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In this paper we consider a cardinality-constrained quadratic program that minimizes a

convex quadratic function subject to a cardinality constraint and linear constraints. This

class of problems has found many applications, including portfolio selection, subset selection

and compressed sensing. We propose a successive convex approximation method for this class

of problems in which the cardinality function is first approximated by a piecewise linear DC

function (difference of two convex functions) and a sequence of convex subproblems are then

constructed by successively linearizing the concave terms of the DC function. Under some

mild assumptions, we establish that any accumulation point of the sequence generated by

the method is a KKT point of the DC approximation problem. We show that the basic

algorithm can be refined by adding valid inequalities in the subproblems. We report some

preliminary computational results which show that our method is promising for finding

good suboptimal solutions and is competitive with some other local solution methods for

cardinality-constrained quadratic programs.
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1. Introduction

Cardinality constraint is often encountered in optimization models of real-world applications

when the decision variables have to be sparse or the number of nonzero variables is required to

be less than the total number of the decision variables. A cardinality-constrained quadratic

program can be expressed as

(P ) min xTQx+ cTx

s.t. card(x) ≤ K,

x ∈ X,

where Q is an n× n positive semidefinite matrix, c ∈ ℜn, card(x) is the number of nonzero

variables of x, 0 < K < n is an integer, and X is a bounded polyhedral set in the form of

X = {x ∈ ℜn | Ax ≤ b}. In the absence of the cardinality constraint card(x) ≤ K, problem

(P ) reduces to a conventional convex quadratic program that can be solved efficiently (see,

e.g., Nocedal and Wright (1999)). It has been shown that problem (P ) is in general NP-hard

due to the presence of the cardinality constraint (see Bienstock (1996); Shaw et al. (2008)).

The computational difficulty of problem (P ) stems from the combinatorial nature of the

cardinality constraint. In fact, by introducing a 0-1 variable yi to enforce xi = 0 or xi 6= 0,

problem (P ) can be reformulated as the following standard mixed-integer 0-1 quadratic

program (MIQP):

min xTQx+ cTx

s.t. eTy ≤ K, y ∈ {0, 1}n,

liyi ≤ xi ≤ uiyi, i = 1, . . . , n,

x ∈ X,

where e ∈ ℜn is the all one column vector, and l and u are the lower bound and upper bound

vectors of X , respectively.

Many optimization problems can be formulated as cardinality-constrained quadratic pro-

grams. For instance, the cardinality-constrained or limited diversified mean-variance port-

folio selection model takes the form of (P ) where the cardinality constraint limits the total

number of different assets in the optimal portfolio (see, e.g., Bienstock (1996); Blog et al.

(1983); Chang et al. (2000); Jacob (1974); Shaw et al. (2008); Woodside-Oriakhi et al. (2011)).
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Recently, the topic of finding sparse solutions to a system of linear equations has attracted

much attention in subset selection problems of multivariate linear regression (see Arthanari

and Dodge (1993); Miller (2002)) and compressed sensing problems of signal processing (see

Bruckstein et al. (2009) and the references therein). The optimization model of such prob-

lems is a special case of (P ) where q(x) = ‖Ax− b‖22 and the general linear constraint x ∈ X

is absent.

Solution methods in the literature for problem (P ) can be classified into two main cat-

egories: exact methods and heuristic methods. We also call a heuristic method as a local

method if certain convergence to some suboptimal or local solution can be established for this

heuristic method. Most of the exact methods for (P ) are of branch-and-bound framework

based on various relaxations and bounding techniques. Bienstock (1996) developed a branch-

and-cut method for solving the MIQP reformulation of (P ) where four types of cutting planes

for the MIQP reformulation of (P ) were considered. Li et al. (2006) proposed an exact so-

lution method for cardinality constrained mean-variance models under round lot constraints

and concave transaction costs. The method of Li et al. (2006) is based on a Lagrangian

relaxation scheme and contour-domain cut branching rules. Shaw et al. (2008) presented

a branch-and-bound method for cardinality constrained mean-variance portfolio problems,

where the asset returns are driven by a factor model. Subgradient method is employed in

Shaw et al. (2008) to compute a Lagrangian bound at each node of the search tree. Vielma

et al. (2008) developed a branch-and-bound method for the MIQP reformulation of (P )

based on a lifted polyhedral relaxation of conic quadratic constraints. Bertsimas and Shioda

(2009) presented a specialized branch-and-bound method for (P ) where a convex quadratic

programming relaxation at each node is solved via Lemke’s pivoting algorithm. Bonami and

Lejeune (2009) proposed a branch-and-bound method for the mean-variance model under

stochastic and integer constraints, including cardinality and minimum threshold constraints.

Another line of research on exact methods for (P ) is the development of tight MIQP

reformulations of (P ). Frangioni and Gentile (2006, 2007) derived a novel perspective re-

formulation for quadratic programs with semi-continuous variables xi ∈ {0} ∪ [αi, ui] for

i = 1, . . . , n (see also Frangioni and Gentile (2009); Günlük and Linderoth (2010)). The

perspective reformulation can be easily extended to deal with cardinality constraint in (P ).

It can be shown that the perspective reformulation of (P ) is more efficient than the standard

MIQP reformulation in the sense that the continuous relaxation of perspective reformulation

is tighter than that of the standard MIQP reformulation. Cui et al. (2012) investigated
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a class of cardinality-constrained portfolio selection problems where the assets returns are

driven by factor models. A second-order cone program relaxation and an MIQCQP reformu-

lation were derived in Cui et al. (2012) using the Lagrangian decomposition scheme similar to

that of Shaw et al. (2008) and the special structure of the factor models. Zheng et al. (2011)

proposed an SDP approach for finding the “best” diagonal decomposition in the perspective

reformulation of quadratic program with cardinality and minimum threshold constraints.

