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Abstract

This paper deals with the problem of determining the optimal size of a residential grid-
connected photovoltaic system to meet a certain CO2 reduction target at a minimum cost.
Ren et al. proposed a novel approach using a simple linear programming that minimizes the
total energy costs for residential buildings in Japan. However, their approach is based on a
specific net tariff system that was used in Japan until October 2009, and it is not applicable
to the current Japanese net tariff system.

We propose a modified approach for the current Japanese tariff system. The mathemati-
cal formulation is general in the sense that it includes formulations for other tariff systems as
special cases. Therefore, the approach is applicable not only to the Japanese system but also
to other tariff systems (e.g., gross feed-in tariff system). We further extend this approach
by using a robust optimization technique to cope with the uncertainty in photovoltaic power
generation caused by weather variability. Numerical experiments show the minimum size re-
quirements of solar photovoltaic systems for meeting CO2 reduction targets and its economic
costs in nominal and robust cases.

keywords: photovoltaic energy system, optimal size, CO2 reduction target, robust opti-
mization, irradiation uncertainty.

1 Introduction

Production of electricity by the burning of fossil fuels produces a lot of carbon dioxide (CO2),
which contributes to the greenhouse effect. A global movement in promoting low- or zero-carbon
energy production will be necessary to help meet the growing energy needs. Photovoltaic (PV)
solar energy systems, which generate electricity through direct conversion of sunlight or solar
irradiation into electrical energy, are excellent sources of ‘zero-carbon’ energy. PV energy systems
are potentially excellent low-carbon energy technologies.

Feed-in tariff systems for renewable energy have been adopted by over 50 countries around
the world. These systems promote the generation of renewable energy including PV. There
are essentially two types of feed-in tariff scheme: net feed-in tariff and gross feed-in tariff. Net
feed-in tariff provides a feed-in payment only for generated energy that is not consumed on site,
that is, excess electricity that is fed back into the grid from its grid-connect PV system. On
the other hand, gross feed-in tariff provides a payment for the whole PV system output. Japan,
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various Australian states, etc., have net feed-in tariffs, whereas Germany, Denmark and Spain,
etc., have gross feed-in tariffs. Both sorts of feed-in tariff encourage people to install their own
low-carbon energy generators. Indeed, such systems have given residents, small businesses, and
community groups a great opportunity to install rooftop solar PV systems on existing private
residences and other private buildings.

The purpose of this study is to estimate how large PV systems should be at the provincial,
municipal, or community levels to reach CO2 reduction goals and how much money owners of
PV systems will save or pay once the systems are installed. Numerous countries including Japan
have agreed to the Kyoto protocol and have tried to meet their CO2 reduction targets. From
the government’s point of view, it is important to estimate the minimum size requirement of
solar PV systems for meeting their CO2 reduction target and to evaluate economic costs borne
by owners of PV systems. Such estimates would be help in reassessing green-tariff prices.

It is not easy to find the best size of a PV system intuitively. It is rather necessary to
formulate an optimization problem for finding the optimal size of a PV system for a particular
tariff system. Determining the best size of a PV system under a net feed-in tariff is more
complicated compared with determining it under a gross feed-in tariff. Our formulation of the
problem has the objective of minimizing the total cost related to electricity under a net or
gross feed-in tariff scheme for residents in a community, and it includes constraints for achieving
CO2 emission reductions and for satisfying daily demand for electricity. We need to consider a
balance between revenues and costs when installing a grid-connected PV system. The total cost
of a PV system consists of a high initial cost and a very low subsequent running cost (which we
will regard as zero in this paper). The total revenue consists of subsidies for self-consumption
and the additional feed-in tariff for excess electricity fed into the grid. To install a large-size
PV system, one has to pay a high initial cost but one also can receive high subsidies for excess
electricity. However, if one has no excess electricity, installation costs may not be recovered.

Some studies have devised ways of choosing the optimal size of a PV system under a feed-
in tariff scheme. They primarily used the following method (except for [17]): calculate the
economic costs of PV systems for various fixed PV sizes and choose the optimal one that has
the minimum cost. For example, Hernandez et al. [9] performed such a parametric analysis
to determine the optimal size of the PV system with different types of feed-in tariff. Gong
and Kulkarni [6] described a methodology to optimize not only the array size but also the array
surface tilt angle and configuration. Ren et al. [17] proposed a novel mathematical programming
formulation to find the best size of a PV system. Their model minimizes the annual energy cost
including the PV installation cost and utility electricity cost, and this cost is subtracted from
the revenue gotten from selling the excess electricity and the revenue from the green tariff.

Our model is closely related to the model of Ren et al. [17]. There are mainly two differences
between ours and theirs: Firstly, our model has an added CO2 emission reduction constraint CO2
emission reduction constraint. Secondly, the electricity price (yen/kWh) for selling electricity
back to energy companies can be set to be higher than the price for buying electricity from the
energy companies (in this case, regional electric power companies in Japan). Ren et al. [17]
implicitly assume that surplus energy from the PV system is purchased at the same price as
the electricity sales price of energy companies, which is according to old Japanese feed-in tariff,
but under the new Japanese feed-in tariff (started in November 2009), surplus energy from the
PV system is purchased by those companies at two times their electricity sales price. Under the
new scheme, Ren et al.’s model provides an unrealistic solution such that the electrical energy
bought from some energy company is sold to the company at the same time to make a profit. We
modified Ren et al.’s model so that it gives us a realistic solution under the new Japanese feed-in
tariff and it includes a CO2 emission reduction constraint. The resulting model is general in the
sense that it includes models for other tariff systems as special cases. Therefore, the approach
shown in this paper is applicable not only to the Japanese system but also to other tariff systems
(e.g., gross feed-in tariff system).



