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Abstract

In this article, we compute a second-order expansion of the value function
of a family of relaxed optimal control problems with final-state constraints,
parameterized by a perturbation variable. The sensitivity analysis is performed
for controls that we call R—strong solutions. They are optimal solutions with
respect to the set of feasible controls with a uniform norm smaller than a given
R and having an associated trajectory in a small neighborhood for the uniform
norm. In this framework, relaxation enables us to consider a wide class of
perturbations and therefore to derive sharp estimates of the value function.

Key-words Optimal control, sensitivity analysis, relaxation, Young measures,
Pontryagin’s principle, strong solutions.

1 Introduction

Let us consider a family of relaxed optimal control problems with final-state con-
straints, parameterized by a perturbation variable 8. The variable 6 can pertub the
initial state, the dynamic of the system, the cost function and the final-state con-
straints. The aim of the article is to compute a second-order expansion of the value
V(0) of the problems, in the neighborhood of a reference value of 6, say 0.

This second-order expansion is obtained by applying the methodology described
in [5] and originally in [3]. The approach is the following: we begin by linearizing
the family of optimization problems in the neighborhood of an optimal solution of
the reference problem. The first-order and the second-order linearizations provide a
second-order upper estimate of the value function. A first lower estimate is obtained
by expanding the Lagrangian up to the second order. Considering a strong sufficient
second-order condition, we show that the distance between the reference solution
and solutions to the perturbed problems is of order |§ — #|. Then, it follows directly
that the lower estimate corresponds to the upper estimate previously obtained.
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In this study, we use the notion of R—strong optimal controls. We say that a
control is an R—strong optimal solution if it optimal with respect to the controls with
a uniform norm smaller than a given R > 0 and having a trajectory sufficiently close
for the uniform norm. This notion is related to the one of bounded strong solutions
[18], since by definition, a bounded strong solution is an R—strong solution for all
R > 0. In order to obtain a sharp upper estimate of V', we must derive a linearized
problem from a wide class of perturbations of the control. Typically, we must be able
to perturb the reference optimal control with close controls for the L' —distance, but
not necessarily close for the L°°—distance. For such perturbations of the control, we
use a special linearization of the dynamic of the system, the Pontryagin linearization
[18].

We perform the sensitivity analysis in the framework of relaxed optimal controls.
Roughly speaking, at each time, the control variable is not anymore a vector in a
space U, but a probability measure on U, like if we were able to use several controls
simultaneaously. The new control variable is now a Young measure, in reference to
the pioneering work of L.C. Young. Relaxation of optimal control problems with
Young measures has been much studied, in particular in [6] [7, 12 17, 23| 24] 25]. It
is expected that a classical optimal control problem and its relaxed version have the
same value, since any Young measure is the weak-* limit of a sequence of classical
controls. This question is studied in [2, [13].

Three aspects motivate the use of the relaxation. First, by considering convex
combinations of controls in the sense of measures, we manage to describe in a con-
venient way a large class of perturbations of the optimal control. This idea was used
in [9] to prove Pontryagin’s principle in the case of mixed constraints and more re-
cently in [16]. Moreover, in this framework, we derive directly from abstract results
[11] a regularity metric theorem for the L!—distance. The associated qualification
condition uses the Pontryagin linearization. This theorem not only justifies the lin-
earization of the problem but it also permits to exhibit some sufficient conditions
to ensure the equality of classical and relaxed problems. Finally, the existence of
relaxed solutions to the perturbed problem is guaranteed, which is not the case in a
classical framework.

We obtain a lower estimate of the value function by assuming a sufficient second-
order condition of the same kind as the one in [4]. We assume that a certain quadratic
form is positive and that the Hamiltonian satisfies a quadratic growth condition. In
order to expand the Lagrangian up to the second-order, we split the controls into
two parts, one accounting for the small of the control in L°°—distance, the other
accounting for the large variations. We obtain the decomposition principle described
in [4] and a lower estimate which corresponds to the upper estimate previously
obtained.

The outline of the paper is as follows. In section [2] we use the Pontryagin
linearization to derive Pontryagin’s principle. We also prove our metric regularity
theorem and study conditions ensuring the equality of classical and relaxed problems
in the context of R—strong solutions. In section [3, we obtain a first-order upper
estimate of V' and in section [4] a second-order upper estimate. In section [5] we prove
the decomposition principle and we obtain the lower estimate. Two examples are
discussed in section [6 All the theoretical material related to Young measures is
recalled in the appendix, with precise references from [I}, 8, 2T}, 22].



2 Necessary conditions in a relaxed framework

2.1 Setting

In this section, we study the first-order necessary optimality conditions of a bounded
strong solution to an unperturbed optimal control problem with final-state con-
straints, in a relaxed framework. Let us begin by defining the problem in a classical
problem. The control and state spaces are respectively

U :=L>0,T;R™), Y:=W">(0,T;R"). (2.1)

The state equation is

. (2.2)

vt = f(ug,ye), fora.a. tel0,T],
Yo = Yy .

For a control v in U, we denote by y[u] the trajectory statisfying the differential
system ([2.2)). We consider the following final state constraint:

®(yr) € K, (2.3)
where K stands for a finite number n¢o of equalities and inequalities, as follows:
K :={0,,} x R" Cc R"?, (2.4)

with nc = ng + ny. A control u is feasible if ®(yr[u]) € K. The classical optimal
control problem that we consider is

Min ¢(yr[u]), st. @(yr[u]) € K. (P)

All the functions introduced (f, ¢, and ®) are supposed to be C?! (twice differen-
tiable with a Lipschitz second-order derivative).

Let us consider a feasible control @ and its associated trajectory 7. Let R > 0
and 7 > 0, we define the localized problem as follows:

ueu%iﬂng d(yrlu]), st D(yru]) € K, ||y[u] —7lloo <7 (P7RY

Definition 1. Let R > 0, the control u is said to be an R—strong optimal solution
if there exists 1 > 0 such that @ is solution to (P"1).

Note that the control @ is a bounded strong solution if for all R > |[t]|~, it is an
R—strong optimal solution [I8, page 291].

From now, we fix © € Y and R > |[u||s0, and we suppose that @ is an R—strong
optimal solution.

2.2 Relaxed problem

Let us denote by Ug the closed ball of radius R and centre 0 in R™. We consider a
relaxed formulation of the localized problem by taking controls in the space of Young
measures on [0,7] x Ug, M};. The basic definitions related to Young measures are
recalled in the appendix.



The dynamic associated with a Young measure p in M}g is the following;:

v (2.5)

?)t = fUR f(’LL, yt) d,ut(u), for a.a. t S [0,11]7
Yo= Y .

This definition is compatible with (2.2]) for controls in «. We extend the mapping
y[u] to Young measures. In our study, we will call elements of M% relaxed controls,
by contrast with elements of & which will be called classical controls.

Given 1 > 0, we relax the localized problem (P as follows:

%EY olyr(u]), st @(yrlul) € K, llylul —Flleo <. (PYnR)

Denoting by 7 the Young measure associated to w, we say that @ is a relazed
R—strong optimal solution if it is a solution to problem for some 1 > 0
sufficiently small. The following assumption is motivated by the fact that any re-
laxed control is the weak-* limit of a sequence of classical controls.

Hypothesis 2. The relaxed control it is a relaxed R—strong solution.

From now, we focus on the notion of relaxed R—strong solution. In this section,
we study the optimality condition of problem . In section we will introduce
a perturbation parameter # and start then the sensitivity analysis.

In theorem we provide some sufficient conditions to ensure hypothesis

2.3 Metric regularity for the L!'—distance

In our study, the addition of Young measures must be understood as the addition
of measures on [0,7] x Ug. It is clear that with this definition of the addition, a
convex combination of Young measures is still a Young measure. In the sequel, we
use the notation g[t] := g(u,y,) for every function g of (u,y).

The following definition of the Pontryagin linearization is a non-standard lin-
earization of the state equation. Indeed, we only linearize the dynamic with respect
to the state variable. We extend the definition of [I8 page 40] to Young measures.

Definition 3. For a given control u, we define the Pontryagin linearization &[u] in
Y as the solution of

{ &lul = fylt)& ) + Ju, f(w.3y) dpe(u) — f[t], for a.a. t € [0,T],
olu] = 0.

Lemma 4. The following estimates hold:

lly[] — Tlloo = O(d1 (11, 7)), (2.6)
ylu] = @ + [l = O(di (1, 1))

The distance dy is defined by the Wasserstein distance (A.1)).

Proof. See lemma which extends this result. O



Let ¢ € N*, we denote by A the following polytope of R?:

q
i=1
Let p',...,pu? € ./\/l};, let us denote by S the following mapping:

S: (MExA) — MY,
10y) = (=L ) + 3 vt

where the addition is the addition of measures.

Lemma 5. Let v,7 € A, let u° € M%. Then,

q q

dy (S(°,7), S (1, 7)) <D v = il di (i, 1) < 2RT(Z ;- %I).
=1 =1

Proof. > First case: v' > 7.

Let us suppose that for all ¢ in {1, ..., ¢}, 7/ > 7;. Using the definitions of section
we denote for all 4 in {1,...,q} by 7’ the transportation plan from p° to u’ which is
optimal for the L' —distance. For i in {0, ...,q}, we denote by 7 the transportation
plan which is the image of u* induced by the mapping (t,u) € [0, T] xUg + (t,u,u) €
[0,T] x Ug x Ur. We set

q q q

= Z(y{ — )R+ (1 — Z’y{)wo + Zvﬂri.
i=1 i=1 i=1
It is clear that m € TI(S(u°,v;), S(u%,7%)). Moreover,
T a ,
(S0 SE0D < [ [ Ju oldm(u o) de = 308 = ) (4 ).
0 URXUR i=1

This proves the first inequality in this particular case.
> General case.
Let us define 4 by 4; = min{~;,v/}. Then, ¥ € A, ¥ <+, ¥ <+, and therefore,

di(S(1°,7), S(1°,7")) < di(S(1°,7), S(u°, 7)) + di(S(1°,7), (1, 7))

> (i = ) da (10, ') + > () = Fi)da (1O, )

i=1 =1

IN

q
= 1=l di(u®, 1),
=1

which proves the first inequality. Finally, for all 4 in {1, ..., ¢}, for all 7 in IT(u°, u?),

T
/ / |u — v|dme(u,v) dt < 2RT,
0 Ur

hence, for all i in {1,...,q}, d1(u°, 4*) < 2RT and the lemma follows. O



Corollary 6. Let u° and pt in MY, let o in [0,1]. Then,
di (1, (1 = o)’ + op') < odi (1, p') < 2RTo.
We introduce the following set:

Rr = {&rlul, pe My}

The Pontryagin linearization being affine with respect to u, R is clearly convex.
We denote by C(Rr) the smallest closed cone containing Rp. Since Ry is convex,
C(Rr) is also convex.

Definition 7. The control it is qualified if there exists € > 0 such that
eB C 2(yr) + ' (¥r)C(Rr) - K, (2.9)
where B is the unit ball of R™e.

In the sequel, we will always assume that @z is qualified. Note that in remark [31]
we justify why this assumption is weaker than the standard assumed qualification
condition. The following theorem establishes a property of metric regularity for the
relaxed problem.

Theorem 8. If i is qualified, then there exist § > 0 and C' > 0 such that for all p
satisfying di(u, 1) < 0, there exists a control y' satisfying

O(yr[]) € K and dy(y',p) < Cdist(®(yr[p]), K). (2.10)

Proof. We prove this theorem in three steps, by using the theory of multifunctions.
First, we prove a metric regularity result for an affine subspace of M% by showing
that a certain multifunction Wy(v) is metric regular. Then, by perturbating 7i, we
extend this result to a family of multifunctions. Finally, we obtain the result.

> First step: metric reqularity of V(7).
Let us consider a family (£%);, i = 1,...,n4 (with ng < n¢ + 1) in C(Rr) such that
for some 1 > 0,

1B C ®(7r) + ¥'(yr) (conv{¢', ... £"}) — K.
We can easily show the existence of a family (o, u');, i = 1,...,n4 in R, x Mg
which is such that

=5 C o) + ¥ (5r) (convlangr '], - r i) — K.