Heuristic methods for (P ) are typically metaheuristic approaches based on genetic al-

gorithms, tabu search and simulated annealing. Chang et al. (2000) and Woodside-Oriakhi

et al. (2011) proposed several metaheuristic methods for finding the efficient frontier of prob-

lem (P ). A detailed literature review on metaheuristic methods for portfolio selection with

discrete features can be found in Chang et al. (2000) and Woodside-Oriakhi et al. (2011).

Murray and Shek (2011) proposed an efficient heuristic method for problem (P ) which ex-

plores the structure of factor-model of the asset returns and utilizes the clustering techniques

to identify subsets of similar assets. Heuristic methods and local search methods for portfo-

lio selection models with cardinality constraints and minimum buy-in threshold constraints

have been also studied by many other authors in the context of limited-diversification, small

portfolios and empirical study for comparing different portfolio selection models with real

features (see, e.g., Blog et al. (1983); Jacob (1974); Jobst et al. (2001); Maringer and Kellerer

(2003)).

It is often convenient to define the cardinality function card(x) as ℓ0-norm ‖x‖0, which

is the limit of the ℓp-norm ‖x‖p as p tends to zero. The ℓ1-norm approximation has been a

popular method for finding sparse solutions to linear systems (see Bruckstein et al. (2009)

and the references therein). Replacing the cardinality constraint by the ℓ1-norm constraint

‖x‖1 ≤ K, we can obtain a convex approximation of (P ):

(P1) min q(x) := xTQx+ cTx

s.t. ‖x‖1 ≤ K,

x ∈ X,

which can be further reduced to a convex quadratic program with linear constraints. In

contrast to its successful application in sparse solution to linear system, the ℓ1-norm approx-

imation problem (P1), however, does not often produce solutions with desired sparsity, as

witnessed in our computational results.
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Several nonconvex approximations to ℓ0-norm have been recently studied in the litera-

ture. The complexity and the lower bound theory of nonzero entries of ℓ2-ℓp minimization

were investigated in Chen et al. (2009) and Chen et al. (2011). It was shown in Ge et al.

(2011) that the ℓp minimization (0 < p < 1) is NP-hard. An interior-point potential re-

duction algorithm was then proposed in Ge et al. (2011) to search for a local solution of ℓp

minimization. Similar nonconvex approximations to ℓ0-norm have been used in sparse gen-

eralized eigenvalue problem (Sriperumbudur et al. (2011)), feature selection (Weston et al.

(2003)), sparse signal recovery (Candes et al. (2008)) and matrix rank minimization (Fazel

et al. (2003)). A local deterministic optimization approach based on DC programming was

developed in Gulpinar et al. (2010) for worst-case mean-variance portfolio selection problems

with cardinality constraint. Gulpinar et al. (2010) first formulated the MIQP form of (P )

as a DC program by using a penalty term
∑n

i=1
yi(1 − yi) for 0-1 variables y ∈ {0, 1}n and

then applied the DC algorithm (see Le Thi and Pham Dinh (2005); Pham Dinh and Le Thi

(1997)) to find a local optimal solution of the problem. A linear program is solved at each

iteration of this DC algorithm. Recently, Lu and Zhang (2012) proposed a novel penalty

decomposition (PD) method for ℓ0-norm minimization problem which minimizes a general

nonlinear convex function subject to ‖x‖0 ≤ K. This PD method framework was also used

in Lu and Zhang (2010) for rank minimization. Alternating direction method or block co-

ordinate descent method was utilized in Lu and Zhang (2012) and Lu and Zhang (2010) to

find a local optimal solution of the problems.

In this paper we propose a successive convex approximation (SCA) method for solving

problem (P ). This method is based on a new piecewise linear DC approximation of the

cardinality function card(x) or ‖x‖0. A prominent feature of this piecewise linear DC ap-

proximation lies in its polyhedral properties which can be exploited to construct tighter

convex subproblems when linearization method is used to derive convex approximation. We

present a basic iteration method in which a sequence of convex quadratic subproblems are

solved successively. Under some mild assumptions, we establish that any accumulation point

of the sequence generated by the method is a KKT point of the DC approximation problem.

This basic SCA method can be further refined and improved by adding valid inequalities

derived from the piecewise linear DC approximation to ‖x‖0 ≤ K. We report computational

results of the method when applied to test problems of portfolio selection, subset selection

and compressed sensing. The computational results show that our method is promising for

finding good suboptimal solutions. In particular, our method can often improve the feasible
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solutions found by ℓ1-norm approximation and is competitive with the PD method of Lu

and Zhang (2012) in terms of the computation time and the quality of the feasible solutions

obtained.

The rest of the paper is organized as follows. In Section 2, we derive a piecewise linear

DC approximation to the cardinality function and establish some technical results on the

DC approximation. In Section 3, we first present the basic successive convex approximation

method and establish its convergence. We then describe a refined method by adding n valid

inequalities into the subproblems. In Section 4, we carry out numerical experiments to eval-

uate the performance of the algorithm for solving test problems of cardinality-constrained

quadratic programs from portfolio selection, subset selection and compressed sensing. Fi-

nally, we give some concluding remarks in Section 5.

2. Piecewise Linear DC Approximation to ‖x‖0

In this section, we derive a new piecewise linear DC approximation to the cardinality function

card(x), or equivalently, the ℓ0-norm ‖x‖0. We also present some basic properties of this DC

approximation.

We first notice that

‖x‖0 =
n

∑

i=1

sign(|xi|), (1)

where sign(z) denotes the sign function of z ∈ ℜ which is discontinuous at 0. Consider the

following piecewise linear approximation of sign(|z|):

ψ(z, t) = min{1,
1

t
|z|}, (2)

where t > 0 is a parameter. Fig. 1 illustrates the graphs of functions y = sign(|z|) and

y = ψ(z, t).

