Comput Optim Appl., manuscript No.
(will be inserted by the editor)
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1 Introduction

Given symmetric matriceB,W andD € R™" whereW is positive definite, in this paper, we are concerned
with the solution of the following optimization problem:

.
F(x) - X' Bx

-
max = X' Dx. 1.1
IX[l2=1 XTWx 1)

Because of the unit sphere constraint
A = {x € R"|||Ix||2 =1},

we know that the solution of (1.1) does not change if we replace the miatwgth D + &1, for any
¢ € R, wherel,, represents tha-by-n identity matrix; without loss of any generality, therefore, we can
further assum® is positive definite. Practical applications of this problem can arise, for example, in the
downlink of a multi-user MIMO system [33] and in the sparse Fisher discriminant analysis in pattern
recognition. In section 2, we shall briefly discuss how a corresponding problem (1.1) is formulated. On
the other hand, as maximizing eitherDx or )’(‘TTV%’)‘( on./ is equivalent to solving the extreme eigenvalue
problemDx = Ax or computing an extreme eigenpair of a symmetric-definite matrix péBgiv) (see
e.g., [22]), respectively, one can expect that problem (1.1) will also be related with some special extreme
eigenvalue problem, which makes it attractive in its own right.

Though it is known that optimizing eithec” Dx or )’(‘TTVE\‘,’; on .# does not admit local non-global
solution (see e.g., [21,20]), difficulty will arise when one attempts to maximize the sum, where multiple
local non-global maxima appear. The following simple example wherB 8l andD are 2-by-2 and

diagonal illustrates the different situation.

Example 1.1We letB = diag{1, 2},W = diag{10, 1}, Do = 0 € R?*2 andD; = diag{5, 1}. For the choice
D = Dy, the global maxima of (1.1) af@,+1]" and the global minima are-1,0] " ; whereas for the case
D = Dy, the global maxima argt1,0]" and the global minima ate
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The points[0,+1] T now become the local maxima. The value of the cost funcfipn, xz) on the unit
spherex? +x3 = 1 is plotted in Figure 1.

Even in this very simple example, we can see the global maxima for the triviallras®y and
D = D4 vary greatly, and thus one cannot expect that a global solution of a general problem (1) could be
obtained by simply solving a standard eigenvalue problem or a generalized eigenvalue problem. To clarify
our statement, in our first part of this paper, we will investigate the local as well as the global optimality
conditions in section 3. It is interesting to point out that any local maximizier a unit eigenvector
corresponding to either the largest or the second largest eigenvalue of a specially-definedE (watrix
(see section 3); moreover, as a global optimality condition, we can prove that any global sgfution

1 We will demonstrate how to compute these points in section 3.
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Fig. 1 The left sub-figure plots the value of the cost functidi,x2) on the unit sphem% +x§ = 1 with D = 0; whereas
the right sub-figure plot$(x1,X2) with D = diag{5, 1}.

must be a unit dominant eigenvector Bfx*); for the special cas® = uW (u > 0), further, we are

able to completely characterize the global solutions set as the join of an eigenspace corresponding to the
largest eigenvalue dE(x*) and.#. These global optimality conditions are useful in finding a global
maximizer because it provides a starting point strategy (section 3.3) for any monotonically convergent
iterative algorithm.

As our optimality conditions indicate that problem (1.1) is not simply related with the standard eigen-
value problem or the generalized eigenvalue problem, sophisticated algorithms such as the QR iteration
(see e.g., [22,34]) or the implicitly restarted Arnoldi method (see e.g., [22,27,28]) and the QZ algorithm
(see e.g., [21]) for the generalized eigenvalue problem could not be straightforwardly applied to solve
(1.1). Furthermore, because the cost functigr) is not concave and the constraia is not convex,
finding a global solution is a hard problem as the iteration may be trapped by local maxima or saddle
points. Knowledge of the perturbation property and the characterization of a solution therefore is impor-
tant, which could be helpful in increasing the probability for obtaining a global maximizer.

The purpose of our second part of the paper is to suggest, by making use of the structure of the cost
function and the constraint, an efficient algorithm for solving (1.1). Viewihg (x) as a smooth function
defined on the smooth manifold”, the recently-proposed optimization methods on Riemannian mani-
folds are appropriate. The Riemannian Newton method [5,7,13] is attractive for its local quadratic con-
vergence; however, the method loses the global convergence and is easily attracted by local minima, local
maxima or even saddle points. The Riemannian trust-region (RTR) scheme [5, 3,4] is an improvement of
the Riemannian Newton method that addresses its two major drawbacks and is particularly suitable for
our problem (1.1). In section 5, we realize the general RTR to maximize the cost fui¢ipon .# .

The method basically follows the classical trust-region algorithm [10, 30, 35] by constructing a so-called
Riemannian trust-region subproblem of (1.1) at each iteration. The subproblem could be efficiently solved
by, for example, théruncated conjugate-gradieritCG) method of Steihaug [35] and Toint [36], which



only requires the matrix-vector product and therefore, is appropriate for large-scale problems. The RTR
algorithm for (1.1) needs the first information for global convergence to a critical point, and requires a
“sufficiently good” approximation of second order for fast local convergence. Using the gradient and the
Hessian derived in section 3, it is not difficult to implement the RTR algorithm for (1.1). We will show
that the resulting RTR algorithm enjoys good global convergence properties with fast local convergence.
Furthermore, the values of the cost function are nondecreasing which makes our starting point strategy
(section 3) applicable. Our numerical experiment indicates that, though we cannot guarantee that any
convergent point is a global solution of (1.1), the framework of RTR and the numerical implementation
(the truncated conjugate-gradient) of the Riemannian trust-region subproblem provide a good approach
for capturing a global solution.

The structure of the paper is as follows. In section 2, we first present a practical application of problem
(1.1) for obtaining the sparse Fisher discriminant vector in pattern recognition. In section 3, we intend to
characterize the local and the global solutions by investigating the optimality conditions. These conditions
imply that the problem (1.1) is related with some special extreme nonlinear eigenvalue problem. Section
4 then gives some perturbation properties of (1.1) which are useful for designing the stopping criterion for
certain iterative algorithms. The Riemannian trust-region method for (1.1) will be presented in section 5,
and some preliminary and empirical evaluation of its performance is reported in section 6. We conclude
the paper by drawing some final remarks in section 7.

Notation. Throughout the paper, all vectors are column vectors and are typeset in boki, rape
resents théth component ok. For a matrixA € R™", AT denotes its transpose andAy stands for the
trace ofA. The symbolsS,, andS;; * stand for the set of symmetric and symmetric positive definite matri-
ces of sizen-by-n, respectively. The range and kernelofreZ (A) := {x € R"|x = Ay for somey € R"}
and Ke(A) := {y € R"|Ay = 0}, respectively. In addition, we use

to denote the ordered eigenvaluegfofthen they are all real.

2 An application: the sparse Fisher discriminant analysis

In this section, we will discuss some applications where the problem (1.1) arises. First, we note that (1.1)
is in essence equivalent to the following problem (2.1) for mati&&c S, andW, G € S+ :
x'Bx x'Dx

max

5 X 2.1
x£0 X TWX + X Gx (1)

Such kind of problem can arise in the downlink of a multi-user MIMO system [33]. To see the equivalence,
by noting that the objective function of (2.1) is invariant with respect to non-zero scalingoofe can
definey = Gzx and imposé|y||> = 1 to equivalently transform (2.1) to the form (1.1).

