

By parameterizingx = [x1(θ ,η),x2(θ ,η),x3(θ)]> viax1(θ ,η)= cos(θ)cos(η),x2(θ ,η)= cos(θ)sin(η),
andx3(θ) = sin(θ), the valuef (x1(θ ,η),x2(θ ,η),x3(θ)) versus the parameters(θ ,η) in the 2π-period

θ −η plane with 0≤ θ ≤ 2π, 0≤ η ≤ 2π, is plotted in Figure 2.

It is observed that the global optimal valuef ∗ ≈ 11.2008, and a local optimal value is near 7.9664.

Now, starting from the initial pointx(0) = [0.9755,−0.0025,−0.2198]>, the RTR method (Algorithm 2-

1) proposed in section 5 converges to a pointx̂ ≈ [0.9692,−0.2410,−0.0507]> with residual‖E(x̂)x̂−
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Fig. 2 This figure plots the cost functionf (x1(θ ,η),x2(θ ,η),x3(θ)) of Example 3.2 in the2π-periodθ −η plane with
0≤ θ ≤ 2π, 0≤ η ≤ 2π, wherex1(θ ,η) = cos(θ)cos(η),x2(θ ,η) = cos(θ)sin(η),x3(θ) = sin(θ).

φd(x̂)φw(x̂)x̂‖2 ≈ 3.7× 10−13 implying that x̂ is a critical point; moreover, we observe that the Hes-

sian matrixH(x̂) at x̂ has eigenvalues−12.5406,−4.1470 and zero, which by(iii) of Theorem 3.2, im-

plies thatx̂ is a strictly local maximizer. On the other hand, we find that the eigenvalues ofE(x̂) are

−10.1784, 2.3516, 4.2678 andφd(x̂)φw(x̂) ≈ 2.3516. This indicates that̂x is only an eigenvector cor-

responding to the second largest eigenvalue ofE(x̂), and by Theorem 3.5, we claim̂x is not a global

maximizer; indeed,f (x̂)≈ 7.9664< f ∗.

Theorem 3.5 serves as a necessary global optimality condition for (1.1), which only partially charac-

terizes the set of global solutions to (1.1). In the next theorem, with the assumptionD = µW (µ > 0), we

are able to make the global solutions setS ∗ clear.

Theorem 3.6 Let B∈ Sn and W∈ S++
n . If D = µW (µ > 0), then the set of all global maxima of(1.1) is

S ∗ = E1(E(x∗))∩M , (3.22)

wherex∗ is an arbitrary global maximizer andE1(E(x∗)) stands for the eigenspace associated with the

largest eigenvalue of E(x∗). Moreover, for any two global maximax∗ and y∗, it follows thatφb(x∗) =
φb(y∗) andφw(x∗) = φw(y∗).

Proof Based on Theorem 3.5, we only need to show that anyz∈S ∗ is a global maximizer. To this end,

with the assumptionD = µW (µ > 0) and the factz>E(x∗)z = φd(x∗)φw(x∗), we have from (3.13) that

f (z)− f (x∗) = µ
(φw(z)−φw(x∗))2

φw(z)
≥ 0.
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Sincex∗ is a global maximizer, the above implies thatf (z) = f (x∗) and φw(z) = φw(x∗). Therefore,

z is also a global maximizer, andφw(z) = φw(x∗) consequently leads toφb(z) = φb(x∗). The proof is

completed.

To conclude this subsection, we draw some remarks for Theorem 3.6. First, this theorem says that in

case ofD = µW (µ > 0), for all global maxima, the valuesξ (x) = φb(x)
φw(x) −µφw(x) are equal toξ ∗, which

is another identity of the global solution rather than the global optimal valuef ∗. Therefore, we can say

that finding the global solution to (1.1) in this case is closely related with a special extreme eigenvalue

problem of the associated matrixB−ξ ∗W, and if we can successfully fix the valueξ ∗, all global maxima

can be obtained. Moreover, as we shall see in Section 4, the characterization of the global maxima in

Theorem 3.6 is also crucial in deriving the perturbation property of (1.1) when the matricesB andW are

perturbed locally.