We see that function ψ(z, t) can be also expressed as

ψ(z, t) =
1

t
|z| −

1

t

[

(z − t)+ + (−z − t)+
]

=
1

t
[h(z, 0)− h(z, t)],

where a+ = max(a, 0) and h(z, t) = (z − t)+ + (−z − t)+. Since h(z, t) is a convex function

of z, ψ(z, t) is a DC function (difference of two convex functions) of z. Using ψ(z, t), we

can construct the following piecewise linear underestimation of the ℓ0-norm function ‖x‖0

for x ∈ ℜn:

φ(x, t) =

n
∑

i=1

ψ(xi, t) =
1

t
‖x‖1 −

1

t
g(x, t),
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Figure 1: (a) function y = sign(|z|); (b) function y = ψ(z, t)

where g(x, t) =
∑n

i=1
h(xi, t). We see that φ(x, t) is a nonsmooth piecewise linear DC function

of x.

The following lemma summarizes some basic properties of φ(x, t) and can be easily proved.

Lemma 1 (i)For any t > 0, φ(x, t) is a piecewise linear underestimation of ‖x‖0, i.e.,

φ(x, t) ≤ ‖x‖0, ∀x ∈ ℜn, and φ(x, t) is a non-increasing function of t.

(ii) For any fixed x ∈ ℜn, it holds

lim
t→0+

φ(x, t) = ‖x‖0.

(iii) The subgradient of the convex function g(x, t) is ∂g(x, t) = {(ξ1, . . . , ξn)
T | ξi ∈

∂h(xi, t), i = 1, . . . , n}, where

∂h(xi, t) =























−1, xi ∈ (−∞,−t),
[−1, 0], xi = −t,
0, xi ∈ (−t, t),
[0, 1], xi = t,
1, xi ∈ (t,∞).

(3)

(iv) φ(x, t) is a continuous nonconvex function of x ∈ ℜn and its Clarke’s generalized

gradient (see Clarke (1983)) is ∂φ(x, t) = {(ξ1, . . . , ξn)
T | ξi ∈ ∂ψ(xi, t), i = 1, . . . , n}, where

∂ψ(xi, t) =







































0, xi ∈ [−∞,−t),
[−1/t, 0], xi = −t,
−1/t, xi ∈ (−t, 0),
[−1/t, 1/t], xi = 0,
1/t, xi ∈ (0, t),
[0, 1/t], xi = t,
0, xi ∈ (t,∞].

(4)
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It is worth pointing out that φ(x, t) does not uniformly converge to ‖x‖0 on X even if X

is a convex compact set.

We now consider the DC approximation to problem (P ). Replacing the ℓ0-norm (car-

dinality) constraint in (P ) by the above DC approximation φ(x, t), we obtain the following

quadratic program with a DC constraint:

(Pt) min xTQx+ cTx

s.t. φ(x, t) ≤ K,

Ax ≤ b.

Since φ(x, t) ≤ ‖x‖0 for any x ∈ ℜn and t > 0, problem (Pt) is a relaxation of (P ). Let F0

and Ft denote the feasible sets of problem (P ) and (Pt), respectively.

F0 = {x ∈ ℜn | ‖x‖0 ≤ K, Ax ≤ b}, Ft = {x ∈ ℜn | φ(x, t) ≤ K, Ax ≤ b}.

It is easy to see that F0 and Ft are closed sets in ℜn and F0 ⊆ Ft for any t > 0.

Example 1 To illustrate the feasible sets of (P ) and (Pt), let us consider a small example

of (P ) where F0 = {x ∈ [−1, 1]2 | ‖x‖0 ≤ 1}. The feasible set of (Pt) is Ft = {x ∈ [−1, 1]2 |

φ(x, t) ≤ 1} with 0 < t < 1. Fig. 2 illustrates the two feasible sets, from which we can see

that F0 is the union of the two cross lines and Ft is the union of the small diamond and

the four attached shorter lines. The diamond area inside the dashed lines is the ℓ1-norm

approximation of F0.

x2

x 1

x2

x 1
1t

(b)

1

−1

−1

1

−t0

−1

1

(a)

−1

F0 tF

Figure 2: (a) Set F0; (b) Set Ft
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Let x∗ be a local optimal solution to (Pt). By Proposition 2.3.3 and Theorem 6.1.1 in

Clarke (1983), there exist λ∗ ∈ ℜm
+ and µ∗ ∈ ℜ+ such that

0 ∈ 2Qx∗ + c+ ATλ∗ + µ∗∂φ(x∗, t), (5)

(λ∗)T (Ax∗ − b) = 0, (6)

µ∗(φ(x∗, t)−K) = 0. (7)

We call a point x∗ satisfying conditions (5)-(7) as a KKT point of problem (Pt).

The following theorem shows the relationship between (Pt) and (P ).

Theorem 1 Let v(·) denote the optimal value of problem (·). Then

(i) Ft is a non-decreasing set-valued function of t > 0 and limt→0+ Ft = F0;

(ii) v(Pt) is a non-decreasing function of t > 0 and limt→0+ v(Pt) = v(P ).

Proof. (i) Since φ(x, t) is non-increasing with respect to t, we have φ(x, t2) ≤ φ(x, t1) for

any 0 < t1 ≤ t2, which in turn implies that F0 ⊂ Ft1 ⊆ Ft2 . It follows that limt→0+ Ft

exists (see, e.g., Rockafellar and Wets (2004)) and limt→0+ Ft ⊇ F0. Next, we prove that

limt→0+ Ft ⊆ F0. For any x ∈ limt→0+ Ft, there exist tk → 0+ and xk ∈ Ftk such that xk → x.

Since xk ∈ Ftk , we have xk ∈ X and φ(xk, tk) ≤ K. Taking k → ∞ and using Lemma 1 (ii),

we have x ∈ X and ‖x‖0 ≤ K. Therefore, x ∈ F0 and limt→0+ Ft ⊆ F0.

(ii) For any set A ∈ ℜn, define IA(x) as follows: IA(x) = 0 if x ∈ A and IA(x) = +∞ if

x 6∈ A. Let θt(x) = xTQx+cTx+IFt
(x) and θ0(x) = xTQx+cTx+IF0

(x). Since xTQx+cTx

is a continuous function, θt(·) and θ0(·) are lower semi-continuous and proper functions.