Many studies have looked into the environmental cost as well as the economic cost of PV
systems. For example, Bernal-Agustin and Dufo-Lopez [4] evaluated the environmental aspects
of grid-connected PV systems by using life-cycle analysis. Ren et al. [17] calculated resulting
CO2 emission reductions for optimally-sized PV systems of their cost minimization models.
These studies evaluated CO2 emissions a-posteriori and did not consider CO2 reduction targets
a-priori. On the other hand, such a CO2 reduction target can be taken into account in the
framework of energy planning models that determine the optimal mix of generating stations such
as fossil fuel, nuclear, hydroelectric, photovoltaic, and so on. Hashim and coworkers [8, 5, 14]
devised mixed integer programming models that determine the optimal structure necessary to
meet a given CO2 reduction target while maintaining or enhancing power to the grid. Linares
and Romero [13] applied goal programming to a case study on energy planning in Spain. Their
model involves minimizing several criteria, e.g., the total cost of electricity generation, CO2
emissions, and so on.

We further extend our model to cope with the uncertainty in photovoltaic power generation.
PV electricity varies depending on weather conditions, mainly the level of solar irradiation. The
solar irradiation is highly unpredictable. Therefore, it is difficult to determine the best PV
system size from a model constructed from only a small historical data set on solar irradiation
in order to meet a CO2 reduction target in the future. Standard mathematical optimization
models commonly assume that the data inputs are precisely known and ignore the influence
of parameter uncertainties on the optimality and feasibility of the models. As a result, when
the data differ from the assumed values, the generated optimal solution may violate critical
constraints and perform poorly from an objective function point of view. Robust optimization
[1, 2] addresses the issue of data uncertainties and provides us with a robust solution for uncertain
constraints or/and objective function. We used robust optimization techniques in a model
including uncertainty in solar irradiation data and found that we could make a robust decision
on the best size of the PV system.

The paper is organized as follows. Section 2 describes Ren et al.’s mathematical formulation
[17] for deciding the optimal size of a PV system under a net tariff system with equal sales
and purchase prices. It also discusses the same problem under a gross tariff system. Section 3
extends Ren et al.’s formulation in order to fit to the current Japanese net tariff system and
gives a solution satisfying electricity demand and a CO2 emission reduction target. Section 4
describes our new robust optimization formulation that decides the optimal PV size by taking
the uncertainty in solar irradiation into consideration. Section 5 reports on the numerical results
for the deterministic model and its robust variant, and Section 6 summarizes our contributions
and future work.

2 Preliminaries

2.1 Net Tariff System with Equal Sales and Purchase Price

Ren et al. [17] presents a model for deciding the optimal size of the PV system in residential
buildings from deterministic solar irradiation data on the area of Kitakyushu, Japan. To decide
the optimal size, [17] uses mathematical optimization techniques that minimize the objective
function under several constraints. Input data for the model are summarized in Table 1, and its
variables are in Table 2.

The objective is to minimize the annual energy cost for owners of grid-connected PV systems.
The energy cost consists of the annualized PV installation cost and purchased electricity cost,
subtracted from revenue gotten from selling the excess electricity and revenue from the green
tariff. There are four constraints. Constraint (a) implies that the electricity demand should be
satisfied with PV electricity used on-site (self-consumption) and electricity purchased from the
electricity grid. Constraint (b) implies that the sum of the electricity for sale to the electricity



Table 1: Input data (The upper table shows the notations used in the existing model of Ren et
al. [17], and the lower table shows additional notations used in our model.)

pfj electricity sales price* at time j in the ith period! [yen/kWh] i=1,--- T, j=1,---, H;
pf;. electricity purchase price* [yen/kWh] i=1,---.,T, j=1,--- H;
piGj green tariff price* [yen/kWh] i=1,---.,T, j=1,--- H;
D;; | hourly electricity demand [kWh] i=1,---,T, j=1,--- ,H;
C | capital cost of a residential PV system [yen/year]*
E;j | electricity generated by a PV system [kWh/kW]* i=1,---,T, 5j=1,---  H;
Z | an upper bound of the capacity size of a PV system [kW]
K; | The number of days in the ith period! 1=1,---,T
T | The number of decision making periods’
H; | The number of sets of hours
Ffj) CO2 emission factor of purchased electricity [kg-CO2/kWh] i=1,---, T, j=1,--- , H;
FM | CO2 emissions from production of silicon PV modules [kg-COg/(kW-year)]*
G | COq reduction goal (Japan’s target is a 25 % reduction from the 1990 level by 2020) [kg-CO2]

* pfj means the sales price for electricity from a PV system to the grid, and pf; means the

purchase price for electricity from the grid. piGj < pf; < pfj currently holds in the Japanese
net tariff system (see Table 3).

T “period” means a set of consecutive days.

1 C and FM are evaluated under the assumption that the PV system lifetime is 20 years.

* We estimated the PV-generated electricity E;; according to procedure in [10].

E;; [kWh/kW] = solar irradiation on inclined surface [kWh/m?] + solar irradiation

intensity [kW/m?] x temperature loss (%) x other loss(%),

(1)

solar irradiation on inclined surface [kWh/m?] = global solar irradiation [kWh/m?]

x correction coefficient with respect to surface inclination.
Global solar irradiation is essential data for estimating E;;. We obtained such data from
Japan Meteorological Agency website [11]. We used the typical temperature loss and other

loss values for Japan, and we got the correction coefficient data from [16]. We set solar
irradiation intensity to 1 in all cases.

Table 2: Decision variables

ij
T

.’IJZ]

the amount of electricity sold to the grid [kWh] i=1,--- T, j=1,---  H;
the amount of electricity purchased from the grid [kWh] i=1,--- T, j=1,--- H;
the amount of self-consumed electricity [kWh] i=1,---,T, j=1,---  H;
capacity of a PV system kW]




grid and PV electricity used on-site can not exceed the amount of PV-generated electricity.
Constraint (c¢) derives a non-negative value, and constraint (d) is a bounding constraint of the
variable z. Suppose that one year is divided into T' periods, each period consists of K; days,
and each day consists of H; hours. The optimization model is formulated as follows:

. : P P S S G C
mIISl7IIml}DIT1wlZCe’Z CZ+2121K pz] i pz] iJ pz] ’L])
i=1 j=
subject to  (a) : xZ%—x%ZDij (t=1,---,T, j=1,---  H;)
(b): afj+af <Eyz (i=1,---,T, j=1,--- , H)
(
(

C): 757'1;;?77 C>O (12177T7]:177H’L)

d): 0<z<7Z.