Besides the above equivalent problem, we will introduce a specific application of problem (1.1) aris-
ing from the feature extraction and dimensionality reduction. High dimensional data arises frequently
from many modern applications of data mining, machine learning, bioinformatics and others. The linear



discriminant analysis (LDA) is one of the most efficient statistical approaches for supervised dimension-
ality reduction and classification (see e.g., [8,11,15,16, 18, 24,38-40]).

Suppose there amindependent classes, and for fitie class(i = 1,2,...,c), we haven; samples,
each of which is represented by a high dimensional vect®&"inThus these samples form a data matrix
Ac R™d whered = $¢ ; ni. The basic idea in the Fisher-LDA is to find a matixc R™! (generally
| < n), so that each original sampdec R" is mapped to a new but reduced ‘sample/ia

y=X"acR.
The principle in defining an ‘optimakK [18] is to simultaneously maximize theetween-class separation
measured by tX " §X), and minimize thavithin-class cohesignmeasured by (X " S, X). The matrices
S, Sv € R™" are both symmetric and positive semidefinite formed from the data m@trivhich are
called thebetween-class scatter matr@nd thewithin-class scatter matrif18], respectively. There are
various criteria (see e.g., [11,15,16,18,24,38-40]) for obtaikingnd Foley and Sammon [16] suggest
to find X column by column so that " X = I,. Thus, the first Foley-Sammon optimal discriminant vector
is just the solution of Fisher criterion [15]:

X §x

Ix[2=1 X SwX

The solution of (2.2) is an extreme eigenvector of the symmetric-definite matrix péBgiBy).
Besides the capability of classification, one always requires a sparse discriminantwelis is

because in high dimensional data, groups of objects often exist in subspaces rather than in the entire space,
and therefore, each group is a set of objects identified by a subset of dimensions and different groups are
represented in different subsets of dimensions (see e.g., [12,19,29,37]). This leads to a variable selection
problem. Many variable selection techniques are implemented by using various penalty functions (see
e.g., [14,19,29,25]). For the Fisher-LDA (2 2), this leads to the following problem:

Xi|)Ai, 2.3
Wl 1XTSNX le' (i) 23)

wherep;(-) fori=1,2,...,n, are given nonnegative penalty functions and- 0 are the tuning parameters
controlling the strength of the incentive for classification on less dimensions. The penalty fumgtions

and the parameterg are not necessarily the same for ialFor ease of presentation, however, we can
assume that they are identical for ialind then we denotg (-)A; = p, (-). A favorable choice op, (+) is

theL, penalty:p;, (|xi|) = A|xi| (see e.g., [29,37]). Another popular one is the so-called smoothly clipped
absolute deviation penalty (SCAD) proposed in [14], which is proved to be very effective in parametric
models such as generalized linear models and robust regression models [14,25]. To solve (2.3), Fan and
Li [14] propose a local quadratic approximation for the penalty functiph) : Suppose(© is an initial

point. If xi(0> is very close to zero, then sxnf) = 0; otherwise, the penalty functiom (|x;|) is locally
approximated by a quadratic function, i.e.,

2.2)

x2 — (x\9)2
pa () = pa (X0 +
2%

2 The matrixS, can be assumed to be positive definite as the singulari§y ifi.e., the undersampled problem) can be
handled by, for example, the regularization [17].
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wherep), (\xi(o) |+) denotes the derivative ¢, (-) at |xi<0)| from above. As a result, a local approximation
for (2.3) is

-
X'SX T
—X' 2pX+Cp, 2.4
IX[2=1 X" SwX (2.4)
R ) R - -
where 2 := diag{ Az\ (10)‘ ey Az\ o] }, and ¢y is a constant. The resulting problem (2.4) conse-
X3 Xn

quently is an application of (1.1). For the discussion on the convergence of such approximation as well as
more variable selection techniques, please refer to [12,14,19, 25,29,37].

3 Characterization of the solution

Returning to the problem (1.1), in this section, we attempt to shed some lights on the solution of (1.1)
by describing the optimality conditions. L&t (x) : .# — R be the restriction of the cost functidiix),

and we will provide the local optimality conditions in section 3.1 and present some global optimality
conditions in section 3.2. These optimality conditions not only characterize the solutions of (1.1) to some
extent, but also motivate a starting point strategy in section 3.3 for certain iterative algorithm.

3.1 Optimality conditions for the local solution

Viewing the unit sphere# as a Riemannian submanifold of the Euclidean sfiitendowed with the
natural inner product, the tangent spage# at any poinix € . is given by [5]

FiM ={Z|lz=Ry, ¥y € R"},

wherePy = I, —xx" is the orthogonal projection onto Kgr' ) = 2(x)*. Now, for the smooth real-valued
function f|  (x) defined on#, the gradient ax € .# can be expressed by

g(x) :=gradf| , (x) = ROf(x), (3.1)

and a critical poink € . of f| (x),i.e., a KKT point of (1.1), is a point satisfying(x) = 0. Therefore,
we have the following first-order optimality condition:

Theorem 3.1 Let BD € Syand We S;*. A pointx € . is a critical point of f (x) on.# if and only
if it satisfies

E(X)X = @ (X) (X)X, (3.2)
where
r. ®(X)
E(x):=B— (RIV(X)W+ @u(X)D, 3.3)



Proof From (3.1) and the expression of

Baw(X) —Wan(x)
W(x)

we know thatx € . is a critical point if and only ifg(x) = 0 where

Baw(X) —Wan(x)
@(x)

By the positive definiteness ¥, the conclusion follows.

Of(x) =2( +D)x,

g(x) = gradfw (x)=ROf(x) =2[ +D — @(X)In)x. (3.4)

The specially-defined matrik(x) plays an important role in characterizing the solutions of (1.1).
Theorem 3.1 first implies that any critical poirtis an eigenvector oE(x) with @(X)@y(X) as the
corresponding eigenvalue. That is, all critical pointsfof (x) forms the set

" = {lIxll2 = LEC)X = @1 (X) (X)X} (3.5)

This also implies that finding a global maximizer of (1.1) could not simply be obtained by solving a
standard eigenvalue or a generalized eigenvalue problem, as the B@tyiss itself dependent oR.

On the other hand, for very simple cases, Example 1.1 for instant, we can compute all critical points of
f| ,(x) directly based on (3.2). For the general case, however, solving a nonlinear system (3.2) is another
difficult problem.