Moreover, θt(·) epi-converges to θ0(·) as t→ 0+. It then follows from (i) and Proposition 7.4

in Rockafellar and Wets (2004) that IFt
(·) epi-converges to IF0

(·) as t → 0+. Therefore, by

Theorem 7.33 in Rockafellar and Wets (2004), we have limt→0+ v(Pt) = v(P ). �

3. Successive Convex Approximation Methods

In this section, we first describe a basic successive convex approximation method for the DC

approximation problem (Pt) by constructing a sequence of convex quadratic subproblems.

Convergence to a KKT point of (Pt) is then established. To improve the approximation

effects of the subproblems to the original problem (P ), we further refine the basic algorithm

by including a group of valid inequalities to the convex quadratic subproblems.
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3.1 Basic Successive Convex Approximation Method

Let y be a feasible solution to (Pt). Recall that φ(x, t) =
1

t
‖x‖1 −

1

t
g(x, t). Let ξ ∈ ∂g(y, t),

where ∂g(y, t) is defined in (3). Since g(x, t) is a convex function of x, we have the following

convex underestimation of φ(x, t) at y:

φ(x, t) ≥ u(x, y, ξ, t) :=
1

t
‖x‖1 −

1

t
[g(y, t) + ξT (x− y)], ∀x ∈ ℜn. (8)

Using (8), the following convex subproblem can be constructed at y:

(Pt(y, ξ)) min q(x) := xTQx+ cTx

s.t. Ax ≤ b

u(x, y, ξ, t) ≤ K.

The nonsmoothness of the term ‖x‖1 in function u(x, y, ξ, t) can be eliminated by introducing

variables zi = |xi| for i = 1, . . . , n. The resulting problem is the following convex quadratic

program:

(CPt(y, ξ)) min q(x) := xTQx+ cTx

s.t. Ax ≤ b
1

t
eT z −

1

t
[g(y, t) + ξT (x− y)] ≤ K,

− xi ≤ zi ≤ xi, i = 1, . . . , n.

It is easy to see that x∗ solves (Pt(y, ξ)) if and only if (x∗, z∗) solves (CPt(y, ξ)) with z
∗

i = |x∗i |

(i = 1, . . . , n). In fact, for any optimal solution (x∗, z∗) of (CPt(y, ξ)), it must have z∗i = |x∗i |

since the second constraint of (CPt(y, ξ)) implies that z∗i should be as small as possible and

the third constraint enforces z∗i = |x∗i | for i = 1, . . . , n.

Let Ft(y, ξ) be the feasible sets of problem (Pt(y, ξ)). Then Ft(y, ξ) 6= ∅ as we always have

y ∈ Ft(y, ξ). Also, by (8), it holds Ft(y, ξ) ⊆ Ft and hence v(Pt(y, ξ)) ≥ v(Pt). Therefore,

(Pt(y, ξ)), or equivalently, (CPt(y, ξ)), is a convex conservative approximation of (Pt).

The following lemma shows when the optimal solution to (CPt(y, ξ)) is also an optimal

solution to (Pt).

Lemma 2 Let ȳ ∈ Ft. If (ȳ, z̄) solves (CPt(ȳ, ξ̄)) for some ξ̄ ∈ ∂g(ȳ, t), then ȳ is KKT

point of (Pt).
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Proof. We first notice that (ȳ, z̄) must satisfy z̄i = |ȳi| for i = 1, . . . , n. Since (CPt(ȳ, ξ̄))

is a convex quadratic problem, by the KKT theorem, there exist multipliers (λ̄, ᾱ, β̄, µ̄) ≥ 0

such that

2Qȳ + c+ AT λ̄+ ᾱ− β̄ −
1

t
µ̄ξ̄ = 0, (9)

1

t
µ̄e− ᾱ− β̄ = 0, (10)

λ̄T (Aȳ − b) = 0, (11)

µ̄[
1

t
eT z̄ −

1

t
g(ȳ, t)−K] = 0, (12)

ᾱi(z̄i − ȳi) = 0, β̄i(z̄i + ȳi) = 0, i = 1, . . . , n. (13)

We now show that ᾱ − β̄ + (1/t)µ̄ξ̄ ∈ µ̄∂φ(ȳ, t). In fact, since z̄i = |ȳi| for i = 1, . . . , n,

(13) implies that ȳi > 0 ⇒ β̄i = 0 and ȳi < 0 ⇒ ᾱi = 0. Thus, we deduce from (10)

that αi = (1/t)µ̄ when ȳi > 0 and βi = (1/t)µ̄ when ȳi < 0. When ȳi = 0, (10), together

with ᾱi ≥ 0 and β̄i ≥ 0, implies ᾱi − β̄i ∈ [−(1/t)µ̄, (1/t)µ̄]. It then follows from (4) that

ᾱ− β̄+ (1/t)µ̄ξ̄ ∈ µ̄∂φ(ȳ, t). Thus, we infer from (9), (11) and (12) that ȳ satisfies the KKT

conditions (5)-(7) of (Pt). �

The main idea of the successive convex approximation (SCA) method is to generate a

sequence of feasible solutions {xk} by successively solving the convex conservative approx-

imation subproblems (Pt(x
k, ξk)) via (CP t(x

k, ξk)), where x0 is an initial feasible solution

to (Pt) and xk+1 is an optimal solution to (Pt(x
k, ξk)). A detailed description of the basic

successive convex approximation method is given as follows.

Algorithm 1 (Basic SCA Method for (P ))

Step 0. Choose t > 0 and a stopping parameter ǫ > 0. Choose x0 ∈ Ft and ξ
0 ∈ ∂g(x0, t).

Set k := 0.

Step 1. Solve the convex quadratic subproblem (CPt(x
k, ξk)), where ξk ∈ ∂g(xk, t) is

determined by

ξki =























−1, xki < −ti,
−0.5, xki = −ti,
0, −ti < xki < ti,
0.5, xki = ti,
1, xki > ti,

(14)

for i = 1, . . . , n. Let (xk+1, zk+1) be an optimal solution to (CPt(x
k, ξk)).
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Step 2. If ‖xk+1 − xk‖ ≤ ǫ, stop.

