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Abstract

Eliciting the utility of a decision maker is difficult. In this paper, we develop a flexible decision
making framework, which uses the concept of utility robustness to address the problem of ambi-
guity and inconsistency in utility assessments. The ideas are developed by giving a probabilistic
interpretation to utility and marginal utility functions. Boundary and additional conditions are
used to describe a utility set that characterizes a decision maker’s risk attitude. Reformulation
and convergence results are given for the discrete and continuous specifications of the utility set.
A portfolio investment decision problem is used to illustrate the basic ideas, and demonstrate the
usefulness of the proposed decision making framework.
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1 Introduction

Utility is a fundamental concept in decision making. It is used in a wide variety of disciplines, such as
economics, energy, finance, health care, management, marketing, etc. Complete and comprehensive
investigations in the literature have systemized utilitarian theories, axioms, and postulates, which
explain economic or psychologic behavior in terms of consumption of various goods and services,
possession of wealth, and spending of leisure time (see e.g., Stigler (1950a,b, 1972); Keeney and
Raiffa (1976); and reference therein). However, a normative and rational decision maker finds it
difficult to exactly describe his utility function. In this paper, we study a framework of decision
making under utility uncertainty. More specifically, we study the problem

max
x∈X

π(x), (1.1)

where π(x) is described by an inner minimization problem

π(x) := min
u∈U

{
Π(x, u) := E[u(ξ(x))]

}
. (1.2)

Here, X ∈ Rn is the decision feasible region, ξ(x) represents a measurable random function for each
x ∈ X , U is a set of risk-averse utility functions discussed further in Section 1.1.

According to the expected utility theory in von Neumann and Morgenstern (1947), there exists a
utility function characterizing the relative attitude of a decision maker toward risk arising from the
uncertainty. However, the correspondence of the utility function and the attitude is rather obscure,
which Karmarkar (1978) and Chajewska et al. (2000) ascribed to cognitive difficulty. Although
standard gamble methods and paired gamble methods such as preference comparison, probability
equivalence, value equivalence, and certainty equivalence have been proposed to elicit a decision
maker’s utility (see e.g. Farquhar (1984), Wakker and Deneffe (1996) and references therein), the
questionnaire in these methods are difficult for untrained clients to answer. Different methods yield
inconsistent utility constructions (Hershey and Schoemaker (1985), Froberg and Kane (1989), and
Nord (1992)). Moreover, a limited number of survey questions may be insufficient to completely
quantify a real-life decision problem which often has a very large decision space (Chajewska et al.
(2000)).

In addition to the non-parametric utility assessment approaches, parametric estimation is also
common. For instance Pratt (1964) and Arrow (1965) independently derived measures for absolute
and relative risk aversion, and established widely accepted constant absolute risk aversion (CARA)
or relative risk aversion (CRRA) utility functions, i.e., the negative exponential utility function
with constant coefficient of absolute risk aversion γa

ua(t) = 1− e−γat, (1.3)

and the power utility function with constant coefficient of relative risk aversion γr

ur(t) =
t1−γr

1− γr
. (1.4)

These coefficients of risk aversion have been studied experimentally (e.g. Szpiro (1986), Riley Jr.
and Chow (1992), Schooley and Worden (1996), Holt and Laury (2002), and Brunello (2002)). For
example, Holt and Laury (2002) indicated that a risk averse decision maker exhibits (1.4) with
0.41 ≤ γr ≤ 0.68.

The concept of stochastic dominance provides an alternative approach. Here, a class of utility
functions preserves a decision maker’s primary preference (see e.g., Müller and Stoyan (2002) and
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references therein). This allows us to model risk attitudes, even though an exact form of the
utility function is not known; for example, we can model risk-aversion by second order stochastic
dominance saying that a random output ξ1 is preferred to another random output ξ2 if E[u(ξ1)] ≥
E[u(ξ2)] for all increasing concave utility functions u. Different notions of stochastic dominance
can be defined corresponding to different classes of functions u. Unfortunately, however, stochastic
dominance is too conservative because it permits a large class of utilities.

Problem (1.1) inherits the feature of stochastic dominance in that a class of utility functions is
used to address ambiguity and inconsistency of utility elicitation. However, this class of utilities is
restricted to a set by specifying additional requirements. Consequently, the utility set U specified
in the following section provides a flexible framework which allows a decision maker to specify risk
attitudes by providing more information beyond a general classification of attitude by stochastic
dominance.

1.1 A Set of Risk Averse Utilities

Monotonicity and boundedness are usually assumed to be basic properties of utility functions
(Farquhar (1984)). We assume throughout that, for all x ∈ X , a random outcome ξ(x) has a
bounded support in Θ := [0, θ]. Let U1 be the set of all increasing utility functions well defined on
Θ, which are right-continuous with left limits (RCLL) and satisfy the boundary condition:

u(0) = 0, u(θ) = 1. (1.5)

We use U2 to denote the subset of U1 which consists of all concave utility functions in U1. Note
that condition (1.5) is a commonly used normalization of utility. By the following proposition,
the strategic equivalence that the preference ranking of any two alternatives is not changed in the
transformation is preserved while making this normalization.

Proposition 1.1 (Theorem 4.1 in Keeney and Raiffa (1976)) Two utility functions u1 and
u2 with the same domain are strategically equivalent if and only if there exits two constants h and
k > 0 such that, for all x in the domain, u1(x) = h+ ku2(x).

We use functions a, a, b, and b to depict bounds on the marginal utility u′ as

a ≤ u′ ≤ a (1.6)

and bounds on the utility u as

b ≤ u ≤ b. (1.7)

Additional conditions on utility are constructed by∫
ϕidu ≤ ci, i = 1, . . . ,m, (1.8)

using Lebesgue integrable functions ϕi, i = 1, . . . ,m, i.e., for the Lebesgue measure `,∫
|ϕi|d` <∞, i = 1, . . . ,m. (1.9)

The boundary and general conditions (1.6)-(1.8) provide a flexible characterization of a decision
maker’s risk attitudes, addressing classical non-parametric and parametric utility assessments in a
natural way. This will be shown in Section 2 with the help of serval examples.

We now specify the utility set U in problem (1.2) by combining conditions (1.6), (1.7), and
(1.8):

U := {u ∈ U2 | u satisfies conditions (1.6), (1.7), and (1.8)} . (1.10)
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1.2 Contributions and Organization of this Paper

In Section 2.1 we consider utility function from a novel probabilistic perspective. In particular,
we interpret the utility function as a c.d.f. of an underlying random utility index. A fundamental
complement relationship between random outcome and utility function is deduced from this inter-
pretation. On this basis, we study the boundary and general conditions on utility describing the
class U in (1.10) in Sections 2.2 and 2.3. An investment decision problem is used to illustrate the
constructions of conditions by analyzing an investor’s risk preference in these sections. In Sections
3 and 4 we study the decision making framework (1.1) using utility set motivated in Section 2. Sec-
tion 3 provides a linear programming tractable formulation of a particular case where the bounds
of utility, b and b, are piecewise linear increasing concave function, and the bounds on marginal
utility, a and a, as well as all ϕi in the general conditions are step functions. For the general
continuous case addressed in Section 4, we study an approximation problem, which is proved to
asymptotically converge to the true counterpart. Based on the discussion in the previous sections,
Section 5 further studies the robust investment decision making model and illustrates the usefulness
of the framework (1.1) with the help of a numerical example. While this paper presents results
for the risk averse case, a comparison paper (Hu and Mehortra (2012)) studies the case of general
utility set.

2 Construction of Utility Set

In this section a probabilistic interpretation of utility is given, and on this basis, we study boundary
and general conditions used to describe the utility set U . Several examples are used to illustrate
the use of classical non-parameter and parameter utility assessments in our framework.

2.1 Probabilistic Interpretation of Utility

In economics, utility is a measure of the relative happiness and satisfaction gained from a good or
service. Marginal utility is the derivative of utility, which quantifies positive (or negative) impact
on consumers resulting from an increase (or decrease) in the consumption of that good or service.
As mentioned earlier, these traditional definitions are based on economic and psychologic analyses
of consumers’ normative behavior. We now consider the concept of utility and marginal utility
from a probabilistic perspective.