Let us set & = max{max {«;}, 1}. Then,

&1 1
BC—
2¢ a

(0}

[@(r) — K] +'(Fr) (conv { S erlu'], ... “rer[um]}).

a
Since & > 1,
1 _ _
2 [@(yr) — K] C @(yr) — K
and then, for all i in {1,...,m4}, we can replace u' by (1 — %)ﬁ+ %,u’ since 0 <
a;/é& < 1. We obtain that
€1
2a

B C ®(yr) + @' (yr) (conv{érlp'], ... r[u"]}) - K.



Using the mapping S defined by (2.8)), with ¢ = n4, we consider the mapping G,
defined by
Gu:veAr O(yr[S(p,v)]) € R, (2.11)

for all p in M. Note that G, (0,,) = ®(yr[u]).

Let us fix p, let us study the differentiability of G,, (with respect to ). Let 7 in
A, let us set ji = S(u,7), § = ylfi]. For all i in {1,...,n4}, we denote by ¢?[u, 7] the
solution ¢’ of the following differential system:

= UUR fy(u, §) dig ()] ¢
+ Ju, Fw, go)ldpi(u) — dpe(u)],  for a.a. t € (0,71, (2.12)
G= o

Let us denote by G/,(v) the following mapping:

G, () = @' (Gr) (Cpl A, s GFA T D) (2.13)

The notation ({F[u, 7], .., (74 [1, 7)) stands for the matrix with ng columns, (h{u, 7],
wees G711, ). We prove in lemma@ that for all v/ in A,

Gu() = Gu(v) + GO =) + ol =)
Note that
Gr(0n,) = ® r) (Erlp'], oy Enlu™]). (2.14)

Now, let us consider the family of multifunctions:
U,:ve A Guy) — K.

Robinson’s qualification condition for ¥y at the point (0, ,, 0p,,) holds if there exists
g9 > 0 such that
e2B C Gp(0n,) + G5 (0n,)A — K, (2.15)

see [0, condition 2.194]. This condition is satisfied for ey = £1/(2&) since by (2.14),

Gii(Ons) + Gil(004) A = ©(r) + @' (7r) (conv{érlp'], ... Erlu"4]}).

By the Robinson-Ursescu stability theorem (see e.g. [5, theorem 2.87] or [19] and [20]

for early references), ¥y is metric regular at (0,,,0n.), i.e., there exists C; > 0 and

two neighborhood O7 and O” of 0,,, and 0,,, such that for all (-, p) in (O7NA) x O,

diSt(% \Ilgl(p)) <O diSt(\Ijﬁ(’y)’ P)

> Second step: metric reqularity of ¥,,.
We prove in lemma@that the mapping (1,7) € (ME, A) GL(’y) is continuous at

(7, 0y, , ), when Mg is equipped with the L' —distance. Then, restricting if necessary
O7, there exists a neighborhood O* of i such that for all (u,v) in O* x (07 N A),

Gy
2 b
and thus, G,(.) — Gg(.) is C1/2—Lipschitz on O"NA. By [0, theorem 2.84], for u in
NH#, W, is metric regular at (0,,,G,(0,,) — Gz(0,,)). More precisely, restricting

G (7) = Gz(v)] <



if necessary OF, O7, OF, there exists Co > 0 such that for all p in O, for all
vye ANO7, for all p in OF,

dist(, ¥, ' (p)) < Codist(¥,(7), p)- (2.16)
> Third step: proof of the theorem. Let p in OF, since G, (0,,) = ®(yr[n]),
dist(®(yr[p]), K) = dist(0ne, ¥, (0n,))- (2.17)

Specializing (2.16) to v = 0,,, and p = 0, and using (2.17)), we obtain the existence
of 7 in W, 1(0n) such that

‘:Y - 0nA| <y diSt((I)(yT[:U’D? K)

Finally, we set u/ = S(u,7). This control is feasible and by lemma [5 dy(u/, n) <
2RT|7|. Restricting O* to a ball (for the L'—distance) of radius § and center fi, we
obtain the theorem with 6, 4/, and C' = 2RT'C5.

]

Lemma 9. Consider the mapping v — G,(y) defined by (2.11) in the proof of
theorem @ and its derivative G'u(7y), defined by (2.12) and ([2.13). Then, for all p
in M%, for all v and v in A,

yr[S (1, 7)) = yr[S ()] + ¢r (v =) + ol =), (2.18)
Gu(Y) = Gu() + G, ()Y =) + oy =) (2.19)

Moreover, the mapping (p,7) € (M} x A) — G',(y) is continuous when M}, is
equipped with the L'—distance and ) with the L>®—norm.

Proof. Let p € M%, let 4,7 € A. Let us set

p=>5S"), v=yla, #=Sw"), ¥ =yl

Note that i’ — i = Y4 (v/ — %) (p* — p). By lemma [ l we know that

di(f, 1) = O(]y" = 1),

and by lemma (56]), we obtain that ||7' — ||« = O(]7 — 7))

Let us set 7 = 9} — (G + (7' — 7)), with the notation ¢; = (¢}[i, 7], ---¢4 [, 7])-
Then,

D> / (u,34) — £, §)) (3, — 30) (g () — dp(w)

+ | G = g ai — (A5 dm00)aty =),

Ur

The first term of the r.h.s. is of order |y’ — 7|2, in the second term, we can replace
f(u,9))— f(u,§:) by fy(u,3)(¥,—t), since the error realized is then of order |7/ —~|?.
We obtain that

= ([ ot )+ O )
(, )



thus, by Gronwall’s lemma,

yrS ()] = yr[S(w )] + (v =) + Oy = ).

This proves ([2.18). Expansion (2.19)) follows directly, since ® is continuously differ-
entiable.

Now, let us study the continuity of (u,7v) € (M} x A) G, (7). Recall that
GY,(v) is the product of

(1,7) € My ) = (Cplis 7]y s G52 [10:7]) (2:20)
and
(11:7) € (M, A) = @ (yr[S(p, 7)) (2.21)
It can be proved that the mapping defined by (2.20]) is continuous by extending
lemma Moreover, by lemma |5} for all p and p' in M, for all v and 7 in A,

di(S(u,7), S, 7)) < di(S(p, ), S(p, ")) + dr(S(p, "), S(1',~"))
= O(]y =7l + di(p, 1)),

thus S is continuous and by extending lemma we obtain the continuity of the
mapping defined by (2.21). Finally, (1,v) + G},(7) is continuous with respect to

(15 7)- O
2.4 Pontryagin’s principle

We denote respectively by E, I and I’ the sets of equality, active and inactive
inequality constraints:

FE = {1,...,72E},
I={i,ng+1<i<nc, ®(Hyr) =0},
I'={i,ng+1<i<nc, ®r) <0}

Let us denote by Y7 the set of feasible reachable final states of the localized problem

)
V] = {yr € R", s.t. 3p€ My, yr =yrlul, ®(yr) € K, |lyle] — Flloo <0}

In the following theorem, the notation T refers to the tangent cone. In particular,
note that for all p in R"¢, p € T (P(y7)) if and only if for all ¢ in E, p; = 0 and for
all¢in I, p; > 0.

Theorem 10. For any n > 0, the following inclusion holds:
{€ € C(Ry), s.t. ¥ (Gr)€ € Tr(®(Fr))} C Ty (Fr)-

Proof. Let ¢ in C(R7), by definition, there exists a sequence (ay, v, %), in R, x
M}g x Rp such that

{5 = lim ", (2.22)

& =¢ph], k.



Note that it may happen that ap — +o0o. We set o}, = min{aik, %, ﬁ} and
k

ph = (1= opon )i + opagt

The sequence (,u,k)k is a sequence of Young measures since orar < 1 and we also
have that o — 0. By lemma[4]

yle"] = @ + ") oo = O(dr (1, 1*)?).

Then, by corollary [6]

di(1, 1*)? = O(0303) = O(ﬁ"%’“) =0(%) =o(ow), (2.23)

thus,
1y[*] = (7 + orar®)|lo = o(or)
and finally, by (2.22)), ||y[1*] — @ + 01€)||eo = 0(0r). We obtain the expansion

O(yr(p*]) = ®r) + 0P (Yr)€ + o(ow). (2.24)
Since @ (7)€ € T (2 (Fr)),
dist (®(yr) + 0x® (Y1), K) = o(ok). (2.25)

Combining (2.24) and (2.25)), we obtain that
dist(®(yr[1"]), K) = o(on),

and by the metric regularity theorem (theorem , we obtain the existence of a
feasible sequence fi* such that dy (ji*, u*) = o(o1). Moreover, by lemma we know
that the mapping u € M% + yr[p] is Lipschitz for the L' —distance, therefore,

yrli*] = Gr + o€ + o(ow).
By estimate ([2.23]), we also have the estimate
1y[a*] = Flloo = O(dr (. 1)) = O(dr (7, 1) + i (u*, i¥)) = o(v/7k) = o(1),

thus, for any 1 > 0, for k sufficiently large, fi* is a feasible control of the localized
problem (P"1)). The theorem follows. O]

The first-order necessary optimality conditions follow in their primal form.

Corollary 11. Ifu is a relaxed R—strong solution, then the value of problem (PL)

Min §(Grt, st (@) € Tu(@(7r) (PL)

is equal to 0.

Proof. Let n > 0 be such that (jz,7) is a solution to (P*"%)). Let & be in C(Rr)

such that ®'(yp)¢ € Tk (®(yr)). By theorem there exist a sequence (o%)r 4 0
k i Yo, KR

and a sequence (u*);, of feasible controls of problem (P*"*!) such that

yluF)r = T + oré + oloy,).

As a consequence, 0 < d)(yT[uk])—qﬁ@T) = o0 ®' (Yp)é+0(ok), and then, ¢/ (y,)€ > 0.
The conclusion follows. O

10



We introduce now the Hamiltonian function H : R™ x R™ x R™ — R defined by
Hp](u,y) == pf(u,y). (2.26)

We also define the end-point Lagrangian ® : R"¢* x R™ — R by
[N (yr) = ¢(yr) + A2(yr). (2.27)

Definition 12. Let A € R"*. We say that p* in Y is the costate associated with
A if it satisfies the following differential equation:

{ —pf = P{y[pt]jﬂt,gt), for a.a. t € 10,7, (2.28)
pp = P N@r).

Lemma 13. Given v € L>(0,T;R") and 2° € R", let z € Y be the solution of

zZ0 — ZO.

{27& = fyltlzt + vt

Then, for all A in R™c*,
T
FN@r =+ [
0
Proof. The lemma is obtained with an integration by parts:
®'[N@r)zr = prar — py2" + py 2
T
= / (P72t + p2e) dt + pp2°
0
T
= [ o+ P+ ) dt
0

T
= / p,g\vtdt+pé‘zo,
0

as was to be proved. O

In the following definition, the notation N refers to the normal cone.

Definition 14. Let A in Ng(®(yr)), we say that X is a Pontryagin multiplier if for
almost all t in [0,T], for all u in Ug,

H[py](ue, 3;) < H[pp)(u, 7y)- (2:29)
We denote by AT the set of Pontryagin multipliers.

Remark 15. Note that for our problem, X € N (®(yr)) if and only if for all i in
I, \; >0 and for alli in I', \; = 0. Note also that (2.29) is equivalent to: for all p
in MY,

T
/0 [ HP)5) ~ B 5) i) de > 0 (2.30)

11



Proof. The implication is obvious. Suppose that (2.30) holds. By the Lebesgue
differentiation theorem, we know that for almost all ¢ in [0, 77,

t+e

1
Hp}](u,y;) = lim — H{[p}](ts,7,) ds.
[p7 (W, vy) 5 ] (05 ](us, ys) ds

Let t be such a point. Let w in Ug, for all € > 0, let 4* be the Young measure

associated with s = uly_c 1 4.)(8) + Usljo )\ [t—e,t+¢)(5)- Applying (2.30) to uf, we
obtain that for all ¢ > 0,
the the
H{pg](ts, ) ds < H{p5](u,7s) ds.

t—e t—e

Since p* and ¥ are continuous in time, we obtain to the limit when € | 0 that

H(pp)(u,5,) < H[p)(u. ),
which proves (2.29)). 0

Now, we state the first-order necessary optimality conditions in their dual form.
The theorem that we obtain is nothing but Pontryagin’s principle.

Theorem 16. If (u,y) is a relaxed R—strong solution and if the qualification con-
dition (2.9) holds, then the set of Pontryagin multipliers is non-empty, convex and
compact.