Ren et al.’s model [17] assumes (T, K;, H;)=(365,1,24) and pg- = 0, and furthermore, it appends
the maintenance cost of the PV system to the objective in the above model. We estimate the
PV-generated electricity F;; as shown in Table 1 according to [10], which is different from the
estimation of [17].

In the model setting of [17], the electricity sales price is almost equal to the electricity
purchase price, i.e., pfj = pf; , as it was under the net tariff system before November 2009 in
Japan. However, since November 2009, the electricity sales price has been about twice the
purchase price in order to promote the introduction of residential PV systems. Under the
current Japanese feed-in tariff system, we cannot get realistic solutions from (2). Indeed, when
the electricity sales price is higher than the purchase price under the net tariff system, (2) gives
an optimal solution with z? i >0 and a: . > (0, which means that we should sell what we have
purchased from the grid for twice the prlce However, this is not actually allowed. We have to
avoid optimal solutions such that sales and purchases to and from the grid happen at the same
time and find optimal solutions which fit the current feed-in tariff system in Japan.

2.2 Gross Tariff System

We will modify the linear programming (LP) problem (2) defined for the old Japanese net tariff
system in [17] to deal with the gross tariff system In the case of the gross tariff system, the
decision variables of electricity self-consumption ac i equal zero, because all PV system outputs
would be sold to the grid. Thus, electricity demand D;; would be met with only purchased
electricity :L' . Therefore, the model for deciding the optimal size of the PV system under the
gross tariff system is formulated as an LP:

T H
minimize Cz + Z Z Ki(pf-;mf-; — pZS]xZS])
b s 2 =1 =1
subject to xZJZD (i=1,---,T, 5=1,--- , Hy)

a:ZJSE iz (i=1,---,T, j=1,---, Hy)

P S . .
]7 1]20 (Z:L"'7T7]:17"'7Hi)
0<z2<z

We can easily show that :1: = D;; and x = Fj;;z for the optimal solution to the above problem.
We can transform the above problem 1nto a simple problem having only one variable z:

T H;

mlmmlze Cz+ Z Z K leDU pz]Eljz) (3)
i=1 j=1

subject to 0< 2z <7Z.



3 Optimal PV Size for the Japanese Net Tariff System

We shall deal with the current Japanese net feed-in tariff system where a premium rate is paid for
renewable energy such as solar power electricity fed back into the electricity grid. The existing
model (2) cannot output a reasonable and realistic optimal solution in the current net tariff
system. Thus, we shall extend the existing model to make it work with the current feed-in tariff
system.

3.1 Complementary Optimization Problem

We shall add a complementary constraint, m . X a: =0, to (2) in order to avoid selling and pur-
chasing electricity to and from the grid 51multaneou51y. The constraint makes sales or purchases
of electricity 0, which means that sales and purchases will not happen at the same time. We also
can formulate (2) with the additional complementary constraint, x!, i X x = 0, as a mixed 0-1
integer problem. However, we decided to modify (2) by adding the complementary constraint
for simplicity and transformed the complementary problem into a simply solvable problem.
We shall also append a constraint about CO2 emission reduction to (2). Japan’s target
is a 25 % reduction from its 1990 level by 2020, so we can set the annual goal for COs re-
duction as G = 0.25x (C02 amount from electricity production in 1990) kg. We also regard
ZZ 1 Z o1 IGF; z (x +; ) as the resulting annual reduction in COy emissions, because electric

power companies Would have to generate additional Zl 1 E L K (acfj—l—:rg) if no PV power were
available. Taking the life-cycle assessment of a PV system 1nt0 consideration, we can construct
a CO2 emission reduction constraint as follows:

ZZKFPI' +a) - FM2 > G.

=1 j=1

Appending the CO2 emission reduction constraint to the above complementary problem with
the current Japanese feed-in tariff system, we obtain the following optimization problem.

k3
PR P_P S S G C
minimize Cz E K;(
xS, P xC 2 +i—1 ]Z_l (pijij — P — Piji;)

subject to  (a), (b), (c), (d),

(e) : xljxxsj 0 (i=1,---,T, j=1,---,H)

S KiFLw +a6) ~ e > G
i=1 j=1

Constraints (a)-(d) are those of problem (2).

3.2 Transformed Problem with One Variable

The following proposition enables us to deal with problem (4) easily.

Proposition 3.1 Suppose that pg < pz-sj for¥i,j (i=1,---,T, 5 =1,---,H;). Then, the

Cx ,.Px S*

optimal solution (z;*,x;;", x7") of (4) is determined by 2 as

C'* . Px C'* C'*
Tt = min{D;;, E;jz}, x;" = Dij — x5, a;l] = Eyjz — ;5" (5)



Proof. (5) implies that

Cx __

i) T = = Bz, w = D;; — Ejjz and :L'S* =0, if D;; > Ej;jz, and

11) x%* = Diju xZ* =0 and l’g* = Eijz - Dijy if Dij < EUZ.

The optimal solution of (4) must have xI;* =0or ;1:5;* = 0 because of (e). In cases i) and ii),

the solution (m,g*,xg*, ;5;*) satisfies constraints (a), (b), (¢) and (e) in (4).