We identify a utility function u ∈ U1 as the cumulative probability function (c.d.f.) of a random
variable ζ independent of random output ξ. The random variable ζ is called the random utility
index of a decision maker. Denote the set Υ1 of all ζ’s obtained from this one-to-one mapping on
U1. The expected utility of random output ξ,

E[u(ξ)] = E[Pr {ξ ≥ ζ|ξ}] = E[E[1{ξ ≥ ζ}|ξ]] = E[1{ξ ≥ ζ}] = Pr {ξ ≥ ζ} , (2.1)

can be viewed to quantify the probability of ξ over ζ, i.e, against the random utility index ζ, a
decision maker pursues a maximum benefit. A random outcome ξ̂1 is preferred to another random
outcome ξ̂2 if

Pr
{
ξ̂1 ≥ ζ

}
≥ Pr

{
ξ̂2 ≥ ζ

}
. (2.2)

In order to see the practical importance of equality (2.1), consider an example where two different
supply policies meet a random market demand. Let ξ̂1 and ξ̂2 be the random outcomes produced
by these supply polices and ζ represent the random demand. The relationship (2.2) suggests that
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a better policy should satisfy the market demand with a higher probability. This insight takes
us beyond the traditional approach that constructs a utility function u characterizing consumers’
happiness and satisfaction and thus selects the policy with the maximum expected utility. In this
supply-demand case, the utility function constructed by the market demand ζ is “objective”, de-
pending on market data and analysis which excludes customers’ “subjective” opinions and feelings.

Based on (2.1), the following proposition gives another interesting and useful complementary
interpretation of the random outcome ξ and the random utility index ζ.

Proposition 2.1 Let ζ be the random utility index with respect to a continuous utility function
u ∈ U1. Then a complementary relationship between ξ and ζ is given by

E[u(ξ)] + E[Fξ(ζ)] = E[Fζ(ξ)] + E[Fξ(ζ)] = 1, (2.3)

where Fξ is the c.d.f. of ξ and Fζ = u is the c.d.f. of ζ.

Proof: It follows from Theorem 4.30 in Rudin (1976) that the monotonic function Fξ at most has
countable points of discontinuity, denoted as tk, k = 1, . . . ,K. Note that K can be ∞. Then
Pr {ξ = tk} =: µk > 0 and Pr {ξ = t} = 0 if t 6= tk for all k. Since ζ is independent of ξ, we have

Pr {ξ = ζ} = E[Pr {ξ = ζ|ζ}] =

∫
Θ

Pr {ξ = t} du(t) =

K∑
k=1

∫
Θ
µk1{ξ = tk}du(t) = 0, (2.4)

where the last equality holds because u is continuous. It then follows from (2.1) and (2.4) that

E[u(ξ)] = Pr {ξ ≥ ζ} = 1− Pr {ζ > ξ} = 1− Pr {ζ ≥ ξ} = 1− E[Fξ(ζ)].

�
The complementary relationship (2.3) indicates that the random outcome ξ and the random

utility index ζ are a negative symmetrical “pair”. In the above example of random supply and
demand, the relationship (2.3) provides a symmetry in handling risk due to increased randomness
in supply or demand.

In the probabilistic interpretation, a marginal utility for random output ξ is the probability
density (mass) function of ζ ∈ Υ1. A random utility index ζ ∈ Υ1 corresponds to a risk attitude.
The risk-neutral preference is described by a uniformly distributed ζ. A constant p.d.f. indicates
a decision maker’s indifference to risk. The p.d.f. of a risk-averse utility index is a decreasing
function, which gives more evaluation at the side of low gain so as to avoid winning a high gain
at a large risk. An example of such as a utility index is a random variable with a left triangle
distribution on Θ given as

fζ(t) =
2(θ − t)
θ2

, u(t) = Fζ(t) =
2t

θ
− t2

θ2
, t ∈ Θ,

where fζ(·) is the p.d.f. of ζ. On the contrary, the risk-seeking decision maker is interested in
sacrificing investment security for high profit. This attitude is depicted by an increasing p.d.f.
emphasizing a high gain. For instance, for a risk seeker, ζ may be a random variable with a right
triangle distribution on Θ given as

fζ(t) =
2t

θ2
, u(t) = Fζ(t) =

t2

θ2
, t ∈ Θ.
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2.2 Motivation and Interpretation of the Boundary Conditions

Let us study the boundary conditions (1.6) on marginal utility and (1.7) on utility. u ∈ U2 is a
continuous increasing concave function on Θ, and is thus differentiable on Θ a.e.. Moreover, the
left and right derivatives of u exists for every point in Θ. Without loss of generality, we define the
derivative of a continuous concave function f on Θ in this paper as follows:

f ′(t) =

{
f ′(t+) t ∈ [0, θ),
f ′(θ−) t = θ.

(2.5)

The derivative f ′ in this definition satisfies RCLL on Θ except the right boundary point θ, at which
f ′ is left continuous.

In the boundary condition (1.6) on marginal utility, a and a are assumed to be two positive
extended real-valued decreasing functions on Θ. In the context of probability, condition (1.6)
describes a preference relationship of probability measure that a finite signed measure µ1 is said
to be preferred to another finite signed measure µ2 (written as µ1 � µ2) if µ1(A) ≥ µ2(A) for any
Borel measured set A ⊆ Θ. If a and a are p.d.f’s, the integration of (1.6) tells us that∫ t

0
a(s)ds ≤ u(t) ≤

∫ t

0
a(s)ds, t ∈ Θ,

which indicates that the utility function u stochastically dominates
∫ t

0 a(s)ds and is dominated by∫ t
0 a(s)ds in first order. Obviously, the boundary condition (1.6) gives a stricter requirement than

first order stochastic dominance.
We assume throughout this paper that b and b in the boundary condition (1.7) are increasing

concave functions on Θ satisfying b(0) ≤ 0 ≤ b(0) and b(θ) ≤ 1 ≤ b(θ). Condition (1.7) is actually

built using first order stochastic dominance. Since b := max{0, b} and b =: min{1, b} are c.d.f’s,

condition (1.7) is equivalently represented as that u dominates b and is dominated by b in first
order. In a special case, a decision maker may choose a benchmark utility function u# ∈ U2, using
which boundary conditions (1.6) and (1.7) may be expressed by

ρ1u
′
# ≤ u′ ≤ ρ2u

′
#, (2.6)

ρ3u# ≤ u ≤ ρ4u#, (2.7)

where ρ1, ρ3 ∈ [0, 1] and ρ2, ρ4 ≥ 1.
We now use a portfolio investment decision problem to illustrate the construction of the bound-

ary conditions (1.6) and (1.7) of a decision maker’s utility. Assume that a decision maker’s risk
attitude is well characterized by the CRRA utility function; however, he hesitates in choosing a
coefficient of relative risk aversion.

Example 2.2 Boundary conditions of investment utility constructed by CRRA.

John plans to invest $1 million into the index fund market using help from Mary, an index fund
manager. His best hope is a 200% money return, while he understands that it is possible for him
to lose all investment. Hence, Mary wants to learn John’s risk preference in the range between 0
and $2 million.

In financial markets investors exhibit different individual risk preferences depending on such
factors as age, wealth, income, and education (e.g. Riley Jr. and Chow (1992) and Lhabitant
(2006)). A large volume of research suggests that CRRA describe an individual investment attitude
for forming a portfolio with risky and risk-free assets (e.g. Schooley and Worden (1996), Holt and
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Laury (2002), and Brunello (2002)). The CRRA utility function in this example is a power utility
function with constant coefficient of relative risk aversion γr ∈ [0, 1)

ur(t) = (t/2)1−γr , t ∈ [0, 2].

According to the report in Holt and Laury (2002), we classify γr as: (i) risk neutrality by 0 < γr <
0.15, (ii) slight risk aversion by 0.15 < γr < 0.41, (iii) risk aversion by 0.41 < γr < 0.68, and (iv)
very risk aversion by 0.68 < γr < 1.

