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Abstract

This paper is concerned with the minimization of an objective that is the sum of
a convex function f and an `1 regularization term. Our interest is in methods that
incorporate second-order information about the function f to accelerate convergence.
We describe a semi-smooth Newton framework that can be used to generate a variety
of second-order methods, including block active-set methods, orthant-based methods
and a second-order iterative soft-thresholding method. We also propose a new active
set method that performs multiple changes in the active manifold estimate, and in-
corporates a novel mechanism for correcting estimates, when needed. This corrective
mechanism is also evaluated in an orthant-based method. Numerical tests comparing
the performance of several second-order methods are presented.

1 Introduction

We consider convex optimization problems of the form

min
x∈Rn

φ(x)
def
= f(x) + µ‖x‖1, (1.1)

where f is a smooth, convex function and µ > 0 is a (fixed) regularization parameter. The
motivation for this work stems from machine learning applications in which f is a stochastic
loss function and the regularization term promotes both sparsity in the solution and a lower
generalization error, but the methods discussed here are also useful in applications where f
is a deterministic function.
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Various first-order methods have been proposed for solving problem (1.1), and have
proved effective in some important large scale applications (see, e.g. [23, 28] and the ref-
erences therein). The focus of this paper is on methods that incorporate second-order
information about the function f to accelerate convergence. These methods are effective
in many large scale applications, particularly when parallel computing environments are
available.

The contributions of this paper are two-fold. First, we propose a unified framework
for generating a wide variety of second-order methods for the convex regularized problem
(1.1). This framework is based on a semi-smooth Newton approach, and allows us to
contrast various algorithms, both theoretically and numerically. The second contribution is
to propose a new active-set method that performs multiple changes in the active manifold
estimate at every iteration. It can be derived using the semi-smooth Newton framework,
and includes a novel mechanism that dynamically corrects undesirable updates in the active
manifold selection. The new algorithm is designed for the case when f is quadratic, but
it can be used as a basis for a Newton-like method for solving the general convex problem
(1.1).

Other methods that can be derived by appropriate choices of the free parameters in
our semi-smooth Newton framework include orthant-based methods [2], and a second-order
iterative thresholding method. All these methods can be viewed as two-phase methods,
consisting of an active manifold identification phase and a second-order subspace phase.

Notation. Throughout the paper we define ∇if = ∂f/∂xi. We use calligraphic A,P,N to
denote index sets in the semi-smooth Newton method of section 2, and Roman A,P,N for
the index sets in the block active-set method of section 3.

2 A Framework for Second-Order Methods

The convex problem (1.1) is non-smooth, but its subdifferential is easy to compute and
is employed in various first-order methods; see, e.g. [3, 10, 11, 31, 32]. The goal of this
section is to describe a framework for generating methods that incorporate second-order
information about the function f .

This framework is based on the semi-smooth Newton methodology [12, 25, 26, 22, 29],
which has been developed for solving non-differentiable systems of algebraic equations that
can be classified as being semi-smooth. This methodology is relevant because the optimality
conditions for problem (1.1) can be written as a semi-smooth system, as we now discuss.

Let x∗ denote an optimal solution of (1.1), and let us define the sets

A∗ = {i : x∗i = 0}, P∗ = {i : x∗i > 0}, N ∗ = {i : x∗i < 0}.

Then, x∗ satisfies the optimality conditions

0 ∈ ∂φ(x∗) ⇐⇒


0 = ∇if(x∗) + µ for i ∈ P∗

0 = ∇if(x∗)− µ for i ∈ N ∗

0 ∈ [∇if(x∗)− µ,∇if(x∗) + µ] for i ∈ A∗.
(2.1)
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It is well-known and easy to verify that these conditions are equivalent to the nonlinear
system F (x∗) = 0, where F : Rn → Rn is given by

Fi(x) = max {min{τ(∇if(x) + µ), xi}, τ(∇if(x)− µ)} , i = 1, ..., n, (2.2)

and τ is any positive scalar. The function F can also be written as

Fi(x) = proj[(τ(∇if(x)−µ),τ(∇if(x)+µ)](xi), i = 1, ..., n, (2.3)

where proj[a,b](x) denotes the projection of x onto the interval [a, b]. In stating the optimality
conditions F (x∗) = 0, the scalar τ > 0 has no effect, but it plays a vital role in the algorithms
we derive below.

The search direction in a semi-smooth Newton method for solving F (x) = 0 is given by

G(x)d = −F (x), (2.4)

where G(x) denotes the generalized Jacobian of F . In order to define G, we note that the
function Fi(x) is non-differentiable when

xi = τ(∇if(x)− µ) or xi = τ(∇if(x) + µ). (2.5)

Based on this observation, we define the following index sets at an iterate xk:

N k = {i : xki ≤ τ(∇if(xk)− µ)}, (2.6)

Ak = {i : τ(∇if(xk)− µ) ≤ xki ≤ τ(∇if(xk) + µ)}, (2.7)

Pk = {i : xki ≥ τ(∇if(xk) + µ)}. (2.8)

The generalized JacobianG is defined in terms of the convex hull of all directional derivatives
of the component functions Fi at xk [12]. As a result of the index sets defined in (2.6)-(2.8),
the semi-smooth Newton iteration (2.4) for the function (2.2) can be written as:

eTi d
k = −xki , i ∈Ak \ (N k ∪ Pk) (2.9a)

∇2
i:f(xk)dk = −(∇if(xk) + µ), i ∈Pk \ Ak (2.9b)