3.3 A starting point strategy

As we have seen that local non-global maxima of (1.1) could not be generally ruled out, and therefore,

we cannot guarantee that the computed solution of certain iterative algorithm is a global maximizer (see

Example 3.2). However, since we have already established a necessary optimality condition for the global

solution, one may expect that a reasonable method should be able to reach a solution satisfying at least

Theorem 3.5. In this subsection, we will propose a starting point strategy for any iterative algorithm that is

able to generate a sequence{x(k)} converging to a critical point off|M (x) with { f (x(k))} monotonically

increasing. By repeatedly applying our starting point strategy, we canalwaysobtain a critical point̄x so

that it is a dominant eigenvector ofE(x̄). The starting point strategy is based on our constructive proof

for Theorem 3.5 and we state it below.

Recall that (3.13) of Lemma 3.1 reveals the following relation

f (z)− f (x) =
δ̂ (x,z)+δ (x,z)

φw(z)
, (3.23)

for any two pointsx,z∈M , whereδ (x,z) is given by (3.16) and

δ̂ (x,z) := z>E(x)z−φd(x)φw(x).

Suppose that̂x is a critical point of f|M (x) obtained by a monotonically convergent algorithm, and that

x̂ is not a dominant eigenvector ofE(x̂). The underlying principle of our starting point strategy is to

construct a new pointz ∈ M (as the next initial point) so that̂δ (x̂,z) > 0 andδ (x̂,z) ≥ 0, which by

(3.23) then impliesf (z) > f (x̂). Assumey is a dominant unit eigenvector ofE(x̂). Then there are two

mutually exclusive scenarios for the value ofδ (x̂,y):

1). δ (x̂,y)≥ 0.

In this case, by (3.23) and̂δ (x̂,y) = y>E(x̂)y−φd(x̂)φw(x̂) > 0, one can easily takey as a starting

point of the iterative algorithm;
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2). δ (x̂,y) < 0.

In this case, we still have two possible cases. For

Case I. φw(y) > φw(x̂) and φd(y) < φd(x̂),

if γ = y>Dx̂ 6= 0 which is satisfied wheneverx̂ is a local maximizer (see (3.15)), then according to

the proof of Theorem 3.5, the starting point could bez = α(β )x̂+ βy, whereα(β ) andβ are given

respectively by

α(β ) =
−βγ +

√
(βγ)2−φd(x̂)(β 2φd(y)−φd(x̂))

φd(x̂)
,

β =
2sgn(γ)|γ|φd(x̂)√

φ2
d (x̂)(φd(x̂)−φd(y))2 +4φ2

d (x̂)γ2
;

otherwise for

Case II. φw(y) < φw(x̂) and φd(y) > φd(x̂),

if γ̃ = y>Wx̂ 6= 0 which is satisfied wheneverx̂ is a local maximizer (see (3.15)), then according to

the proof of Theorem 3.5, the starting point could bez̃ = α̃(β̃ )x̂+ β̃y, whereα̃(β̃ ) andβ̃ are given

respectively by

α̃(β̃ ) =
−β̃ γ̃ +

√
(β̃ γ̃)2−φw(x̂)(β̃ 2φw(y)−φw(x̂))

φw(x̂)
,

β̃ =
2sgn(γ̃)|γ̃|φw(x̂)√

φ2
w(x̂)(φw(x̂)−φw(y))2 +4φ2

w(x̂)γ̃2
.

We make a remark for this starting point strategy when the algorithm only produces an approximation,

sayx̆ ∈M , of the critical pointx̂. Let y̆ be the unit dominant eigenvector ofE(x̆) and hencêδ (x̆, y̆) > 0.

According to our starting strategy, for the first caseδ (x̆, y̆) ≥ 0, the new point isz = y̆, which by (3.23)

satisfiesf (y̆) > f (x̆). This implies that our starting point strategy in the first case does not depend on

how accurately̆x approximates to the critical pointx̂. For the second case whenδ (x̆, y̆) < 0, according

to our constructive procedure for the new pointz (refer to the proof of Theorem 3.5) and by continuity,

we know that there is a neighborhoodN (x̂) at x̂, such that for any̆x ∈N (x̂), the constructed pointz

satisfiesδ (x̆,z)+ δ̂ (x̆,z) > 0, which by (3.23) again implies thatf (z) > f (x̆).
To show the effectiveness of this starting point strategy, we present the following numerical example.