There is another interesting question arising from Theorem 3.1. Suppissa local or a global
maximizer, then ig@(X)@y(X),X) a dominant eigenpair d(x)? We will make some efforts on this
problem. In particular, we will show thatXfis a local maximizer of (1.1)g (X) @u(X) is eitherthe largest
or the second largestigenvalue ofE(X), whereas ifX is a global maximizer, it must be a dominant
eigenvector ofE(x). To prove these results, we next establish the second-order optimality conditions,
where the Hessian df | (x) is required. Forf (x), defining the symmetric Hessian operatokat .#

Hes| , (X): Bl — Fedl i Vhgradf, , (x)

involves the so-calledffine connectiow (see [2,5]). A natural and preferable choice of affine connection
is theRiemannian connectio@s it possesses distinctive properties (§5]5) and significantly simplifies
the analytical derivations. With the Riemannian connection, the action of Riemannian Hesgigxf

on a tangent vectdr € 9./ can be expressed by (see [5], Definition 5.5.1 and Proposition 5.3.2)

Hessf| , (X)[h] = R(Dgradf| , (x)[h]) = B(Dg(x)[h]), Yh e F.#, (3.6)

whereDg(x)[h] represents the derivativeat .# alongh. From (3.4), by calculations, one can get that

2 E(X) A (X)

Dg(x)[h} = %(X) - %(X)@N(X)ln‘F (R,%(X) WXXTW
—ﬁ(BXXTW +Wxx'B)h —4(x" Dh)x. (3.7)

Based on this expression, we can establish the second-order optimality conditions.

Theorem 3.2 Let BD € S, and We St ™. Then



(i) the Hessian operator of f (x) at pointx € .# acting onvh € %.# is

Hess| , (x)h] = (x)h,

2
)

where Hx) € S, is given by

_ 4gp(X)
H(x) = R[E(X) — @ (X)@u(X)In+ &) Wxx "W

(Bxx"W +Wxx " B)|R; (3.8)

@u(X)
(i) if xis a local maximizer of1.1), then the matrix
K (%) := E(X) — @ (X)@(X)In+ 2P(DXX' W +W5xx ' D)Bx (3.9)

is negative semidefinite;
(i) foranyxe ., if K(X): %4 — F.# is negative definite, where’ and K(X) are given by(3.5)
and(3.9), respectively, theris a strictly local maximizer of1.1).

Proof Based on (3.6), (3.7Rx = 0, andRh = h for anyh € %.#, (i) follows. For (i), we note ifx is
a local maximizer of (1.1), then

E()x=(B— By Bu(X)D)X = @ (X) @w(X)X.

@u(X)
Therefore,
R(E(X) — @i (X) @u(X)1n] R = E(X) — @i (X) @u(X)In, (3.10)
and
‘;ﬁ”"(%) WRKTW — (RNL@(B)&TW WK B)
_ 2 e (B 2 @X) ot
~ a0 @ B e e W W
= 2WxX" (D — @i(X)In) +2(D — @ (X)1n)3X' W
= 2(WXX' D+ DXX' W) — 24 (WXX " +Xx W). (3.11)

Consequently, from (3.10), (3.11) and
Pe(Wxx " +XxW)Pr =0,

we haveH (x) = K(x). Based on the projected Hessian technique developed by [9] (see also [5,13,23]),
a necessary condition farto be a local maximizer is that the Hessid(x) is negative semidefinite on
FxA . Now, let[x, Q] € R™" be an orthogonal basis &". Note that for any € R", there arer € R and

b € R"1 so thaty = XT 4 Qb; moreover, fronK (x)x = 0, we have

y KXy = X K(0)X+21b'Q"K (X)X +b QK (X)Qb = b Q"K(X)Qb <0,

where the last inequality follows fro@b € .. This implies thatK(x) is a negative semidefinite
matrix, and(ii) is true. Lastly, the patii) is a sufficient condition fok to be a strictly local maximizer
of (1.1).



Theorem 3.2 reveals some information about the eigenvalBéxgfwhenevei is a local or a global
maximizer of (1.1). Particularly, we have

Theorem 3.3 Let BD € S, and We S, If X is a local maximizer of(1.1), then it must be a unit
eigenvector corresponding to either the largest or the second largest eigenvalge)of E

Proof We prove the result according (i}) of Theorem 3.2. Denote
u=2PDx and v=PWX,
then we have
K(%) = E(X) — @) @u(®)ln+ (uv" +vu").

Note that the rank of the matrixv" +vu' € Sy is at most 2and it is easy to check that its only possible
nonzero eigenvalues ate v + ||u||2||v||2 with the corresponding eigenvectasst %v, respectively.
Therefore,

AMuv +vu)>0=2Auv +vu")=---=A_1(uv' +vu’) > Ap(uv’ +vu').

On the other hand, according ) of Theorem 3.2, sinc&(x) is negative semidefinite, by Weyl's
monotonicity principle, we know that

A (E(X) — @(X)@(X)In) < Az(uv +vu'),

N2(E(R) — (R (X)) < Ao(uv” +vuT) =0,
. (3.12)

An(E(x) — (Pd(i)(ﬂm()?)ln) < An(uv’ +vul).

Moreover, becaus@, x) is an eigenpair o (X) — @ (X) @v(X)In, the relation (3.12) implies the following
three possible cases:

(i) A(E(X) — @(X)@w(X)In) = 0> A2(E(X) — @s(X) @u(X)In),
(i) A(E(X) — @ (X)@u(X)In) = 0= A2(E(X) — u(X)@(X)In), and
(iii) A1(E(X) — @(X)@u(X)In) > 0= A2(E(X) — qu(X) @u(X)In).

The first two cases imply that (X) @y(X) is the largest eigenvalue &f(x), whereas the last case implies
that @y (X) @u(X) is the second largest eigenvaluekdfk). This completes the proof.

It deserves to point out that it is possible that a local non-global maximizeindeed an eigenvector
corresponding to the second largest eigenvalug&@d). An illustrative example will be presented in
section 3.2. However, for some special cases, we can showxthatst be a dominant eigenvector of
E(x) whenevek is a local maximizer of (1.1).

Theorem 3.4 Let Be Spand We S{+. Then

(i) if D =0, then there is no local non-global maximizer {ar1), that is, any local maximizer is a global
maximizer;
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(i) if D= pW (u > 0), thengy(X)@y(X) must be the largest eigenvalue of for any local maximizer
x of (1.1).

Proof The conclusion in pafi) is already known (see e.g., [20]). To prdiii¢, we supposey (X) @y(X) is
not the largest eigenvalue Bfx), and then assumeis a dominant unit eigenvector. Therefore, according
to Theorem 3.2 again, one has

0>y KXy =y (E(X) — @u(X)@(X)In)y +4uly T RWX]|3,
yielding

y E(X)Y — @(X)@u(X) < —4ully RWX]3 < 0,

which is a contradiction becauges a dominant unit eigenvector &X), while @ (X)@y(X) is not the
largest eigenvalue & (). Thus, we conclude that in this caganust be a dominant eigenvectortofx).

Unlike the caséi), for the cas® = uW (u > 0), we point out that we cannot exclude local non-global
maximizer. A simple illustrative example is demonstrated.

Example 3.1We letB = diag{1, 9,2} ,W = D = diag{5, 2,3}. Then according to Theorem 3.1, we know
thatx = [1,0,0] " andx* = [0,1,0] " are critical points. Furthermore, by calculation, one has that

E(X) = diag{25,186,16.4}, H(X) = diag{0,—6.4, —8.6},

and
E(x*) =diag{—115,4,-5.5}, H(x")=diag{—15.5,0,—9.5}.