∇2
i:f(xk)dk = −(∇if(xk)− µ), i ∈N k \ Ak (2.9c)(

δi∇2
i:f(xk) + (1− δi)eTi

)
dk = −ŷki , i ∈N k ∩ Ak (2.9d)(

δi∇2
i:f(xk) + (1− δi)eTi

)
dk = −ȳki , i ∈Pk ∩ Ak. (2.9e)

xk+1 = xk + dk, (2.9f)

where ∇2
i:f indicates the ith row of the Hessian ∇2f , the vector ei is the unit vector in Rn,

and

ŷki
def
= τ(∇if(xk)− µ) = xki , i ∈ N k ∩ Ak, ȳki

def
= τ(∇if(xk) + µ) = xki , i ∈ Pk ∩ Ak.
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Different choices of τ and δi define different semi-smooth Newton methods. The value
of τ determines the points of non-differentiability (2.5), and thus the definitions of the sets
N k,Pk, and Ak. Correspondingly, the choice of δi determines the choice of the generalized
Jacobian at these points of non-differentiability. For the components in (2.9a), we have
xk+1
i = xki + dki = 0, meaning that these variables are set to zero. If we chose to set δi = 0,

equations (2.9d), (2.9e) coincide with (2.9a), and these variables are also set to zero. If we
instead set δi = 1, we allow the variables in (2.9d), (2.9e) to move; we refer to these indices
as free variables, and update them with a Newton-like iteration.

The following algorithms are obtained by suitable choices of the parameters τ and δ in
the semi-smooth Newton framework.

Iterative Shrinkage Plus Subspace Step. If we set δi = 0, and choose τ as a step length
parameter, the semi-smooth Newton iteration (2.9) yields a two-phase method in which the
iterative shrinkage thresholding (ISTA) iteration [8, 10] is used to identify fixed variables,
and free variables are updated using a second-order step.

To see this, note that by (2.7) variables xki with

−τµ ≤ xki − τ∇if(xk) ≤ τµ (2.10)

are assigned to the set Ak in the semi-smooth Newton method, and if we set δi = 0 in
(2.9d)-(2.9e), all variables satisfying (2.10) are set to zero. This is precisely the effect of the
ISTA iteration, which is given by

x̄k = Tαkµ(xk − αk∇f(xk)), where Tσ(y)i = (|yi| − σ)+sgn(yi), (2.11)

provided we choose τ = αk. The rest of the variables in this second-order ISTA method,
namely those in (2.9b)-(2.9c), are free and are updated by a Newton-like iteration. Several
choices for the steplength αk in (2.11) have been proposed in the literature [28], and any of
these step lengths can be used as the value of τ in the semi-smooth Newton iteration. The
methods described in [14, 30] can be characterized as second-order ISTA methods.

Orthant-Based Methods (OBM). These are two-phase methods in which an active orthant
face is first identified, and a subspace minimization is then performed with respect to the
variables that define the orthant face. A line search ensures that the new iterate belongs to
the active orthant [2, 7, 18].

Given an iterate xk, an orthant-based method defines the orthant face Ωk by

Ωk = cl({d ∈ Rn : sgn(di) = sgn(ξki ), i = 1, ..., n}), with ξki =

{
sgn(xki ) if xki 6= 0

sgn(−gki ) if xki = 0,

(2.12)
where gk is the minimum norm subgradient of φ computed at xk, [27]:

gki =


∇if(xk) + µ if xki > 0 or (xki = 0 ∧ ∇if(xk) + µ < 0)

∇if(xk)− µ if xki < 0 or (xki = 0 ∧ ∇if(xk)− µ > 0)

0 if xki = 0 and 0 ∈ [∇if(xk)− µ,∇if(xk) + µ].

(2.13)
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In the relative interior of Ωk, the function φ is differentiable. The active set in an orthant-
based method, defined as Ak = {i : ξki = 0}, determines the variables that are kept at
zero, while the rest of the variables are chosen to minimize a quadratic model of φ at xk.
Specifically, the step dk of the algorithm is computed as the solution of

min
d∈Rn

Ψ(d) = φ(xk) + dT gk + 1
2d

T∇2f(xk)d (2.14)

s.t. di = 0, i ∈ Ak.

The algorithm then performs a line search along the step dk, projecting the iterate back
onto the orthant face, Ωk.

To generate orthant-based methods from the semi-smooth Newton iteration (2.9), we
choose τ sufficiently small such that

sgn
(
xki − τ

(
∇if(xk) + sgn(xki )µ

))
= sgn(xki ), for all i such that xki 6= 0, (2.15)

and set
δi = 0, for all i ∈ (N k ∩ Ak) ∪ (Pk ∩ Ak), (2.16)

that is, when F is non-differentiable, which, by (2.15), can only occur when xki = 0. To
observe the effect of this choice of τ and δ, let us first consider those variables for which
xki 6= 0. The choice of τ given in (2.15) implies that

If sgn(xki ) = −1, then xki − τ(∇if(xk)− µ) < 0, which by (2.6) implies i ∈ N k \ Ak;
If sgn(xki ) = +1, then xki − τ(∇if(xk) + µ) > 0, which by (2.8) implies i ∈ Pk \ Ak.

By (2.9b)-(2.9c) these are free variables in the semi-smooth Newton iteration—as well as in
the orthant-based method, by the first condition in (2.12). For variables such that xki = 0
we have:

If ∇if(xk)− µ > 0, then by (2.6), i ∈ N k, and by (2.12), (2.13), ξki = −1;

If ∇if(xk) + µ < 0, then by (2.8), i ∈ Pk, and by (2.12), (2.13), ξki = 1;

Else 0 ∈ [∇if(xk)− µ,∇if(xk) + µ]. By (2.12)-(2.13) we have ξki = 0.

For the semi smooth Newton method, by (2.7), there are two cases:

1. If (2.5) holds, then either i ∈ Ak ∩N k or i ∈ Ak ∩ Pk. Given (2.16), δi = 0

and these variables are held at zero.