Step 3. Set k := k + 1 and go to Step 1.

A sequential convex algorithm was proposed by Hong et al. (2011) for solving a nonlinear

program with a DC constraint g1(x) − g2(x) ≤ 0, where gi (i = 1, 2) are continuously

differentiable convex functions. Algorithm 1 can be viewed as a generalization of the method

in Hong et al. (2011) for solving problem (Pt) which has a nonsmooth DC constraint φ(x, t) ≤

K.

We now establish the convergence of Algorithm 1 to a KKT point of (Pt).

Theorem 2 Let ǫ = 0 and {(xk, zk)} be a sequence of solutions generated by Algorithm 1.

(i) If the algorithm stops when xk+1 = xk, then xk is a KKT point of problem (Pt).

(ii) Any cluster point of {xk} is a KKT point of (Pt).

Proof. (i) If the algorithm stops when xk+1 = xk, then xk solves (CPt(x
k, ξk)). By Lemma

2, xk is a KKT point of problem (Pt).

(ii) Since xk+1 solves (Pt(x
k, ξk)) and xk is feasible to (Pt(x

k, ξk)), it holds v(Pt) ≤

q(xk+1) ≤ q(xk). So {q(xk)} is non-increasing and convergent with limk→∞ q(xk) = infk q(x
k) ≥

v(Pt).

Let x̄ be a cluster point of {xk}. Then, there exists a subsequence {xkj} ⊂ {xk} such

that xkj → x̄. Since xk ∈ Ft, we have x̄ ∈ Ft and q(x̄) = limk→∞ q(xk) = infk q(x
k).

Let z̄i = |x̄i| for i = 1, . . . , n. In the following, we prove that (x̄, z̄) is an optimal solution

to (CPt(x̄, ξ̄)) for some ξ̄ ∈ ∂g(x̄, t) so that by Lemma 2 x̄ is a KKT point of (Pt). We first

show that there exists a sufficiently large j such that the feasible set of (CPt(x
kj , ξkj)) is the

same as that of (CPt(x̄, ξ̄)) for some ξ̄ ∈ ∂g(x̄, t). To this end, we consider the linearized

constraint in (CPt(y, ξ)):

1

t
eT z −

1

t
[g(y, t) + ξT (x− y)] ≤ K, (15)

where g(y, t) =
∑n

i=1
h(yi, t) with h(yi, t) = (yi − t)+ + (−yi − t)+ and ξ ∈ ∂g(y, t). Let

p(xi, yi, ξi) = h(yi, t) + ξi(xi − yi).

Then, (15) can be expressed as

1

t
eT z −

1

t

n
∑

i=1

p(xi, yi, ξ) ≤ K. (16)
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For each i = 1, . . . , n, consider the following two cases of x̄i:

(i) x̄i ∈ (−∞,−t) ∪ (−t, t) ∪ (t,+∞);

(ii) x̄i = t or x̄i = −t.

In case (i), since x
kj
i → x̄i, when j is sufficiently large , x

kj
i lies in the same open interval

as x̄i does. Thus, by (14), one of the following three subcases happens:

(1) x̄i, x
kj
i ∈ (−∞,−t), ξ

kj
i = −1 = ξ̄i ∈ ∂h(x̄i, t), and

p(xi, x
kj
i , ξ

kj
i ) = (−xkj − t)− (xi − x

kj
i ) = −xi − t = p(xi, x̄i, ξ̄i).

(2) x̄i, x
kj
i ∈ (−t, t), ξ

kj
i = 0 = ξ̄i ∈ ∂h(x̄i, t), and

p(xi, x
kj
i , ξ

kj
i ) = 0 = p(xi, x̄i, ξ̄i).

(3) x̄i, x
kj
i ∈ (t,+∞), ξ

kj
i = 1 = ξ̄i ∈ ∂h(x̄i, t), and

p(xi, x
kj
i , ξ

kj
i ) = (x

kj
i − t) + (xi − x

kj
i ) = xi − t = p(xi, x̄i, ξ̄i).

In case (ii), when j is sufficiently large, then x
kj
i > 0 if x̄i = t or x

kj
i < 0 if x̄i = −t.

When x̄i = t, by (14), we have ξ
kj
i = 0 if 0 < x

kj
i < t, ξ

kj
i = 0.5 if x

kj
i = t, and ξ

kj
i = 1 if

x
kj
i > t. Consequently, we have

p(xi, x
kj
i , ξ

kj
i ) =











0 0 < x
kj
i < t,

0.5(xi − x
kj
i ) = 0.5(xi − t), x

kj
i = t,

(x
kj
i − t) + (xi − x

kj
i ) = xi − t, x

kj
i > t.

(17)

On the other hand, when x̄i = t, we have p(xi, x̄i, ξ̄i) = ξ̄i(xi−t), where ξ̄i ∈ ∂h(x̄i, t) = [0, 1].

Thus, we have from (17) that

p(xi, x
kj , ξ

kj
i ) = p(xi, x̄i, ξ̄i), for some ξ̄i ∈ ∂h(x̄i, t). (18)

Similarly, we can show that (18) holds when x̄i = −t.

In summary, we have shown that (18) holds for each i = 1, . . . , n when j is sufficiently

large. Therefore, we deduce from (16) that the feasible set of problem (CPt(x
kj , ξkj)) is

identical to that of problem (CPt(x̄, ξ̄)) for some ξ̄ ∈ ∂g(x̄, t), when j is sufficiently large.

Since (xkj+1, zkj+1) is an optimal solution to (CPt(x
kj , ξkj)), it is also an optimal solution

to (CPt(x̄, ξ̄)). Since (x̄, z̄) is a feasible solution to (CPt(x̄, ξ̄)), we have q(xkj+1) ≤ q(x̄), so

it must hold q(xkj+1) = q(x̄) by the fact q(x̄) = infk q(xk). Therefore, (x̄, z̄) is an optimal

solution to (CPt(x̄, ξ̄)) for some ξ̄ ∈ ∂g(x̄, t). This completes the proof of the theorem. �

13



3.2 Refined SCA Method with Valid Inequalities

In the previous subsection, only the convex underestimation (8) is used in the convex sub-

problem (Pt(y, ξ)) to approximate the DC constraint φ(x, t) ≤ K. We consider in this

subsection a group of valid inequalities for improving the convex approximation problem

(Pt(y, ξ)).