Proof. Problem (PL|) can be reformulated as follows:

Min sup '\ (yr)€. PL
£€C(RT) AENK (® (7)) Al@r) (PL)

The theorem is obtained by studying its dual, which is the following:

AENK (®(yr)) £€€C(Rr) RICZOS (DL)

see [5, problem (2.308)]. Problem has its value equal to 0 and has a non-empty,
convex and compact set of solution S(DL), as a consequence of [5, theorem 2.165].
Indeed, the primal problem is convex and qualified. The qualification condition [5]
condition 2.312] is the following:

eB € 2(yr) + @'(yr) C(Rr) — Tk (2(7r)), (2.31)

which is satisfied since (2.9) holds and K C Tx(®(yr)), K being a convex closed
cone.
Now, we claim that for A € Ng(®(y7)),

[ nt @O | € 0.~} (2.32)
and _
[ geicr%% . '[N (@Gr)E=0 | = [Ae AT]. (2.33)

12



Claim ([2.32)) is obvious since ®'[A](77)¢ is linear with respect to & and C(Rr) is a
cone. Let us show (2.33]), let A be a Pontryagin multiplier. By lemma for £ in
Rt with associated control p,

'[N (Fr)¢

T
= / (= w fyltleeln) + ) £y 6l + / PR, 5) = (@ )] dpa(u) )
0 Ur

T
B /0 /U (H[pY) (uw,7,) — H[p?) (@, 7)) dpe(u) dt
0.

> (2.34)

Let & € C(Rr), there exists a sequence (g, £F)), in (R, x Rr) such that £ = lim a,&".
With ([2.34), we obtain that

'[N (@r)¢ = lim ar @'\ (Fr)E" > 0.

Since 0 € C(Rr),
inf  ®'[\(yp)¢ =0.
it e
Conversely, if A is not a Pontryagin multiplier, by remark there exists a control
1 such that

T
(I)/[)‘](yT>£T[M]:/O g H[p?)(w,7,) — H[p?) (@, 7;) dpse(u) dt < 0.

Consequently,

inf  ®'[\(7 < 0.
cellt A (@r)¢

Combining claims (2.32) and (2.33)), we obtain that the dual linearized problem
is equivalent to the following one:

Max 0.
AeAP

Since its value is equal to 0, A" is equal to the set of dual solutions S(DL), which
is non-empty, convex and compact. O

2.5 Equality of the values of the classical and the relaxed problems

In this subsection, we investigate sufficient conditions for the equality of the values
of the classical and the relaxed localized problems. While any relaxed control is the
limit for the weak-* topology of a sequence of classical controls, we have no guarantee
that any feasible relaxed control is the limit for the weak-* topology of a sequence
of feasible classical controls. However, in lemma we prove a restoration result
for classical controls under the qualification condition . This result enables us
to obtain sufficient conditions to ensure hypothesis [2]

Lemma 17. If i1 is qualified, then there exist 61 and C1 such that for all classical
control w with ||u — ul|; < 01, there exists a classical control v’ such that

O(yr[u]) € K and ||u' —ul)y < Oy dist(®(yr[u]), K).

13



Proof. Let § and C be the constants given by the metric regularity theorem (theorem

. Let us set
1)

2C +3°
Let u be a classical control such that ||u —ul||; < §;. We set d = dist(®(yr[u]), K).
Let us build by induction a sequence (u*);, of classical controls such that for all k,

01 =

(C+1)d d
||ukJrl — ukHl < —F and @(yT[uk]) < ok (2.35)
Let us set u° = u, by definition of d, dist(fb(yT[uO]),K) < d/2°. Let k in N, let
us suppose that we have built u°,...,u* such that dist(®(yr[u*]), K) < d/2* and
[/t — ||y < (C+1)d/27 for all j in {0, ...,k — 1}. Therefore,
k—1 ‘ ‘
di(u¥, @) < |l =i+ di(um) < Y ([T =W+ 6y
=0
k—1
C+1)d
< (;)Ml < 2(C+1)5+6 < 6.
§=0

Thus, we can apply the metric regularity theorem and we obtain the existence a
feasible relaxed control p such that di(u*, ) < Cd/2%. Let (v7); be a sequence of
classical controls converging to p for the weak-x star topology. By lemma

dist(@(yr[v7]), K) - dist(®(yr ), K) = 0
and by expression (A.2)), di(u”,-) is weakly-* continuous, thus
, C’d
o/ —u®|[y — di(u¥, p) <

.]*)OO

Therefore, there exists j such that

(C+1)d

o and  ®(yr[v’]) < L

i k
o7 —u”[|; < = 9k+1

We set uFT! = 7. This justifies the existence of a sequence satisfying (2.35)). Finally,
we have built a sequence (u¥)y, of classical controls which converges for the L' —norm.
Let us denote by « its limit, it follows by lemma |56| that

dist(®(yr{u]), K) < lim dist(®(yr[u]), &) = 0

and

o —ully < 3 [k — w <Z C“ —2(C + 1)d.

The lemma holds with 1, v’ and C1 = 2(C + )
O

Lemma 18. Let us consider the classical and relaxed localized problems associated
respectively with the notion of Pontryagin extremal:

Min  ¢(yr(ul), st yr[u] € K, |lu—1l[; <8, (2.36)
weld, ulloo<R

Min_ ¢(yrln), st yrlp] € K, |lp—alh < B. (2.37)

HEME
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Let B € (0,01), where &1 is the constant given by lemma ; If w is a solution to
(2.36]) for the value B, then T is a solution to (2.37) for any S € (0, /).

Proof. Let 0 < B < B < 41 and let p € M}; be a feasible relaxed control such
that di(z,p) < B. Let (uF), be a sequence of classical controls, not necessarily
feasible, converging to p for the weak-* topology. By lemma we obtain that
dist(®(y[u*]7), K) — 0. Moreover, by expression (A.2)), d;(uF,-) is weakly-* contin-
uous, thus
di (ﬁa uk) —d (ﬁa M)'

For k sufficiently large, dy (7, u*) < 6;. By lemma there exists a sequence (vF)y
of feasible classical controls such that:

[[0% = u¥||1 = O(dist(@(yr[ur]), K)) = o(1), (2.38)
thus, (v*); converges to u for the weak-* topology and for k sufficiently large,
lo* —all < 8

and necessarily, ¢(yr[v¥]) > é(7r). By lemma we obtain that ¢(yr[u]) > ¢(¥r),
which proves that f is a solution to (2.37)). O

Remark 19. The qualification condition can be defined for any feasible re-
laxed control fi. Indeed, it suffices to define the Pontryagin linearization for fi. The
metric regularity theorem is then satisfied for all p in a neighborhood of fi for the
L' —distance. Moreover, this theorem is also satisfied for all u in a weak-+ neigh-
borhood of fi. Finally, lemma also holds for all classical control u in a weak-+
neighborhood of [i.

Proof. Let i in ./\/l}g. The Pontryagin linearization ¢# can be defined for all by

{éf[u] = Ju Fo(wsveli]) Ao ()& (1] + fir,, f (s yeli]) (Apte (u) — dfie (w)),
&lul= 0.

We set then 7?,% = {ﬁgf (1], u € ME} and denote by C (Rg) the smallest closed cone
containing R%. The relaxed control £ is said to be qualified if there exists ¢ > 0
such that i

=B € @(yrlil)) + ¥ (yrli) C(RE) — K. (2.39)

Now, remember that the metric regularity theorem follows directly from the fact
that a family of multifunctions ¥, is metric regular for all p sufficiently close to fi
for the L'—distance. We can prove that V¥, is also metric regular for all x4 in some
neighborhood of fi for the weak-* topology by applying [0, theorem 2.84]. The only
difference in the proof is that we have to show that (1,7) € MExA G',(7) is con-
tinuous when ME is equipped with the weak-* topology. Since the weak-* topology
is metrizable, all the continuity properties can still be proved “sequentially”. Lemma
follows equally, as a consequence of the metric regularity theorem. O

The next theorem gives three different conditions which ensure hypothesis .

Theorem 20. Suppose that the qualification condition (2.9) holds. Consider the
three following hypotheses.
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(i) All the relazed controls p in MY such that y[u] =7 are qualified (in the sense
of condition (12.39)) ).

(ii) There is only one relazed control p such that y[u] =y, which is the solution fi.
(iii) For some Pontryagin multiplier X, for almost all t in [0,T], the function
u € Ug = H[p})(u,7,)
has a unique minimizer, which is ;.

Let one of these assumptions be satisfied. If W is a classical R—strong solution for
some n > 0, then [ is an R—strong solution for some 1 € (0,7).

Proof. Note first that (iii) = (i1) = (i). Indeed, suppose that (iii) holds for
some Pontryagin multiplier A\. Let p € M}g be such that y[u] = 7. Then, for almost
all ¢ in [0, T,

| H[p)(,3) dpe(u) = plinlu] = pi, = Hlp?) (. 9,)-

R

As a consequence, py = 0y, and thus p = . The implication (iii) = (ii) follows.
The implication (ii) = (i) is obvious.

Now assume that (i) holds. Let us prove the theorem by contradiction. We
suppose that u is a classical R—strong solution for the value 1 and we suppose that
there exist a sequence (n)x of positive real numbers converging to 0 and a sequence
(1*) of feasible relaxed controls such that for all k,

y[e*] = Flle < 0%, and  S(yr[u"]) < o(Fr).

Up to a subsequence, (uF); converges to some fi, for the weak-* topology, and by
lemma this control {1 is such that y[i] = 7. As a consequence, [i is qualified and
by remark there exists an open neighborhood O of p for the weak-x topology
such that for all 4 in O, lemma [17] holds and

n

5

Let j be sufficiently large so that p/ belongs to O. Then, let (u*); be a sequence of
classical controls converging to p/ for the weak-* topology, for k sufficiently large,
lemma can be applied to u¥. We obtain a sequence (v¥); of feasible classical
controls such that for k sufficiently large, ||y[v*] — y[1/]||sc < n and such that

lim ¢(yr[v¥]) = o(yrli]) < ¢(Fr),

contradicting the fact that uw is an R—strong solution to the classical problem, with
the value 7. O

lylp] = Flleo <

3 First-order upper estimate of the value function

3.1 Framework

We introduce now a perturbation variable 6 in the relaxed localized problem (P*"%).
We consider a reference value 0 for 6. The state equation is

{ U = fUR fu,ye, 0) dpy(u), for a.a. t € [0,7],

v = y°(0). .
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We denote by y[u, 0] its solution and consider the following final state constraint:
(I)(yTa 9) € Kv (32)

where K is as in (2.4). The family of relaxed optimal control problems that we
consider is

V() = Min o(yrl,0],0), st @(yrlu,0],0) € K, [lylu, 0]l < (P"")
= R

The functions f, y°, ¢, and ® are always supposed to be C%1.

Our goal is to obtain a second-order expansion of V() with respect to 0. To
that purpose, we suppose without loss of generality that 6 is of dimension 1 and that
0 = 0 and we consider only perturbations such that 6 > 6 = 0.

Note that for all § > 0 and n > 0, the relaxed problem has a solution. Indeed,
consider a minimizing sequence, by compacity of Mg for the weak-* topology, it
has a limit point which is an optimal solution by lemma

The notations of section[2]extend to this new framework by adding the variable 6
when necessary. We always consider a classical solution (u, %) to the relaxed problem
for the value 8 = 0. We still use the Pontryagin linearization &[], which is taken for
6 = 0. Finally, we denote by g[t] = g(u, 7y, 0).

As before, we suppose that the qualification condition holds for 6§ = 0. If
one of the assumptions of theorem [20|is satisfied for the reference problem, it can be
ShOWIl using theorem [22] that for n > 0 and 6 > 0 sufficiently small, the problems
have the same value as their classical version.

In this section, we prove a first-order upper estimate of the value function V.
The approach is very close to the one that we used to derive Pontryagin’s principle.

3.2 First-order upper estimate

Denote by £ the solution of the following differential system:

{ &= 1,110 + folt], for a.a. te[0,T),
&= yg(0).

Lemma 21. The following estimates hold:

[y, 0] = Flloo = O(d1(p, i) + 6),
|yl 0] — (7 + &[] + 06%) || oo = O(du (11, 0)* + 67).