2. If (2.5) does not hold, then i ∈ Ak \ (N k ∪ Pk) which are also kept at zero.

Therefore, for the choices of τ and δ mentioned above, the sets of free and fixed variables
in the semi-smooth Newton method identify the same orthant face that is used in orthant-
based methods. Furthermore, both methods compute the same subspace step, as evidenced
by the comparison of (2.9a)-(2.9e) with (2.14). Thus, if we were to replace (2.9f) with an
update resulting from a projected line search along the direction generated by (2.9a)-(2.9e),
both methods would yield the same iterate.
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Block Active-Set Method. If the function f in (1.1) is a convex quadratic, and we set τ such
that

τ >
|xki |
2µ

, for all i, and δi = 1, for i such that (2.5) holds, (2.17)

then the semi-smooth Newton iteration (2.9) gives rise to the block active-set method (BAS),
discussed in the next section. The proof of this claim is given in Section 3.1.

Other interesting methods, such as a two metric gradient projection method [6], can be
generated by appropriate choices of τ and δ in the semi-smooth Newton framework. Fur-
thermore, we can derive quasi-Newton variants for all methods described above by replacing
∇2f(x) by a BFGS approximation in (2.9b)-(2.9e). In fact, in Section 6 we report results for
a block active-set method and an orthant-based method that both employ limited memory
BFGS approximations.

3 The Block Active-Set Method (BAS)

This method was originally proposed for solving linear complementarity problems involv-
ing M -matrices [1] (see also [19]), and has been extended to regularized linear regression
problems [20]. It has recently received much attention for the solution of bound constrained
quadratic problems [5, 16], and we review the algorithm in this context.

Let us consider the problem

min
x∈Rn

1
2x

TQx+ qTx, subject to x ≥ 0, (3.1)

where Q ∈ Rn×n is symmetric positive definite. The KKT conditions of this problem are

Qx+ q = w, (3.2)

wi = 0 for all i such that xi > 0, (3.3)

w ≥ 0, x ≥ 0. (3.4)

The block active-set (BAS) method promotes fast changes in the active set using a non-
standard primal-dual mechanism. Every iteration begins with the specification of two index
sets: Ak, which indicates the components of x that will be held at zero at the current
iteration, and Ik, which represents the free components of x that are allowed to change.
Given a primal-dual iterate (xk, wk), the set Ak is composed of variables that violate the
constraints, in addition to variables at their bounds with positive (“correct”) multipliers,
i.e.,

Ak = {i : xki < 0} ∪ {i : xki = 0 and wki > 0}. (3.5)

The set Ik is composed of the rest of the variables.
The next primal-dual iterate (xk+1, wk+1) is obtained by first setting
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xk+1
i = 0, for i ∈ Ak, and wk+1

i = 0, for i ∈ Ik, (3.6)

and then computing the rest of the variables so as to satisfy (3.2) and (3.3) i.e.,

[Qxk+1 + q]i = 0, for i ∈ Ik, wk+1
i = [Qxk+1 + q]i, for i ∈ Ak. (3.7)

To contrast this algorithm with more traditional active-set methods [24, S16.5], a classical
active-set algorithm drops at most one constraint (with a negative multiplier) at each iter-
ation. In the BAS method, many variables are allowed to violate their bounds, and each
iteration drops and adds many constraints to the active set. While this methodology may
seem overly aggressive in comparison to classical methods, it has proved to be very efficient
for problems of the form (3.1) where Q is an M -matrix, particularly on some problems
arising from the discretization of partial differential equations [16].

The BAS method has been modified in [19] to solve problems associated with sym-
metric positive definite matrices, where the algorithm reverts to a traditional active set
iteration when sufficient progress is not observed; Section 4.1 provides a general outline of
this strategy.
To extend the BAS algorithm to the `1 regularized quadratic problem given by

min
x∈Rn

ϕ(x) = 1
2x

TQx+ qTx+ µ‖x‖1, (3.8)

where Q is symmetric positive definite, we introduce auxiliary variables u, v ≥ 0, write
x = u− v, and reformulate (3.8) as a bound constrained problem of the form (3.1). Next,
we apply the BAS method given by (3.5)-(3.7) to this bound constrained problem. While
introducing the auxiliary variables seemingly doubles the dimension of the problem, it can be
shown that the BAS algorithm, if properly initialized, maintains complementarity between
the u and v variables. Therefore, it suffices to keep track of the positive and negative
components and maintain a single vector x, together with index sets P k and Nk. As shown
in the Appendix, this strategy gives rise to Algorithm 3.1.
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Algorithm 3.1: Block Active-Set Algorithm for the Quadratic L1 Problem
(3.8)

Choose an initial iterate x0 and compute w0 = [Qx0 + q].
Initialize the sets: P−1 = {i : x0i > 0} , N−1 = {i : x0i < 0} and A−1 = {i : x0i = 0}.

for k = 0, · · · , until the optimality conditions of (3.8) are satisfied:

1. Compute the index sets: P k, Nk, Ak:

P k = {i ∈ P k−1 : xki ≥ 0} ∪ {i ∈ Ak−1 : wki ≤ −µ}, (3.9a)

Nk = {i ∈ Nk−1 : xki ≤ 0} ∪ {i ∈ Ak−1 : wki ≥ µ}, (3.9b)

Ak = {i ∈ Ak−1 : wki ∈ (−µ, µ)} ∪ {i ∈ P k−1 : xki < 0} (3.9c)

∪ {i ∈ Nk−1 : xki > 0}.

2. Compute the iterate (xk+1, wk+1) satisfying

xk+1
i = 0 ∀ i ∈ Ak, (3.10a)

[Qxk+1 + q + µe]i = 0 ∀ i ∈ P k, (3.10b)

[Qxk+1 + q − µe]i = 0 ∀ i ∈ Nk, (3.10c)

wk+1 = Qxk+1 + q. (3.10d)

end(for)

A point of note is that Algorithm 3.1 maintains pairwise disjoint sets for P k, Nk and Ak

at each iteration, k. Furthermore, we note that Algorithm 3.1 is very similar to the block
active set strategy presented in [20] for `1 regularized linear regression problems. That
algorithm operates on the dual formulation, for which the problem is a bound constrained
quadratic problem.