John clearly claims his risk-averse attitude; however, knowing little about the concept of utility,
he is not sure about the exact value of γr. Hence, Mary ranges γr from 0.41 to 0.68. We can
describe this case by the boundary condition of John’s utility as

(t/2)1−0.41 ≤ u(t) ≤ (t/2)1−0.68, t ∈ [0, 2]. (2.8)

An alternative choice is to construct bounds of the marginal utility u′ as

0.295(t/2)−0.41 ≤ u′(t) ≤ 0.16(t/2)−0.68, t ∈ [0, 2]. (2.9)

Note that condition (2.8) is equivalent to∫ t

0
0.295(s/2)−0.41ds ≤

∫ t

0
u′(s)ds ≤

∫ t

0
0.16(s/2)−0.68ds, t ∈ [0, 2],

which is implied by condition (2.9). �

2.3 Motivation and Interpretation of the General Conditions

We now motivate the general conditions (1.8) to describe a utility set. A decision maker is often
asked to evaluate the expected utility of a random output ξ̂ directly. He may not be very confident
in a single-valued estimation; however, he is inclined to suggest a range [β, β] allowing for errors,
i.e.,

β ≤ E[u(ξ̂)] ≤ β,

which, by the complementary relationship (2.3), is equivalently represented by

1− β ≤
∫

Θ
Fξ̂du = 1− E[u(ξ̂)] ≤ 1− β.

In this case, we choose

ϕi := Fξ̂, ci := 1− β,
ϕi+1 := −Fξ̂, ci+1 := β − 1.

(2.10)

We now present a practical use of (2.10). Let us first give an alternative way to obtain bounds
of u if a decision maker is only interested in some discrete points in Θ, e.g., 0 < t1 < · · · < tq < Θ.
This particular case often happens when using non-parametric utility assessments such as standard
and paired gamble methods surveyed by Farquhar (1984). We only need to be concerned about the
bounds of u at these points. Let these bounds be given as

β
k
≤ u(tk) ≤ βk, k = 1, . . . , q.

In this case, ξ̂k in (2.10) are chosen to be constants tk and their c.d.f’s Fξ̂k = 1{t ≥ tk} are step
functions. Let us further develop John’s utility set in Example 2.3 to illustrate this construction.
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Example 2.3 The general conditions built by the certainty equivalent method.

Mary wants to learn more about John’s risk attitude beyond that described by the boundary
conditions (2.8) and (2.9). Mary decides to use the certainty equivalent method to assist John to
analyze his risk preference. John is asked to answer 25%, 50%, and 75% certainty equivalents of
lottery of either losing anything or wining 200% investment return. Instead of a point estimation,
John is allowed to suggest a range of each certainty equivalent, which hedges estimation errors.
This approach also alleviates difficulties in precisely answering questions needed by the certainty
equivalent method. Note that a similar situation arise in a group decision setting. A natural
approach is to treat personal choices as i.i.d. samples and a confidence interval is thus built to be
a range of values representing this group. Assume that [0.16, 0.24], [0.46, 0.54], and [0.96, 1.04] are
the ranges of the 25%, 50%, and 75% certainty equivalents given by John. General conditions on
utility are then built by

u(0.16) ≤ 0.25, u(0.24) ≥ 0.25,
u(0.46) ≤ 0.5, u(0.54) ≥ 0.5,
u(0.96) ≤ 0.75, u(1.04) ≥ 0.75,

(2.11)

which are formulated by (1.8) as∫ 2
0 1{t ≥ 0.16}du(t) ≤ 0.75,

∫ 2
0 −1{t ≥ 0.24}du(t) ≤ −0.75,∫ 2

0 1{t ≥ 0.46}du(t) ≤ 0.5,
∫ 2

0 −1{t ≥ 0.54}du(t) ≤ −0.5,∫ 2
0 1{t ≥ 0.96}du(t) ≤ 0.25,

∫ 2
0 −1{t ≥ 1.04}du(t) ≤ −0.25.

�
Let us consider another use of (1.8) in the pairwise comparison of two random outcomes dis-

cussed in (2.2). Farquhar (1984) describes it as the preference comparison in paired gamble methods.
A preference of ξ̂1 over ξ̂2 is represented by

E[u(ξ̂1)] ≥ E[u(ξ̂2)],

which, by the complementary relationship (2.3), is equivalent to∫
Θ

(
Fξ̂1 − Fξ̂2

)
du ≤ 0. (2.12)

By letting

ϕi := Fξ̂1 − Fξ̂2 , ci = 0, (2.13)

the inequality (2.12) is represented by (1.8).

Example 2.4 The general conditions built by the preference comparison method.

Besides the certainty equivalent method in Example 2.3, Mary likes to use the preference comparison
Method, which she feels is very easy for her customers to answer without needing special training.
For example, John is now requested to choose his favorite investment outcome in each group of
lotteries:

I (a) 0 and $1 million with the same probability 0.5; (b) $0.2 million and $1.2 million with
probabilities 0.7 and 0.3 respectively;
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II (c) $1 million and $2 million with the same probability 0.5; (d) $0.8 million and $1.8 million
with probabilities 0.3 and 0.7 respectively.

Assume that (b) and (d) are John’s preferences in groups I and II, described by general conditions
as

0.7u(0.2) + 0.3u(1.2) ≥ 0.5u(0) + 0.5u(1),

0.3u(0.8) + 0.7u(1.8) ≥ 0.5u(1) + 0.5u(2).
(2.14)

By (2.12), we rewrite (2.14) as∫ 2

0
(0.7× 1{t ≥ 0.2}+ 0.3× 1{t ≥ 1.2} − 0.5× 1{t ≥ 1} − 0.5× 1{t ≥ 0}) du(t) ≤ 0,∫ 2

0
(0.3× 1{t ≥ 0.8}+ 0.7× 1{t ≥ 1.8} − 0.5× 1{t ≥ 1} − 0.5× 1{t ≥ 2}) du(t) ≤ 0.

�
With the probabilistic interpretation, our construction of the utility set U has several common

features to the one given in Shapiro and Ahmed (2004). We interpret the boundary condition
(1.6) on marginal utility as the preference relationship of probability measures, which Shapiro and
Ahmed (2004) use to describe an uncertain distribution set. The general conditions (1.8) also
correspond to the moment inequality constraints given in Shapiro and Ahmed (2004). However,
the boundary condition (1.7) on utility and the restriction of U to a class of risk averse utilities,
which is also natural in our setting, are not studied by Shapiro and Ahmed (2004), because of the
difference in problem motivations. Shapiro and Ahmed (2004) give a Lagrangian based Sample
Average Approximation approach to solve their model. In contrast, we present a linear program-
ming reformulation based approach for our problem in Sections 3 and 4. Such a reformulation is
possible because the utility functions considered in this paper are one-dimensional so that a natural
discretization of the problem is allowable.

3 Risk-Averse Utility Decision Making with Piecewise Linear Spec-
ification

In this section we study the decision making framework (1.1). We assume throughout this section
that the random function ξ(·) follows a discrete distribution. Let

P (ξ(x) = ξj(x)) = pj , j = 1, . . . ,M. (3.1)

Let b and b be piecewise linear functions and a, a and ϕi be step functions. Let 0 = t0 < · · · < tL = θ
be the ordered sequence of the break points of b, b, and the points of discontinuity of a, a, and ϕi.
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More specifically, these functions are described as

a(t) :=

L−1∑
j=0

a(tj)1{tj ≤ t < tj+1}, (3.2)

a(t) :=
L−1∑
j=0

a(tj+1)1{tj < t ≤ tj+1}, (3.3)

b(t) :=

L−1∑
j=0

(
b(tj+1)− b(tj)
tj+1 − tj

t+
tj+1b(tj)− tjb(tj+1)

tj+1 − tj

)
1{tj ≤ t < tj+1}, (3.4)

b(t) :=
L−1∑
j=0

(
b(tj+1)− b(tj)
tj+1 − tj

t+
tj+1b(tj)− tjb(tj+1)

tj+1 − tj

)
1{tj ≤ t < tj+1}, (3.5)

ϕi(t) :=
L−1∑
j=0

ϕi(tj)1{tj ≤ t < tj+1}, i = 1, . . . ,m. (3.6)

In the two general constructions given in (2.10) and (2.13), the functions ϕi are step functions if
all random outcomes ξ̂i selected in these constructions have discrete distributions. The following
theorem shows that, for each x ∈ X , π(x) can be evaluated by solving a linear program. This result
also implies that optimal utility is a piecewise linear function.