Example 3.3With the definition ofB,W andD given in Example 3.2, we have known that the local max-

imizer x̂ = [0.9692,−0.2410,−0.0507]> is an eigenvector associated with the second largest eigenvalue

of E(x̂). Therefore, based on our starting point strategy, we are able to improve the pointx̂ to be new

starting point for the RTR method. Indeed, by computation, we find that the dominant eigenvector of

E(x̂) is y≈ [−0.0155,0.1460,−0.9892]>, and moreover,φw(y) < φw(x̂) andφd(y) > φd(x̂). This implies

that Case II in the second scenario occurs. According to our formulation, we get

γ̃ ≈ 1.9004, β̃ ≈ 0.7346, and α̃(β̃ )≈ 0.6785, with (α̃(β̃ ))2 + β̃ 2−1≈ 2.2×10−16,
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and thus a new point̃z≈ [0.6462,−0.0563,−0.7610]> is constructed. We note thatf (z̃) ≈ 10.7305>

f (x̄)≈ 7.9664, implying z̃ is an improved point in terms of the value off (x). Usingz̃ as the new starting

point for the RTR method (Algorithm 2-1), we finally get a convergent pointx∗≈ [0.7199,−0.0200,−0.6938]>

with f (x∗) ≈ 11.2008 andφd(x∗)φd(x∗) ≈ 1.0585; moreover, the eigenvalues ofE(x∗) andH(x∗) are

−24.4690,−2.6019,1.0585 and−25.0447,−6.6080,0, respectively. This impliesx∗ is a dominant eigen-

vector ofE(x∗) and is also a global maximizer for (1.1).

4 Perturbation analysis

In this section, we will establish some perturbation properties for the objective functionf (x) of (1.1).

Whenever a real-world problem of (1.1) is solved numerically, two types of perturbations should be con-

sidered. First, since we have known from Section 3 that the global maximizer is a dominant eigenvector

of a related matrix, (1.1) can only be solved by means of iteration, in which the roundoff error cannot be

avoided. Secondly, in real-world application, the original data matrices in (1.1) are frequently corrupted

by noise (this is always the case in the sparse Fisher discriminant analysis for face recognition, whereB

andW are formed from sample images), and thereby, the formulated problem (1.1) can only be thought

as a perturbed model of the original one. For these two kinds of perturbation, we will establish upper

perturbation bounds for the objective functionf (x).
First, let us assume the matrices in (1.1) are exact butx ∈ M is a point near a solution of (1.1).

Taking another look at the cost functionf (x), we find that either the standard Rayleigh quotientx>Dx or

the generalized Rayleigh quotientx>Bx
x>Wx

possesses a distinguished property: around any critical point, say

x̄, of x>Dx or x>Bx
x>Wx

on M , a perturbation∆x on x̄ will yield a quadratic perturbationO(‖∆x‖2
2) on the

x>Dx or x>Bx
x>Wx

. Such perturbation property has been proved to be important for analyzing the behavior,

especially the local quadratic convergence, of some iterations (see e.g., [22,31,32,39]) and designing the

stopping criterion as well. As the cost functionf (x) is the sum ofx>Dx and x>Bx
x>Wx

, we also expect such

property could also be inherited at any critical point off|M (x). Theorem 4.1 gives the positive answer,

which also indicates that a reasonably good feasible approximate to the solution (1.1) is of higher order

accuracy in the objective value. The underlying principle for this conclusion is that mappingsf (x) and

x 7→ x>E(x̄)x are smooth, and̄x is a critical point for both.

Theorem 4.1 Let B,D ∈ Sn and W∈ S++
n . Supposēx is any critical point of f|M (x), i.e., x̄ ∈S defined

by (3.5), then there exist positive constants c1 and c2 such that for anyx ∈M ,

|x>E(x̄)x−φd(x̄)φw(x̄)| ≤ c1‖∆x‖2
2, and (4.1)

| f (x)− f (x̄)| ≤ c2‖∆x‖2
2, (4.2)

where∆x = x− x̄.

Proof For (4.1), we first note thatE(x̄)x̄ = φd(x̄)φw(x̄)x̄ and

1 = (x̄+∆x)>(x̄+∆x) = 1+2x̄>∆x+‖∆x‖2
2, implying 2x̄>∆x =−‖∆x‖2

2.
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Thus

x>E(x̄)x = (x̄+∆x)>E(x̄)(x̄+∆x) = φd(x̄)φw(x̄)−φd(x̄)φw(x̄)‖∆x‖2
2 +∆x>E(x̄)∆x,

which leads to (4.1). For (4.2), by observing the relation

|δ (x, x̄)|= |(φw(x)−φw(x̄))(φd(x)−φd(x̄))| ≤ c3‖∆x‖2
2,

for some constantc3, we know that, with the aid of (3.13) and (4.1), the assertion is true.