To describe the stopping conditions of Algorithm 3.1, an iterate xk satisfies the opti-
mality conditions of problem (3.8) if

(Qxk + q)i ∈ [−µ, µ], i ∈ Ak−1, xki ≥ 0, i ∈ P k−1, xki ≤ 0, i ∈ Nk−1. (3.11)

To demonstrate the veracity of this statement, we establish that these conditions are equiv-
alent to (2.1). For i ∈ Ak−1 we have xki = 0 and the first condition in (3.11) matches the
third condition in (2.1). For i ∈ P k−1 we have from (3.10b) that [Qxk + q + µe]i = 0, or
equivalently ∇if(xk) + µ = 0. If xki > 0, this is the first condition of (2.1); if xki = 0, which
satisfies the third condition of (2.1). Therefore, the second condition in (3.11) is consistent
with (2.1), and a similar argument applies to indices satisfying the third condition in (3.11).
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3.1 Derivation of the BAS method from the semi-smooth Newton frame-
work

The BAS method has been derived from the semi-smooth Newton framework by [16]. Here
we provide a derivation based on a different semi-smooth function (2.2), which is useful in the
derivation of the algorithms presented in this paper. Since the problem under consideration
is of the form (3.8), it follows from (1.1), that f(x) = 1

2x
TQx+ qTx. The variable wk used

in Algorithm 3.1 therefore satisfies wk = ∇f(xk). To establish the relationship between
the two methods, we will use an induction-based argument. Let us assume that xk−1 is
the same in both methods, and that the index sets Pk−1, N k−1, Ak−1 of the semi-smooth
Newton method and the indices P k−1, Nk−1, Ak−1 of Algorithm 3.1 satisfy

P k−1 = Pk−1, Nk−1 = N k−1, Ak−1 = Ak−1 \ (Pk−1 ∪N k−1). (3.12)

Given this assumption, and for the choices τ and δ in (2.17), we can show that at iteration
k − 1 the step computed by both methods result in the same iterate xk, and that the
relationship (3.12) continues to hold at iteration k. To do so, we consider the following
cases:

1. Suppose that i ∈ Ak−1\(Pk−1∪N k−1), and hence by (3.12), i ∈ Ak−1. It follows from
(2.9a), (2.9f) and (3.10a) that xki = 0 for both methods, and thus, for such variables,
the step computations yield the same iterate. Furthermore, we have from (3.9c) that
if Algorithm 3.1 assigns i ∈ Ak, then by (2.7), the semi-smooth Newton method sets
i ∈ Ak \(Pk∪N k). If instead, Algorithm 3.1 sets i ∈ P k, then by (3.9a), we must have
∇ifk ≤ −µ, and by (2.8), this results in the semi-smooth Newton method assigning
i ∈ Pk. (A similar argument applies to the case where Algorithm 3.1 sets i ∈ Nk).
Thus, for variables i ∈ Ak−1 \ (Pk−1 ∪ N k−1), both methods yield the same iterate,
and (3.12) continues to hold at iteration k.

2. Suppose i ∈ P k−1 = Pk−1. Given the selection of δi = 1 in (2.17), the semi-smooth
Newton equation (2.9e) coincides with equation (2.9b), and since f is a quadratic
function, these equations are as follows:

Qi:d
k−1 = −(Qxk−1 + q)i − µ = −Qi:xk−1 − qi − µ, for i ∈ Pk−1,

where Qi: indicates the ith row of matrix Q. Therefore,

[Qxk + q + µe]i = ∇if(xk) + µ = 0, i ∈ Pk−1, (3.13)

which coincides with (3.10b), for i ∈ P k−1, in Algorithm 3.1.

Let us now show that the assignment of the indices i ∈ P k−1 = Pk−1 at the next
iteration k, satisfies (3.12).

A. If xki > 0 then by (3.13) and (2.8), i ∈ Pk in the semi-smooth Newton method,
and by (3.9a), i ∈ P k in Algorithm 3.1.

B. If xki = 0, it follows from (3.13), (2.7) and (2.8) that i ∈ Pk ∩ Ak. Similarly, by
(3.9a), i ∈ P k for Algorithm 3.1.
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C. If xki < 0 then by (3.9c), i ∈ Ak for the Algorithm 3.1. Since xki < 0, and by
(3.13), we have that the second inequality in (2.7) is satisfied strictly. On the
other hand, by (3.13), (2.17) and the assumption xki < 0, we obtain

τ(∇if(xk)− µ) = −2τµ < xki ,

showing that the first inequality in (2.7) is satisfied as a strict inequality. Thus,
i ∈ Ak \ (Pk ∪N k) for the semi-smooth method.

As the analysis for indices i ∈ Nk−1 = N k−1 yields similar conclusions, we have
proven for i ∈ Nk−1 ∪P k−1 = Pk−1 ∪N k−1 that both methods yield the same iterate
during iteration k − 1, and that relations (3.12) are preserved at iteration k.

Therefore, we have shown by induction that, if initialized so that their starting point co-
incide and the index sets satisfy (3.12), the semi-smooth Newton method with parameters
(2.17) and Algorithm 3.1 are equivalent, when applied to problem (3.8).

4 A New Block Active-Set Algorithm

Algorithm 3.1, like the original BAS method, can fail to converge when Q in (3.8) is not
an M -matrix [4]. It is, in fact, common to observe both methods fail (cycle) in practice.
To address these shortcomings, we modify the active set mechanism of the BAS method,
based on the observation that the aggressive changes in index sets is the cause of cycling
across recurring instances of the sets P,N and A. We identify which of these changes may
not be productive, and correct them.