Theorem 3.1 For a given x ∈ X , the problem (1.2) with the utility set U given in (1.10) with
further specification in (3.2)-(3.6) is equivalent to

π(x) = max
µ,ν,α,β,τ,δ,η,λ

− µL−1 − νL−1 +
L−1∑
j=0

(a(tj+1)αj + max{a(tj), 0}βj)

+

L−1∑
j=1

(
b(tj)τj + b(tj)δj

)
+

m∑
i=1

[
ϕi(tL−1)− ci

]
ηi +

M∑
k=1

λkL (3.7a)

s.t.
L∑
j=1

tjλkj ≤ pkξk(x), k = 1, . . . ,M, (3.7b)

L∑
j=1

λkj ≤ pk, k = 1, . . . ,M, (3.7c)

µj−1 + νj−1 − µj − νj + τj + δj +

m∑
i=1

[
ϕi(tj)− ϕi(tj−1)

]
ηi −

M∑
k=1

λkj ≤ 0,

j = 1, . . . , L− 1, (3.7d)

− (tj+1 − tj)µj − (tj − tj−1)νj−1 + αj + βj−1 ≤ 0, j = 0, . . . , L, (3.7e)

µj ≤ 0, νj ≥ 0, αj ≤ 0, βj ≥ 0, j = 0, . . . , L− 1, (3.7f)

τj ≤ 0, δj ≥ 0, j = 1, . . . , L− 1, (3.7g)

ηi ≥ 0, i = 1, . . . ,m, (3.7h)

λkj ≥ 0, k = 1, . . . ,M, j = 1, . . . , L, (3.7i)

where µL = ν−1 = αL = β−1 = 0 are constants.
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Let w0(x) ≡ 0, wL(x) ≡ 1, and wj(x), j = 1, . . . , L − 1, be the optimal dual solutions with
respect to constraint (3.7d). Then

u∗(x, t) :=
L−1∑
j=0

(
wj+1(x)− wj(x)

tj+1 − tj
t+

tj+1wj(x)− tjwj+1(x)

tj+1 − tj

)
1{tj ≤ t < tj+1}, (3.8)

is an optimal utility of problem (1.2).

Proof: We first prove that problem (1.2) can be equivalently represented by

π(x) = min
r,s,y,z

M∑
k=1

pk(skξk(x) + rk) (3.9a)

s.t. yj+1 − yj − zj(tj+1 − tj) ≤ 0, j = 0, . . . , L− 1, (3.9b)

yj+1 − yj − zj+1(tj+1 − tj) ≥ 0, j = 0, . . . , L− 1, (3.9c)

zj ≤ a(tj+1), j = 0, . . . , L− 1, (3.9d)

zj+1 ≥ max{a(tj), 0}, j = 0, . . . , L− 1, (3.9e)

yj ≤ b(tj), j = 1, . . . , L− 1, (3.9f)

yj ≥ b(tj), j = 1, . . . , L− 1, (3.9g)

L−1∑
j=1

(ϕi(tj)− ϕi(tj−1))yj ≥ ϕi(tL−1)− ci, i = 1, . . . ,m, (3.9h)

tjsk + rk − yj ≥ 0, k = 1, . . . ,M, j = 1, . . . , L, (3.9i)

sk ≥ 0, rk ≥ 0, k = 1, . . . ,M, (3.9j)

where y0 = 0 and yL = 1 are constants.
Let yj := u(tj), j = 1, . . . , L. Note y0 = u(0) ≡ 0, and yL = u(θ) ≡ 1 for all u ∈ U2. Since

∫
Θ
ϕidu =

L−1∑
j=0

ϕi(tj)(yj+1 − yj) = ϕi(tL−1)−
L−1∑
j=1

yj(ϕ
i(tj)− ϕi(tj−1)),

we may rewrite the general conditions (1.8) in the utility set U as (3.9h).
For a given û ∈ U , we define a piecewise linear increasing concave function

ûL(t) :=

L−1∑
j=0

(
û(tj+1)− û(tj)

tj+1 − tj
t+

tj+1û(tj)− tj û(tj+1)

tj+1 − tj

)
1{tj ≤ t < tj+1}.

It is straightforward to see that ûL satisfies conditions (3.9h) and ûL ≤ û ≤ b on Θ. Since û ≥ b,
we have û(tj) ≥ b(tj) for all j = 0, . . . , L. For a given t̂ ∈ [tj , tj+1] and some j, we have

ûL(t̂) =
(t̂− tj)û(tj) + (tj+1 − t̂)û(tj+1)

tj+1 − tj
≥ (t̂− tj)b(tj) + (tj+1 − t̂)b(tj+1)

tj+1 − tj
= b(t̂),

and by concavity of û′,

û′L(t̂) =
û(tj+1)− û(tj)

tj+1 − tj
≤ û′(tj) ≤ a(tj+1) = a(t̂).
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On the other hand
û′L(t̂) ≥ û′(t−j+1) ≥ a(tj) = a(t̂).

It follows that ûL ∈ U .
The above discussions also lead to the fact that an optimal solution u∗ of problem (1.2) belongs

to the set Ũ of piecewise linear increasing concave functions with break points in the set {t0, . . . , tL}.
Otherwise, we can construct u∗L ∈ Ũ ⊆ U which is below u∗. Therefore, problem (1.2) is equivalent
to

min
u∈Ũ

Π(x, u).

We now describe the set Ũ . Conditions (3.9b) and (3.9c) imply

z0 ≥
y1 − y0

t1 − t0
≥ z1 · · · ≥ zL−1 ≥

yL − yL−1

tL − tL−1
≥ zL,

which ensure the increasing and concavity property of u ∈ Ũ when all zj ≥ 0. Conditions (3.9d)-
(3.9e) represent the boundedness of u′ and also imply that all yj and zj are nonnegative. Conditions
(3.9f)-(3.9g) consider the boundedness of u. Since u is a piecewise linear increasing concave function
with break points tj and values yj , j = 0, . . . , L, it can be written as the minimization of all
subgradients at points (tj , yj)

u(v) = min
s,r

vs+ r

s.t. tjs+ r − yj ≥ 0, j = 1, . . . , L,

s ≥ 0, r ≥ 0.

This gives the objective (3.9a) and conditions (3.9i) and (3.9j).
Let µ, ν, α, β, τ , δ, η, and λ to be the dual variables of condition (3.9b)-(3.9i) respectively.

Then (3.7) is the dual problem of (3.9). Note that in this transformation we consider the implied
nonnegativity of yj and zj .

Let y∗j be the y-component of an optimal solution of (3.9). Note y∗0 = y0 = 0 and y∗L = yL = 1.
For this given x, an optimal utility of the problem (1.2) is represented by

u∗(x, t) :=
L−1∑
j=0

(
y∗j+1 − y∗j
tj+1 − tj

t+
tj+1y

∗
j − tjy∗j+1

tj+1 − tj

)
1{tj ≤ t < tj+1}.

We also note that the above discussion tells us that wj(x) = y∗j for every j. �

Corollary 3.2 The problem (1.1) with the utility set U given in (1.10) with further specification
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in (3.2)-(3.6) is equivalent to

max
x,µ,ν,α,β,τ,δ,η,λ

− µL−1 − νL−1 +
L−1∑
j=0

(a(tj+1)αj + max{a(tj), 0}βj)

+

L−1∑
j=1

(
b(tj)τj + b(tj)δj

)
+

m∑
i=1

[
ϕi(tL−1)− ci

]
ηi +

M∑
k=1

λkL

s.t.
L∑
j=1

tjλkj ≤ pkξk(x), k = 1, . . . ,M,

L∑
j=1

λkj ≤ pk, k = 1, . . . ,M,

µj−1 + νj−1 − µj − νj + τj + δj +
m∑
i=1

[
ϕi(tj)− ϕi(tj−1)

]
ηi −

M∑
k=1

λkj ≤ 0,

j = 1, . . . , L− 1,

− (tj+1 − tj)µj − (tj − tj−1)νj−1 + αj + βj−1 ≤ 0, j = 0, . . . , L,

µj ≤ 0, νj ≥ 0, αj ≤ 0, βj ≥ 0, j = 0, . . . , L− 1,

τj ≤ 0, δj ≥ 0, j = 1, . . . , L− 1,

ηi ≥ 0, i = 1, . . . ,m,

λkj ≥ 0, k = 1, . . . ,M, j = 1, . . . , L,

x ∈ X ,

where µL = ν−1 = αL = β−1 = 0 are constants.