Now, we will investigate how the global optimal value of (1.1) changes whenever the matricesB,W

andD are perturbed slightly. For this purpose, we introduce some new notation. DenotingZ = [B,W,D]∈
Sn×S++

n ×Sn, we usev(Z) to represent the global optimal value of (1.1) that is dependent on the variable

Z, and useG (Z) ⊆ M to denote the set of all global optimal solutions of (1.1) for the givenZ. Our

next question is then whetherv(Z) is continuous or differentiable with respect toZ, and if it is, what

is the derivativeDv(Z). In the following theorem, we will first show thatv(Z) is Fŕechet directionally

differentiable atZ, and thereby is continuous with respect toZ. Furthermore, for the special case where

D = µW for a constantµ > 0, we will show that the global optimal value is differentiable. In the latter

case, since (1.1) is only dependent onY := [B,W] ∈ Sn×S++
n , we will denote the global optimal value

by v(Y) and the set of global optimal solutions byG (Y) instead.

Theorem 4.2 Let Z= [B,W,D] ∈ Sn×S++
n ×Sn. Then

(i) v(Z) is Fréchet directionally differentiable at Z, and the directional derivative at Z in the direction

Θ = [ΘB,ΘW,ΘD] ∈ Sn×Sn×Sn is given by

v′(Z,Θ) = max
x∈G (Z)

{x>ΘBx
φw(x)

− φb(x)(x>ΘWx)
φ2

w(x)
+x>ΘDx}; (4.3)

(ii) If D = µW ∈ S++
n for a constantµ and

λ1(E(x∗)) > λ2(E(x∗)),

wherex∗ ∈ G (Y) is arbitrary, then v(Y) is differentiable at Y= [B,W] ∈ Sn×S++
n with the derivative

given by

Dv(Y) = [
x∗(x∗)>

φw(x∗)
,(µ− φb(x∗)

φ2
w(x∗)

)x∗(x∗)>] ∈ Sn×Sn. (4.4)

Proof In our proof, we usef (x,Z) to denote the objective function of (1.1), which indicates that it is also

dependent onZ, and thusG (Z) = argmaxx∈M f (x,Z). For any sufficiently smallΘ = [ΘB,ΘW,ΘD] ∈
Sn×Sn×Sn so thatW+ΘW ∈ S++

n , we have

f (x,Z+Θ) = f (x,Z)+
x>ΘBx
φw(x)

− φb(x)(x>ΘWx)
φ2

w(x)
+x>ΘDx+o(‖Θ‖2),

= f (x,Z)+
tr(ΘBxx>)

φw(x)
− φb(x)tr(ΘWxx>)

φ2
w(x)

+ tr(ΘDxx>)+o(‖Θ‖2),
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which implies that the Fŕechet derivative off (x,Z) with respect toZ is given by

DZ f (x,Z) = [
xx>

φw(x)
,−φb(x)xx>

φ2
w(x)

,xx>] ∈ Sn×Sn×Sn.

By [1, Theorem 4.13], we then know thatv(Z) is Fŕechet directionally differentiable atZ∈ Sn×S++
n ×Sn

and the Fŕechet directional derivativev′(Z,Θ) in the directionΘ is given by (4.3).

For the second part (ii) whereD = µW, we have known from Theorem 3.6 thatG (Y) = S ∗, where

S ∗ is given by (3.22). Therefore, it is clear that under the conditionλ1(E(x∗)) > λ2(E(x∗)), we have

G (Y) = S ∗ = {x∗,−x∗}, and from the first part of this theorem, it follows that for anyΨ = [ΨB,ΨW] ∈
Sn×Sn,

v′(Y,Ψ) =
tr(ΨBx∗(x∗)>)

φw(x∗)
− φb(x∗)tr(ΨWx∗(x∗)>)

φ2
w(x∗)

+ µtr(ΨWx∗(x∗)>),

which implies the expression (4.4). This completes this proof.