Proof. For all t in [0,T],

Yl u, 0]y — |

F(u,ys[n, 0], 0) = £ (s, 7y, 0)) dps () ds| + [3°(8) — 3°(0)]

UR

- /0 [ O =) + Ol ] 7]+ 0) s () s + O0)

= Ol () +00) + Ol 0, — 7)) s,
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whence estimate (3.3) by Gronwall’s lemma. Now, set 7 = y[u, 8] — (7 + &[u] + 6£7),
then, for all ¢ in [0, 7],

Irel = ‘/ — fy[s10¢ — fols]0
+/U (f (uw, ys[p,6],0) _f(“a?wo))dus(u)} ds’

+15°(60) ~ 15°0) + 0580)
<| [ =6t - ls0el - flslo

+f us,ys[,u,,e],g) f(u57ys7 )ds‘

/ /U u » Ys Ma 70)_f(uvgs70)
— f(us,ys[p, 0], 0) + f(us, Y, 0 }dﬂs d5+0(92)
=ALMﬂ%mm—@+@w+%mmS

+ O(llylp, 0] = 711%) + da (1, 1) (I[y 1] — Flloo + 6)
+ 0(6?)

t
- / O(Irs]) ds + O(dy (u, )? + 6°.
0

Estimate (3.4]) follows with Gronwall’s lemma. O

Theorem 22. If[i is qualified, then there exist 62 > 0, d2 > 0 and Cy > 0 such that
for all @ in [0,02] and for all p in MY, satisfying di(uu, 5) < 8o, there exists a control
w' such that

O(yr[y',0),0) € K and dy(p, 1) < Codist(®(yr(p, 0],0), K). (3.5)
Proof. This theorem is a simple extension of theorem We define G, g and ¥, 9 by
Guo v € R™ = @(y[S(p,7),0lr,0)

and
\I’#,g LY € A — G%g(”y) - K.

Like previously, we can show by [B, theorem 2.84] that if (u,6) is sufficiently close
o (1,0), ¥, ¢ is metric regular, and the theorem follows. ]

Consider the Pontryagin linearized problem

in 0
fé\é[RT &' (Y7, 0)(§ + &7, 1), (PLy)
s.t. @ (Yp,0)(€+&5,1) € T (®(7p,0))

Lemma 23. The following upper estimate on the value function holds:

V(8) < V(0) + 0 Val(PLy) + o(6). (3.6)
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Proof. Let (0x)x 4 0 be such that

i V0) =VO) V() - V(0)

3.7
k—o0 O 610 0 ( )

Let £ € F(PLg). There exists a sequence (g, V7, %), in R, x M} x Ry such that
€ =limage®, and & =¢r[¥), V.
Note that it may happen that ap — +o00. Extracting if necessary a subsequence of

(0x )k, we can suppose that

1

Oror, <1, a2 < —.
EOE > ’O‘k—kak

We set
1 = (1 = 0o + Oyt
Then (u*)y, is a sequence of Young measures and lemma [21| implies that
1y[1®, 0k] — (7 + €[1*] + 0kE°) || = O(dr (1", )" + 7).
Since o
di(Wh 1)? = O(6ad) = O(ZF) = o(6h).
we obtain that
|y[1F, 0] — 7+ O (™ + EN)]| | = o(O)

and since 0;|¢ — ax&¥| = o(6y),

[[yl1*, 6k] =[5+ 6k (€ + 7)) |, = o(6h)-

We obtain the two following expansions:

¢(3/[Mka ek]T; ek) = ¢(yT7 0) + 9k¢,(yT7 0)(€ + 5%7 1) + O(Gk)7 (38)
D(y(u®, Okl 7, 0) = @(Fp, 0) + 0x2' (Tp, 0) (€ + €7, 1) + o(6y,).
Since
' (Gr, 0)(€ + £7,1) € Tr(2(7r, 0)),

we obtain that
dist (®(Fr,0) + 0x® (T, 0)(€ + &7, 1), K) = o(o%). (3.10)

Combining (3.9) and (3.10]), we obtain that dist(®(yr[1*],0), K) = o(oy) and by
the metric regularity theorem for the perturbated problem (theorem , we obtain

the existence of a feasible sequence ji¥ such that dy(fi*, u*) = 0(6;). By lemma
estimate (3.8) holds for ji* and therefore,

V(0) — V(0) < ¢(yr[i¥, 0k), 01) — ¢ (¥, 0)
= 0k (U, 0) (€ + €5, 1) + 0(0)).

Finally,

lim sup Vo) = V(0) < Val(PLy)

910 0

and the lemma follows. O
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Let us define (formally) the Lagrangian of the problem by

T
L,y M0) = pu(0) + / H{p (s, w0, 0) dt + [Ny, 6)

and the dual linearized problem (D Lg|) by

Max Lo(w. 5. M\, 0 DL
)\EE},\); 9(%3/: ] )7 ( 9)
with T
Lo(@, 7,0 8) = pyd(0) + /0 Holp)[t] dt + @[\ (7, 0). (3.11)

Theorem 24. Under the qualification condition (2.9)), problem (PLg) has the same
value as its dual, problem (D Lg)).

Proof. Let us begin by checking the qualification condition. By ,
£B C B(Fr,0) + @, (77, 0)C(Rr) — T (9 (Fp, 0)).
The r.h.s. contains necessarily the whole space R"¢, since it is a cone. Thus,
eB CR" = ®(7r,0) + ®' (57, 0)(€F + C(Rr), 1) — Tk (®(Hr, 0)),

which is the qualification condition for the linearized problem.
Now, let us study the dual problem, which is:

Max inf B[\ (yr,0)(E& + £, 1). 3.12
oMax o nt @@ 0)(€F €. ) (312)
Following the proof of theorem we obtain directly that this problem is equivalent
to the following one:
Max @[\ (7, 0)(6F, 1)- (DLy)
AEAP

By lemma, [T3] we obtain that

T
'[Ny, 0)(E0, 1) = /0 Holp][t] d + pdud(0) + B[N (77 0).

Thus, the dual problem is equivalent to problem (DLg)) and has the same value as
problem (PLg|) as a consequence of [5, theorem 2.165]. O

4 Second-order upper estimate of the value function

In this section, we obtain a second-order upper estimate of the value function by
using a “standard” linearization to the first order and a “Pontryagin” linearization
to the second order. Indeed, to obtain a second-order estimate, we need to have
a solution to some linearized first-order problem. Unfortunately, problem is
a conic linear problem, thus, it does not have necessarily a solution. This is why
we consider now a different kind of linearization, which is such that the associated
linearized problem has a solution.

In this section and in the sequel, we use properties of Young measures detailed
in subsection [A.3]
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4.1 Basic tools
In the sequel, for p in [1, +00], we will write LP instead of LP(0,7T;R™).
Definition 25. For a given v in MY, we define its mean value p[v] in L? by

pilv] == /mudut(u), for a.a. t €10,T).

This mapping is well-defined, affine, and Lipschitz continuous with modulus 1.

Proof. Let us check the Lipschitz continuity. Let v!, % € M%/, let 7 a transportation
plan from ' to v be optimal for the L?—distance. Then,

1o02] - plo ) 2 —/OT [ uai - [ eape)]

_ /OT :/Rmem(“ — ) dﬂt(u,fu)rdt

g/OT :/myu—dem(u,v)/m1dwt(u,u)} dt

— dQ(Vl, V2)27

as was to be proved. ]
Definition 26. Let v € MY, w € L>(0,T;R™), and § € R. We denote by
w @ v

the unique Young measure i in MY such that for all g in C°([0,T] x R™),

/OT /m g(t,u) dp(u) dt = /OT /m g(t, wy + Ou) dvy(u).

If 8 # 0, we denote by

vow
0
the unique Young measure yu in MY which is such that for all g in C°([0,T] x R™),

/OT/mg(t,u) dp(u) dt = /OT/mg<t, u_ewt> dvy(u).

We also denote: v © w = Y @1 w.

The addition @ (resp. the subtraction ©) must be viewed as translations on R™
of vector wy (resp. —wy) at each time ¢. The multiplication (resp. the division) by
6 must be viewed as an homothety of ratio 6 (resp. %) on R™, at each time t. Note
that it will always be clear from the context if the multiplication (by constants),
or the division, is the operation described in the previous definition or if it the
multiplication of measures by constants, which we used up to now.

Lemma 27. Let v be in MY, let us set v = p[v]. Then, for all e > 0, for all v’ in
L2, there exists V' in MY such that

pl] =7 and do(v,v) < |V —v||2 +e,

and such that if v' is bounded, then V' has a bounded support.
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Proof. Let v be in MY, v/ be in L?, and ¢ > 0. We set v = p[v]. Let us consider a
measurable subset A of [0, T] such that

/ /m Juf? vy (u) % (4.1)

and such that v is bounded on [0,7]\A. We observe first that by the dominated
convergence theorem, we can fix C sufficiently large so that

5
/ / u? dvg(u) dt < —
0,7\A J|u|>C 8

Let us denote by © the unique Young measure which is such that, for all g in
c?([0,7] x R™),

[ st

— /[OT}\A [/|u<cg(t u) dvg(u) + g(t,0) /|u|>cld1/t(u)} dt+/Ag(t’0) dt.

By construction, 7 is bounded (by C'). This Young measure is such that

// 2 dvy (u) dt+/ / 2 dvs (u) g% (4.2)
m 0,77\A Jju|>C

Now, let us set © = p[#]. Then,

[o— 9]z < da(v,7) <

l\D\(T)

Finally, let us set v/ = (v/ — 0) @ 0. Then, p[V/] = p[v'] — p[0] + p[0] = p[v/] = v' and
do(V', D) < ||V — D]|a. (4.4)
Combining (4.2 , and (4.4 , we obtain
do (V' v) < do(V', D) + do(D,v)
< | =02 +¢/2
< W' =vll2 + v —5]l2 + /2
< || = vll2 +e.

Since v is bounded, if v’ is bounded, then v/ is also bounded. O

4.2 Standard linearizations and estimates

Definition 28. For a given v in M3, we define the standard linearization z[v] by

{aM— Ltz + Llplv],  for a.a t€0,T],

zo[v] = 0.
We also set 2 [v] = z[v] + €9, which is the solution of the following system.:

(V= ftz W] el 1), for a.a t €0, T,
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Lemma 29. For u in Mg, the following estimates hold:

|2[1] — €[1]]]oe = O(di (7, 1)?), (4.5)
[y, 0] = Ylloo = O(|p © |1 +0),
lylp, 0] — @+ zlp e a] + €)oo = O(|n e Tl + 6%). (4.7)

Proof. The dynamic of z = z[u © @] is the following:

{Z't = fy[t]zt + fU[t]<fUR(u — ) d,LLt(U)), (4.8)

zZ0 — 0.

Note also that ||x © |1 = di (@, ). Setting r = £[u] — z[p © U], we obtain that for
almost all ¢ in [0, 77,

Fo= fyltlr + /U [F @) — (FI + Fult)(u — )] dpsg(a)
— O(In)) + /U O — [2) dyag(u),

thus, by Gronwall’s lemma, ||r|l« = O(||u © @||?), which proves estimate (4.5)).
Replacing &[p] by z[p © u] in estimates (3.3) and (3.4) of lemma we obtain

estimates (4.6 and (4.7)). O
Corollary 30. For all v in MY,

o =l S5

Proof. By estimate (4.5)), for 6 > 0 sufficiently small,

al) — SO0 = S eton] - e ) = 20 = 0(6).

The corollary follows. O

Remark 31. Denoting by C the smallest closed convex cone containing {z[v|r, v €
L}, we obtain by corollary 30 that C C C(Rr). A standard qualification condition
for the problem would have been to assume that for some &’ > 0,

¢'B C ®(yr,0) + @, (¥r,0)C — K.
This assumption is stronger than the qualification condition that we assumed.

4.3 Standard first-order upper estimate

Consider the standard linearized problem

Min ¢ (77, 0) (=4 [0], 1),
veEL

(SPLg)
s.t. ® (Yp,0)(zh[v], 1) € Tx(®(yyp,0)).
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Definition 32. Let A\ in Ng(®(yp,0)), we say that it is a Lagrange multiplier if
for almost all t in [0,T), H,[p}(w:,7,) = 0. We denote by A* the set of Lagrange
multipliers.

Note that the inclusion AY ¢ AL holds.