Remark 3.3 The set U combines the boundary conditions (1.6) and (1.7) on utility and the general
conditions (1.8) on utility. However, not all of these conditions are necessary in a practical case.
The formulation (3.10) in the following particular cases are given by fixing certain variables:

1. if u′ ≤ a in the boundary condition (1.6) on marginal utility is not used, then αj = 0,
j = 0, . . . , L− 1;

2. if u′ ≥ a in the boundary condition (1.6) on marginal utility is not used, then βj = 0,
j = 0, . . . , L− 1;

3. if u ≤ b in the boundary condition (1.7) on utility is not used, then τj = 0, j = 1, . . . , L− 1;

4. if u ≥ b in the boundary condition (1.7) on utility is not used, then δj = 0, j = 1, . . . , L− 1;

5. if the uncertainty condition (1.8) on utility is not used, then ηi = 0, i = 1, . . . ,m.

4 Risk-Averse Utility Decision Making with a General Specifica-
tion

We now consider the general case under the following assumptions:

(A1). ξ(x) is concave in a neighborhood of X bounded in Θ a.s..

(A2). a is lower continuous, and a is upper continuous; either a(0) <∞ or b(0) = 0 holds.

(A3). ϕi for i = 1, . . . ,m are bounded functions with finitely many points of discontinuity at which
ϕi are RCLL.
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We give a constructive approach to find a solution of (1.1) under Assumptions (A1)-(A3).
This approach discretizes and thus approximates problem (1.1), and uses the results in Section 3.
More specifically, we show that the sequence of optimal values and sets of optimal solutions of the
approximation problems converge to the true counterpart.

Let P(L) := {t0, . . . , tL} be a partition of Θ (0 = t0 < · · · < tL = θ), which is nested
with increasing L, i.e., P(L1) ⊂ P(L2) if L1 < L2. Also, Let the longest subinterval in P(L),
maxj∈{0,...,L−1} tj+1 − tj , approach 0 as L increases to ∞. Let ϕi∆(tj) := inft∈[tj ,tj+1) ϕ

i(t). On
P(L), we denote

aL(t) :=

{
a(t−j+1) tj ≤ t < tj+1, j = 0, . . . , L− 1,

a(θ) t = tL,
(4.1)

aL(t) :=

{
a(0) t = t0,
a(t+j ) tj < t ≤ tj+1, j = 0, . . . , L− 1,

(4.2)

bL(t) :=

{
b(tj+1)−b(tj)
tj+1−tj t+

tj+1b(tj)−tjb(tj+1)
tj+1−tj tj ≤ t < tj+1, j = 0, . . . , L− 1,

b(θ) t = tL.
(4.3)

and for i = 1, . . . ,m,

ϕiL(t) :=

{
ϕi∆(tj) tj ≤ t < tj+1, j = 0, . . . , L− 1,
ϕi(θ) t = tL.

(4.4)

Note that aL, aL, bL, and ϕiL are the approximation functions of a, a, b, and ϕi based on the
partition P(L). Note that bL uniformly converges to b, and under Assumptions (A2), aL and aL
uniformly converge to a and a. Assumption (A3) also implies that ϕiL converges to ϕi a.e.. Let us
next construct a piecewise linear envelope function bL of b on P(L) which uniformly converges to
b from above. We denote

t̂0 := 0, ŷ0 := b(t1)− b′(t1)t1,

t̂L+1 := θ, ŷL+1 := b(θ),

and for any two successive points tj−1 and tj in P(L), j = 1, . . . , L,

t̂j :=
b(tj)− b(tj−1)− b′(tj)tj + b

′
(tj−1)tj−1

b
′
(tj−1)− b′(tj)

,

ŷj :=
b
′
(tj−1)b(tj)− b

′
(tj)b(tj−1)− b′(tj−1)b

′
(tj)(tj − tj−1)

b
′
(tj−1)− b′(tj)

,

using which bL is represented as

bL(t) :=

{
ŷj+1−ŷj
t̂j+1−t̂j

t+
t̂j+1ŷj−t̂j ŷj+1

t̂j+1−t̂j
t̂j ≤ t < t̂j+1, j = 0, . . . , L,

ŷL+1 t = t̂L+1.
(4.5)

Based on (4.1), (4.2), (4.3), (4.4), and (4.5), we let

U(L) :=

u ∈ U2

aL ≤ u′ ≤ aL,
bL ≤ u ≤ bL,∫

Θ ϕ
i
Ldu ≤ ci, i = 1, . . . ,m.

 (4.6)

Theorem 3.1 gives a linear programming formulation of the problem

πL(x) := min
u∈U(L)

Π(x, u). (4.7)
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In Theorem 4.11 below we show the asymptotic convergence of the optimal value and the set of
optimal solutions of the approximation problem

max
x∈X

πL(x) (4.8)

to those of the true problem (1.1, 1.2, and 1.10). Before we state this theorem, we need to prove
some preliminary results.

Lemma 4.1 If Assumption (A1) holds, then π(x) and πL(x) are continuous concave functions
over X .

Proof: By Assumption (A1) and the monotonic increase of u ∈ U , it follows that u(ξ(x)) is concave
a.s. in a neighborhood of X denoted by N (X ), and thus Π(x, u) are concave in N (X ). For given
x1, x2 ∈ N (X ) and λ ≥ 0, we have

π(λx1 + (1− λ)x2) = min
u∈U

Π(λx1 + (1− λ)x2, u)

≥ min
u∈U

λΠ(x1, u) + (1− λ)Π(x2, u)

≥ λmin
u∈U

Π(x1, u) + (1− λ) min
u∈U

Π(x2, u)

= λπ(x1) + (1− λ)π(x2).

Since π(x) is concave in N (X ), π(x) is continuous in X ⊂ N (X ).
A similar proof can also be applied for the continuity and concavity of πL(x). �

Lemma 4.2 Let

gi(u) :=

∫
Θ
ϕidu− ci, i = 1, . . . ,m, (4.9)

giL(u) :=

∫
Θ
ϕiLdu− ci, i = 1, . . . ,m. (4.10)

If Assumption (A3) holds, then for i = 1, . . . ,m,

lim
L→∞

sup
u∈U2

|giL(u)− gi(u)| = 0.

Proof: By assumption (A3), each ϕi(t) is right continuous at t = 0. In addition, ϕi(t) has finitely
many points of discontinuity. These facts imply that there exists ε > 0 such that ϕi(t) is continuous
at (0, ε). It follows that, for any given δ > 0, there exists L̂ > 0 such that for all L ≥ L̂,∣∣ϕiL(t)− ϕi(t)

∣∣ ≤ δ, t ∈ [0, ε).

Thus, we have

sup
u∈U2

∫ ε

0

∣∣ϕiL − ϕi∣∣ du ≤ δ sup
u∈U2

∫ ε

0
du ≤ δ.

Increasing and concavity property of any u ∈ U2 implies that u′(t) ≤ u′(ε) ≤ 1/ε for t ∈ [ε, θ], which
leads to

sup
u∈U2

∫ θ

ε

∣∣ϕiL − ϕi∣∣ du = sup
u∈U2

∫ θ

ε

∣∣ϕiL − ϕi∣∣u′d` ≤ 1

ε

∫ θ

ε

∣∣ϕiL − ϕi∣∣ d`.
14



Thus, for L ≥ L̂, we have

sup
u∈U2

|giL(u)− gi(u)| = sup
u∈U2

∣∣∣∣∫
Θ
ϕiLdu−

∫
Θ
ϕidu

∣∣∣∣
≤ sup

u∈U2

∫ ε

0

∣∣ϕiL − ϕi∣∣ du+ sup
u∈U2

∫ θ

ε

∣∣ϕiL − ϕi∣∣ du
≤ δ +

1

ε

∫ θ

ε

∣∣ϕiL − ϕi∣∣ d`.
Also by Assumption (A3), it follows that ϕiL converges to ϕi a.e., and the difference between ϕiL and

ϕi is bounded. Using the Lebesgue Dominated Theorem, we have
∫ θ
ε

∣∣ϕiL − ϕi∣∣ d`→ 0 as L→∞.
�

The following four lemmas are standard results in probability theory. They are stated here for
completeness.