As a final remark of this section, we provide an upper perturbation bound for the global optimal value

v(Z). SupposeZ = [B,W,D] ∈ Sn× S++
n × Sn is perturbed by a sufficiently smallΘ = [ΘB,ΘW,ΘD] ∈

Sn×Sn×Sn such thatW+ΘW ∈ S++
n , then according to Theorem 4.2, we have

v(Z+Θ) = v(Z)+v′(Z,Θ)+o(‖Θ‖2);

on the other hand, according to (4.3), it is true that

|v′(Z,Θ)| ≤ ‖ΘB‖2

‖W−1‖2
+

‖B‖2

‖W−1‖2
2

‖ΘW‖2 +‖ΘD‖2.

Consequently, we have the following upper perturbation bound forv(Z)

|∆v|= |v(Z+Θ)−v(Z)| ≤ 1
‖W−1‖2

‖ΘB‖2 +
‖B‖2

‖W−1‖2
2

‖ΘW‖2 +‖ΘD‖2 +o(‖Θ‖2),

which explicitly reveals how the matricesB,W,D and their corresponding perturbationsΘB,ΘW,ΘD de-

termine the perturbation on the global optimal value of (1.1).

5 The Riemannian trust-region method for problem (1.1)

The purpose of this section is to realize the generic Riemannian trust-region algorithm (RTR)3 of [5,4] to

solve our discussed problem (1.1). By taking advantages of the smooth functionf|M (x), and the smooth

Riemannian manifoldM , we find that the RTR method is particularly appropriate for the following

reasons:(i) RTR utilizes the first and the second order information off|M (x), which have been established

in section 3, and the local superlinear convergence is achievable,(ii) the RTR method converges to a set

of critical points of f|M (x) from all starting points,(iii) the sequence{ f (x(k))} is nondecreasing for the

generated iterates{x(k)}, which not only favors convergence to a local maximizer, but makes our starting

3 In Matlab environment, the generic Riemannian trust-region package for the optimization of functions defined on Rie-
mannian manifolds is available at: http://www.math.fsu.edu/∼cbaker/GenRTR/.
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point strategy in section 3.3 applicable, and(iv) the method is suitable for large-scale problems because

only the matrix-vector product is required. For more detailed discussions on the RTR method as well as

its applications in the numerical linear algebra, please refer to [3–6] and many references cited therein.

To state the details of the RTR method in solving (1.1), we note that the RTR method consists of three

basic steps:(i) building a quadratic model, i.e., atrust-region subproblem, of f|M (x) on the tangent space

at each iteratex(k) ∈M , (ii) solving the trust-region subproblem by some sophisticated solver, and(iii)

mapping the solution of the trust-region subproblem ontoM via the so-calledretraction to complete a

single iterate.

For the step(i), supposex(k) ∈ M is the current iterate and we attempt to build a quadratic model

which should be a sufficient good approximation off|M (x). This purpose, with the aid of our discussions

on the first and the second order information off|M (x) in section 3, can be realized by the following

quadratic form [5] forh ∈Tx(k)M :

mx(k)(h) := f (x(k))+h>g(x(k))+
h>H(x(k))h

φw(x(k))
, (5.1)

whereg(x(k)) andH(x(k)) are defined by (3.4) and (3.8), respectively. Notice that this quadratic form is

built on the tangent spaceTx(k)M , and the trust-region subproblem could then be simply expressed as4

min
h∈T

x(k)M ,‖h‖2≤∆k

{−h>g(x(k))− h>H(x(k))h
φw(x(k))

}, (5.2)

where∆k > 0 is thetrust-region radiuswhich will be updated according to how good is the trust-region

subproblem in approximating the problem (1.1).

Now for the step(ii) , where the trust-region subproblem (5.2) should be solved, we can employ sev-

eral classical approaches [10,30]. This forms the inner iteration of the RTR Algorithm 2. Among various

methods for (5.2), thetruncated conjugate-gradient(tCG) method of Steihaug [35] and Toint [36], is

particularly efficient and appealing. For completeness, the pesudo-code of tCG is presented in Algorithm

1. It is worth mentioning that as long as the initial guessh(0) ∈Tx(k)M , the tCG iteration guarantees that

the sequence{h( j)}, and hence the (approximate) solutionh̄ are all inTx(k)M , and moreover, precon-

ditioning techniques can be easily incorporated in the tCG iteration. For the stopping criterion in (A), as

suggested by Absilet al. [4], we can terminate either after a fixed number of iterations (for example, we

can truncate ifj > n(n−1)
2 ), or by the criterion:

‖g( j+1)‖2 ≤ ‖g(0)‖2 min{‖g(0)‖σ
2 ,κ}, (5.3)

whereκ,σ > 0 are real parameters. The latter is similar to the stopping criterion used in the inexact

Newton iteration (see e.g., [26,30]), and with this stopping criterion, the RTR-tCG algorithm (Algorithm

2-1) is shown to possess local superlinear convergence (see [4], Theorems 4.13 and 4.14). In our numerical

testing, we setκ = 0.1 andσ = 1.

4 Because the general RTR method proposed in [4,5] is stated tominimizea cost function on a general manifold, we will
solveminx∈M − f (x), instead ofmaxx∈M f (x).
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Algorithm 1: The truncated CG (tCG) method [35] for the trust-region subproblem.

Initialization: seth(0) = 0, g(0) =−g(x(k)), q(0) =−g(0), whereg(x(k)) is given by (3.4);
for j = 0,1, · · · , do

if (q( j))>H(x(k))q( j) ≥ 0 then
computeτ ∈ R such thath(τ) = h( j) + τq( j) minimizes−mx(k) (h(τ)) of (5.1) with‖h(τ)‖2 = ∆k;
return h̄ = h(τ);

setα j =− φw(x(k))(g( j))>g( j)

2(q( j))>H(x(k))q( j) , whereH(x(k)) is given by (3.8);

seth( j+1) = h( j) +α j q( j);
if ‖h( j+1)‖2 ≥ ∆k then

computeτ ≥ 0 such thath(τ) = h( j) + τq( j) satisfies‖h(τ)‖2 = ∆k;
return h̄ = h(τ);

setg( j+1) = g( j)− 2α j

φw(x(k))
H(x(k))q( j);

(A) if the given stopping criterion is metthen
return h̄ = h( j+1);

setβ j+1 = (g( j+1))>g( j+1)

(g( j))>g( j) ;

setq( j+1) =−g( j+1) +β j+1q( j);

If we have a (approximate) solution̄h to (5.2), then for the last step(iii) of RTR, we can use a natural

retraction[5]

Πx(h) :=
x+h

‖x+h‖2
∈M , ∀x ∈M and ∀h ∈TxM , (5.4)

to get a corresponding point̄x(k+1) = Πx(k)(h̄) ∈M . The quality of (5.2) and the (approximate) solution

h̄ can be measured by the quotient

ρk :=
f (x(k))− f (x̄(k+1))
mx(k)(0)−mx(k)(h̄)

. (5.5)

The rule of accepting or rejecting the candidatex̄(k+1) as the next iterate, as well as updating the radius

∆k, basically follows the classical trust-region method (see [10,30]), and details of the rule are formalized

in outer loop iteration of Algorithm 2. In our numerical testing presented in this paper, we choose∆̄ =
0.1n, ∆0 = 0.2∆̄ , ε = 10−6 andρ ′ = 0.1.

The convergence of the general RTR method has been well established in [4,5] under reasonable

assumptions. For our problem (1.1) in particular, since the cost functionf|M (x) and the retraction (5.4)

are smooth, andM is a smooth and compact Riemannian manifold, the nice convergence properties are

preserved. Precisely, from Theorem 4.4 and Corollary 4.6 of [4], for any starting pointx(0) ∈ M , the

sequence{x(k)} generated by the RTR-tCG method satisfies

lim
k→+∞

[E(x(k))x(k)−φd(x(k))φw(x(k))x(k)] = 0,

implying any accumulation of{x(k)} is a critical point off|M (x); moreover, based on Theorems 4.12 and

4.13 of [4], for any point̄x ∈M satisfying the condition(iii) of Theorem 3.2, there is a neighborhoodUx̄
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Algorithm 2: The Riemannian trust-region algorithm for (1.1).