Recall that φ(x, t) =
∑

i=1
ψ(xi, t) and the convex underestimation of φ(x, t) is

u(x, y, ξ, t) =

n
∑

i=1

w(xi, yi, ξ, t),

where w(xi, yi, ξ, t) =
∑n

i=1

1

t
|xi| −

1

t
[h(yi, t) + ξi(xi − yi)] is the convex underestimation of

ψ(xi, t).

By the definition of ψ(xi, t), it always holds ψ(xi, t) ≤ 1 (i = 1, . . . , n) and thus ψ(xi, t) ≤

1 (i = 1, . . . , n) are redundant to the constraints in (Pt). However, the convex constraints

w(xi, ξ, yi, t) ≤ 1 (i = 1, . . . , n), which are the conservative approximation of ψ(xi, t) ≤ 1,

provide valid inequalities to the feasible set of (Pt(y, ξ)), which can help to improve the

approximation of the subproblem (Pt(y, ξ)) to the original problem (P ).

To illustrate the effect of adding valid inequalities to the feasible set of (Pt(y, ξ)), let

us consider an example with F0 = {x ∈ [−1, 1]3 | ‖x‖0 ≤ 2}. Let 0 < t < 0.5 and

y = (0.5, t, 0)T ∈ F0. Take ξ = (1, 0.5, 0)T ∈ ∂g(y, t). Then, the feasible set of (Pt(y, ξ)) is

Ft(y, ξ) = {x ∈ [−1, 1]3 |
1

t
‖x‖1 −

1

t
[(x1 − t) + 0.5(x2 − t)] ≤ 2}.

The valid inequalities w(xi, ξ, yi, t) ≤ 1 (i = 1, 2, 3) have the following forms:

1

t
[|x1| − (x1 − t)] ≤ 1,

1

t
[|x2| − 0.5(x2 − t)] ≤ 1,

1

t
|x3| ≤ 1.

Notice that the first valid inequality can be reduced to x1 ≥ 0 and the second and third

inequalities are redundant to Ft(y, ξ). So, the revised feasible set after adding the valid

inequalities is

F v
t (y, ξ) = Ft(y, ξ) ∩ {x ∈ ℜ3 | x1 ≥ 0}.

Fig. 3 illustrates the projections of sets Ft(y, t) and F v
t (y, ξ) to the plane L = {x ∈ ℜ3 |

x3 = 0}, respectively, from which we can see clearly that F v
t (y, ξ) ⊂ Ft(y, ξ).

Using these n valid inequalities, the convex approximation subproblem at y can be

strengthened to

(P v
t (y, ξ)) min xTQx+ cTx
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Figure 3: (a) Projection of set Ft(y, ξ) to L; (b) Projection of set F v
t (y, ξ) to L

s.t. Ax ≤ b,

u(x, y, ξ, t) ≤ K,

w(xi, yi, ξi, t) ≤ 1, i = 1, . . . , n,

which is equivalent to a convex quadratic program:

(CP v
t (y, ξ)) min xTQx+ cTx

s.t. Ax ≤ b,
1

t
eT z −

1

t
[g(y, t) + ξT (x− y)] ≤ K,

1

t
zi −

1

t
[h(yi, t) + ξi(xi − yi)] ≤ 1, i = 1, . . . , n,

− xi ≤ zi ≤ xi, i = 1, . . . , n.

Accordingly, we have the following refined successive convex approximation method for

(P ).

Algorithm 2 (Refined SCA Method for (P ))

Step 0. Choose a small t > 0 and a stopping parameter ǫ > 0. Choose x0 ∈ Ft and

ξ0 ∈ ∂g(x0, t). Set k := 0.

Step 1. Solve the convex quadratic subproblem (CP v
t (x

k, ξk)), where ξk ∈ ∂g(xk, t) is

determined by (14). Let (xk+1, zk+1) be an optimal solution to (CP v
t (x

k, ξk)).

Step 2. If ‖xk+1 − xk‖ ≤ ǫ, stop.

Step 3. Set k := k + 1 and go to Step 1.
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Similar to Algorithm 1, we can prove that the sequence {xk} generated by Algorithm 2

converges to a KKT point of (Pt).

We point out that the KKT point computed by Algorithms 1 and 2 may not satisfy

the cardinality constraint ‖x‖0 ≤ K. A simple heuristic can be used to search a feasible

solution to (P ) from a KKT point of (Pt). Let x̄ be a KKT point of (Pt). Without loss of

generality, assume that |x̄1| ≤ |x̄2| ≤ · · · ≤ |x̄n|. We can set xi = 0 for i = 1, . . . , n −K in

(P ) and resolve (P ) as a reduced convex quadratic program of the variables xn−K+1, . . . , xn.

If the reduced convex quadratic program is feasible, then its optimal solution combined with

x1 = · · · = xn−K = 0 provides a feasible suboptimal solution to (P ). For the unconstrained

case of (P ) where the general linear constraints Ax ≤ b are absent in (P ), this heuristic

can always find a feasible suboptimal solution to (P ). In general case, however, there is no

guarantee for the above heuristic to find a feasible solution of (P ). Notice that testing the

feasibility of (P ) is already NP-complete when A has three rows (see Bienstock (1996)).

We now give an illustrative example to demonstrate Algorithms 1 and 2.

Example 2 Consider the following problem

min q(x) := x21 − 4x1x2 − 6x1x3 + 5x22 + 8x2x3 + 17x23 + x3

s.t. ‖x‖0 ≤ 2,

x ∈ [−1, 1]3.

The optimal solution of the example is x∗ = (−0.1875, 0,−0.0625)T with q(x∗) = −0.0312.