We will show that the solution (z g-*, acf;*, :L‘;S;*) is optimal to (4) with a fixed value of z. First,
Px

let us consider the case of D;; > Ejjz. xs* must be zero. Otherwise, x;

ij ij
P+ and maximizing x * lead to an optimal solution with Ty

= 0 makes problem

(4) infeasible. Minimizing z;; S =0,
which proves i). Second, let us consider the case of D;; < FE;jz. When xf;* = 0, we easﬂy
see that ii) gives an optimal solution of (4) with piGj < pf]' When xzsj* =0, xg* = E;;jz and
xf;* = 0 constitute an optimal solution. By comparing the objective function values of these
two solutions, we find that ii) is optimal if D;; < Ejjz.

In i) and ii), constraint (f) reduces to (Y1, Z]H’l K; FPE” — FM)z > @, which is a con-

straint for z. Therefore, (a:g*, xf;*, z7") of i) and ii) is an optimal solution to (4) with any fixed
feasible value of z satisfying (d) and (f). O

Using Proposition 3.1, we can rewrite constraint (f) as
T H;
YN KiFFE;z-FYz > G, (6)
i=1 j=1

which can then transformed into

G

= T H;
Y ) KF[E;

i=1 j=1

under the assumption that > Z  IGE; PE;; — FM > 0 (this can be reasonably assumed).
Therefore, problem (4) transforms 1nt0 a problem with one variable z:

T H;

minizmize Cz+ Z Z K; ((pf; — pf; — pg)min{Dij, Eijz} — p%EijZ —i—pf;Dij) )
i=1 j=1

subject to (d"): z2<z<7%

The following theorem proves that the objective function of (7) is concave when pzl-; + pl-Gj < pZ-Sj
for all 7,j. We can easily solve such a problem by evaluating the objective function at z or Z
and selecting the one with a smaller function value, since (7) must have an optimal solution at
z or Z. The objective function of (7) is convex when pf; + pl-Gj > pfj for all 4, j. Accordingly, the
binary search algorithm easily finds an optimal solution z of (7).

In the previous Japanese net tariff system where pfj = pf;, it is possible that pf; + piGj > plsj
On the other hand, in the current Japanese net tariff system where pfj =2 X pf;, we have

P G S
Dij t i < bij-

Theorem 3.2 prl] —|—p” < pfj for alli, j, the objective function of (7) is concave. On the other
hand, if pm —|—ij > pw for all i, j, the objective function is convex.



pS‘Di_]
P
pijDi] D;; >
E'i >
G
—pi;Dij —p8D;
ij i
Fig 1: f;; under pf-; + pg < p;qj Fig 2: f;; under pf-; + pg > p;qj

Proof. We can express the objective function of (7) as follows:

T H,
9(2) + > Kifij(2),

i=1 j=1

where fi;(z) = (p;s; - pf; - piGj)min{Dij,Eijz} - pijijz +p5DU and g(z) = Cz. We will show
that fij(z), ¢ =1,---,T,5 = 1,---, H;, are convex or concave in z. When D;; > E;;z, fi;(2)
and its derivative fi;(z) are

fij(z) = *(105 +pg)EijZ +p£Dij, fii(2) = *(Pf; +szj)Eij,
and when D;; < Ejjz, fij(2) and fzj(z) are
fii(2) = —p Eijz + (055 — p5) Dij. fij(2) = —p3iEij.

Note that the derivative of g(z), §(z), is a constant. When pf; + pg < pisj for all 4, j, f;j(z)
is non-increasing with respect to z and the objective function of (7) is concave. On the other
hand, when pf; + pg > pfj for all 4, j, it is non-decreasing with respect to z and the objective
function is convex. Fig 1 shows f;;(z) in the case that pf; —i—pl-Gj < pisj, and Fig 2 shows f;;(2) in
the other case. O

Remark 3.3 We can regard optimization model (3) under a gross tariff system as a special case
of optimization model (7) under a net tariff system. Indeed, assuming that pfj = pf-; + pg, (7)
becomes the same as (3) with an additional CO2 emission constraint z < z.

4 Robust Optimization Model for the Best PV Size

In constructing problem (7), we need to predict the PV electricity E;j;, electricity demand D;j,
and electricity prices of pfj, pf; and piGj for some time in future. We may use the prior yearly
data for predicting them. However, there is a large variation in the historical data for E;; based
on solar irradiation from year to year. In this section, we regard E;; as uncertainty data and
consider (7) as an uncertain optimization problem. We want to find a robust solution for the
best size of the PV system that meets the CO2 emission constraint strictly and minimizes the



cost under uncertainty. Robust optimization, proposed in [1, 2], is an appropriate approach for
this purpose.

Robust optimization is a modeling methodology and set of computational tools to process
optimization problems in which the data are uncertain but known to belong to some uncertainty
sets. The problem setup is as follows. Let U/ denote the uncertainty set for uncertain parameter
u, i.e., the set of all potentially realizable values of the uncertain parameter. We do not know
which value will be realized. For a simple uncertain optimization problem including an uncertain
parameter u € U:

min f(x,u),
xrcX i )

robust optimization deals with the worst-case objective function among u € U as follows:

o e

The above robust optimization formulation assumes that the uncertain parameters will not
be observed until all the decision variables are determined. This is not always the case for
uncertain optimization problems. In particular, multi-stage decision models involve uncertain
parameters some of which are revealed during the decision process. Therefore, a subset of the
decision variables can be chosen after these parameters are observed in a way to correct the
suboptimality of the decisions made with less information in the earlier stages. In the problem
for finding the optimal PV size, (x;";, :Uf-;, xg) can be chosen after observing the PV electricity
E;j values, whereas z must be decided before that. Adjustable robust optimization (ARO)
formulations model these decision environments by allowing recourse actions to be taken. These
models are related to the two-stage (or multi-stage) stochastic programming formulations with
recourse. ARO models were recently introduced in [3, 7] for solving uncertain LPs.