According to Theorem 3.2, we know that botlandx* are local maxima of (1.1), and they are both the
dominant eigenvectors of the related matriE¢s) andE(x*). However,f(X) =5.2 < f(x*) = 6.5, which
implies thai is a local non-global maximizer. Figure 1 plots the cost funcfipn (6,1),x2(0,1n),x3(6))

in the 2rr-period8 — n plane with 0< 6 < 2m, 0 < n < 21T, wherex;(6,n) = cog8)cogn),x2(0,n) =
cog0)sin(n),x3(6) = sin(8). From Figure 1, we easily find that is a global maximizer.

3.2 Optimality condition for the global solution

This subsection focuses on some necessary global optimality conditions for (1.1). In particular, we shall
prove two results: the first claims the(x*)@y(x*) must be the largest eigenvalue Bfx*) if x* is a

global maximizer; the second one says that, for the €aseuW (u > 0), the global solutions set of

(1.1) is essentially an eigenspace corresponding to the largest eigenvEl(€ pfThe following lemma

is important for this conclusion.

Lemma 3.1 LetBD € S, and We S;; . Then for any two pointg, x € .#, we have

) 100 — @ ECOZ= @OOR00) + (B0 BGO B0 (31
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Fig. 1 This figure plots the cost functioh(x1(60,n),x2(8,n),x3(6)) of Example 3.1 in them-period 6 — n plane with
0<6<2m 0<n <2m wherex1(6,n) =cog0)cogn),x2(6,n) = cog0)sin(n),x3(6) = sin(6).

Proof According to the definition oE(x), we know that

2 B2 ROOR) = BlD)~ 0 )+ BIRID) ~ QX0
_ ®(2) »X B
~ @22 - B 4 0@ - @)

= @ (2)(F(2) = 1(x)) — (@w(2) — (X)) (@1 (2) — (X)),

which then leads to our assertion.

Theorem 3.5 LetBe S, and WD € Si . Then for any global maximizet* of (1.1), (¢ (X*) @u(x*),X*)
must be an eigenpair corresponding to the largest eigenvalugxf)E

Proof We prove it by contradiction. Suppose it is not true, then we assumgithatdominant eigenvector
of E(x*), and hence it is true that

YEX )Yy —@(xX)@y(x*) >0, y'x*=0, and Bey=Yy. (3.14)
Moreover, by(ii) of Theorem 3.2, one has
0>y KX )y =y E(X")y — @(x*)@u(x") +4(y Dx")(y "Wx"),
or equivalently,

4y "DX)(y'Wx*) < =y TE(X")y + @u(X ) @w(x") < 0. (3.15)
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On the other hand, according to Lemma 3.1 with x* andz =y, and the fact thaf (y) — f(x*) <0 and
(3.14), it must follow that

3(x%,y) = (@w(y) — @(X")) (@u(y) — @ (x")) <O, (3.16)
which leads to the following two possible cases:

Case l.

@u(y) > @u(X") and  @u(y) < @i(x’),
Caselll.

@u(y) < @(x) and @(y) > @(x").

Now for Case |, we will show the contradiction by constructing a vector of the e x* + By so that
Izl2=1 and f(z) > f(x"), (3.17)

which implies tha* is not a global maximizer.
For this purpose, we note first that, becaxsandy are both the eigenvectors Bfx*), from (3.14),
llzl|2 = 1 is true ifa? + B2 = 1; moreover, for any scalars, 8 satisfyinga? + 32 = 1, one has that
2 E(x")z=a?(x") "E(x")x" + BZy TE(X)y > (x*) TE(X")X" = @u(X") qu(X").

Therefore, based on (3.13), we know that (3.17) is fulfilled if we can construct a eectax* + By € .#
with @y (z) = @ (x*). To this end, we note that the conditign(z) = @ (x*) yields a quadratic with respect
toa:

a®qu(x") +2aB(y DX) + B2qu(y) — @(x")

0. (3.18)

Denotey =y ' Dx* which is nonzero by (3.15). Equation (3.18) has two distinctive roots because accord-
ing to Case | ang82 < 1,

A = 4B2y% — Aqy(x") (B2 qu(y) — @ (X))
> 4B%y? — Aqy(x*) (@ (y) — @(x")) > 0.

Consider the root of (3.18)

_ =By +V(BY?— @) (B@s(y) — @u(x))
@ (x) '

As we can freely choose the sign@fwe assumgy > 0, and thus it is easy to check that

a(B)

(3.19)

— 2 * *
0 alp) B/ (BY)? + B (x') + 2Byau(x') .
@ (x)

We next seek a nonzetf3| < 1 so that

a(B)*+p*=1. (3.20)
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Plugging (3.19) into (3.20) yields

2BY? + Bau(X) (qu(x") — @(y)) = 2V\/(BV)2 — @(x*) (B2qu(y) — @(x*)). (3.21)
Because8y > 0, (3.21) is satisfied if
4y* B2 + B2 (<) (@ (X") — @(¥))? + 4BV @ (X") (@ (X") — @u(y))
= 4y (B%Y" — B @u(X") u(2) + & (X))

is met. This leads to

BZ _ 4V2(p§(X*)
@ () (@ua(x*) — qu(y))? + 4¢g (x) v

Therefore, we have constructed a veaes a (8)x* + By where

€(0,1).

2sgry)| Vi@ (X")
VB (@0¢) — @u(y))2 + 4G (x )2
anda () is given by (3.19) so that (3.17) is fulfilled, which is a contradiction.

An analogous argument with replaced byV applies to the Case Il, and we can again construct a
new vectorz so that (3.17) is fulfilled. This completes the proof.

B=

To illustrate the difference between the optimality conditions for the global maximizer (Theorem 3.5)
and for the local maximizer (Theorem 3.3), we present a numerical example below. In this example, we
employ the Riemannian trust-region method (RTR) proposed in section 5 to find a local maxmizer
which is shown to be an eigenvector corresponding to the second largest eigenva(fig, @ind hence
is not a global solution for (1.1) according to Theorem 3.5. This serves as an illustration for Theorem 3.5
and Theorem 3.3 as well.

Example 3.2In this example,

2.3969 04651 46392 0.8077 08163 10970

B = | 0.4651 54401 07838 | ,W = | 0.8163 41942 08457|, and
4.6392 07838 101741 1.0970 08457 18810
3.9104 —-0.9011-2.0128

D= | -09011 09636 06102

—2.0128 06102 10908

By parameterizing = [x1(0,1),X2(6,n),x3(0)] " viax1(6,n) =cog0)cogn),x2(6,n) =cog0)sin(n),
andxz(0) = sin(8), the valuef (x1(6,n),x2(0,n),x3(0)) versus the parametef8, ) in the 2r-period
6 —n plane with 0< 8 < 2m, 0 < n < 2, is plotted in Figure 2.

It is observed that the global optimal valfi& ~ 11.2008 and a local optimal value is near9664
Now, starting from the initial poink(®) = [0.9755 —0.0025 —0.2199 ", the RTR method (Algorithm 2-
1) proposed in section 5 converges to a p@int [0.9692 —0.241Q —0.0507 " with residuall|E ()X —
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Fig. 2 This figure plots the cost functioh(x1(68,n),x2(8,n),x3(6)) of Example 3.2 in th&m-period 6 — n plane with
0<6<2m 0<n <2m wherex1(6,n) =cog0)cogn),x2(6,n) =cog0)sin(n),x3(6) = sin(6).