Lemma 33. The dual of problem (SPLyg|) is the following problem:

Maz LT, 7, \,0), SDL
Maz Ly(u,5, A,0) (SDLy)

it has the same value as the primal problem. Moreover, Val(PLg) < Val(SPLy).

Proof. Remember the definition of the derivative of the Lagrangian, given by (3.11)).
The dual of problem (SP L) is the following:

M Min &[N (zh[v], 1).
)\GNK(%}(%T@)) Vellr/lQ [](ZT[V] )

By lemma we obtain directy that for all v in L2,

T
'[N (2h[v], 1) = Lo(@, 7, A, 0) +/O H, [pM[t](vs — ) dt.

Let A be in Ng (®(gp,0)). It can be easily checked that if A is a Lagrange multiplier,
then

T
Min / Hap] (v — ) dt = 0,
vel? Jo

while if A is not a Lagrange multiplier, then

T
Min / Ho[p][t] (00 — ) dt = —o0.
vel? Jo

This proves that problem (SDLy) is the dual of problem (SPLg|). Moreover, it
follows directly from the inclusion A” ¢ AL that

—00 < Val(PLy) = Val(DLg) < Val(SDLg) < Val(SPLy),

We also obtain from the inclusion that problem (SDLy)) is feasible. Since (SP Ly))
is linear and since the value of its dual is not —oo, it follows by [5], theorem 2.204]

that the two problems have the same value. O

Remark 34. In the previous lemma, we have obtained the inequality Val(PLg) <
Val(SPLy) by working with the associated dual problems. It would have been pos-
sible to show this inequality by working with the primal problems, and by using the
inclusion

{z[v]r, ve ML} C C(Ry),

which derives from corollary[30,

From now, we suppose that the following restrictive assumption holds.

Hypothesis 35. The Pontryagin and the classical linearized problems have the same
value: Val(SPLg) = Val(PLy).
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This hypothesis is satisfied in particular if the set of Lagrange multipliers is a
singleton. This hypothesis is also satisfied if the Hamiltonian is convex with respect
to u, since then the definitions of Lagrange and Pontryagin multipliers are equivalent.

Lemma 36. The set S(SPLy) of solutions to problem (SP Lg|) is non-empty. More-
over, the intersection S(SPLg) N L™ is dense in S(SPLy) for the L?—distance.

Proof. By hypothesis problem has a finite value, thus, it has solutions
(see [5, theorem 2.202]). Moreover, since L is dense in L2, we obtain by Dmitruk’s
density lemma (see [10]) that S(SPLg) N L* is dense in S(SPLy) N L? (for the
L?*—norm). O

Now, let us consider the standard linearized problem in the space of Young
measures M)

Minyqbl(gTv 0)(2%‘[7/]7 1)7
veM;

s.t. @,(5T70)(211“[V]7 1) S TK((I)(gT7O))'

(SY PLy)

Note first that for all v in MY, p[v] belongs to L? and z'[v] = z'[p[v]]. As a
consequence, problems ((SPLg)) and ((SY PLy|) have the same value.

Corollary 37. Problem (SY PLg)) has a non-empty set of solutions and the inter-
section S(SY PLg) N MY, is dense in S(SY PLg) for the L?—distance (on M3 ).

Proof. Since problems and have the same value, we obtain the
inclusion S(SPLg) C S(SY PLy), which proves that S(SY PLgy) is non-empty, by
lemma Let v in M} be a solution to problem (SYPLg)), then p[v] is a solution
to (SPLg). Let (v*)x be a sequence of solutions in L> converging to p[v]. By lemma
we obtain the existence of a sequence (v*);, of Young measures in MY, such that

1
d2(V7 Vk) < Hvk - p[V]H? + E — 0,

and such that for all k, p[v*] = v¥, therefore for all k, v* is a solution to problem
(SPLg|). This proves the corollary. O
4.4 Second-order upper estimate

Definition 38. For a given v in MY, we define the second-order linearization z2[v]

by
3
Z

In the following problem, the notation 72 refers to the second-order tangent set
[0, definition 3.28]. Given a solution v to problem (SY PLg|), consider the following
associated linearized problem:

W= Fltad ]+ 3 Jom £/ 10w, 2 [V], 1)? dii(u),
V= 3u5(0).

O TR

gehé[(ln 2¢ (yT7 )( [ ]71)2+¢yT(yT>O)(z%[ ]+£)
s.t. %@'%yT,m( V], 1) + By, (5, 0) (3 [0] + €) (PQo(v))

€ TI2<((I)(yT’ 0)7 (I)/(yTv 0)(271“[’/]7 1))
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Let us define the mapping Q7 on R™2* x MY as follows:

1 r "
@A) = 5[ [ )R )
+ Bube(0) + O N (@, 0 (WL 12 (49)

Theorem 39. For all v in S(SYPLy) N MY, the following second-order upper
estimate of the value function holds:

V(0) < V(0) 4 0 Val(PLg) + 6> Val(PQy(v)) + 0(6?). (4.10)

Proof. We follow the proof of lemma Let v € S(SYPLg)NMY,, € € F(PQy(v)),
and (0g)r 4 0 be such that

2y _ 2y _
i VOD = VO 40 Val(PLY] _ V() = [V(0) +6 Val(PLy)
k—ro00 Qk 610 62

Let (fig, o) be a sequence in ME x R, such that £ = lim arér[i¥]. Extracting a
subsequence of (6 )y if necessary, we can suppose that

Orar = o(1) and ozk&,% <1.

We define
i = (1 — ap?2) (@D Opv) + (03"

Since apfz < 1, p¥ is a Young measure. We set y* = y[u¥,0;]. Let us show the
expansion
19" = @ + O[] + 62 (22 [V] + €)oo = 0(67)- (4.11)

We know that dy (7, u¥) = O(6z). Moreover,
0z[v] — z[pu* © 1) = apbiz[v] — arbiz[i*] = o(6y),
thus, using lemma we obtain that

ly" = @ + k2" [V]) ] = 0(6)).
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Let us set 7% = y¥ — (7 + Op2' [v] + 02(22[v] + ax€[i*])). Then,

t
rf = (1—ozk9,% / /f (us + Oru, yfj,&k)dl/t(u) ds

—/ +9k/f 1) dvy(u ))ds
—ek// 1] )2 vy (u) ds

—ek/ 5,181 (2210] + awéli*]s) ds

+ozk9k/ g fu, y¥, 0,) dipk (u) ds

R
—awk// (0,70, 0) — fls]) it () ds
Ur

= (1 — apb?) /0 /B f (s + Opu, ", 0) — f[s]) dvg(u) ds
[ [ 7151600022101, v as
0 /B
_/ lf”[s](ﬁku szl[lj] Hk)2dyt(lt) ds
_ek/ fy +04k§ ] )
+Ozk9k/ / (u, y%, 0k) — fu, Ty, 1)) dfik (u) ds

+ o(67)
/ / 5| Ok, 0 (5 — 7). 01)
3 15)(Oh, gt — 7, 00)? ) v (1)
_ /0 t /B 18] (O, 021 [V], 1) du(u) ds
_ / t / L 11s) (B, B 22 v], B2 () dis
—ek/ £, 18] (2210] + an&[ji¥]) ds

+0(67)

_ / Flslrt ds + o(62).
0

By Gronwall’s lemma, ||7¥||cc = 0(62) and since apér[u*] — &, expansion ({11
follows. As a consequence, the two following second-order expansions hold:

o(yr[u”, 0k]) = 6T, 0) + 0kd (Tr, 0) (21 [V], 1)
+ 62 %qb//(@T, 0) (21 [v], )+ ¢yp (T, 0) (25 [V] + g)] + 0(67),
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®(yr[p*, 0k]) = (@7, 0) + 4% (F7, 0) (27[v], 1)

0[50 @7, 0) (1,17 + @y, (57, 0) (] +6)| +0(6))

We obtain that dist(®(y%), K) = o(6?). By the metric regularity theorem (theorem
22) and by lemma there exists a sequence [i* of feasible controls such that
di (1%, iF) = 0(6?) and such that

o(li*, 0k)r) = 67, 0) + 0kd (Up, 0)(21[v], 1)
1
+ 07|50 @ 0)(54V), 1) + 6y (T, O)(F ] + )] + 0(6).
Minimizing with respect to £, we obtain that

2y _
sy ¥ ()~ [V(0) 4 0 Vel(PL)
6.0 0

< Val(PQy(v))-

The theorem follows. O

Lemma 40. If MY is equipped with the L?>—distance, then (\,v) — QP[N(v) is
continuous.

Proof. Let A € R"* and v € MY. Let (\i)r — A be a sequence in R"2* and
(V¥)), — v a sequence in M} . Let us show that Q/[\](v*) — Q[\](v). By lemma
we know that (z'[v*]); and (p**), uniformly converge to resp. z'[v] and p*.
Then, it suffices to study the convergence of

QAR ) — ()]

’/ /m P, 2 4 1) = o 0 (s 2 V), 1)?) dutk(u)dt’
[ A =t 10 ok ) - aug] dt| + ot

The convergence to 0 of the first term is easily checked. For the second one, let
us consider for all k the optimal transportation plan 7% between v and v* for the
—distance. The second term is equal to

T
L e s 02— i, 1) e ) e
0 R™m xR™
T
_ / / H' N[0 (w — v,0,0)(u + v, 221 V], 2) dr (u, v) dt
R™ xR™
T
:// Olu— o] - |1+ u+ v]) drk (u, v) dt
0 mxR™

_ (/OT/RWRM O(|u—v[2)dwf(u,v)dt)1/2

T 1/2
(/ / O+ u -+ o) def (. v) di) /
0 R™m xR™
= O(da(w, V") (1 + |[¥[[2 + [[V*]]2)),

thus, it converges to 0, which proves the lemma. ]
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Lemma 41. The dual of problem (PQg(v))) is the following problem,

1
) 50 (DA

and it has the same value as (PQg(v))).

Proof. 1t is proved in [5, proposition 3.34, equality 3.64] that since K is polyhedric,

T (®(Yr,0), ¥’ (¥7,0) (21, 1)) = T (®(Fr, 0)) + ' (Fr, 0) (21 [v], DR,

where the addition + is the Minkowski sum. Since the second-order tangent set is
included into the tangent cone, we obtain, like in the proof of theorem [24] that

eB CR™ = 20 (G, 0)(=h 1], 11+, (57, 0) (] +C(Re)
- TIZ(((I)(yTﬂ 0)7 (I)’(@T7 O)(Z%[V], 1)))

which is the qualification condition. By [5, theorem 2.165], problem (PQg(v)) has
the same value as its dual.

Let us denote by N the polar cone of the second-order tangent set. For all X\ in
Rnc*’

A €N < {\ € Ng(®(@r,0)) and AP (gp,0)(27[v],1) = 0}.

Following the proofs of theorems and we obtain that the dual of problem
(PQg(v)) is the following problem:

Mug @@ 0L D7 + @, NG,

pXiY (gT 70) (Z%" [l/],l):O,

Using lemma [T3] we obtain that

T
B N3] = 5 bk 0)+ [ [ I 1 )]

Moreover, by lemma [13[ and hypothesis , for all X in AP,

A (57, 0)(27(], 1) = 0

= ' (@7, 0)(21[v],1) = ¢' (77, 0)(21[v], 1)
T
<= poyp(0) + ; Ho[py][t] dt + ¢[A| (77, 0) = Val(SPLy)

<~ LQ(ﬂa y7 0) Va (PLQ)
<= X € S(DLy).