We consider a two-stage decision-making environment. We let @ and xs represent the first
and second-stage decision variables, respectively. We assume that parameter u will be realized
and observed after the first-stage decision are made but before the second-stage decisions need
to be made. Furthermore, we assume that the feasible set for the second-stage decisions depends
on the choice of &1 as well as the observed values of the parameters w. Therefore, the feasible
set is denoted by X9 (1, u). The following representation of the ARC problem is from [19]:

min max min f(x1, 2, u).
x1eX ueld 332€X2(ﬂ31,u)

We shall formulate the ARC problem for choosing the optimal PV size in an uncertain environ-
ment and give a simple solution method for it.

4.1 Robust Optimization for a Net Tariff System

To choose the optimal PV size in an uncertain environment, we make the second-stage de-
cision (Z‘Z,J}Z,l‘g) after observing the PV electricity values Fj;;, whereas we make the first-
stage decision z before that. The robust optimization requires an uncertainty set, i.e., the
set of all potentially realizable values of the uncertain parameter E; = (Ej,---,Eg,)".
We will construct uncertainty set U C R for PV-generated electricity E; in the ith pe-

riod for ¢ = 1,...,7. For example, when setting the model parameters as (T, K;, H;) =

(12, the number of days in the ith month,24), ¢ = 1,--- | T, we need to construct uncertainty
sets U; € R?* for each month, and using the uncertainty set, we can make hourly decisions on
(xfj,xf;,xicj), j=1,...,H,.

The uncertainty set U; must be appropriate to the situation. If we set U; too large, the
optimal decision will be very robust to uncertain data E; but too conservative. Moreover, if
we define U; with complicated functions, we cannot easily solve the resulting problem. Many



robust optimization studies have used polyhedral sets or ellipsoidal sets for U; for the sake of
computational tractability. We give examples for I/; later in this subsection.

For the sake of computational tractability, robust optimization problems often assume “constraint-
wise uncertainty”. This assumption means that the uncertain parameters included in each con-
straint and objective function do not overlap. However, in this problem setting, uncertain data
E; appear in constraints (b) and (f), and the assumption is violated, because (f) can be repre-
sented as (6). Therefore, to make our problem tractable, we assume the worst case for each of
constraints (b) and (f).

We formulate a two-stage optimization model for (4) as

T H;

. : § § P, P S .S G,.C
zs257 Eiel; (x5,xP,x0)eX (2, ) =1 =1
i=1,...,T - -

where
S P _C i g ij 5
iy 9 i
Xz, E)=< (" ,x%): Y K K Y

and

i=1,..,T
We set the lower bound 2z to achieve the CO2 reduction target in the worst case. Note that the
worst case to maximize the energy cost and the worst case to minimize the CO2 reduction are
independent. Using the notation: pg = pfj — pf; — pg« and Proposition 3.1, we can transform
the above problem into

T H;
. R_. s P
ZI<11Z1£12{C,2 + Zz; Hiz}zfa K; ; <pij min{ D;j, Bz} — pi; Eijz + pijDij> } (8)
We will focus on the problem in the ith period in (8) for some fixed z:
H;
éna)z,{{ K; (pf} min{D;;, E;jz} — pijZ-jz + pf;Dij). (9)
3 1 ]:1

Using the H;-dimensional vectors,

R S P
P31 Pi1 Pi1 Diy
R . S . P . .
pi = . I pz = . ’ pz = . ) DZ - . )
R S P
Dim, bim, Pig, Din,

we can rewrite (9) in a more compact form:

. T T T
maximize Ki<pZR & —p x+pl DZ>

Zi0,Li,§;

(10)

subject to §; < Dy, & <z, xio =2, (wo,x;) €U,
where U; = {(mio, x;)x;, = Exy, E; € L{i}. The equivalence between (9) and (10) is obvious,
since at the optimality of (10), one has
E;z min{D;;, F;; 2}
T = : and & = :

10



Note that f; is a convex cone as long as If; is a convex set. Taking the dual of the cone
programming problem (10) leads to

minimize —zn+ D] a; + KiPZPTDi
a, 1-/71-»7775
subject to  «; + B; = K;pl*, B; +~; = K:p?, (11)

where the dual cone U of If; is
U = {(& ¥i) : mi0d + @] y; > 0, (wi0, @) € ZZ}
The constraint (d,~;) € U; can be replaced by —n > max (—K;p? + 3;)TE; by using the
i€U;

constraints v; = K;p? — 8; and 7 = —¢ of (11). Therefore, (11) transforms into

minimize max (—K;p? + 3;)"Eiz + D] e + Kipf)TD,-

aiﬂi Eieui
subject to oy + 3, = K,-pf, a; >0, 8,>0.

Using the above equivalent transformation of problem (9), problem (8) results in

T
minimize Cz+ Z { max (—K;p{ + 3;)"E;z + D] a; + Kl-pf)TDl}
o,fB,2<2<z = \Eey

subject to S :={(a,8): a; +B; = K;pF, @; >0, 3; >0, (i=1,---,T)}.

(12)

The optimal solution z of (12) is easily obtained, since it exists at z or Z as shown later. In fact,
it is enough to solve (12) with fixed z = z and z = Z and choose the solution with the smaller
objective function value as the optimal one. For a compact convex set U;, let ¢;(3;) be the
optimal value of max eui(—Kip;9 + B;)TE;, that is a coefficient of z in the objective function
of (12). By denoting the objective function of (12) as ®(e, 3, 2), i.e.,

T
=1

minimizing the function with respect to the feasible (e, 3, z) is equivalent to minimizing

h(z) == min ®(e,f3,2)
(@B)eS
with respect to z € [2,Z]. Accordingly, ®(a,3,2) is linear in z for fixed (a,8) € S, and
therefore, the objective function h(z) is piecewise-linear concave in z (see Fig 3). Hence, to
derive the optimal value, it is enough to solve min(a B)eS ®(a, B, z) with a fixed z = z and
z = Z, and choose the optimal solution z* with the smaller objective function value between
h(z) and h(Z).