Lemma 4.3 (The Prohorov-Varadarajan theorem) (or see Theorem 9.2.4 in Athreya and
Lahiri (2006)) Let {Fn}n≥1 be a sequence of one-dimensional c.d.f ’s. The sequence {Fn}n≥1 is
tight if and only if given any subsequence {Fni}i≥1 of {Fn}n≥1, there exists a further subsequence
{Fmi}i≥1 of {Fni}i≥1 and a c.d.f. F such that Fmi weakly converges to F as i increases to ∞.

Lemma 4.4 (Polya’s Theorem) (or see Theorem 9.1.4 in Athreya and Lahiri (2006)) Let {Fn}n≥1

be a sequence of one-dimensional c.d.f. which converges to a continuous c.d.f. F . Then the sequence
{Fn}n≥1 uniformly converges to F as n increase to ∞.

Lemma 4.5 (Theorem 9.3.1 in Athreya and Lahiri (2006)) The sequence {Fn}n≥1 of one-
dimensional c.d.f. converges to a c.d.f. F if and only if for every open set B ⊆ R,

lim inf
n→∞

Fn(B) ≥ F (B).

Lemma 4.6 (The second Helly-Bray theorem) (or see Theorem 9.2.3 in Athreya and Lahiri
(2006)) The sequence {Fn}n≥1 of one-dimensional c.d.f. converges to a c.d.f. F if and only if∫

φdFn →
∫
φdF,

for all φ ∈ CB(R) := {g | g : R→ R is continuous and bounded}.

Lemma 4.7 For any sequence {uL ∈ U(L)}, there exists a subsequence {uLk} which weakly con-
verges to a c.d.f. û. If Assumption (A2) holds, then there exists û ∈ U2 such that {uLk} uniformly
converges to û.

Proof: The sequence {uL} is tight (
∫

Θ duL = 1) so that by Lemma 4.3, we have a subsequence
{uLk} which weakly converges to a c.d.f. û.

The uniform convergence of {uLk} to û under Assumption (A2) follows by Lemma 4.4, if û is
continuous on R. Since û ≡ 0 on (−∞, 0) and û ≡ 1 on [θ,∞), the continuity of û on the real
line follows from the continuity of û on Θ. Let us first show that û is continuous on (ε, θ] for an
arbitrarily chosen ε ∈ (0, θ). By contradiction, we assume that û has at least a point t1 ∈ (ε, θ] of
discontinuity. Let δ := û(t1) − û(t−1 ) > 0. It follows by Lemma 4.5 that, for any t2 ∈ (t1,∞) and
t3 ∈ (ε, t1),

lim inf
k→∞

uLk(t−2 )− uLk(t3) ≥ û(t−2 )− û(t3) ≥ û(t1)− û(t−1 ) = δ. (4.11)
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The increasing and concavity property of uLk ensures that u′Lk(t) ≤ u′Lk(ε) ≤ 1/ε for t ∈ (ε,∞).
Hence, uLk is Lipschitz continuous on (ε,∞) with the same Lipschitz constant 1/ε. We choose t2
and t3 such that t2 − t3 < δε, and then have

lim sup
k→∞

uLk(t−2 )− uLk(t3) ≤ 1/ε|t2 − t3| < δ. (4.12)

The contradiction between (4.11) and (4.12) shows that û is continuous in (ε, θ]. Since ε is arbitrary,
it certifies the continuity of û in (0, θ]. This conclusion leads to the pointwise convergence of uLK
to û on (0, θ].

We next check the continuity of û at 0. The second part of Assumption (A2) is used to ensure
this property. If a(0) <∞ holds, the uniform convergence of aLk to a ensured in the construction
(4.2) implies that there exists constants α > 0 and k̂ > 0 such that aLk(0) < α for all k ≥ k̂.
It follows that u′Lk(t) ≤ u′Lk(0) ≤ aLk(0) < α for t ∈ Θ and k ≥ k̂. û(t) ≤ αt for t ∈ (0, θ] is
implied by the pointwise convergence of uLK to û. It shows that the c.d.f. û is continuous at 0 as
û(0) = α0 = 0. Let us now consider the case that b(0) = 0. It follows by the pointwise convergence
of uLK to û and the uniform convergence of bLk to b ensured in the construction (4.5) that, for
t ∈ (0, θ],

û(t) = lim
k→∞

uLk(t) ≤ lim
k→∞

bLk(t) = b(t).

The fact that b is continuous at 0 results in the continuity of the c.d.f. û at 0 as û(0) = b(0) = 0.
So far, we have shown the uniform convergence of {uLk} to û under Assumption (A2). It

directly follows that û(0) = 0 and û(θ) = 1. Since any uLk is an increasing concave function, for
two arbitrarily chosen points 0 ≤ t1 < t2 ≤ θ, we have

û(t1) = lim
k→∞

uLk(t1) ≤ lim
k→∞

uLk(t2) = û(t2),

and for λ > 0,

û(λt1+(1−λ)t2) = lim
k→∞

uLk(λt1+(1−λ)t2) ≥ λ lim
k→∞

uLk(t1)+(1−λ)uLk(t2) = λû(t1)+(1−λ)û(t2).

It means that û is an increasing concave function and satisfies the boundary condition (1.5). Thus,
û ∈ U2. �

The following lemma shows the convergence of U(L) to U in the sense of a weak Hausdorff
distance described below. Based on the set S of signed measures on Θ of finite total mass, we
describe the distance of utility function u to class U ⊆ U2 as

ds(u,U) :=

{
inf û∈U

∣∣∫
Θ uds−

∫
Θ ûds

∣∣ U 6= ∅,
∞ o.w.,

(4.13)

for s ∈ S. It is easy to check that ds(u, 0) =
∣∣∫

Θ uds
∣∣ for each s ∈ S has the norm satisfying

properties of positivity, subadditivity, and homogeneity, which ensure that ds(u1, u2) is a distance
metric. Let the deviation and Hausdorff distance of class U1 and U2 in the weak topology be

Ds(U1,U2) :=

{
supu∈U1 ds(u,U2) if U1 6= ∅,
0 o.w.,

, (4.14)

Hs(U1,U2) := max{Ds(U1,U2), Ds(U2,U1)}. (4.15)

Lemma 4.8 Suppose that Assumptions (A2) and (A3) hold. For a given x ∈ X , Hs(U(L),U)→ 0
for all s ∈ S as L→∞.
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Proof: Recall the functionals gj(u) and gjL(u) denoted as in (4.9) and (4.10). Let us denote classes

U1 := {u ∈ U2 | a ≤ u′ ≤ a, b ≤ u ≤ b},
U2 := {u ∈ U2 | gj(u) ≤ 0, j = 1, . . . ,m},

U1(L) := {u ∈ U2 | aL ≤ u′ ≤ aL, bL ≤ u ≤ bL},
U2(L) := {u ∈ U2 | gjL(u) ≤ 0, j = 1, . . . ,m}.

It follows that U = U1 ∩ U2 and U(L) = U1(L) ∩ U2(L).
We first claim Ds(U ,U(L))→ 0 for all s ∈ S as L→∞. The fact that a ≥ aL, a ≤ aL, b ≥ bL,

and b ≤ bL implies U1 ⊆ U1(L). Since ϕiL ≤ ϕi and any given u ∈ U2 is increasing, it follows that

giL(û) =

∫
Θ
ϕiLdû− ci ≤

∫
Θ
ϕidû− ci = gi(û) ≤ 0,

which shows that u ∈ U2(L), and then U2 ⊆ U2(L). Hence, we have U ⊆ U(L), for which
Ds(U ,U(L)) ≡ 0 for all s ∈ S and L > 0.

We now argue Ds(U(L),U) → 0 for all s ∈ S as L → ∞ by contradiction. Assume that there
exists ŝ ∈ S such that Dŝ(U(L),U) 9 0. Then, there is ε > 0 with the property that for any
k > 0 there exists Lk ≥ k satisfying Dŝ(U(Lk),U) > ε, i.e., there exists uLk ∈ U(Lk) such that
dŝ(uLk ,U) > ε. Under Assumption (A2), Lemma 4.7 shows that k and Lk can be chosen to make
{uLk} uniformly converge to a c.d.f. û ∈ U2.