@ (X)@u(R)X||2 ~ 3.7 x 10713 implying thatX is a critical point; moreover, we observe that the Hes-
sian matrixH (%) atX has eigenvalues 12.5406 —4.1470 and zero, which bjii) of Theorem 3.2, im-
plies thatX is a strictly local maximizer. On the other hand, we find that the eigenvaluégsgfare
—10.1784 2.3516 4.2678 andg(X)@w(X) ~ 2.3516 This indicates thak is only an eigenvector cor-
responding to the second largest eigenvalu& @), and by Theorem 3.5, we claigis not a global
maximizer; indeedf (X) ~ 7.9664< f*.

Theorem 3.5 serves as a necessary global optimality condition for (1.1), which only partially charac-
terizes the set of global solutions to (1.1). In the next theorem, with the assurBptiquwV (i > 0), we
are able to make the global solutions sét clear.

Theorem 3.6 Let Be Spand We S/ +. If D = yW (u > 0), then the set of all global maxima ¢f.1)is
S = &(E(X))N.A, (3.22)

wherex* is an arbitrary global maximizer and1(E(x*)) stands for the eigenspace associated with the
largest eigenvalue of &*). Moreover, for any two global maxime andy*, it follows that @, (x*) =

®(y") and @u(X*) = @u(y").

Proof Based on Theorem 3.5, we only need to show thatzamy”* is a global maximizer. To this end,
with the assumptio® = uW (u > 0) and the facz " E(x*)z = @ (x*) @v(x*), we have from (3.13) that

o *))2
0~ 106y~ BB
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Sincex* is a global maximizer, the above implies thiglz) = f(x*) and @u(z) = @u(x*). Therefore,
z is also a global maximizer, angly(z) = @v(x*) consequently leads t@,(z) = @ (x*). The proof is
completed.

To conclude this subsection, we draw some remarks for Theorem 3.6. First, this theorem says that in
case oD = uW (u > 0), for all global maxima, the values(x) = zz((f) — H@y(x) are equal t&*, which
is another identity of the global solution rather than the global optimal vElu&herefore, we can say
that finding the global solution to (1.1) in this case is closely related with a special extreme eigenvalue
problem of the associated matix- & *W, and if we can successfully fix the val§é, all global maxima
can be obtained. Moreover, as we shall see in Section 4, the characterization of the global maxima in
Theorem 3.6 is also crucial in deriving the perturbation property of (1.1) when the marare\V are

perturbed locally.

3.3 A starting point strategy

As we have seen that local non-global maxima of (1.1) could not be generally ruled out, and therefore,
we cannot guarantee that the computed solution of certain iterative algorithm is a global maximizer (see
Example 3.2). However, since we have already established a necessary optimality condition for the global
solution, one may expect that a reasonable method should be able to reach a solution satisfying at least
Theorem 3.5. In this subsection, we will propose a starting point strategy for any iterative algorithm that is
able to generate a sequer{oé¥'} converging to a critical point of| , (x) with {f(x))} monotonically
increasing. By repeatedly applying our starting point strategy, wealmaysobtain a critical poink so
that it is a dominant eigenvector &f(x). The starting point strategy is based on our constructive proof
for Theorem 3.5 and we state it below.

Recall that (3.13) of Lemma 3.1 reveals the following relation

~

0(x,z)+9(X,2)

fl2)— 100 ==

) (3.23)
for any two pointx,z € .#, whered(x, z) is given by (3.16) and

5(x,2) 1=z  E(X)Z— @y(X) @w(X).

Suppose that is a critical point off| (x) obtained by a monotonically convergent algorithm, and that
X is not a dominant eigenvector &(X). The underlying principle of our starting point strategy is to
construct a new poirt € .# (as the next initial point) so thﬁ(i,z) > 0 andd(X,z) > 0, which by
(3.23) then impliesf (z) > f(X). Assumey is a dominant unit eigenvector &f(X). Then there are two
mutually exclusive scenarios for the valuedR, y):

1). 3(%y) > 0.
In this case, by (3.23) and(X,y) = yTE(R)y — @ (X)@(X) > 0, one can easily take as a starting
point of the iterative algorithm;
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2). d(R,y) <O.
In this case, we still have two possible cases. For

Casel  @u(y)>@(X) and @(y) < @(X),

if y=yTDX # 0 which is satisfied whenevéris a local maximizer (see (3.15)), then according to
the proof of Theorem 3.5, the starting point couldzbe o (B)X + By, wherea (f3) andf3 are given
respectively by

a(p) = “PYEVEY - @ E

VB (@(®) - @<y>>2+4w§(ﬁ>y2'
otherwise for
Casell  qu(y) <@(X) and @(y)> @(X),

if =y W& # 0 which is satisfied whenevéris a local maximizer (see (3.15)), then according to
the proof of Theorem 3.5, the starting point couldze &(B))"(Jrﬁy, where&(ﬁ) andf3 are given
respectively by

a7 V(B2 — ) (B2gu(y) — au(®)
@u(X) ’
i— 2sgry)|¥1ew(X)
V@) (%) — @uly))? + 4@ (R) 7

We make a remark for this starting point strategy when the algorithm only produces an approximation,
sayX € ./, of the critical pointk. Let y be the unit dominant eigenvectorBfx) and henceg(i,y) > 0.
According to our starting strategy, for the first cag&,y) > 0, the new point iz =y, which by (3.23)
satisfiesf (y) > f(X). This implies that our starting point strategy in the first case does not depend on
how accurately approximates to the critical poiit For the second case whéi(X,y) < 0, according
to our constructive procedure for the new pair{tefer to the proof of Theorem 3.5) and by continuity,
we know that there is a neighborhootf (X) at X, such that for any € .4'(X), the constructed poirg
satisfiesd(X,z) + 3()“(,2) > 0, which by (3.23) again implies thdt(z) > f(X).

To show the effectiveness of this starting point strategy, we present the following numerical example.

Example 3.3With the definition ofB,W andD given in Example 3.2, we have known that the local max-
imizer & = [0.9692 —0.241Q —0.0507 " is an eigenvector associated with the second largest eigenvalue
of E(X). Therefore, based on our starting point strategy, we are able to improve thexgoite new
starting point for the RTR method. Indeed, by computation, we find that the dominant eigenvector of
E(R)isy~ [-0.01550.146Q —0.9892 ", and moreovemy,(y) < @y(X) andgy(y) > @ (X). This implies

that Case Il in the second scenario occurs. According to our formulation, we get

j~19004 B~07346 and &(B)~06785 with (&(B))2+pB%—1~22x101,
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and thus a new poirit ~ [0.6462 —0.0563 —0.7610 " is constructed. We note th&tz) ~ 10.7305>

f(X) ~ 7.9664 implying Z is an improved point in terms of the value Bx). UsingZ as the new starting
point for the RTR method (Algorithm 2-1), we finally get a convergent point [0.7199 —0.0200 —0.6938 "
with f(x*) ~ 11.2008 andg(x*)@(Xx*) ~ 1.0585; moreover, the eigenvalues®fx*) andH(x*) are
—24.4690 —2.6019 1.0585 and-25.0447,—6.608Q 0, respectively. This implies* is a dominant eigen-
vector ofE(x*) and is also a global maximizer for (1.1).