The problem with fixed z = z or z = % is still difficult to compute because of ¢;(3;) :=
max g eui(—Kipf + B,)TE; in the objective function. If If; is described as a polyhedral set
defined by

U = {E  AE; < bi}, (13)
we can obtain the dual problem of ¢;(3;) = maXEieui(_Kipf +B)TE; as
minimize b} T

3

subject to AT = —K;p? +8;, T:i>0,

11
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Fig 3: Optimal value function h(z) in z.

and therefore, the problem of h(z) = ming g 3)cS ®(a, B, z) now becomes an LP:

T
minimize Cz+ Z {gb;rﬂ + D;ra,- + KiprDi}
a’B’T =1

subject to «; + B; = Kiplt, Alri=-Kpi+8;,, (i=1,---,T)
O{iZO, BZZO, TiZO, (izl,'-- ,T)
The problem of h(Z) similarly reduces to an LP.
If we assume ellipsoidal uncertainty set [1, 2| for U; using matrix A; as
Ui:{Ei:a?+Aiui : HuZH Sl}, (14)
the coefficient ¢;(3;) reduces to

¢i(B;) = fhax (—Kip} + ;) E; = o (= Kip} + B;) + || A] (—Kip} + By)-

Therefore, ming g 3)S ®(a, B, z) with fixed z is a second order cone programming (SOCP)

problem. We can solve such an SOCP by using SeDuMi [18]. If U; is described by a particular
set such as box, polyhedral or ellipsoidal set, min(a B)eS ®(a, 3, z) with fixed z reduces to a

tractable convex programming problem. In such cases, we can easily obtain h(z) and h(Z).

4.2 Robust Optimization for a Gross Tariff System

The optimization model (3) for a gross tariff system is a special case of model (7) for a net tariff
system, as Remark 3.3 shows. We can regard (12) with pf = (p¥ — p — p{¥) = 0 as a robust
variant of (3).

Indeed, the robust variant of (3) can be written as the following simplified problem:

T
min Cz + { max —KipquE,-z + KiprDi} . (15)
2S2SZ — (Eieu

This is the same as the robust model (12) with p/* = 0, because the optimal (v, 3;) of (12)
must be zero vectors, due to pZR = 0. We can solve the robust problem in exactly the same way
as solving (12). If the uncertainty set is described as (14), we obtain

-
max —K;p; E; = —K;a) p{ + K;||A] p?||.
Eieui

Thus, to obtain the optimal solution of (15), we only have to solve an SOCP with z = z and
one with z = Z.

12



Table 3: Nominal data in our model (7)

o 48 yen/kWh' i=1,.-- T, j=1,---,24
plf.; 8.41 yen/kWh ¢=1,--- T, j ,o0,6,23,24
26.75 yen/kWh i=1,---,T, j=7,---,22

piGj 5yen/kWh i=1,---,T, j=1,---,24

C 31,500 yen/kW

zZ 15000 kW

K; lday i=1,---,T

T 365 periods

H; 24 hour i=1,---,T

Ff; 0.391 kg-CO2/kWh i=1,--- T, j=1,---,6,23,24

0.514 kg-CO2/kWh i=1,--- T, j=T7,---,22

FM 70 kg-COq9/kW-year

G | 0.25 xCO4 of 1990’s electricity production

1 The new Japanese tariff system sets pfj to 48, whereas the old system sets it equal to pf-;.

5 Numerical Experiments

We present a computational study to evaluate our model (7) for the new net metering policy
of Japan and its robust variant (12). Our experiments used data on 5,000 households in the
Tohoku region of Japan. Electricity in this region is provided by Tohoku Electric Power Co.,
Inc. Electricity purchase prices for residential buildings are determined by the company. Table
3 shows the data necessary for (7) and (12). Fg (CO2 emission factor of purchased electricity)
and FM (CO2 emissions from production of silicon PV modules) are taken from [12, 15]. The
upper bound on the size of the PV system Z was 15,000 kW. This is a reasonable upper bound,
because it is achievable if all 5,000 households install PV systems with a maximum of 3 kW
each. To estimate the PV-generated electricity Ej;;, we used global solar irradiation data for
Sendai, a city in the Tohoku region, from [11].

We also used the average hourly electricity demand per household, shown in [20], to which we
multiplied 5,000 as the electricity demand D;; of 5,000 households. Throughout the numerical
experiments, we used the increase in energy costs as the “energy cost”. The increase is defined
as the change resulting from introducing the PV system, i.e.,

increased energy cost [yen| = optimal value of (7) - total cost of not installing PV system.

A negative value of the increase in energy cost means that the total energy cost is reduced as a
result of introducing the PV system.

5.1 Evaluation of Optimal Solutions for Model (7)

First, we compared our model (7) with the existing LP model (2) given the net feed-in tariff
system. In the case of p% = pf;, both models provide the same optimal solution (z, x5zl a:c)
and the same energy cost. Fig 4 shows the optimal increase in energy costs for (2) and (7) with
a fixed PV size z. We find that energy costs of both models are the same for every z and that
the optimal solution of both models exists at z. Fig 5 depicts the identical optimal solution
(xfj,mf;,xicj), j =1,...,24, of both models in the ith day (concretely, May 1st, 2009). In the
optimal solution, electricity was not bought and sold at the same time. On the other hand,
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in the case of pfj = 48 yen/kWh, the models gave different optimal solutions (see Fig 6). The
difference was caused by an unrealizable solution using the existing model (2), where acf; >0
and xf; > 0. It happened during the 6 am-18 pm time period, as shown in Fig 7. Therefore, we
ought to use our model (7) with the current Japanese net tariff system when plsj > pf;. In this
case, the upper bound Z of the PV size z corresponds to the optimal solution of our model (7).

Second, we investigated the sensitivity of the optimal solution of our model (7) for each z
by changing the input parameters of the model. Fig 8 shows the annual increase in energy costs
and total electricity for each PV size z. We can see that the optimal value is concave in z, and
the optimal PV size is attained at Z. We can also see that purchased energy becomes smaller as
the PV size z becomes larger.