Because of the uniform convergence of bLk and bLk to b and b respectively, we have

û = lim
k→∞

uLk ≥ lim
k→∞

bLk = b,

and analogously û ≤ b. We now show that a ≤ u′ ≤ a. Suppose that there exists t̂1 ∈ Θ such that
a(t1) − û′(t1) > δ for some δ > 0. Because of the right continuity of u′(t1) for t1 ∈ [0, θ), there
exists t2 > t1 such that a − û′ > δ/2 on [t1, t2]. If t1 = θ, we choose t2 < θ for the left continuity
of û′(θ). Since aL uniformly converges to a from below under Assumption (A2), it follows that
aLk − û

′ > δ/4 on [t1, t2] for large enough k, and then

û(t2)− û(t1) =

∫ t2

t1

û′dt

< lim
k→∞

∫ t2

t1

aLkdt− δ(t2 − t1)/4

≤ lim
k→∞

∫ t2

t1

u′Lkdt− δ(t2 − t1)/4

= lim
k→∞

uLk(t2)− uLk(t1)− δ(t2 − t1)/4

= û(t2)− û(t1)− δ(t2 − t1)/4,

which is a contradiction. Hence, we have û′ ≥ a., and analogously, û′ ≤ a. So far, we have shown
that u ∈ U2, b ≤ u ≤ b, and a ≤ u′ ≤ a. It ensures that û ∈ U1.

We now show that û ∈ U2. Under Assumption (A3), there are finitely many points of discon-
tinuity of ϕi for any i, denoted by 0 < z1 < · · · < zN−1 ≤ θ. Also, let z0 = 0 and zN = θ. Let us
denote

ψij(t) :=


ϕi(zj) t < zj ,
ϕi(t) zj ≤ t < zj+1,
ϕi(z−j+1) t ≥ zj+1,
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which is a bounded continuous function on R since ϕi satisfies RCLL. Since the measure under
c.d.f. u ∈ U2 is 0 at these points of discontinuity, we rewrite

gi(u) =
N∑
j=1

∫ zj

zj−1

ϕidu− ci =
N∑
j=1

∫ zj

zj−1

ψijdu− ci.

It follows that

∣∣gi(uLk)− gi(û)
∣∣ ≤ N∑

j=1

∣∣∣∣∣
∫ zj

zj−1

ψijduLk −
∫ zj

zj−1

ψijdû

∣∣∣∣∣ .
We have shown that uLk uniformly converges to û. By Lemma 4.6,

∫ zj
zj−1

ψijduLk →
∫ zj
zj−1

ψijdû as

k →∞. It ensures that
|gi(uLk)− gi(û)| → 0.

Lemma 4.2 also shows that, as k →∞,

sup
u∈U2

|giLk(u)− gi(u)| → 0.

Hence,

lim
k→∞

∣∣giLk(uLk)− gi(û)
∣∣ ≤ lim

k→∞
|giLk(uLk)− gi(uLk)|+ |gi(uLk)− gi(û)|

≤ lim
k→∞

sup
u∈U2

|giLk(u)− gi(u)|+ |gi(uLk)− gi(û)|

= 0.

Thus, we have
gi(û) = lim

k→∞
giLk(uLk) ≤ 0.

Hence, û ∈ U2. The above discussions lead to û ∈ U1 ∩ U2 = U , which contradicts the fact that
dŝ(û,U) ≥ ε > 0. �

Lemma 4.9 If Assumptions (A2) and (A3) hold, then πL(x)→ π(x) as L→∞ for all x ∈ X .

Proof: Let us denote by V and V(L) the classes of optimal solution functions of problems (1.2) and
(4.7). Suppose that U is a nonempty class. For u∗ ∈ V, let uL = arg minu∈U(L) dFξ(x)(u, u

∗). Since
Hs(U(L),U)→ 0 for all s ∈ S by Lemma 4.8, it follows that

0 = lim
L→∞

dFξ(x)(uL, u
∗) =

∣∣∣∣∫
Θ
uLdFξ(x) −

∫
Θ
u∗dFξ(x)

∣∣∣∣ =

∣∣∣∣∫
Θ
uLd`− π(x)

∣∣∣∣ ,
which implies that

lim
L→∞

inf πL(x) ≥ π(x).

On the other hand, for any weakly convergent sequence {ûL} with uL ∈ V(L), the weak limit û is
in U . Hence,

lim
L→∞

supπL(x) ≤ π(x).

If U is empty, U(L) must be empty and πL(x) = π(x) = −∞ for large enough L; otherwise,
Ds(U(L),U) = ∞ for all L > 0 so that Ds(U(L),U) → ∞, which contradicts the conclusion of
Lemma 4.8. �
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Lemma 4.10 Let yL and ZL be the optimal objective value and the set of optimal solutions of
problem (4.8), and y∗ and Z∗ be those of problem (1.1). Suppose (i) X is a nonempty compact
set, (ii) the function π(·) is continuous on X , and (iii) πL(·) uniformly converges to π(·) on X as
L→∞. Then, yL → y∗ and D(ZL,Z∗) := maxx1∈ZL minx2∈Z∗ ‖x1 − x2‖ → 0 as L→∞.

Proof: The proof of this lemma follows the steps of the proof of Theorem 5.3 in Shapiro et al.
(2009). It is given in Appendix A for completeness because the two results are differently stated.
�

Theorem 4.11 Let yL and ZL be the optimal objective value and the set of optimal solutions of
problem (4.8), and y∗ and Z∗ be those of problem (1.1). Suppose that X is a nonempty compact
set and Assumptions (A1)-(A3) hold. Then yL → y∗ and D(ZL,Z∗)→ 0 as L→∞.

Proof: By Lemma 4.1, we know that, for each x ∈ X , π(x) and πL(x) are continuous in X . Since
X is compact, there exist finitely many points, x1, . . . , xr ∈ X , and corresponding neighborhoods
N1, . . . ,Nr covering X such that, for any ε > 0 and j = 1, . . . , r,

sup
x∈Nj∩X

|π(x)− π(xj)| < ε/3,

sup
x∈Nj∩X

|πL(x)− πL(xj)| < ε/3.

Furthermore, Lemma 4.9 shows that πL(xj)→ π(xj) as L→∞, i.e.,

|πL(xj)− π(xj)| < ε/3, j = 1, . . . , r,

for L large enough. Suppose without loss of generality that a given x ∈ X is covered by the
neighborhood Nj for some j. Then

|πL(x)− π(x)| ≤ |πL(x)− πL(xj)|+ |πL(xj)− π(xj)|+ |π(x)− π(xj)| ≤ ε.

Therefore,
sup
x∈X
|πL(x)− π(x)| ≤ ε,

which shows that πL uniformly converges to π over X . It follows by Lemma 4.10 that yL → y∗ and
D(ZL, Z

∗)→ 0 as L→∞. �

5 Case Study: Portfolio Optimization Problem

We now discuss an application of robust decision making over a utility set in John’s investment
decision problem expressed in Examples 2.2, 2.3, and 2.4. The index fund manager Mary will help
John make a portfolio investment among the N(= 8) assets which are widely used indexes: CBOE
10 Year Treasury Note Yield Index (TNX), CBOE 30-Year Treasury Bond Yield Index (TYX),
CBOE Gold Index (GOX), Dow Jones Industrial Average Index (DJI), iShares MSCI EAFE Index
(EFA), NASDAQ Composite Index (IXIC), S&P 500 Index (GSPC), and Wilshire 5000 Total
Market Index (W5000). Table 1 lists M(= 37) monthly returns of these assets in the latest three
years.