We note that P k can be interpreted as the set of variables that are predicted to be
non-negative. If i ∈ Ak−1 ∩P k, then xki = 0, and it follows from (3.9) that wki ≤ −µ, which
indicates that this variable should be increased. Moreover, if i ∈ P k−1 ∩ P k, it follows
that this variable was predicted to be non-negative at iteration k − 1, and xki was indeed
non-negative; thus we predict this variable to also be non-negative at the next iteration.
Similarly, we interpret Nk as the set of variables that are predicted to be non-positive.
However, since the algorithm is an infeasible method, it is possible that xk+1

i could be
negative for i ∈ P k, or could be positive for i ∈ Nk, at the end of iteration k, in which case
our prediction was incorrect.

Our strategy is as follows. After computing a trial iterate (xk+1, wk+1), we observe
whether variables that are zero at the beginning of the iteration were incorrectly predicted;
that is, if zero-valued variables that were predicted to be non-negative, became negative;
or if zero variables that were predicted non-positive, became positive. In other words, we
define the sets

V P
k = {i ∈ P k|xki = 0 and xk+1

i < 0}, V N
k = {i ∈ Nk|xki = 0 and xk+1

i > 0}, (4.1)

and determine whether the set Vk is non-empty, where

Vk = V P
k ∪ V N

k .
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If Vk is not empty, all variables i ∈ Vk are removed from their respective free sets and
reassigned to the active set Ak. A step of the algorithm is then re-computed using the
new sets P k, Nk, Ak, thus holding the indices i ∈ Vk, at zero. This corrective procedure is
repeated until all predictions for zero-valued variables are correct, i.e., until Vk is empty.
The implementation of this strategy within the BAS method is described in Algorithm 4.1.

Algorithm 4.1: Corrected Block Active-Set Algorithm for the Quadratic L1
Problem (3.8)

Initialize x0, w0, and the index sets P−1, N−1, A−1 as in Algorithm 3.1.
for k = 0, · · · , until the optimality conditions (3.11) are satisfied:

1. Compute the index sets: P k, Nk, Ak:

P k = {i ∈ P k−1 : xki ≥ 0} ∪ {i ∈ Ak−1 : wki ≤ −µ}, (4.2a)

Nk = {i ∈ Nk−1 : xki ≤ 0} ∪ {i ∈ Ak−1 : wki ≥ µ}, (4.2b)

Ak = {i ∈ Ak−1 : wki ∈ (−µ, µ)} ∪ {i ∈ P k−1 : xki < 0} (4.2c)

∪{i ∈ Nk−1 : xki > 0}.

2. Repeat until Vk = ∅:

2a) Compute the iterate (xk+1, wk+1) satisfying

xk+1
i = 0 ∀ i ∈ Ak, (4.3a)

[Qxk+1 + q + µe]i = 0 ∀ i ∈ P k, (4.3b)

[Qxk+1 + q − µe]i = 0 ∀ i ∈ Nk, (4.3c)

wk+1
i = [Qxk+1 + q]i. (4.3d)

2b) Compute V P
k , V

N
k by (4.1); set Vk = V P

k ∪ V N
k .

2c) Ak ← Ak ∪ Vk .

2d) P k ← P k \ V P
k , Nk ← Nk \ V N

k .

End repeat
end(for)

We note that the repeat loop in Algorithm 4.1 is finite since at each round, elements are
subtracted from P k or Nk, and these sets are finite.

We now show that Algorithm 4.1 will take a nonzero step from any iterate that is not
a solution of problem (3.8). For convenience, we partition the variables according to their
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transitions:

Rk := {i : i ∈ (P k−1 ∩ P k) ∪ (Nk−1 ∩Nk)}
Sk := {i : i ∈ (P k−1 ∪Nk−1) ∩Ak}
T k := {i : i ∈ Ak−1 ∩ (P k ∪Nk)}
W k := {i : i ∈ (Ak−1 ∩Ak)}

and, by (4.2),
Rk ∪ Sk ∪ T k ∪W k = {1 . . . n}. (4.4)

In addition it is convenient to define

ski =


1, if i ∈ P k

0, if i ∈ Ak

−1, if i ∈ Nk.

(4.5)

Theorem 4.1 Let {xk} be the iterates generated by Algorithm 4.1 when applied to problem
(3.8), where Q is symmetric and positive definite. Then, if xk is not a stationary point for
problem (3.8), we have that xk+1 6= xk. Furthermore, either Sk 6= ∅, which means some
nonzero variables are moved to zero, or Sk = ∅ in which case we have

(Qxk + q + skµ)T (xk+1 − xk) =
∑
i∈Tk

([Qxk]i + qi + ski µ)(xk+1 − xk)i < 0. (4.6)

Proof. Let us assume that xk is not optimal. We consider two cases at iteration k of
Algorithm 4.1.
Case 1. Suppose that the set Sk = (P k−1 ∪Nk−1)∩Ak is nonempty at the beginning
of Step 2 of Algorithm 4.1. Consider some j ∈ Sk; by (4.2c), we must have xkj 6= 0.

Since these variables are not removed from Ak by the repeat loop, then by (4.3a), it
follows that xk+1

j = 0 6= xkj , which implies xk+1 6= xk.