Initialization: choose parameters̄∆ > 0,∆0 ∈ (0, ∆̄),ρ ′ ∈ (0, 1
4), the toleranceε > 0 andx(0) ∈M ; setk := 0;

while ‖g(x(k))‖2 > ε, do
solving (approximately by Algorithm 1) (5.2) to obtain̄h;
compute the quotientρk by (5.5);
if ρk < 1

4 then
∆k+1 = ∆k

4
else

if ρk > 3
4 and‖h̄‖2 = ∆k then

∆k+1 = min{2∆k, ∆̄}
else

∆k+1 = ∆k

if ρk > ρ ′ then

x(k+1) = x(k)+h̄
‖x(k)+h̄‖2

else
x(k+1) = x(k)

setk := k+1;

of x̄ in M such that for allx(0) ∈Ux̄, the RTR-tCG algorithm with the stopping criterion (5.3) converges

to x̄ superlinearly.

To conclude this section, we point out that even though the RTR-tCG method favors the local maxi-

mizer due to the nondecreasing property of{ f (x(k))}, finding a global solution to (1.1) is not guaranteed.

For instance, for Example 1.1 withD = D1 = diag{5,1}, the left sub-figure in Figure 1 demonstrates

starting pointsx(0) ∈R2 converging to a global maximizer (suchx(0) is marked by ‘·’) and to a local max-

imizer (suchx(0) is marked by ‘∗’), respectively; in the right sub-figure, demonstrated are the parameters

(θ ,η) in the 2π-periodθ −η plane of the starting pointx(0) = [x1(θ ,η),x2(θ ,η),x3(θ)]> for Example

3.1, from which the RTR-tCG algorithm converges to a global maximizer (corresponding to ‘·’) and to a

local maximizer (corresponding to ‘∗’), respectively. Indeed, as long as the local non-global solution ex-

ists, due to the monotonic property of{ f (x(k))}, the sequence{x(k)} would be trapped by a local solution

nearx(0). From this point of view, some improvement on the starting point, such as that in section 3.3,

can be helpful for the RTR algorithm to escape from a local solution. This is preliminarily demonstrated

by our numerical experiments in next section.

6 Numerical experiments

In this section, we report on some preliminary numerical experiments on the problem (1.1). All our

numerical tests in this paper are carried out in MATLAB platform on a PC with Intel(R) Core(R)i3

CPU 550@3.20GHz, 3.20GHz. In solving our tested problems, we also employed the MATLAB function

fmincon, which uses the sequential quadratic programming (SQP) method [30] with quasi-Newton and

line search techniques (for medium-scale optimization). Unfortunately, we observed thatfmincon fails

for most of our tested cases, mainly due to the violation of the nonlinear constraint, and therefore, these

numerical results will not be presented.
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Fig. 1 For Example 1.1 withD = D1 = diag{5,1}, the left sub-figure demonstrates starting pointsx(0) ∈ R2 converging
to a global maximizer (suchx(0) is marked by ‘·’) and to a local maximizer (suchx(0) is marked by ‘∗’), respectively; the
right sub-figure demonstrates the parameters(θ ,η) of the starting pointx(0) = [x1(θ ,η),x2(θ ,η),x3(θ)]> for Example
3.1, from which the RTR-tCG algorithm converges to a global maximizer (corresponding to ‘·’) and to a local maximizer
(corresponding to ‘∗’), respectively.

As our starting point strategy is applicable for the RTR-tCG algorithm, we first test its capability in

finding a global solution. For this purpose, we generated 104 starting points with elements normally dis-

tributed for Example 3.2, and counted the cases for which the RTR-tCG algorithm converges to a global

maximizer. It is observed that there are almost 41.88% cases fail to converge to a global solution. By con-

trast, using the same starting points but activating our starting point strategy, we find that forall the cases,

it converges to the global maximizer. This implies that our starting point strategy is effective in finding

a global solution on this example. On the other hand, however, we should keep in mind that additional

computational costs are required to implement our starting point strategy (mainly on computation of the

dominant eigenvector), and furthermore, we observed that for randomly generated problem (1.1), it has

high probability that the convergent pointx̄ of the RTR-tCG method is a dominant eigenvector ofE(x̄).
Therefore, we claim that the RTR-tCG algorithm, without the starting point strategy, is still effective. In

our following numerical reports, we inactivate the starting point strategy and focus on the global and local

convergence of the RTR-tCG algorithm.