Let ξ = (ξ1, . . . , ξN ) be a random vector of monthly returns, which has equally-likely realizations
ξk = (ξk1 , . . . , ξ

k
N ), k = 1, . . . ,M , i.e., the probabilities of these realizations are pk = 1/M . John

plans to invest $1 million into the index fund market, and then his wealth will be (1 + xT ξ) in a
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Table 1: Asset Monthly Returns (%)

Months TNX TYX GOX DJI EFA IXIC GSPC W5000

1/2012 1.60 5.88 10.21 3.63 5.98 8.11 4.67 5.32
12/2011 -9.66 -5.56 -13.72 1.43 -2.17 -0.58 0.85 0.68
11/2011 -4.61 -4.38 2.67 0.76 -2.18 -2.39 -0.51 -0.68
10/2011 13.02 9.59 6.64 9.54 9.64 11.14 10.77 11.39
9/2011 -13.51 -18.66 -12.42 -6.03 -10.81 -6.36 -7.18 -7.89
8/2011 -21.00 -13.08 7.94 -4.36 -8.76 -6.42 -5.68 -6.17
7/2011 -11.08 -5.71 2.85 -2.18 -2.39 -0.62 -2.15 -2.29
6/2011 3.61 3.79 -6.01 -1.24 -1.20 -2.18 -1.83 -1.85
5/2011 -7.58 -4.31 -4.80 -1.88 -2.21 -1.33 -1.35 -1.43
4/2011 -4.35 -2.22 2.55 3.98 5.63 3.32 2.85 2.80
3/2011 1.17 0.45 1.21 0.76 -2.40 -0.04 -0.10 0.21
2/2011 0.89 -1.75 8.18 2.81 3.56 3.04 3.20 3.34
1/2011 2.11 4.82 -10.45 2.72 2.09 1.78 2.26 1.93

12/2010 18.21 6.34 5.76 5.19 8.31 6.19 6.53 6.53
11/2010 7.28 2.50 0.80 -1.01 -4.82 -0.37 -0.23 0.42
10/2010 3.57 8.40 3.69 3.06 3.79 5.86 3.69 3.89
9/2010 1.61 4.53 7.00 7.72 9.99 12.04 8.76 9.27
8/2010 -14.78 -11.31 8.03 -4.31 -3.81 -6.24 -4.74 -4.82
7/2010 -1.36 1.79 -4.32 7.08 11.62 6.90 6.88 6.79
6/2010 -10.61 -7.13 2.23 -3.58 -1.87 -6.55 -5.39 -3.53
5/2010 -9.84 -7.06 -2.05 -7.92 -11.20 -8.29 -8.20 -10.08
4/2010 -4.44 -4.03 10.22 1.40 -2.81 2.64 1.48 2.09
3/2010 6.39 4.19 -0.28 5.15 6.40 7.14 5.88 6.17
2/2010 -0.28 0.44 8.14 2.56 0.26 4.23 2.85 3.24
1/2010 -5.99 -2.80 -11.38 -3.46 -5.07 -5.37 -3.70 -3.44

12/2009 20.00 10.74 -10.82 0.80 0.72 5.81 1.78 3.05
11/2009 -5.60 -1.18 19.04 6.51 3.92 4.86 5.74 5.20
10/2009 2.42 4.69 -6.69 0.00 -2.53 -3.64 -1.98 3.68
9/2009 -2.65 -3.11 15.43 2.27 3.80 5.64 3.57 -0.55
8/2009 -2.86 -3.02 -0.26 3.54 4.51 1.54 3.36 8.97
7/2009 -0.57 0.00 5.98 8.58 10.03 7.82 7.41 -1.91
6/2009 1.73 -0.69 -13.68 -0.63 -1.41 3.42 0.02 7.42
5/2009 10.90 7.43 34.50 4.07 13.21 3.32 5.31 9.17
4/2009 16.42 13.48 -11.19 7.35 11.50 12.35 9.39 15.87
3/2009 -11.84 -4.30 11.94 7.73 8.39 10.94 8.54 -14.74
2/2009 7.04 3.33 1.58 -11.72 -10.38 -6.68 -10.99 -10.90
1/2009 26.79 33.83 2.05 -8.84 -13.73 -6.38 -8.57 15.23
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Figure 1: John’s Wealth Utility Functions

month. Here x ∈ X := {x ∈ RN+ | xT e ≤ 1} (e denotes the vector whose elements are all 1’s) is
John’s portfolio choice. Example 2.2 provides boundary conditions (2.8) and (2.9) of John’s risk
preference based on CRRA utility function with a range of relative coefficients of risk aversion. In
Examples 2.3 and 2.4, Mary further analyzes John’s risk attitude using the certainty equivalent and
preference comparison methods. Based on these analyses, Mary constructs the general conditions
(2.11) and (2.14) on utility. In this portfolio management case, a risk averse utility set U defined
by conditions (2.8), (2.11), and (2.14) is represented as

U :=


u ∈ U2

(t/2)0.59 ≤ u(t) ≤ (t/2)0.32, t ∈ [0, 2],
u(0.16) ≤ 0.25, u(0.24) ≥ 0.25,
u(0.46) ≤ 0.50, u(0.54) ≥ 0.50,
u(0.54) ≤ 0.75, u(1.04) ≥ 0.75,
0.7u(0.2) + 0.3u(1.2) ≥ 0.5u(1) + 0.5u(0),
0.3u(0.8) + 0.7u(1.8) ≥ 0.5u(1) + 0.5u(2).


.

To simply this study, we do not use the boundary condition (2.9) on marginal utility.
Our portfolio optimization model is described by

max
x∈X

min
u∈U

M∑
k=1

pku(1 + xT ξk). (5.1)

To solve model (5.1), we approximate U by U(L) (L = 100) denoted as in (4.6) which is built on the
partition equally dividing the interval [0, 2] into L subintervals. Theorem 4.11 shows convergence
of the optimal value and the set of optimal solution of the problem

max
x∈X

min
u∈U(L)

M∑
k=1

pku(1 + xT ξk) (5.2)
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to those of the true counterpart (5.1). When solving this approximation problem by the reformu-
lation (3.7) given in Theorem 3.1, the optimal portfolio is

DJI: 0, EFA: 0, GOX: 0.207404, GSPC: 0,
IXIC: 0.41178, TNX: 0, TYX: 0, W5000: 0.380816.

Also, the optimal dual obtained from solving (3.7) gives us a saddle point to identify an optimal
utility function, denoted as u∗ in Figure 1. Observe that u∗ is a piecewise linear increasing con-
cave function between the lower bound function (t/2)0.59 and the upper bound function (t/2)0.32.
The five break points of u∗ are also labeled in Figure 1. This example suggests that the linear
programming reformulation based approach is viable.

6 conclusions

Utility assessments typically result in ambiguity and inconsistency in the elicited utility function.
To address this problem, we have developed a flexible decision making framework using a risk
averse utility set described by boundary and general conditions on utility specifying a decision
maker’s risk attitude. This research is based on a novel probabilistic interpretation of utility, which
regards utility and marginal utility functions as the c.d.f. and p.d.f of an underlying random utility
index. We have also deduced a fundamental complementary relationship between random outcome
and utility function from this interpretation. A tractable reformulation has been given for the
discrete specification of a risk averse decision maker. We have also discussed the convergence of an
approximation problem for the general continuous specification of a decision maker. A portfolio
investment decision problem has illustrated a construction of the utility set using of classical non-
parametric and parametric utility assessments. The computation results have demonstrated the
usefulness of this decision making framework.
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A The proof of Lemma 4.10

The uniform convergence of πL(x) to π(x) means that, for any ε > 0, there exists L̂ such that, for
all L ≥ L̂,

sup
x∈X
‖πL(x)− π(x)‖ ≤ ε,

which implies that |yL − y∗| ≤ ε. It follows that yL → y∗ as L→∞.
Arguing with a contradiction, we suppose that D(ZL,Z) 9 0. There is xL ∈ ZL such that

d(xL,Z) := minz∈Z ‖xL − z‖ ≥ δ for some δ > 0. For the compactness of X , we can assume that
xL converges to a point x∗ ∈ X . It follows x∗ /∈ Z and hence π(x∗) < y∗. Moreover, yL = πL(xL)
and

|πL(xL)− π(x∗)| ≤ |πL(xL)− π(xL)|+ |π(xL)− π(x∗)|,

whose first item |πL(xL) − π(xL)| → 0 by the uniform convergence of πL to π under Assumption
(iii) and second item |π(xL) − π(x∗)| → 0 by the continuity of π under Assumption (ii). That is,
we have a contradiction that yL > y∗.
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