The lemma follows. O

Remark 42. If problems (PLg|) and (SPLg) do not have the same value, then the
feasible set of problem (DQg(v)|) is S(SDLg) N AP, which is then empty, and thus,
Val(DQy) = —oc.
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Consider the problem (PQy|) defined by

M VaI(PQy(v). (PQs)

Corollary 43. The following second-order upper estimate holds:
V(0) < V(0) 4+ 8 Val(PLg) + 6% Val(PQg) + 0(6%). (4.12)

Proof. Let us set

A = lim sup YO = [V(0) + 0 Val(PLo)
010 0

By theorem 39| and lemma [41] we already know that for all v in S(SY PLg) N MY,

A < Val(PQy(v)) = Aehg(%%(Lg)Qe[)\](y). (4.13)

Now, let v in S(SY PLy), let (v*) be a sequence of solutions to S(SY PLy) in My,

converging to v for the L?—distance. The existence of this sequence if given by
corollary For all k, let us denote by A\ a solution to

Max  QI[\(v5).
AES(DLy)

This solution exists, since S(DLyg) is compact (being closed and bounded, by theorem
and since QY is continuous (by lemma. Extracting if necessary a subsequence,
we can suppose that A\¥ converges to some X in S (DLg). By continuity of Q¢ we
obtain that

li Max Q’NF)) < QN(v) < Max Q). 4.14
mswp ((Max 0'DI@H) < D) < Max ODIe). (@14)

Combining (4.13]) and (4.14)), we obtain that

A< inf Max Q[N (v)
I/GS(SYPLQ) )\ES(DLQ)

and the result follows. OJ

5 Lower estimates of the value function

5.1 A decomposition principle

In the family of optimization problems that we consider, the expression ®[\|(yr,6)
plays the role of a Lagrangian. The basic idea to obtain a lower estimate for the value
function is to use a second-order expansion of the right-hand-side of the following
inequality:

¢(yr,0) — (yr,0) = ®[A|(yr,0) — [N (Yr,0), (5.1)
for a feasible trajectory y (for the perturbed problem ) This inequality
holds since

é(yTae) - (I)(QT’O) € TK(CD(gTvO)) and A€ NK((I)(yTaO))'
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The main difficulty in computing an expansion of the difference of Lagrangians is that
we cannot perform Taylor expansions with respect to the control variable, since we
are interested by perturbations of the control which are not small for the L°°—norm.
The idea to deal with this difficulty is to split the control into two intermediate
controls, one accounting for the small perturbations and one accounting for the
large perturbations (both for the L>°—norm). The decomposition principle that we
obtain is an extension of [4, theorem 2.13].

In this part, we fix a sequence (6;)r | 0 and a sequence (u*,3"); of feasible
trajectories for the perturbed problems with § = 6. We set 6y* = y* — 7. We
also fix A € S(DLy). In the proofs of lemma corollary lemma theorem
and corollary we omit to mention the dependence of the Hamiltonian with
respect to p; (since the multiplier \ is fixed). For example, we will write H (u, 7, 6)
instead of H[p}|(u,7;,0). Moreover, we set Ry = di(f, #*). Note that by lemma

”5yk||oo = O(Rl,k + Hk)

Lemma 44. The following expansion holds:

N (y7 k) — [N (T, 0)
== Val(PLg)Hk

T
A — . A u
o[ o) - ) da) o
T
i / /UR<Hy[pN<uayt,0> = Hy[p][t])0yf d (u) ot (5.20)
T
+ /0 /U R(He[p?](u, U1, 0) — Ho[p)][t])0) duy (u) dt (5.2b)

1 T

+ 5 [rho0)0F + [ Hop @ 0 a9 G0E002] 520)
+o(07 + R} ).

Proof. Expanding the difference of Lagrangians up to the second order, we obtain

= '[N (7, 0)(yf, O) + 5" [N (dyF, Or)* + o(6F + |6y ). (5-3)

We also have

Dy [N (T 0)531:]%
= ppoyh

= [proyl]y + poouk
T Aok Aok Al o 0
= /0 (pi'0y; +p7oys) dt + py [y (Or) —y (0)}
r k k
= [ (] otk o0 = 1) dut) = 1, 050F ) e
R

) [s80)6x + Su8a(0)67 +o(6})]. (5.4)
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Moreover,

H(“? yf? ek) - H[t]) d/"f(u) de

T
m k
" /0 /UR(H(“’ Yi,0) — H[t]) dpg (u) dt

T
— / / Hy 0 (0,70, 0) (63 61) dpe () dlt
0 Ur

(L
e

T
T / [ 3 .50, 0) 0 00 )

T R
_ _ ku
T /0 /U (B (0,51,0) — H) ()

+ 0(0,% + R%k)

T
- / - Hy gy (u, Uy, 0)(6yr, 0x) dpuf (u) dt
R

/ L0 0050, 0) (00 0 i)
R

/ /UR (u. 7, 0) — H{[t]) dpsg () dt

Remember that

T
Val(PLg) = py3(0) + /0 Hylt] dt + @[\ (77, 0).

I,

Finally,

}I(y,e)2 (ua Yt 0)(6yfv ak)2 d/J’f (u) de

D=

T
= / /U TH, 02 [0y, )2 dpk (w) dt + O(Ry 1 (RY ), + 62)).
R

and
Rip(R3, +67) = R}y + Rip0,% - 67°
= O(Rl,k;) + O(Rl,k;ek +67)
= O(R%’k + 6,%)
Combining expansions , we obtain the lemma.

Corollary 45. The following expansion holds:
| (vF 0r) — D[N (¥, 0)

T
— Val(PLp)i + /0 HIp) (74, 0) — HIp[t] dpug ()

Ur

+0( ) + O(Ry10k) + O(67) + o(R1 ).
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Proof. This corollary follows directly from the expansion given in lemma [44 We

replace respectively terms (5.2a)), (5.2b), and (5.2c) by the following estimates:
O(Rlka&kaoo), O(Ry x0k), O(02 + [|6y*||*) = O(62 + Ry 10k), and the corollary

follows. O
From now, we set z¥ := z[u* © @]. Note that the dynamic of z* is given by
equation (4.8)).

Lemma 46. The following expansion holds:

(I)[)‘] (yl’}a ek) - [)‘} (gTv 0)
Val PLQ

/ /U (2] (1 74 0) — Hp[t]) dpue(w) it (5.100)

+ /0 () 0,50, 0) = Hy ) o+ 00 s ) e (5.100)

T
[0 5.0~ Holp 0 dit () (5.100)
} 0 2 T A k 0 2
3 [pé)@(o)ak + ; Hy oy2 [p7 [t (27 + & Ok, Ok)” dt (5.10d)
+ @[N] (#F + €501, 61)?] (5.10¢)

+o(f7 + R} ).
Proof. We have already proved in lemma [29| the following estimate:
189" = (=" + 0k€") oo = O(RR . + 7).

Therefore, we replace 6y* by its standard expansion z* + ,£% in terms (5.2a]) and
(5.2¢)) of lemma The errors that we make are respectively of order RLk(Ri L +0%)

and R‘ik + 0. We have already proved (see estimate (5.3))) that
Rl,k(R%,k +07) = O(Rik +67).
The lemma, follows. O

Now, in order to go further in the expansions, we need to split the control p*
into two controls. To that purpose, we consider a sequence (A*, B¥); of measurable
subsets of [0,T] x Ug such that for all k, (A*, B¥) is a measurable partition of
[0,T] x Ug. We consider the Young measures u* and u* which are the unique
Young measures such that for all g in C°([0,T] x Ug),

/ /UR (t,u) dpy " (u )dt:/Akg(t’u)d/‘k(t’“)+/Bk9(t’ut)d,uk(t7U),
/ /UR (t,u) d,ut ( )dt:/Bkg(t’“)d“k(tv“)+/Ak9(t,ut)duk(t,u).

Note that if ¢ is such that for almost all ¢ in [0, 7], g(¢,u) = 0, then
B,k
/ / g(t,u) dpk (u) dt = / / tud,ut dt+/ / g(t,u) dpy ™ (u).
Ur Ur Ur
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For i = 1,2, we set R; a4 = d;i(, pA*) and R, i = di(T, pBk). We also set
2AF = 2 o1, and 2BF = 2[uP* © 7). Remember the definition of QY given

by .

Theorem 47 (Decomposition principle). Assume that

pF(B¥Y — 0 and ess sup {|u — |, (t,u) € A¥} — 0. (5.11)
k—ro0
Then,
2K = 2% L o(Ry A1) (5.12)

and the following expansion holds:

(I)[)‘] (yl%a Hk) - ‘I)[)‘](yTv 0)
= VallPLo)0i + L0/ (u™ 1)

T
+ /0 [ H0.5.0) = HRI dnf ) a
R
+ O(R%,A,k + R%,B,k + 6]%) (513)

Proof. With the Cauchy-Schwartz inequality, we get Ry a4 = O(R2,4%) and since
pF(B*) = 0,

Rl,B,k:/ lu — T | dpk (¢, ) dt
Bk
1/2
<GAEN P [ e wPadew] = o). 614

Estimate (5.12) follows from (5.14) and 2% = 24*+25*_ In order to obtain expansion
(5.13)), we work with the terms of the expansion of lemma

With term (/5.10a), we obtain

T
/ / (H (u,5,,0) — HI1]) g (u) dt
o Jug
T
- / / (H (,5,,0) — H[f]) dp™ () dt
0 Ur
T
_ B Bk,
+ /0 /UR<H<u,ytvo> Ht]) duP* (u) dt
- /T / Huyu[t) (uw — )2 dpg™* (u) dt
0 Ur

/ /U (1,7, 0) — H1)) Al () dt
+o0 R2Ak) (5.15)
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With term ([5.10b)), we obtain
T
/ / (Hy (u, 77, 0) — H [t]) (2F + 046%) dpik (w) dt
o Jug
T
= [ [ 500) — H )+ ) i ) e
o Jug
T
+ / / (H,(u,5;, 0) — Hy[t))z2" dpi* (u) dt
0 Ugr
T
4 /0 /U (Hy (1, 70, 0) — Hy ) (= + €06) du* () dt
R

T
_ / /U o[t — T, 2 + 04€0) dpsg™ () dt
0 R

+ O(R%A’k(Rl,A,k + Qk)) + O(R17B7k(R17A7k + Ry g+ Qk))

We also have that
R%,A,k(Rl,A,k + 0)) = O(RS,A,k)

and

Ry pi(Riak+ R+ 0k)
= o(Ro,Bk(Roak + Ropi + 6k))
= o(R3 4k + R i + 07)-

With term ([5.10c]), we obtain similarly that

T
//(HH(U,yt,O)—Hg[t])deufdt
0 Jugy

T
= / H(u,G) [t](u — Uy, Gk) duf’k dt + O(R§7A7k9k) + O(Rl,B,kek)-
0 Ur

We also have that

RS’A’kek = 0<R%,A,k) and Rl’ka(gk = o(Rg,Bkak) = O(RS,B,R + (9,%)

With terms ([5.10dH5.10€]), we obtain

T
/ Hiy oy lt)(zF + 0060 0)% dt + [N (25 + 0,8 01
0

T
_ /O [ Hopl) G 00l 007 i at
R

+ "N (2" + 04D, 1) + o(RE 4 1, + 62).

Finally, combining lemma [46| and estimates ([5.1545.21]), we obtain the result.

Let us denote by Q[A\] : M3 — R the following mapping:

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)
0

T
QA(v) :/0 g Hy 2 (7] [t] (us 2[V])? dpte (w) At + D02 [N (5, 0) (2[v]r) 2. (5.22)

With a similar proof to the proof of lemma[40] we can show that Q[)] is a continuous

with respect to v, when M3 is equipped with the L?—distance.
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Corollary 48. Let us suppose that the assumptions of theorem[{7 are satisfied, then
the following estimate holds:

N (y7 k) — [N (T, 0)
= Val(PLy)0y + %Q[/\] (L o)

T
[0 5.0 — H) dnf )
R
+0(BS 4 + RS g 1) + O(6) + OO Ro,4.0)- (5.23)
Proof. This expansion derives directly from the expansion of theorem [47]in which we
have replaced the second-order terms involving 6 by the estimate O(Rg 4 x0k). O
5.2 Study of the rate of convergence of perturbed solutions

In this part, we give estimates of the L?—distance between a solution to the per-
turbed problem and g under a strong second-order sufficient condition. We
will also suppose that the parameter n > 0 (which a uniform bound between the
reference trajectory and a perturbed trajectory) is sufficiently small.

Definition 49. We call critical cone Cy and relaxed critical cone C’; the following
sets:

02 = {I/ c L2, (ﬁyT(@T,O)Z[V]T = 0, (I)yT(@T,O)Z[V]T € TK((I)(?T,O))}, (5'24)
C%/ = {V € M%/, ¢yT(yT70)Z[V]T =0, (I)yT(yTao)Z[V]T € TK(CI)(@T’O))}' (525)

In the following assumption, we denote by ri(S(DLg)) the relative interior of
S(DLg), which is the interior of S(DLg) for the topology induced by its affine hull.