Case 2. Suppose that the set Sk = (P k−1 ∪ Nk−1) ∩ Ak is empty at the beginning

of Step 2. It follows by (4.2) that P k−1 ⊆ P k and Nk−1 ⊆ Nk; therefore, Rk =
P k−1 ∪ Nk−1, which implies using (4.5) that ski = sk−1i for all i ∈ Rk . Given this
stability of sign, it follows from the computation of step 2a of Algorithm 4.1 that

[Qxk]i + qi + ski µ = [Qxk]i + qi + sk−1i µ = 0, for all i ∈ Rk. (4.7)

Let us consider the indices i ∈ Ak−1. Since Rk = P k−1∪Nk−1, the last two optimality
conditions in (3.11) are satisfied, and since xk is assumed to be non-stationary, it
follows that at the beginning of Step 2, there must exist indices i ∈ Ak−1 such that

|wki | = |[Qxk]i + qi| > µ; (4.8)

moreover these indices will be initially assigned to Nk ∪P k by Step 1. Therefore, the
set T k = Ak−1 ∩ (P k ∪Nk) is nonempty at the beginning of Step 2.

12



We will now show that the set T k is also nonempty at termination of the repeat

loop in Step 2, which we have previously shown to be finite. We note that at each
iteration of the repeat loop, xk+1 is computed as the minimizer of the strictly convex
quadratic program

min
x∈Rn

1
2x

TQx+ (q + skµ)Tx (4.9)

subject to xi = 0 : i ∈ Ak,

where sk is defined by (4.5). Furthermore, since by (4.8) xk is not a minimizer of the
quadratic, xk+1 − xk is a strict descent direction for the quadratic, i.e.,

(Qxk + q + skµ)T (xk+1 − xk) =
n∑
i=1

([Qxk]i + qi + ski µ)(xk+1 − xk)i < 0.

Given the assumption Sk = (P k−1 ∪Nk−1) ∩Ak = ∅, it follows that Ak ⊆ Ak−1, and
W k = Ak. This implies:

xk+1
i = xki = 0 for i ∈W k. (4.10)

Therefore, since (4.7) holds for i ∈ Rk, Sk = ∅, and (xk+1 − xk)i = 0 for i ∈ W k, it
follows from (4.4) that only terms in T k = Ak−1 ∩ (Nk ∪ P k) contribute to the sum;
thus

(Qxk + q + skµ)T (xk+1 − xk) =
∑
i∈Tk

([Qxk]i + qi + ski µ)(xk+1 − xk)i < 0. (4.11)

Now suppose that at some iteration of the repeat loop in Step 2, |[Qxk]i+ qi| ≥ µ for
some i ∈ Vk. If i ∈ Ak−1 ∩ P k, then [Qxk]i + qi + ski µ ≤ 0, but since i ∈ V k, then we
must have xk+1

i < 0; as a result, that term i in (4.11) is nonnegative. If i ∈ Nk∩Ak−1,
a similar argument implies that term i is nonnegative in that case. So by (4.11) there
must exist a negative term in the sum. This negative term must correspond to some
i ∈ T k \ V k = (Ak−1 ∩ (Nk ∪ P k)) \ V k, for which [Qxk]i + qi + ski µ 6= 0. Since this
index remains in T k at the next iteration, xk is still not optimal for (4.9), and thus
(4.11) holds. It follows that (4.11) holds at the end of step 2, and that xk+1 6= xk.

2

This result can be used to show that the Corrected BAS algorithm (unlike the original BAS
algorithm) generates descent directions at each iteration.

Corollary 4.2 Under the conditions of Theorem 4.1, if xk is not a stationary point for
problem (3.8), the direction dk = xk+1−xk, generated by Algorithm 4.1, is a descent direction
for the objective function ϕ, i.e., the directional derivative satisfies Dϕ(xk; dk) < 0.
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Proof. The directional derivative of ϕ at xk in the direction dk is given by

Dϕ(xk; dk) =
n∑
i=1

(Qxk + q)id
k
i +

∑
i:xki>0

µdki −
∑
i:xki<0

µdki +
∑
i:xki =0

µ|dki |. (4.12)

As the indices i ∈ W k have dki = xk+1
i − xki = 0, they have zero contribution to the

sum (4.12). We analyze the individual contributions from the remaining subsets.

i ∈ Rk: First consider indices i where xki 6= 0. By (4.2), if i ∈ P k−1 ∩ P k then xki > 0; if
i ∈ Nk−1 ∩Nk then xki < 0. Thus, the contribution to the directional derivative
(4.12) is (

(Qxk + q)i + µ sign(xki )
)
(xk+1 − xk)i = 0,

by (4.3b) and (4.3c). Next consider the indices i where xki = 0. If i ∈ P k−1∩P k,
by the corrective mechanism described in Step 2 of Algorithm 4.1, we have xk+1

i ≥
0 and therefore, dki ≥ 0. By (4.12) the contribution to the directional derivative
is given by (

(Qxk + q)i + µ
)
xk+1
i = 0,

where the equality follows from i ∈ P k−1 and (4.3b) at the previous step. A
similar argument holds for i ∈ Nk−1∩Nk. Therefore, the contribution of indices
i ∈ Rk to the sum (4.12) is zero.

i ∈ Sk: If i ∈ P k−1 ∩ Ak, then, given (4.3b) at the previous iterate, it follows that
(Qxk + q)i = −µ. Since i ∈ Ak, then xki < 0, and the contribution to the
directional derivative is given by

(Qxk + q)i − µ)(0− xk)i < 0.

A similar argument shows that the contribution of indices i ∈ Nk−1 ∩Ak is also
negative. Therefore, we can conclude that the contribution of any index i ∈ Sk
to the directional derivative is negative.

i ∈ T k: If i ∈ Ak−1 ∩ P k, we know that xki = 0, and the corrective mechanism described
in Step 2 of Algorithm 4.1 yields xk+1

i ≥ 0. Furthermore, given that the index
was assigned to P k from Ak−1, it follows from (4.2) that (Qxk + q)i +µ ≤ 0, and
therefore (

(Qxk + q)i + µ
)
(xk+1 − 0)i ≤ 0.

The analysis for the case i ∈ Ak−1 ∩Nk yields the same result.