We first solve the ℓ1-norm approximation of the example:

min x21 − 4x1x2 − 6x1x3 + 5x22 + 8x2x3 + 17x23 + x3

s.t. ‖x‖1 ≤ 2,

x ∈ [−1, 1]3.

The optimal solution of the above problem is x̄0 = (−0.8750,−0.2500, −0.1250)T with

q(x) = −0.0625. Setting x3 = 0 and solving the reduced quadratic program, we find a

feasible solution x0 = (0, 0, 0)T with q(x0) = 0.

We now set t = 0.01 and ǫ = 10−6. Starting from x0, Algorithm 1 stops at x̄1 =

(0, 0.01,−0.0318)T after 3 iterations. Setting x1 = 0 and resolving the reduced quadratic

program, we obtain x1 = (0, 0.0290,−0.0362)T with q(x1) = −0.0181. On the other hand,
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starting from x0, Algorithm 2 finds x̄2 = (−0.01, 0,−0.01)T after 2 iterations. Setting x2 = 0

and resolving the reduced quadratic program, we obtain x2 = (−0.1875, 0,−0.0625)T with

q(x2) = −0.0312, which is optimal to the example. We see from this example that the

heuristic gives a better solution starting from the solution generated by Algorithm 2.

4. Computational Results

In this section, we conduct computational experiments to evaluate the performance of the

SCA method (Algorithm2). Three types of test problems are considered in our experiments:

portfolio selection problem, subset selection problem and compressed sensing problem. The

main purpose of our computational experiments is to test the capability of the SCA method

for finding good quality suboptimal solutions. We also compare the SCA method with the ℓ1-

norm approximation and the penalty decomposition (PD) method in Lu and Zhang (2012).

Our preliminary numerical results suggest that the proposed successive convex approximation

method is promising for generating suboptimal solutions better than those obtained from

the ℓ1-norm approximation and is competitive with the PD method for the three classes of

test problems of (P ).

4.1 Implementation issues

The SCA method (Algorithm2), the ℓ1-norm approximation and the PD method are imple-

mented in Matlab 7.9 and run on a PC (2.4G MHZ, 6GB RAM). The Matlab codes in our

numerical test are available from http://my.gl.fudan.edu.cn/teacherhome/xlsun/dcqp.

All the convex quadratic subproblems in our numerical experiments are solved by the QP

solver in CPLEX 12.3 (see IBM ILOG CPLEX (2011)) with Matlab interface. In our imple-

mentation of the PD method in Lu and Zhang (2012), we use the Matlab code provided by the

authors, which is available at: http://people.math.sfu.ca/∼zhaosong/Codes/PD-sparse.

In our implementation of the SCA method and the PD method, the initial feasible so-

lutions are obtained by applying the simple heuristic described in the previous section from

an optimal solution of the ℓ1-norm approximation problem (P1). This simple heuristic is

also applied to the solutions computed by the SCA method and the PD method. It turns

out that feasible solutions can be obtained by the heuristic for all the three types of test

problems in our numerical experiment.
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For each test problem, we run Algorithm 2 for different parameter t and record the

best feasible solution found as the output of the suboptimal solution of the problem. More

specifically, we start from t = 0.5 and reduce t by t := t/3 for each run of Algorithm 2. This

process is terminated either when a feasible solution better than the initial feasible solution

is found or when the number of runs reaches 100.

4.2 Portfolio selection problem

In this subsection, we consider cardinality constrained portfolio selection problem. Let µ

and Q be the mean and covariance matrix of n risky assets, respectively. The cardinality

constrained mean-variance portfolio selection problem can be formulated as

(MV ) min xTQx

s.t card(x) ≤ K,

µTx ≥ ρ,

eTx = 1, 0 ≤ x ≤ ui, i = 1, . . . , n.

To build the test problems of (MV ), we use the 90 instances of portfolio selection created by

Frangioni and Gentile (2007), 30 instances each for n = 200, 300 and 400. The 30 instances

for each n are divided into three subsets, 10 instances in each subset, with different diagonal

dominance in matrix Q. The parameters ρ and ui are uniformly drawn at random from

intervals [0.002, 0.01] and [0.375, 0.425], respectively. The data files of these instances are

available at: http://www.di.unipi.it/optimize/Data/MV.html.

To measure the quality of a suboptimal solution x∗, we use the following relative improve-

ment of the function value of x∗ over the solution obtained from the ℓ1-norm approximation:

relative imp. =
f(xℓ1)− f(x∗)

max(1, |f(xℓ1)|)
(%), (19)

where f(x) = xTQx and xℓ1 is the feasible solution obtained from the ℓ1-norm approximation

problem (P1).

Table 1 summarizes the numerical results for test problems with n = 200, 300, 400 and

K = 40, 45, 50. Some notations in Table 1 are explained as follows:

• “SCA” stands for the improved successive convex approximation method (Algorithm

2);
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• “PD” stands for the penalty decomposition method in Lu and Zhang (2012);

• “Computing time” (in seconds) and “relative imp.” are average results for the 30

instances of each n;

• “d” denotes the number of times the algorithm finds a better suboptimal solution (i.e.,

relative imp. > 0) for the 30 instances of each n.

We see from Table 1 that the SCA method can often improve the feasible solutions obtained

from the ℓ1-norm approximation, while the PD method fails to make improvement for any

of the 90 instances with K = 40, 45, 50. It is also observed that the computation time of the

SCA method is less than that of the PD method.