To investigate the global convergence of the RTR-tCG algorithm, we tested the convergence behavior

on randomly generated problems. For a fixed dimensionn, we producedB,W,D ∈ S++
n and the starting

pointx(0) with elements chosen from normal distribution. We setn= 5,10,50,100,200,500 and 1000. For

each givenn, we generated 104 testing problems and recorded the convergence information. The global

convergence is observed because for all these cases, the RTR-tCG algorithm converges to a solutionx̄

with the residual satisfying

‖δ x̄‖2 = ‖E(x̄)x̄−φd(x̄)φw(x̄)x̄‖2 ≤ 10−5.
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Our last numerical testing was conducted on some ill-conditioned matricesB,W andD. As maximiz-

ing the termx>Bx
x>Wx

is equivalent to computing an extreme eigenpair of a generalized eigenvalue problem:

Wx = λBx, we choose the pair(B,W) from the set BCSSTRUC1 (from the Harwell-Boeing collection5).

In this set, there are 13 pairs named: (BCSSTM01, BCSSTK01),. . . , (BCSSTM13, BCSSTK13), where

BCSSTM01,. . . , BCSSTM13 are symmetric positive semidefinite, and BCSSTK01,. . . , BCSSTK13 are

symmetric positive definite. Most of these matrices are sparse and ill-conditioned. In our testing, the first

5 pairs are selected as(B,W) and the statistics of these matrices are summarized in Table 1. For the choice

of D, on the other hand, as it does not lose the generality to assumeD to be diagonal, we therefore set

D = diag{10−4,10−4,1, . . . ,n−4,102,102},

which is ill-conditioned and contains repeated extreme eigenvalues.

Table 1 Summary of the pair(B,W).

B n Condition number W Condition number

BCSSTM01 48 Inf BCSSTK01 1.6E +06

BCSSTM02 66 8.8 BCSSTK02 1.3E +04

BCSSTM03 112 Inf BCSSTK03 9.5E +06

BCSSTM04 132 Inf BCSSTK04 5.6E +06

BCSSTM05 153 Inf BCSSTK05 3.5E +04

For this set of testing problems, we summarized the convergence results of the RTR-tCG algorithm

starting from a randomly generatedx(0). In Table 2, reported are the number of outer iterations, the

number of overall inner iterations in tCG (Algorithm 1), and the CPU time. These results demonstrate the

efficiency of the RTR-tCG algorithm. For all these cases furthermore, we observed that each convergent

point x̄ not only satisfies the second-order sufficient optimality condition (i.e.,(iii) of Theorem 3.2), but

is a dominant eigenvector of the corresponding matrixE(x̄). To illustrate the superlinear convergence, we

plot the sequences{ f (x(k))} and{log10‖δx(k)‖2} for the last tested case (BCSSTM05, BCSSTK05) in

the left and the right sub-figures of Figure 1, respectively, where the superlinear convergence is clearly

observed.

7 Concluding remarks and future work

In this paper, we have made some efforts in optimizing the sum of the Rayleigh quotient and the gen-

eralized Rayleigh quotient on the unit sphere. A specific application arising from the sparse Fisher dis-

criminant analysis is introduced. As the related optimization problem is not convex and consists of local

non-global maxima, it becomes much harder to find the global solution. We therefore first investigated

some characterizations for the local and the global maxima, which are described as a special extreme

5 http://math.nist.gov/MatrixMarket/
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Table 2 Summary of the convergence results.

(B,W) outer iter.#. inner iter.#. CPU(s)

(BCSSTM01, BCSSTK01) 9 20 0.0156

(BCSSTM02, BCSSTK02) 15 85 0.0156

(BCSSTM03, BCSSTK03) 16 191 0.0624

(BCSSTM04, BCSSTK04) 17 192 0.0468

(BCSSTM05, BCSSTK05) 14 196 0.0624
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Fig. 1 For the case where (B,W)=(BCSSTM05, BCSSTK05), the left and the right sub-figures plot the sequences{ f (x(k))}
and{log10‖δx(k)‖2}, respectively.

eigenvalue problem. A necessary optimality for the global maximizer sheds some lights on the problem

and also leads us to a starting point strategy for any monotonically convergent algorithm. An analogous

perturbation property for the Rayleigh quotient and the generalized Rayleigh quotient is also proved to be

true for our discussed problem. Taking advantages of the cost function and the constraint, the general Rie-

mannian trust-region algorithm in [4] is applied and empirical evaluation of its performance is reported.

By activating our starting point strategy, the RTR-tCG algorithm is effective in solving the problem (1.1),

and our numerical experiments demonstrate the global convergence and local superlinear convergence.
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