Hypothesis 50 (Second-order sufficient conditions). There exists o > 0 such that

1. for some X\ € ri(S(DLy)), for almost all t in [0,T], for all v in Ug,

H[pi\](vagt?o) - H[pi\](ﬂt?@tyo) Z 04|U _ﬂt|27

2. for all v in CY,
sup Q) = allv]3.
AES(DLy)

Remark 51. It is shown in [4, lemma 2.3] that since S(DLy) is compact, then for
all X € ri(S(DLy)), there exists 5 > 0 such that for almost all t, for all v in Ug,

H[ptx](vvytvo) - H[ptx](ﬂtaytao) > /8</\e§’?[13)L ) {H[p?](v,yt,()) - H[p?](ﬂt,ﬂt,())}>-

It follows from this result that condition is equivalent to: there exists o/ > 0
such that for all v in Mg,

T
Sup {/ / (H [p?)(w, 1, 0) — H[py] (T, G, 0)) dpe(u) dt} > d||pe |3
AES(DLg) 0 JUg

In the sequel, we use this form of the second-order sufficient condition.
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sequence of solutions (u*,y*)x to (P 77 , with 6 = 0y,

Lemma 52. Ifn > 0 is su]fﬁcz’entlii mall, then for any sequence (O | 0, for any

Ry, = do(fi, i*) — 0. (5.26)

Proof. We prove this lemma by contradiction. We suppose that there exists two

sequences (m)r | 0 and (Ax) | 0 and a sequence of solutions (1*,y*) to
with n = n and 0 = 0 such that

liminf Ry = liminf da(7, u*) > 0. (5.27)
k—o0 k—o0
It follows from the boundedness of S(DLy), inequality (5.1), corollary and as-
sumption (50}f1f) that
¢(y§’7 Hk) - gb(@T? O)

> Val(PLo)0j+  sup / [ @50 - ) duf ()t}
AeS(DLy) Ur

+ O(R161) + O(R1 k[0 ||s0) + O(67) + o(R3 )
> Val(PLg)6y, + aR3, + O(Ri 10x) + O(Ry i) + O(67) + o( B3 ).

Using the first-order estimate (lemma , we obtain that
aR3 ) < o(0k) + O(Ryk6k) + O(Ryxmi) + O(67) + o(R7 1)
< 0(0g) + O(Ry 10x) + O(Ry i) + O(67) + o(R3 ;)
thus, since the sequence (R 1)y is bounded,
R3 . = 0(6k) + O(Ryx0k) + O(Ry ki) + O(67) = o(1),
in contradiction with . O

From now, we fix a parameter n > 0 sufficiently small so that lemma is
satisfied. We are now able to build a sequence (A*, B¥); which can be used in the
decomposition principle. Let us set

Ak:{(t,u) € [0,T] X Ur,|u —w| < \/E},
Bk:{(t,u) €[0,T] x Ug, |u — u| > \/E}

A,k) B,k)

We consider the sequences (u4*), and (uP*), associated with (u¥); and the se-
quence of partitions (A*, B¥);. We still use the notations z** and 25*. Then,

T
RLk:/ / o — | dpik () it
o Jug

T
> / / VR (1, ) dpi ()
0 Ugr

> /Ry - Mk(Bk)~

Thus, u VRir =O0(/Ra)) — 0, by lemma [52| Moreover,
ess sup {|u — |, (t,u) € A¥} <\/Ri) = O(/Ray) — 0.
k—00

As a consequence, we can apply the decomposition principle to the partition.
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Theorem 53. The following estimates on the rate of convergence of perturbed so-
lutions holds:

Rap = da(fi, 1) = O(0k),  [ly" —lloo = O(6r).- (5.28)

Proof. > First step: Ro g = O(Ra A + 0k).
With corollary 48/ and the second-order upper estimate (4.12)), we obtain that for all
AE S(DL@),

1 Ak - — r Ny — A Bk
Loprt o m) + /0 [ HP)0.5.0) — B i w a

2

< o(R3 ok + B3 ) + O(0kRo ay) + O(67). (5.29)

The estimates are uniform in A, since S(DLg) is bounded. Since Q[N (p** © W) =
O(R%’ A,k), we obtain by the second-order sufficient condition (hypothesis i that

aR%,B,k = O(R%,A,k +67),

thus, Ry g1 = O(RQ,A,k + 0g).

> Second step: Ra o = O(6k).
Let us prove by contradiction that Ry 4, = O(6y). Extracting if necessary a sub-
sequence, we may assume that 0, = o(R 4x). It follows directly that Ry pj =

O(R2,4). For all A € S(DLy),
T
/ H(u,3,,0) — H[t] du* (u) dt > 0,
0 Ur

thus, by (5.29),

sup Q| (uF 1) < O(0F) + O(0kRo,a k) + 0(R5 4 x) = 0(R5 44).  (5.30)
AES(DLg)

Using definition 26 we set
W eu

k K — z[putF @ﬂ]'

vVe=—— and z" =2zl
R Ak | Ro Ak
Let us prove that
by (Yr,0)2r V"] = o(1), (5.31)
dist (@, (Fr, 0)2r[V"], Tx (®(Fr,0))) = o(1). (5.32)

By lemma [29] we obtain that
Ak B,k
Sy = 2 e+ Onés + O(67) + O(R%,A,k + R%,B,k)
Ak
= ZT’ + O(RQ,AJc)-
As a consequence,

Sy, 0F) — 6T, 0) = by (T, 0)27" + 0(Raa k)

= Ro,ak [byr ¥, 0)2r[v*] + 0(1)], (5.33)
(I)(y’éc’v ek) - (I)(@T’ O) = (I)yT (@T’ 0)2747]6 + O(R2,A,k)
= Ry A [®y, (Tr, 0)2r V"] + o(1)]. (5.34)
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Estimate ([5.31)) follows from ([5.33)) and from the following first-order upper estimate:
Sy, O) — 3(Ur,0) < O(0k) = o(Ra k).
Estimate ([5.32)) follows from (5.34)) and from the following inclusion:

Ry Ak

€ T (®(yr, 0))-

We can apply Hoffman’s lemma (see [5, theorem 2.200] or [15] for a historical ref-
erence) to p[v¥] and to the critical cone, since p[¥] satisfies also expansions ([5.31)

and (5.32). We obtain the existence of a sequence (#%) in Cy which is such that

||p[v*] — @*||]2 — 0. By lemma we obtain the existence of a sequence (7¥) in C3

such that do(v*, %) — 0. Tt follows from (5.30)) that

Ak o7
Sup Q[/\](Vk)z sup M

= = o(1). (5.35)
AeS(DLg) XeS(DLy) 2,A.k

By the strong sufficient second-order condition and the continuity of Q[\], we obtain
that

sup QNF) = sup Q) +o(1)
AeS(DLy) AeS(DLy)
> af[7*|[3 + o(1)
= af[V*[3 + o(1)
—a+oll),

in contradiction with (5.35)). It follows that Ry 41 = O(0)), thus Rop = O(Ra ok +
Ro i) = 0k and finally that |[y* — 7||sc = O(6), by lemma . O

5.3 First- and second-order lower estimates

In this section, we compute a first and a second-order lower estimate for the value
function. The first-order lower estimate derives directly from inequality (5.1)), corol-

lary and theorem
V(0y) — V(0) > Val(PLg)) + O(62).

Theorem 54. The following second-order estimate holds:

V(6) = V(0) + 0 Val(PLg) + 6% Val(PQy) + 0(6?). (5.36)
Moreover, for any 0y | 0, we can extract a subsequence of solutions u* to 1}
k —
such that ou converges narrowly to some v solution of (PQy)).
k

Proof. Let (0k)r 1 0. We set

VA,k:MA’k9@ k_MkQﬁ

O O
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By theorem R%,A,k = O(6?). Therefore, (v**);, is bounded for the L?—norm and

we can extract a subsequence such that (v4*) converges for the narrow topology to
some 7 in M3 . Moreover, we can show that

Bk ~ 7
dl(Vk,I/A’k) < H/"Lek@ u”l = 0(1)7

thus, v* equally converges to 7 for the narrow topology. For all A € S(DLy),
T
| .00 - Hipde anf ) e > o
o Jugr
thus, by inequality (5.1) and by the decomposition principle (theorem ,
92
V(6;) — V(0) > ), Val(PLg) + 5’“99[)\](1/4”“) + o(6?).

Let us prove that v +— QY[\](v) is lower semi-continuous for the narrow topology at
7. We already know that (z[v*]), converges uniformly to z[7]. Then, all the terms
involving a second-order derivative different from H,, have a linear growth, thus
lemma [59] apply and we obtain that, for example,

T
/0 [ L= T ) @) - ) dt— 0

Moreover,

T
. A —\2 k —
lim inf /O / A~ (A () — () e > 0

k—o0

2

since the integrand H, [p}][t](u — T;)? is non-negative. Finally, we obtain that

V(6) — V(0) > ), Val(PLg) + 92’%(29[)\] (D) + o(67).

Let us prove that ¥ is a solution to problem (SY PLg|). Following the proof of
theorem ([53]), we obtain that

Syl = 02" + o(6y)

and therefore that

Sy, 0) — (T, 0) = Oxdyy (Tr, 0)2™ + 0(6),

O(yf, O) — DTy, 0) = Ok Py (Tr, 0) 27" + 0(0).
Since

Oy, Ox) — S(Fr, 0) = Val(PLg)0x + o(0),
we obtain that ¢y, (Y7, O)Z?’k = Val(PLy). Since
(I)(y’?u ek) - @(?T, 0) € TK(q)(gT’ O))7

we obtain that @, (77, O)Z?’k € Tk (®(yp,0)). This proves that 7 is a solution to
(SY PLg|). By lemma 41| and corollary we obtain that

Val(PQy(7) < inf  Val(PQy(v),

thus, 7 is a solution to problem (PQy)) and the theorem follows. O
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Remark 55. The second-order expansion can be simplified as follows:

V(8) = V(0) + 0 Val(PLg) + 92( Min Val(PQg(y))) + o(6?).
VGS(SPLQ)
Proof. Let 0 | 0. By lemma we know that do (7, u*) — 0, thus, by lemma
we obtain the existence of a sequence (u¥);, of o(6%)-optimal controls such that

|[uF —l[2 = O(6y).

Therefore, we can apply the decomposition principle to (u*), and we obtain the
existence of sequences (u*); and (uP*); which satisfy (5.13). Following the proof
of theorem we prove that (u4* —7)/6), converges to some T in L? for the weak
topology of L?, and that T is a solution to problem . Finally, since v +>
Q9\](v) is lower semi-continuous for the weak topology of L? (see [14, lemma 21]
for the idea of a proof), we obtain that the r.h.s. of is a lower estimate of V(0).
It is also an upper estimate since

Val(PQy) < Veg/([érlleg)Val(PQg(V)).

Expansion follows. O

6 Two examples

6.1 A different value for the Pontryagin and the standard linearized
problem

Let us consider the following dynamic in R?:

= (u,u)?, for a.a. t €[0,7],
Yo = (O’O)T

The control w is such that ||u||oc < 1 and we minimize y2 r[u] under the constraint
yLT[u] =6, with § > 0 and # = 0. The coordinate yo correspond to the integral
which would have been used in a Bolza formulation of the problem. For § = 0,
the problem has a unique solution @ = 0, 7 = (0,0)”. This solution is qualified in
the sense of definition |7 since for v = 1, & [v] = T and for v = —1, &v] = —T.
However, the solution is not qualified in the sense of the standard definition, since
the standard linearized dynamic z is equal to 0.
For § < T, the problem has infinitely many solutions, one of them being:

0 1, ifte(0,0),
ut:
0, ifte(0,T).

Indeed, y1 r[u’] = 0, yor[u’] = 6 and if v? is feasible, then

T T
0 =y r[’] = / ()3 dt < / ()2 dt = yor[v],
0 0

which proves that u? is optimal. Moreover, if v’ is optimal, then the previous
inequality is an equality and thus, for almost all ¢, (v?)3 = (v¥)2, that is to say,
v? € {0,1}. We also obtain that |[v? —||s = v and ||v? —T||s = 1.
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Now, let us compute the sets of multiplier A* and A” (for the reference problem).
Since the dynamic does not depend on y, denoting by A € R the dual variable
associated with the constraint y; 7[u] — 6 = 0, the costate p* is constant and given
by pt = (A, 1). The Hamiltonian is given by

HN(u) = u® + M.