4 Perturbation analysis

In this section, we will establish some perturbation properties for the objective funidpigrof (1.1).
Whenever a real-world problem of (1.1) is solved numerically, two types of perturbations should be con-
sidered. First, since we have known from Section 3 that the global maximizer is a dominant eigenvector
of a related matrix, (1.1) can only be solved by means of iteration, in which the roundoff error cannot be
avoided. Secondly, in real-world application, the original data matrices in (1.1) are frequently corrupted
by noise (this is always the case in the sparse Fisher discriminant analysis for face recognitio® where
andW are formed from sample images), and thereby, the formulated problem (1.1) can only be thought
as a perturbed model of the original one. For these two kinds of perturbation, we will establish upper
perturbation bounds for the objective functibfx).

First, let us assume the matrices in (1.1) are exacixbut/ is a point near a solution of (1.1).
Taking another look at the cost functidiix), we find that either the standard Rayleigh quotiehDx or
the generalized Rayleigh quotie)é% possesses a distinguished property: around any critical point, say

x " Bx
xTWx

xTDx or %. Such perturbation property has been proved to be important for analyzing the behavior,
especially the local quadratic convergence, of some iterations (see e.g., [22,31,32,39]) and designing the
stopping criterion as well. As the cost functid(x) is the sum ok " Dx and )’(‘TTVE\‘/’;, we also expect such
property could also be inherited at any critical pointfof (x). Theorem 4.1 gives the positive answer,
which also indicates that a reasonably good feasible approximate to the solution (1.1) is of higher order
accuracy in the objective value. The underlying principle for this conclusion is that mapfixgand

x — x'E(X)x are smooth, and is a critical point for both.

X, of x"Dx or on.# , a perturbatiom\x on x will yield a quadratic perturbatiof?(||Ax||3) on the

Theorem 4.1 Let B,D € Sp and We S;*. Supposeis any critical point of f (x), i.e.,X € .7’ defined
by (3.5), then there exist positive constanisand & such that for ank € .Z,

XTEOX -~ (X @u(X)| < cillax|3, and (@.1)
1(x) = £ < callax|3, 4.2)

whereAx = x — X.
Proof For (4.1), we first note tha (X)X = @ (X) @v(x)X and

1= (X+4x)" (X+Ax) =1+2X  Ax+||Ax||3, implying 2X' Ax = —||Ax||3.
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Thus

XTE(®)x = (+ 4%) EQ(X+Ax) = (%) @u(X) — (D@l |Ax]3 + Ax E(R)Ax,

which leads to (4.1). For (4.2), by observing the relation

180x,3)] = |(@w(X) — @u(X)) (@ (x) — @ (X))| < csl| A3,
for some constantz, we know that, with the aid of (3.13) and (4.1), the assertion is true.

Now, we will investigate how the global optimal value of (1.1) changes whenever the mdrides
andD are perturbed slightly. For this purpose, we introduce some new notation. DeActifi, W, D] €
Sh X ST x Sp, we usev(Z) to represent the global optimal value of (1.1) that is dependent on the variable
Z, and use¥(Z) C .# to denote the set of all global optimal solutions of (1.1) for the giZe®ur
next question is then wheth&(Z) is continuous or differentiable with respectZo and if it is, what
is the derivativeDv(Z). In the following theorem, we will first show tha{Z) is Frechet directionally
differentiable aZ, and thereby is continuous with respectaorFurthermore, for the special case where
D = uW for a constanyt > 0, we will show that the global optimal value is differentiable. In the latter
case, since (1.1) is only dependent¥on= [B,W] € S, x S§*, we will denote the global optimal value
by v(Y) and the set of global optimal solutions #(Y ) instead.

Theorem 4.2 Let Z= [B,W,D] € S, x S} x Sy. Then

(i) v(Z) is Fréchet directionally differentiable at,Znd the directional derivative at Z in the direction
© = [BB,0BW,0Op] € Sy X Sy x Sy is given by

L XTex g Gwy)
V(2.0)= ma e T @

(i) fD = pw e S/ for a constanfu and

+x" Opx}; (4.3)

AL(E(X)) > A2(E(x)),
wherex* € 4(Y) is arbitrary, then \Y) is differentiable at Y= [B,W] € Sp x S§* with the derivative
given by

X*(X* T
@ (X*)

X*
Du(v) = XU (1 B )T € 5y xS (4.4)
Proof In our proof, we usd (x,Z) to denote the objective function of (1.1), which indicates that it is also
dependent oiZ, and thus¥(Z) = argmaxc_, f(x,Z). For any sufficiently smal® = [Gg,Ow,Bp] €
Sn X Sp x Sp s0 thatW + Gy € S/ *, we have

x"Osx @ (x)(x" Awx)
@u(X) @(x)
tr(Gexx")  @(X)tr(Gwxx")

= 10 2) 4 = o~ B (@) +ol0)),

f(x,Z+0) = f(x,2)+ +x " @pox+0(]|O]]2),
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which implies that the Fchet derivative of (x,Z) with respect t&Z is given by

xxT @(x)xx"
wx)’  @x)
By [1, Theorem 4.13], we then know th&iZ) is Fréchet directionally differentiable @te Sp x Si* x Sy
and the Fechet directional derivativé (Z, ©) in the direction® is given by (4.3).

For the second part (ii) whel® = yW, we have known from Theorem 3.6 thétY) = .*, where
% is given by (3.22). Therefore, it is clear that under the condifigfE(x*)) > A2(E(x*)), we have
4(Y) =% = {x*,—x*}, and from the first part of this theorem, it follows that for &Hy= [%, Hy] €
Sn X Sp,

Dzf(x,Z) =] ,XX'] € Sp X Sp X Sh.

(WX (x) ") @ )r(Kx*(x) 1)
Pu(X*) @(x*)

which implies the expression (4.4). This completes this proof.

VY.W) = + Htr(Hux(x*) 1),

As a final remark of this section, we provide an upper perturbation bound for the global optimal value
v(Z). SupposeZ = [B,W,D] € Sp x S{+ x Sy is perturbed by a sufficiently sma® = [Gg, O, Cp] €
Sh x Sp x Sp such thaV + Gy € S+, then according to Theorem 4.2, we have

V(Z+0)=V(Z)+V(Z,0)+0(]O]2);

on the other hand, according to (4.3), it is true that

X
sz Gl @]l
ErER

V(z,0) <

Consequently, we have the following upper perturbation bounu(for

1 IBl2
——19Bll2+
W12 w13

AV = U(Z+0)-Vv(Z)] < 1Bwll2+[1©pl[2+0(l|O]2),
which explicitly reveals how the matric&W, D and their corresponding perturbatio®s, G, ©p de-
termine the perturbation on the global optimal value of (1.1).