Fig 9 shows the total CO2 reduction to be had by installing a z kW PV system. The CO2
emissions during manufacture of the PV system F'™ x z increase in proportion to the PV size
z. However, the increases in sold electricity and self-consumed electricity decrease the amount
of CO2, since they reduce the amount of electricity generated by electric power companies. In
total, CO2 emissions decrease as z grows. Fig 10 shows the lower bound of the PV size, z, to
reach the CO2 reduction goal. The lower bound z becomes large when we set the CO2 reduction
goal to a high value.

Fig 11 shows the relation between annual increase in energy costs and lifetime of the PV
system for the three cases of z = 5,000, z = 10,000 and z = 15,000. If the PV lifetime is less
than 17 years, increases in energy costs are all positive for the three cases of z. This implies that
installing a PV system will cost much more than not installing one if the PV lifetime is less than
17 years. Furthermore, at 15 years where the three curves cross, the optimal PV size changes;
a large-size PV system is preferable if PV lifetime is more than 15 years, and a small-size PV
system is preferable, otherwise.

Fig 12 shows the impact of changing the electricity sales price pfj on the annual increase in
energy costs. The electricity sales price directly affects the optimal energy cost of (7). Given a
15,000 kW PV system, p” = 34 yen/kWh is the threshold electricity price at which we can get
a profit. Furthermore, price fluctuations have a larger effect on a large PV system. We can see
that if p® < 34 yen/kWh, z is the optimal PV size, whereas Z is optimal if pS > 34.

5.2 Evaluation of the Robust Model (12)

We examined the robust variant (12) that incorporates uncertain weather conditions in the
deterministic model (7). In Section 5.1, we estimated the amount of PV-generated electricity
using historical solar irradiation data in 2009 for our model (7). The optimal PV size z* and
increase in energy costs change depending on the solar irradiation data (see Fig 13). This figure
shows the minimum increase in energy costs for each size of the PV system in the following four
scenarios for solar irradiation data (based on historical daily (24 hours) solar irradiation data
during 2000-2009):

sum_day: solar irradiation data for 365 days. The minimum daily irradiation (i.e., daily sum
of irradiations) for each calender date was chosen from data recorded during 2000-2009.

sum_month: solar irradiation data for 12 months. The minimum monthly irradiation (i.e.,
monthly sum of the irradiation) for each calender month was chosen from data recorded
during 2000-2009.

sum_year: solar irradiation data in the selected year. The minimum yearly irradiation (i.e.,
yearly sum of the irradiation) was chosen from data recorded during 2000-2009.

2009year: solar irradiation data in 2009.
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sum_day is the most “pessimistic” irradiation data for PV electricity E;;. The 2009 data would
be reasonable if similar weather conditions occurred again. However, to meet a CO2 reduction
constraint in the future, the optimal solution obtained with only the 2009 irradiation data is
unreliable.

The objective function is concave in z, and therefore, the smaller of z and Z is the optimal
value. The optimal solution is z* = z kW in the cases of “sum_day” and “sum_month”, whereas
the optimal solution is z* = Z kW in the remaining cases. We can see that the optimal solution
z* and the optimal energy cost depend on the assumed solar irradiation. Therefore, we need to
apply a robust optimization approach to solve the PV size problem for uncertain irradiation data.
To do so, we need to define the uncertainty set, i.e., the set of all potentially realizable values
of the uncertain parameter, for PV-generated electricity E; by using historical irradiation data.
The way of constructing the uncertainty set U; is a very important consideration in practice.
Below, we try two kinds of uncertainty set: ellipsoidal uncertainty and polyhedral uncertainty.

Ellipsoidal uncertainty:  The setting of the ellipsoidal uncertainty (14) is as follows: To start
with, collect 10-year hourly irradiation data running the course of 2000-2009, compute a set of 24-
dimensional vectors E by (1) and classify it into several groups (for example, sunny/cloudy /rainy
days) by using the K-means method. Then, for each group i, estimate the normal distribution
of PV-generated electricity E; by using the mean and covariance matrix from data E of the
group. Finally, construct an ellipse-shaped joint 100(1 — «)% confidence region U; for E; in each
group, ¢ = 1,...,7. The smaller the confidence level « is, the larger the confidence ellipse will
be. We regard the ellipsoid as the uncertainty set for each group.

The amount of light which comes from the sky varies widely according to the season of year.
We set the four seasons as follows: Spring (March 1 - May 31), Summer (Jun 1 - August 31),
Autumn (September 1 - November 30) and Winter (December 1 - February 28). It is appropriate
that the uncertainty sets take these seasons into account in addition to the above-mentioned
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groups of weather conditions.

For example, we assumed three weather conditions (sunny/cloudy/rainy) for each of the four
seasons. Fig 14 shows three clusters of PV-generated electricity E; that were constructed by
applying the K-means method to Spring empirical PV electricity data 2000-2009. We call the
case three clusters. We defined 12 uncertainty sets in total for a one-year PV electricity data
set by assuming three weather conditions for all seasons. In Fig 15, we similarly assumed six
weather conditions, i.e., siz clusters, for E; of Spring irradiation data. In total, we defined 24
uncertainty sets through a year (i.e., six uncertainty sets for each season).

We constructed robust optimization model (12) using the uncertainty set U; C R for E;
and the number of days K; in each group, i = 1,...,T. We experimented with different numbers
of weather conditions; three clusters for each season or six clusters for each season. We set (4
X (the number of clusters),24) to (7, H;) and set the number of days, assigned by the K-means
method for the ith cluster, i =1,...,T, to K.

We briefly show how to construct the ellipsoidal uncertainty set of (14) for PV-generated
electricity E; in the ith group. We assume that E; ~ N(u,,¥;), where the mean g, and
covariance matrix X; are computed from observations in the ith group. The confidence ellipsoid
with confidence level of « is expressed as (E; — p;) T2 (E; — p;) < x?(a), where x2(a) follows
chi-square distribution. Thus, we can transform the ellipsoid into the follow form:

= (B — )l < 1, (16)

1
which implies correspondence with (14) through a) = p; and matrix A; = /x?(a)X?. As
shown in the previous section, the robust formulation with ellipsoidal uncertainty sets results in
an SOCP. Figs 14 and 15 draw ellipsoids of different sizes; centroids for o = 1, pink ellipsoids
for a = 0.75 and black ones for a = 0.5.