As a consequence, we obtain that A¥ = R x {1} and A¥ = [-1,1] x {1}. The
Lagrangian associated with our family of problem is given by

T
L,y ), 6) = / (u? + M) dt + Myrg — 6),
0

therefore, Lo(w,7, )\, 0) = —\, Val(PLy) = 1, and Val(SPLg) = +oco. In this ex-
ample, the Pontryagin linearized problem enables a more acurate estimation of the
value function. Since the solution w is not qualified in a standard definition, it is not
surprizing that the associated linearized problem has a value equal to +o0.

Note that the second-order theory developed in the article cannot be used to
study this example, since we do not have the equality of Val(PLy) and Val(SPLy).
Moreover, observe that for the solution A = —1 of , the Hamiltonian H[A](u) =
u? — u3 has two minimizers: 0 and 1. The set of minimizers contains the support of

the solutions to the perturbed problems.

6.2 No classical solutions for the perturbed problems

This second example shows a family of problems for which the perturbed problems
do not have a classical solution. This example does not fit to the framework of the
study since we consider control constraints. However, we believe it is interesting
since in this case, the ratio (u? ©)/0 converges to a purely relaxed element of M3
for the narrow topology. This confirms us in the idea to use relaxation to perform a
sensitivity analysis of optimal control problems.

Let us consider the following dynamic in R?:

(yl,tv Z)2,t)T = (Ut, y% + 2(Ut - 9>2 - u%)T7 for a.a. t € [O>T]7
(yl,Oa yQ,O)T = (0’ 0)T7

where for almost all ¢ in [0,T], v¢ > u; and vy > —uy. The perturbation parameter

0 is nonnegative and 6 = 0. We minimize yo 7. For 6 = 0, the problem has a unique

solution @ = (0,0)7, 7 = (0,0)T. The associated costate p = (p1,p2) is constant,
given by p; = 0 and p2 = 1. Thus,

H[p)(u,v,7;) = 2(v — 0)* — u®.

This Hamiltonian has been “designed” in a way to have a unique minimizer when
6 = 0, but two minimizers (£26,26) when 6 > 0. Let us focus on optimal solutions
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to the problem when 6 > 0. Let u,v € L*([0,T],R), we have
T
yo,1(u, v] = / y1.elu, v)* + 2(vy — 0)% — ud dt
0
T
= / y1.e[u, v)* + 207 — 40v, + 207 — i dt
0

T

_ / Yol o) + (02 — u?) + (vp — 20)2 — 262 dt
0

> —20°T.

This last inequality is satisfied if for almost all ¢ in [0,T], yi+[u,v] = 0, vy = 26,
|ut| = v¢. As a consequence, the problem does not have classical solutions, but has
a unique relaxed one, u? = ((6_29 + 929)/2,26). Moreover,

pfou
9

= ((6_2 + 62)/2,02).

A Appendix on Young measures

A.1 First definitions

Weak-* topology on bounded measures Let X be a closed measurable subset
of R™. We say that a real function ¢ on [0,7] x X vanishes at infinity if for all
e > 0, there exists a compact subset K of [0,7] x X such that for all (¢,u) in
([0,T] x X)\K, |[¢(t,u)| < e. We denote by C°([0,T] x X) the set of continuous
real functions vanishing at infinity. The set M, ([0, 7] x X) of bounded measures on
[0, 7] x X is the topological dual of C°(]0, T] x X). We endow this dual pair with the
associated weak-+ topology. Note that this topology is metrizable since [0,7] x X is
separable.

Young measures Let us denote by P the projection from [0,7] x X to [0,7T]. Let
i be in M:([O,T] x X), p is said to be a Young measure, if Pyp is the Lebesgue
measure on [0, T]. We denote by MY (X) the set of Young measures, it is weakly-x
compact [21] theorem 1].

Disintegrability Let us denote by P(X) the set of probability measures on X.
To all measurable mapping v : [0,7] — P(X) (see the definition in [2I], page 157]),
we associate a unique Young measure y defined by: for all ¢ in C°([0,T] x X),

/[O,T]wa(t’ w) dp(t, u) Z/OT/X¢(t,u) dvy(u) dt.

This mapping defines a bijection from L([0,T]; P(X)) to MY (X). This property
is called disintegrability. Note that L([0,T];P(X)) C L*([0,T]; My(X)), which is
the dual of L'([0,T]; C°(X)). On MY (X), the weak-* topology of this dual pair is
equivalent to the weak-* topology previously defined [21] theorem 2]. In the article,
we always write Young measures in a disintegrated form.
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Denseness To all v in L(]0,T]; X), we associate the unique Young measure p
defined by for almost all ¢ in [0,7], us = dy,. The space L(]0,T]; X) is dense in
MY (X) for the weak-* topology [22, proposition §].

Lower semi-continuity of integrands We say that ¢ : [0,7] x X — R is a
positive normal integrand if 1 is measurable, ¢ > 0 and if for almost all ¢ in [0, 77,
¥(t,-) is lower semi-continuous. If ¢ is a positive normal integrand, then the mapping

T
pe M) [ [t duu)ar
0o Jx
is lower semi-continuous for the weak-* topology [21, theorem 4].

Narrow topology Wesay that ¢ : [0,7] x X — R is a bounded Caratheodory inte-
grand if for almost all ¢ in [0, T, ¥(t, ) is continuous and bounded and if ||[¢(¢, -)||co
is integrable. The narrow topology on MY (X) is the weakest topology such that for
all bounded Caratheodory integrand 1,

T
pe M 0o [ [t dinu) du
0 Jx
is continous. This topology is finer than the weak-* topology.

Wasserstein distance We denote by P! and P? the two projections from [0, 7] x
X x X to [0,T] x X defined by Pl(t,u,v) = (t,u) and P?(t,u,v) = (t,v). Let u!
and % be in MY (X), then 7 in M ([0,T] x X x X) is said to be a transportation
plan between p! and p? if P#ﬂ' = u! and Pzﬂ = 2. Note that a transportation
plan is disintegrable in time, like Young measures. We denote by IT(u!, u?) the set
of transportation plans between p' and p?. It is never empty, since it contains the
measure 7 defined by m; = pf ® u? for almost all t. We define the LP—distance
between p! and p? by

T 1/p
dy(pt, %) = { inf / / |v —u|P dmy(u,v) dt| . (A.1)
mell(nhe?) Jo  JxXxx

This distance is called the Wasserstein distance [8, section 3.4]. The set IT(u!, 4?) is
narrowly closed and if dp(,ul, ©?) is finite, any minimizing sequence of the problem
associated with posseses a limit point by Prokhorov’s theorem [21) theorem
11], thus by lower-semi-continuity of the duality product with a positive normal
integrand, we obtain the existence of an optimal transportation plan.

If ! is the Young measure associated to u! € L([0,T]; X), then for all y? in
MY (X), there is only one transportation plan 7 in II(u!, 2), which is, for almost
all t in [0, 7], for all w and v in X, m(u,v) = 6, (u)p?(v), therefore,

T 1/5
Ao, 1) = [ / /U o~ ullf did(vyae| . (A.2)
R

If u! and p? are both associated with uy and ug in L([0,T]; X), then d,(u', u?) =
[lug = uallp-
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A.2 Young measures on Ug

We suppose here that X is equal to Uy, the ball of R™ with radius R and center 0. We
denote MY, = MY (Ug). The set Ug being compact, ./\/l}; is weakly-* compact [21],
theorem 1]. Moreover, the weak-* topology and the narrow topology are equivalent
[21], theorem 4].

Differential systems controled by Young measures Let 20 € R", let ¢ :
[0,T] x X — R™ be Lipschitz continuous (with modulus A), then for all y in M,
the differential system

Ty = jﬁRme7u)dUAu>
Trog — $0

has a unique solution. This solution is denoted by z[u].

Lemma 56. Let us equip L>®([0,T];R™) with the uniform norm. The mapping
p € MY — zlu] € L°°([0,T);R™) is weakly-+ continuous and Lipschitz continuous
for the L*—distance of Young measures.

Proof. > Weak-+ continuity.
Let p € M%, let (ug )k be a sequence in Mg converging to u for the weak-* topology.
The sequence (g"); defined by

ot = / £ (ali), w) (i (u) — dpa (1)) ds
0 Ur

converges pointwise to 0. We can show with the Arzela-Ascoli theorem that this
convergence is uniform. For all ¢ in [0, T7,

x[uF — 2y < t T k,u— T[], u k(w) ds
1] — ] < /O/URIf( ¥, 1) — sl )| dpak ()

—+

/ F (sl ) (A (w) = dprg () ds
0 JUR
= [ Ol = .l s+ o).

where the estimate o(1) is uniform in time. The uniform convergence of x[u*] follows
with Gronwall’s lemma.

> L'— Lipschitz continuity.
Let p! and p? in M{E, let 7 be an optimal transportation plan between p! and p?
for the L'—distance. For all ¢ in [0, T},

t
x[1?] — 2 [u]] < T 2,1}— zs[put], u ws(u,v)ds
)= <[ [ sl o) = el ) d )

IN

/ / Alzslis?) — 2l + o — ul) dry(u, v) ds
0 JUrRxUgr

< / Alslpi?) — o] ds + Ady (a1, ).
0

The Lipschitz continuity follows with Gronwall’s lemma. O
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A.3 Young measures on R™

We suppose here that X = R™. We equip MY := MY (R™) with the narrow
topology. In the article, elements of MY are denoted by v. For p in [1,00), we
denote by M}; the set of Young measures v in MY with a finite LP—norm, defined

by [|v]|p, = dp(0,v), where d,, is the Wassertein distance. We denote by MY, the set
of Young measures with a bounded support and we define the L°°—norm as follows:

[|V||lo = inf {a € R, v([0,T] x B(0,a)) =v([0,T] x R™)}.
Note the inclusion MY, ¢ MY c MY.
Lemma 57. The unit ball BY of MY is narrowly compact.

Proof. Let us prove that By is tight ie, for all € > 0, there exists a compact subset
K of R™ such that for all v in BY, v([0,T] x (R™\K)) <. Let € > 0, let K be the
ball of R™ with centre 0 and radius 1//¢. For all v in BY,

T
v([0,T] x (R™\K)) = 5/ / *dl/t )dt < 5/ / lul? dvg(u) dt < e.
RM\K € 0 JR™M\K

Then B is tight and by Prokhorov’s theorem [21 theorem 11], BY is narrowly
precompact in MY . The mapping (¢, u) + |u|? being a positive normal integrand,
the L?—norm is lower semi-continuous and therefore, B) is closed for the narrow
topology. Finally, B%/ is narrowly compact. O

Lemma 58. The mapping p € MY +— x[u] € L*([0,T],R") is well-defined and
Lipschitz continuous.

Proof. The proof is similar to the proof of lemma O

Lemma 59. Let U : [0,7] x X — R™ a measurable mapping be such that for almost
all t in [0,T], W(t,-) is continuous and such that

esssup |U(t,u)l = o (|Jul?).
t€[0,7] |u|—o0
Then the mapping
T
ve MY — / W (t, u) dug(u) dt (A.3)
0 Jrm

1s sequentially continous for the narrow topology.

Proof. The proof is inspired from [T, remark 5.3]. Let (v*); be a sequence in MY
converging to v in M} for the narrow topology. Let A be a bound on ||v*||5. Let
e > 0. Let B > 0 be such that for almost all ¢ in [0, 7], for all v in R™,

Y(t,u) < elu)® + B.

Then, —(t,u) + ¢ul? + B is a positive normal integrand. Thus,

T
/ (1, u) e+ B dvi () dt < lim mf/ 0t u)+eluf2+ B dvk(u) dt
0 R™ Rm™
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and therefore,

T T
/ —(t,u) dyg(u) dt < lim inf/ —tp(t,u) dvf (u) dt + 2e A%,
0 RrR™ 0 Rm™

k—o0

To the limit when € | 0, we obtain that

k—o00

T T
/ Y(t,u)dyg(u) dt > lim Sup/ Y(t,u) dvf(u) dt,
0 R™ 0 Rm™

which proves the upper semi-continuity of the mapping (A.3). We prove similarly

the lower semi-continuity. O
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