Table 1: Comparison results for portfolio selection problems

SCA PD
n K Computing time relative imp. d Computing time relative imp. d

200 40 2.33 0.73 7 6.68 0.0 0
300 40 4.22 0.20 3 14.01 0.0 0
400 40 7.78 0.28 3 30.25 0.0 0
200 45 2.64 1.16 11 6.28 0.0 0
300 45 4.72 1.03 10 13.07 0.0 0
400 45 9.10 1.34 14 27.80 0.0 0
200 50 3.31 0.77 9 6.03 0.0 0
300 50 5.53 1.13 10 12.27 0.0 0
400 50 10.95 2.05 18 25.89 0.0 0

4.3 Subset selection problem

In this subsection, we consider subset selection problems in multivariate regression (see

Arthanari and Dodge (1993); Miller (2002)). For given m data points (ai, bi) with ai ∈ ℜn

and bi ∈ ℜ, the optimization model for the subset selection problem has the following form:

(SS) min ‖Ax− b‖22

s.t. card(x) ≤ K,

where AT = (a1, . . . , am) and b ∈ ℜm. Clearly, (SS) is a special form of problem (P ) when

the general linear constraints are absent. In practice, the number of data points m is usually

larger than the data dimension n.
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In our test, we generate the data in (SS) in the same fashion as Bertsimas and Shioda

(2009). For a fixed n, we generate m = 3n data points (ai, bi), i = 1, . . . , m. The elements of

ai are generated from the normal distribution N(0, 1) and b = Ax̄+ǫ, where ǫ = (ǫ1, . . . , ǫm)
T

and ǫi is taken from the normal distribution N(0, 1), i = 1, . . . , m. The elements of the vector

x̄ are from the uniform distribution in [−1, 1] and n−K elements of x̄ are randomly set to

zero. As in Bertsimas and Shioda (2009), a lower −100 and an upper bound 100 is set for

each xi (i = 1, . . . , n).

For each n = 300, 400, 500 with different cardinalityK, we randomly generate 5 instances.

The average CPU time and the average relative improvement over the ℓ1-norm approximation

are summarized in Fig. 4 for the SCA method and the PD method, where “relative imp.” is

defined in a similar way as (19). From Fig. 4, it is clear that the SCA method outperforms

the PD method in terms of the quality of the feasible solutions obtained and the CPU

time. We see that the average relative improvement of the SCA method over the ℓ1-norm

approximation ranges from 4% to 45% and the relative improvement has a tendency to

decrease as the cardinality K increases. We also observe that in some cases the PD method

is unable to improve the feasible solution obtained from the ℓ1-norm approximation.

4.4 Compressed sensing problem

In this subsection, we consider the compressed sensing problem (see Bruckstein et al. (2009)

and the references therein) in the following form:

(CS) min ‖Ax− b‖22

s.t. card(x) ≤ K,

where A ∈ ℜm×n is a data matrix, b ∈ ℜm is an observation vector, and 1 ≤ K ≤ n is an

integer for controlling the sparsity of the solution. In the compressed sensing problem, it

is often assumed that m ≤ n. As in Lu and Zhang (2012), we consider two data sets for

matrix A. In Data Set 1, the elements of A are from the standard Gaussian distribution

with its row orthonormalized. In Data Set 2, the elements of A are directly drawn from

the standard Gaussian distribution. In both data sets, the elements of b ∈ ℜm are from the

standard Gaussian distribution. For both data sets, we use two subsets of test problems with

(m,n) = (256, 512) and (m,n) = (256, 1024), respectively. For each subset of test problems,

we randomly generate 10 instances for different cardinality K.
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Figure 4: Relative improvement and computing time for subset selection problems with
n = 300, 400, 500

The comparison results are summarized in Figs. 5 and 6 where “ℓ1-norm” stands for

the ℓ-norm approximation method and the residual values ‖Ax − b‖2 is used to measure

the quality of the suboptimal solutions obtained from the three methods. From Fig. 5, we

see that both the SCA method and the PD method outperform the ℓ1-norm approximation

in terms of the residual values achieved for different cardinality. The PD method tends to

give better residual values than the SCA method for small cardinality whereas the SCA

method slightly outperforms the PD method for large cardinality. We observe that when
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Figure 5: Residual values and computing time for compressed sensing problems from Data
Set 1

the cardinality is larger than some threshold value, the three methods all give zero residual

values. We also see from Fig. 5 that both the SCA method and the PD method spend much

more time than the ℓ1-norm approximation. This is because the ℓ1-norm approximation

only needs to solve a single convex quadratic program (P1) while the SCA method and the

PD method need to solve a convex quadratic program subproblem at each iteration of the

algorithms. Fig. 6 shows the similar pattern as Fig. 5 except that the SCA method can

achieve better residual values than the PD method and the ℓ1-norm approximation for all

the test problems. Finally, it is interesting to notice that for both data sets, the computing

time of the SCA method tends to increase as the cardinality increases. In particular, the

computing time of the SCA method grows rapidly when the cardinality is larger than some

threshold value. This seems to suggest that the PD method is more efficient than the SCA

method for problems with large cardinality.
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Figure 6: Residual values and computing time for compressed sensing problems from Data
Set 2

5. Concluding Remarks

We have presented in this paper a successive convex approximation method for cardinality-

constrained quadratic programming problems. Our method is based on a piecewise linear DC

approximation of the cardinality function. In our method, this DC function is successively

convexified to construct a sequence of convex quadratic subproblems. We have established

the convergence of the method to a KKT point of the DC approximation problem. The

basic successive convex approximation method can be refined by adding valid inequalities

generated from the separable DC functions. Computational results on test problems of

portfolio selection, subset selection and compressed sensing demonstrate that our method

is promising in finding good quality suboptimal solution of the original problem and is

competitive with the ℓ1-norm approximation and the PD method.

One of the distinctive features of the proposed piecewise linear DC approximation to ‖x‖0

is its polyhedral property which can be exploited to construct tighter convex subproblems

by linearizing the concave terms in the DC function during the course of iteration. Another
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contribution of the paper is the investigation of valid inequalities in constructing tighter

convex subproblems for solving the DC approximation problem of (P ). Our computational

experiment suggests that adding valid inequalities derived from the piecewise linear DC

approximation can significantly improve the performance of the algorithm.

Finally, we point out that the proposed method can be easily extended to deal with

cardinality-constrained problems with a general convex objective function and convex con-

straints. The only difference is that the convex quadratic subproblem at Step 1 of Algorithms

1 and 2 will become then a general convex subproblem.
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