5 The Riemannian trust-region method for problem (1.1)

The purpose of this section is to realize the generic Riemannian trust-region algorithm3BfR)4] to
solve our discussed problem (1.1). By taking advantages of the smooth fuficfior), and the smooth
Riemannian manifold#, we find that the RTR method is particularly appropriate for the following
reasons(i) RTR utilizes the first and the second order informatiof of(x), which have been established

in section 3, and the local superlinear convergence is achie@plidne RTR method converges to a set
of critical points off|  (x) from all starting points(iii) the sequencéf (xK)} is nondecreasing for the
generated iteratei (¥ }, which not only favors convergence to a local maximizer, but makes our starting

3 In Matlab environment, the generic Riemannian trust-region package for the optimization of functions defined on Rie-
mannian manifolds is available at: http://www.math.fsu.edivaker/GenRTR/.
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point strategy in section 3.3 applicable, ging the method is suitable for large-scale problems because
only the matrix-vector product is required. For more detailed discussions on the RTR method as well as
its applications in the numerical linear algebra, please refer to [3—6] and many references cited therein.
To state the details of the RTR method in solving (1.1), we note that the RTR method consists of three
basic steps(i) building a quadratic model, i.e. teust-region subproblepof f,  (x) on the tangent space
at each iterata® € ., (i) solving the trust-region subproblem by some sophisticated solvexjignd
mapping the solution of the trust-region subproblem omtovia the so-calledetractionto complete a
single iterate.
For the steq(i), supposex¥) € . is the current iterate and we attempt to build a quadratic model
which should be a sufficient good approximationfof (x). This purpose, with the aid of our discussions
on the first and the second order informationfof (x) in section 3, can be realized by the following
quadratic form [5] foth € 7 .

hTH (x()h

— f(x® (k)
Mo (1) 1= £ +h7g) + =

; (5.1)
whereg(x(¥)) andH (x) are defined by (3.4) and (3.8), respectively. Notice that this quadratic form is
built on the tangent spacg (.# , and the trust-region subproblem could then be simply expreséed as

_ hTHx®)h

—h' (x(k)) (ﬂ,\,(x(k))

min } (5.2)
he T -, |Ihll2<4x ’

wheredy > 0 is thetrust-region radiuswvhich will be updated according to how good is the trust-region
subproblem in approximating the problem (1.1).

Now for the steqii), where the trust-region subproblem (5.2) should be solved, we can employ sev-
eral classical approaches [10, 30]. This forms the inner iteration of the RTR Algorithm 2. Among various
methods for (5.2), théruncated conjugate-gradieritCG) method of Steihaug [35] and Toint [36], is
particularly efficient and appealing. For completeness, the pesudo-code of tCG is presented in Algorithm
1. It is worth mentioning that as long as the initial gur&Y ¢ T , the tCG iteration guarantees that
the sequenc¢h())}, and hence the (approximate) solutiorare all in T , and moreover, precon-
ditioning technigues can be easily incorporated in the tCG iteration. For the stopping criterion in (A), as
suggested by Absgt al.[4], we can terminate either after a fixed number of iterations (for example, we
can truncate iff > %), or by the criterion:

10122 < lg @ l2min{ g 3.k} 5:3)

wherek,o > 0 are real parameters. The latter is similar to the stopping criterion used in the inexact
Newton iteration (see e.g., [26,30]), and with this stopping criterion, the RTR-tCG algorithm (Algorithm
2-1) is shown to possess local superlinear convergence (see [4], Theorems 4.13 and 4.14). In our numerical
testing, we sek = 0.1 ando = 1.

4 Because the general RTR method proposed in [4,5] is stateihimizea cost function on a general manifold, we will
solveminyc_, —f(x), instead ofmax._, f(x).
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Algorithm 1: The truncated CG (tCG) method [35] for the trust-region subproblem.
Initialization: seth® =0, g© = —g(x¥)), g©@ = —g©, whereg(x¥) is given by (3.4);
for j=0,1,---,do
if (91)TH(x®)g)) > 0then
computer € R such thah(t) = h()) + tq() minimizes—m,g (h(1)) of (5.1) with [[h(T)||2 = A;
L return h = h(7);

*0)(gi))T gli) o
setaj = 7%, whereH (x¥)) is given by (3.8);

sethU+D = p() +ajq(j);
if |h(+Y ||, > A then

computer > 0 such thah(t) = h() + rq()) satisfies|h(t)||2 = A;
L return h = h(1);

) ) 2a Wi
Setg(]+1) = g(l) — (AN()((]K)) H(X( ))q(J)Y

(A) if the giverlstopping criterion is méten
| return h=h(+D;

o (gl Tl

setfjv1 == myrgm

Setq(j+1> = 7g(j+1> +Bj+lq(J);

If we have a (approximate) solutidnto (5.2), then for the last stepi) of RTR, we can use a natural
retraction[5]

Xx+h

()= 55,

ceH, Yxe# and Vhe HGH, (5.4)

to get a corresponding poirtt? = 1,4, (h) € .#. The quality of (5.2) and the (approximate) solution
h can be measured by the quotient

f(x(k)) _f (ﬂk+1))

. 55
My (0) —myqq (h) (5:5)

P =

The rule of accepting or rejecting the candidafe ™ as the next iterate, as well as updating the radius
Ay, basically follows the classical trust-region method (see [10, 30]), and details of the rule are formalized
in outer loop iteration of Algorithm 2. In our numerical testing presented in this paper, we choese
0.1n, Ag=0.2A, € = 108 andp’ = 0.1.

The convergence of the general RTR method has been well established in [4,5] under reasonable
assumptions. For our problem (1.1) in particular, since the cost funétiofx) and the retraction (5.4)
are smooth, and# is a smooth and compact Riemannian manifold, the nice convergence properties are
preserved. Precisely, from Theorem 4.4 and Corollary 4.6 of [4], for any starting x8int .#, the
sequencéxW} generated by the RTR-tCG method satisfies

Jim B — g (x*) gu(x¥)x ™) =0,

implying any accumulation ofx®¥} is a critical point off| ,(x); moreover, based on Theorems 4.12 and
4.13 of [4], for any poink € .# satisfying the conditiofiii) of Theorem 3.2, there is a neighborhogg
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Algorithm 2: The Riemannian trust-region algorithm for (1.1).

Initialization: choose parametefs> 0,40 € (O,E),p’ € (0, ;11), the tolerance > 0 andx(©) e .#; setk :=0;
while [[g(x®)||2 > ¢, do
solving (approximately by Algorithm 1) (5.2) to obtain
compute the quotiergy by (5.5);
if px < 1 then
‘ A1 = %
else
if pc > 3 and||h||> = A then
| A1 =min{24, A}
else
[ A1 =4

if px > p’ then
‘ x(kt1) — _x®ih
[1x®+hil2

else
| x(k+1) — x(K)
setk:=k+1;

of Xin .# such that for alk(?) € %4, the RTR-tCG algorithm with the stopping criterion (5.3) converges
to X superlinearly.

To conclude this section, we point out that even though the RTR-tCG method favors the local maxi-
mizer due to the nondecreasing property 6fx))}, finding a global solution to (1.1) is not guaranteed.
For instance, for Example 1.1 with = D; = diag{5, 1}, the left sub-figure in Figure 1 demonstrates
starting pointx(?) € R? converging to a global maximizer (sugt? is marked by ') and to a local max-
imizer (suchx(©) is marked by '), respectively; in the right sub-figure, demonstrated are the parameters
(8,n) in the 2-period@ — n plane of the starting point® = [x1(0,n),x2(8,n),x3(8)]" for Example
3.1, from which the RTR-tCG algorithm converges to a global maximizer (correspondirigdad to a
local maximizer (corresponding te’), respectively. Indeed, as long as the local non-global solution ex-
ists, due to the monotonic property of(x¥)}, the sequencéx®¥} would be trapped by a local solution
nearx(?). From this point of view, some improvement on the starting point, such as that in section 3.3,
can be helpful for the RTR algorithm to escape from a local solution. This is preliminarily demonstrated
by our numerical experiments in next section.