Fig 16 and Fig 17 show the annual increase in energy costs for each PV size z on the
assumption of three clusters and six clusters for each season, respectively. We can see that
increase in energy costs is large when the range of uncertainty is wide (i.e., a is small) and the
number of clusters is small. We can confirm that robust optimal solutions are in z or Z and the
solutions of Fig 17 are less conservative than those of Fig 16. Indeed, for the case of o = 0.75,
the costs of PV systems are more favorably evaluated in Fig 17 than in Fig 16. This is caused
by mitigated worst-case scenarios in six clusters. For example, in the extreme case with o = 0
and only one cluster, we have to assume the extremely worst-case scenario such as a day with
no sunshine at all through a year.

Table 4 evaluates robust optimal solutions in terms of achievement rate of the CO2 reduction
goal using new data set; artificially generated dataset and unused historical data of 2010. To
compute achievement rates, we used randomly generated 100 sets of test samples from N (u;, 3;),
1=1,...,T. We see that the parameter o = 0.5 gives us a rather robust solution that satisfies
the CO2 reduction goal with high probability in the case of three clusters. For unused historical
data of 2010, all robust optimal solutions satisfied the CO2 reduction goal. We also can see
that the minimum requirement z for achieving the goal increases when a becomes small or the
number of clusters becomes small.

Polyhedral uncertainty: Here, we do not assume that E; follows a probability distribution
when setting the uncertainty sets ;. Instead, we use a polyhedral uncertainty set (13) for U; by
taking the convex hull of each year’s PV generation E; € R on 1st May during 2000-2009 (see
Fig 18). We considered two different polyhedral uncertainty sets: a one-year uncertainty set and
four seasonal uncertainty sets. Regarding the one-year uncertainty set, we assumed (T, K;, H;) =
(1,1,365 x 24) and constructed a one-year uncertainty set U; for E; € R, Regarding the
seasonal uncertainty sets, we assumed (7', K;, H;) = (4, 1, the number of days in the ith period x
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Table 4: Achievement rates of the CO2 reduction goal of 25 % by 2020

Three clusters

a=05 a=07 a=1

z 7397 7286 6864

Rate for normal distributed data 90% 87%  60%
Evaluation for new data of 2010 vV Vv vV
robust optimal solution z* 7397 7286 15000

Six clusters | a =05 a«=0.75 «a=1

z 7114 7064 6864

Rate for normal distributed data 84% 83%  49%

Evaluation for new data of 2010

v vV

robust optimal solution z*

7114 15000 15000
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24) and constructed seasonal uncertainty sets U; for E; € R¥i, i =1,...,T. The robust model
with polyhedral uncertainty results in an LP model given a fixed z. Fig 19 shows the minimum
increase in energy costs with a fixed z for four models: robust optimization model (12) with the
four seasonal uncertainty sets, the model (12) with the one-year uncertainty set, the deterministic
model (7) with 2009 solar irradiation data, and the model (7) with 2004 irradiation data. Here,
2004 is the year with the largest annual solar irradiation during 2000-2009.

The robust model (12) with seasonal uncertainty sets provides the most pessimistic solution
among these four models, since the model assumes the worst case in U; for PV electricity E; in
each season. On the other hand, the robust model (12) with the one-year uncertainty set provides
a solution that is equal to the worst-case solution among the optimal ones of the deterministic
models (7) which use each of the 2000-2009 data sets.

With the exception of the robust model (12) with four seasonal uncertainty sets, the results
shown in Fig 19 imply the positive economic impacts of PV systems. The results may be less
positive if the uncertainty sets had a much more pessimistic setting. The robust decision for the
PV system size depends on the definition of the uncertainty sets, and this means that it is very
important to construct appropriate uncertainty sets in practice. We need to adjust uncertainty
sets to the required level of robustness in order to ensure that the resulting solution meets a
certain CO2 reduction target with a minimum cost even in the worst case.

6 Conclusion

We described a new approach to determining the optimal size of a residential grid-connected
photovoltaic (PV) system to meet a certain CO2 reduction target at a minimum cost under the
net feed-in tariff system with a premium rate for electricity from residential PV systems. We
extended our approach by using a robust optimization technique to cope with uncertainty in
photovoltaic power generation caused by weather variability. This study yielded the following
findings:

e The given target of CO2 emission reduction determines a lower bound for the size of the
PV system.
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e The amount of CO2 emission reduction increases with z even if the entire life-cycle is taken
into account.

e In both the deterministic model (7) and its robust variant (12), the optimal size of the PV
system is at the lower or upper bound in the current Japanese tariff system.

e The optimal PV size depends on the parameter. For example, the electricity price p® = 34
and 15-year PV lifetime are thresholds for changing the optimal PV size.

e The robust optimization model provides a PV size prediction that is robust to uncertain
solar irradiation data and makes it possible to certainly meet a future CO2 reduction
target.

e We obtain a very robust solution with large uncertainty sets, leading to the optimal PV
size of z.

The robust decision for the PV system size depends on the definition of the uncertainty sets,
and therefore, it is very important to construct appropriate uncertainty sets in practice. We may
need to conduct further investigations on how to construct uncertainty sets for PV-generated
electricity Fj;.

Our robust optimization model deals with the uncertainty in PV electricity E;;. It would be
interesting to modify the model by taking into account uncertainties in future electricity demand
D;; and electricity prices, in addition to E;;.

Our deterministic and robust models determine the best array size for PV systems. It may
be possible to extend these models so that they optimize not only the array size but also the
array surface tilt angle and configuration, as is done in [6].
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