Thus, the only nonzero contributions to Dϕ(xk; dk) are those found in sets Sk and
T k. If Sk is nonempty, those terms are negative and Dϕ(xk; dk) < 0. If Sk is empty,
then by Theorem 4.1 it follows that (4.6) holds, and since the loop in step 2 ensures
|dki | = ski (x

k+1 − xk)i, by (4.12), we have:

Dϕ(xk; dk) =
∑
i∈Tk

([Qxk]i + qi + ski µ)(xk+1 − xk)i < 0. (4.13)

2
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4.1 A Noncycling Variant

Algorithm 4.1 is not globally convergent, and in fact may be subject to cycling behavior,
although it is extremely rare to see this in practice. In this section, we describe a strategy for
making Algorithm 4.1 globally convergent based on the safeguarding procedure proposed in
[19], and employed in [20] in the context of regularized linear regression. If the cardinality
of indices violating (3.11) fails to decrease for several iterations, a backup procedure is
invoked that ensures decrease of this cardinality by restricting the changes in the sets in
(3.11) to one variable per iteration. A modification of Algorithm 4.1 that incorporates this
safeguarding strategy to provide global convergence is given in Algorithm 4.2.

Algorithm 4.2: A Noncycling Variant of Algorithm 4.1

Initialize x0, w0, and the index sets P−1, N−1, A−1 as in Algorithm 3.1. Choose an
integer tmax and set card← n+ 1.

for k = 0, · · · , until the stopping conditions (3.11) are satisfied:

1. W k = {i ∈ Ak−1 : wki /∈ [−µ, µ]} ∪ {i ∈ P k−1 : xki < 0} ∪ {i ∈ Nk−1 : xki > 0}.

2. If |W k| < card, then set t← 0 ; card← |W k|;

Else set t← t+ 1;

Endif

3. If t ≤ tmax, then Perform Step 1 and Step 2 of Algorithm 4.1.

Else Set j = max{i : i ∈W k}

If j ∈ P k−1 , set P k = P k−1 \ {j}; Nk = Nk−1; Ak = Ak−1 ∪ {j}.
If j ∈ Nk−1 , set P k = P k−1; Nk = Nk−1 \ {j}; Ak = Ak−1 ∪ {j}.
If j ∈ Ak−1 and wk > µ, set P k = P k−1; Nk = Nk−1∪{j}; Ak = Ak−1 \{j}.
If j ∈ Ak−1 and wk < −µ, set P k = P k−1∪{j}; Nk = Nk−1; Ak = Ak−1\{j}.
Compute the iterate (xk+1, wk+1) satisfying (4.3).

Endif
end(for)

Another approach we could use for ensuring convergence in the general convex case is
to incorporate a line search in Algorithm 4.1, which is feasible since by Corollary 4.2 the
algorithm produces descent directions. However, such a strategy changes the fundamentally
discrete character of the algorithm, in which each iterate is the minimizer of the quadratic
defined by the objective in a specified orthant. Therefore, we will defer consideration of
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this approach to a future study. We stress that failures of Algorithm 4.1 are so rare (unlike
those of the basic BAS method) that backup strategies are likely to be invoked very rarely
in practice.

5 An Orthant Based Method with Corrections (OBM-COR)

The correction mechanism, described by the repeat loop in Step 2 of Algorithm 4.1, can
be applied to methods other than the BAS algorithm. In particular, it could be employed
in orthant-based methods, or in the second-order ISTA method described in Section 2. In
this section, we study the use of the correction mechanism within an orthant-based method,
which shares many similarities with the Corrected BAS strategy.

A distinctive feature of orthant based methods is that they employ the smooth quadratic
model (2.14) of the objective φ, minimize it over the space of free variables, and ensure the
new iterate is constrained to the current orthant face Ωk. To describe the implementation
of the corrective mechanism within an orthant based method, we first express the orthant
face Ωk, in terms of the index sets of Algorithm 4.1. We make the following assignments:

ξki < 0→ i ∈ Nk, ξki > 0→ i ∈ P k, and ξki = 0→ i ∈ Ak, (5.1)

where ξk is defined by (2.12).
The first step of the orthant-based method with correction (OBM-COR) is to iden-

tify the orthant face Ωk, using (2.12), and the corresponding index sets P k, Nk and Ak,
through (5.1). The algorithm then performs Step 2 of Algorithm 4.1. (Note that the up-
date (4.3a)-(4.3d) is equivalent to solving (2.14), for a particular setting of (P k, Nk, Ak)).
Upon termination of the repeat loop, the resultant iterate, xk+1, is then projected onto
the current orthant face, to yield the point

x̂k+1
i =

{
xk+1
i if (i ∈ P k ∧ xk+1

i > 0) ∨ (i ∈ Nk ∧ xk+1
i < 0)

0 otherwise.
(5.2)

It is interesting to compare the OBM-COR and Corrected BAS methods, as the principal
difference is in the projection. If an iterate xk has been generated by OBM-COR, then the
sets defined by (5.1) are almost identical with those defined by Step 1 of Algorithm 4.1, the
only difference being at the discontinuities where xki = 0 and |[Qxk + k]i| = µ. However,
at the termination of the repeat loop in Step 2, OBM-COR will project onto the chosen
orthant, while Corrected BAS will take the full step.

To illustrate the effects of this projection, consider the case xk+1
i < 0 for i ∈ P k, which

by (5.2) yields x̂k+1
i = 0. As this index can be placed in Nk+1 at the next iteration,

the OBM-COR method allows faster changes to the index sets in comparison to the BAS
method, which would instead place i ∈ Ak+1 at the beginning of the next iteration and hold
the variable at zero.
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6 Numerical Experiments

We coded the semi-smooth Newton method of Section 2 in MATLAB, with the values of τ
and δ being supplied as input parameters. While numerous methods could be tested using
this semi-smooth Newton framework, our focus is on evaluating the effectiveness of the
corrective mechanism proposed in this paper, in both block active-set and orthant-based
methods. The investigation of alternate methods generated by other choices of τ and δ,
such as the second-order iterative soft-thresholding (ISTA) method, is postponed to a future
paper.