6 Numerical experiments

In this section, we report on some preliminary numerical experiments on the problem (1.1). All our
numerical tests in this paper are carried out in MATLAB platform on a PC with Intel(R) Core(R)i3
CPU550@3.20GHz, 3.20GHz. In solving our tested problems, we also employed the MATLAB function
fmincon, which uses the sequential quadratic programming (SQP) method [30] with quasi-Newton and
line search techniques (for medium-scale optimization). Unfortunately, we observefehthain fails

for most of our tested cases, mainly due to the violation of the nonlinear constraint, and therefore, these
numerical results will not be presented.
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0.2 . +  starting point converging to a global maximizer
global maximizer

starting point converging to a local maximizer L
local maximizer
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Fig. 1 For Example 1.1 wittD = D; = diag(5, 1}, the left sub-figure demonstrates starting poif§ € R? converging
to a global maximizer (suck(©® is marked by *) and to a local maximizer (suck® is marked by '), respectively; the
right sub-figure demonstrates the parameféts]) of the starting poin(© = [x1(6,n),x2(8,n),x3(6)]" for Example
3.1, from which the RTR-tCG algorithm converges to a global maximizer (correspondinyy &md to a local maximizer
(corresponding tox«"), respectively.

As our starting point strategy is applicable for the RTR-tCG algorithm, we first test its capability in
finding a global solution. For this purpose, we generateétsifrting points with elements normally dis-
tributed for Example 3.2, and counted the cases for which the RTR-tCG algorithm converges to a global
maximizer. It is observed that there are almosB8% cases fail to converge to a global solution. By con-
trast, using the same starting points but activating our starting point strategy, we find diattercases,
it converges to the global maximizer. This implies that our starting point strategy is effective in finding
a global solution on this example. On the other hand, however, we should keep in mind that additional
computational costs are required to implement our starting point strategy (mainly on computation of the
dominant eigenvector), and furthermore, we observed that for randomly generated problem (1.1), it has
high probability that the convergent poixbf the RTR-tCG method is a dominant eigenvectoE¢X).
Therefore, we claim that the RTR-tCG algorithm, without the starting point strategy, is still effective. In
our following numerical reports, we inactivate the starting point strategy and focus on the global and local
convergence of the RTR-tCG algorithm.

To investigate the global convergence of the RTR-tCG algorithm, we tested the convergence behavior
on randomly generated problems. For a fixed dimensjome produced,W,D € S;/* and the starting
pointx(? with elements chosen from normal distribution. Werset5, 10, 50, 100,200,500 and 1000For
each givem, we generated Ttesting problems and recorded the convergence information. The global
convergence is observed because for all these cases, the RTR-tCG algorithm converges to axsolution
with the residual satisfying

1652 = E(X)X — @ (X) @w(¥)X]|2 < 10°°.
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Our last numerical testing was conducted on some ill-conditioned maBj#¥ésndD. As maximiz-
ing the term)f;v‘?,’)‘( is equivalent to computing an extreme eigenpair of a generalized eigenvalue problem:
Wx = ABx, we choose the paiiB,W) from the set BCSSTRUCL (from the Harwell-Boeing collection
In this set, there are 13 pairs named: (BCSSTMO01, BCSSTK01}BCSSTM13, BCSSTK13), where
BCSSTMOL,..., BCSSTM13 are symmetric positive semidefinite, and BCSSTKO1BCSSTK13 are
symmetric positive definite. Most of these matrices are sparse and ill-conditioned. In our testing, the first
5 pairs are selected &8, W) and the statistics of these matrices are summarized in Table 1. For the choice

of D, on the other hand, as it does not lose the generality to asBuimée diagonal, we therefore set

D =diag{107%,1074,1,...,n—4,10%, 10},

which is ill-conditioned and contains repeated extreme eigenvalues.

Table 1 Summary of the paifB,W).

B n Condition number w Condition number
BCSSTMO1 48 Inf BCSSTKO1 1.6E + 06
BCSSTMO02 66 8.8 BCSSTK02 1.3E+04
BCSSTMO03 112 Inf BCSSTKO03 9.5E + 06
BCSSTM04 132 Inf BCSSTK04 5.6E 406
BCSSTMO05 153 Inf BCSSTKO05 3.5E + 04

For this set of testing problems, we summarized the convergence results of the RTR-tCG algorithm
starting from a randomly generated. In Table 2, reported are the number of outer iterations, the
number of overall inner iterations in tCG (Algorithm 1), and the CPU time. These results demonstrate the
efficiency of the RTR-tCG algorithm. For all these cases furthermore, we observed that each convergent
pointX not only satisfies the second-order sufficient optimality condition (jig.,of Theorem 3.2), but
is a dominant eigenvector of the corresponding maiix). To illustrate the superlinear convergence, we
plot the sequencesf (x¥)} and{logyo||6x™ |2} for the last tested case (BCSSTMO05, BCSSTKO5) in
the left and the right sub-figures of Figure 1, respectively, where the superlinear convergence is clearly
observed.

7 Concluding remarks and future work

In this paper, we have made some efforts in optimizing the sum of the Rayleigh quotient and the gen-
eralized Rayleigh quotient on the unit sphere. A specific application arising from the sparse Fisher dis-
criminant analysis is introduced. As the related optimization problem is not convex and consists of local
non-global maxima, it becomes much harder to find the global solution. We therefore first investigated
some characterizations for the local and the global maxima, which are described as a special extreme

5 http://math.nist.gov/MatrixMarket/
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Table 2 Summary of the convergence results.

(B,W) outer iter#. inner iter.#. CPU(s)
(BCSSTMO1, BCSSTKO1) 9 20 0.0156
(BCSSTMO02, BCSSTKO02) 15 85 0.0156
(BCSSTMO03, BCSSTKO03) 16 191 0.0624
(BCSSTMO04, BCSSTKO04) 17 192 0.0468
(BCSSTMO5, BCSSTKO05) 14 196 0.0624
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outer iteration outer iteration

Fig. 1 For the case where (B,W)=(BCSSTMO05, BCSSTKO05), the left and the right sub-figures plot the sedui¢rées
and{logso||6x||2}, respectively.

eigenvalue problem. A necessary optimality for the global maximizer sheds some lights on the problem
and also leads us to a starting point strategy for any monotonically convergent algorithm. An analogous
perturbation property for the Rayleigh quotient and the generalized Rayleigh quotient is also proved to be
true for our discussed problem. Taking advantages of the cost function and the constraint, the general Rie-
mannian trust-region algorithm in [4] is applied and empirical evaluation of its performance is reported.
By activating our starting point strategy, the RTR-tCG algorithm is effective in solving the problem (1.1),
and our numerical experiments demonstrate the global convergence and local superlinear convergence.
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