We first compare the new block active-set method (Algorithm 4.1), against the original
block active-set method (Algorithm 3.1) on quadratic `1-regularized problems of the form
(3.8). We generated 1000 test problems where the Hessian matrix Q was created using the
MATLAB sparse matrix generator, sprandsym, with a density factor of 25%. One half of
the test problems had a moderate condition number of Q (in the order of 104), and the
other half had a condition number of magnitude 107. The vector q was randomly generated
such that its entries were of a similar magnitude to the eigenvalues of Q, and approximately
half of its entries were positive, and half negative. The regularization parameter µ was
randomly generated in the interval [2.5, n/3].

In Table 6.1, we compare the robustness of the two methods on the set of test problems
described above. We also report the average number of correction steps, i.e., the number
of executions of the repeat loop in Algorithm 4.1, per outer iteration. The effectiveness
of the correction mechanism in improving the robustness of the iteration is evident. We
note that when Algorithm 3.1 failed, it exhibited cycling, as discussed in [4]. We also ran
Algorithm 4.2 (with tmax = 10) on these test problems, and the backup strategy was never
invoked. Therefore, the performance of Algorithms 4.1 and 4.2 was identical.

Table 6.1: Comparison of the BAS and Corrected BAS methods over 1000 test problems

Conditioning Algorithm 3.1 Algorithm 4.1
of Matrix Q Number of Failures Number of Failures Average corr/iter

Moderate 10 (out of 500) 0 0.92283
High 120 (out of 500) 0 1.40629

Total 130 Failures 0 Failures 1.1646

Figure 6.1 gives a comparison of CPU times of the two methods using the logarithmic
performance profiles described in [9]. That figure also reports the performance of the orthant
based method with correction (OBM-COR) discussed in section 5. We observe that the
correction mechanism is effective in both methods, and that the OBM-COR method is
somewhat more efficient in this tests, possibly due to the use of the projection at the end of
the step. While both the Corrected BAS and OBM-COR methods are more robust than the
BAS algorithm, this stability is obtained at the expense of increased computational cost.
However, savings in computation can be achieved through the selective use of corrections,
inexact steps [15, 17], and by updating matrix factorizations. Such enhancements require
careful consideration and a sophisticated implementation, and will be the subject of a future
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study.

Figure 6.1: CPU performance profiles for Algorithm 3.1, Algorithm 4.1 and the OBM-COR
method

6.1 General Convex Problems with `1 Regularization

We now study the use of a block active-set method in the solution of the general convex
problem (1.1). We follow a Newton-like approach, similar to successive quadratic program-
ming, in which at each iteration, a step is computed as the minimizer of the model

mk(d) = f(xk) +∇f(xk)Td+ 1
2d

TBkd+ µ‖xk + d‖1, (6.1)

where Bk is either ∇2f(xk) or an approximation to it. We minimize problem (6.1) using
the Corrected BAS method, and denote its solution by dk. The new iterate is given by
xk+1 = xk + αkdk, where αk ∈ {1, 12 ,

1
4 , · · · } is the largest value such that the following

Armijo condition is met:

φ(xk + αkdk) ≤ φ(xk) + γαk∇f(xk)Tdk + γµ(‖xk + αkdk‖1 − ‖xk‖1), (6.2)

where γ = 0.0001. We refer to this approach as the Newton-CBAS method.
It is easy to see that this method generates a descent direction for the true objective

(1.1), since it is evident that the directional derivatives satisfy Dφ(xk; dk) = Dmk(0; dk),
and the convexity of the model mk and the minimization property yield Dmk(0; dk) ≤
mk(dk)−mk(0) < 0, see also [21].
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We compare the performance of the Newton-CBAS method for problem (1.1), with
that of the well known orthant-based OWL-QN method [2]. Since the latter uses a limited
memory BFGS approximation, we defined Bk in (6.1) in the same manner, to make the
comparison as fair as possible. The test problem is generated using the StatLog Landstat
Satellite dataset from the UCI machine learning repository [13]. We formulate this problem
as a multi-class logistic function, where f(x) is a negative log-likelihood function of the form

f(x) = − 1

N

N∑
h=1

log
exp(xTyhzh)∑
i∈C exp(xTi zh)

. (6.3)

In this expression, N is the number of training points, C denotes the set of all class labels;
yh ∈ C is the class label associated with data point h; zh is the feature vector for data point
h. In solving the sparse classification problem for the StatLog Landstat Satellite dataset, we
expand the feature space for every data point by taking the products of all possible pairs of
features, thus increasing the feature set from 36 to 1296 features. As the number of classes
|C| = 6, the dimension of the problem is n = number of classes × number of features =
7776. We utilize a memory of 5 for the limited memory BFGS approximation, and set the
regularization parameter to be µ = 1/n.

In Figure 6.2, we plot the objective function value φ and the optimality error ‖F‖1, as
a function of the iteration number, where F is defined in (2.2). It is clear that the Newton-
CBAS method outperforms OWL-QN in both of measures. We note that in this problem
the cost of the iterations in the two methods is dominated by the function evaluations.

7 Final Remarks

We presented a semi-smooth Newton framework for generating a variety of two-phase meth-
ods for solving the `1 regularized convex problem (1.1). While we have explored only a few
of the methods that can be generated by this framework, some of the remaining alternatives,
such as the second-order ISTA algorithm, deserve further consideration. In addition to its
generality and flexibility, the semi-smooth Newton framework allows us to develop variants
in which the subspace phase is solved inexactly [15], although the exploration of that topic
will be the subject of a future study.

We proposed a novel corrective mechanism for the block active set (BAS) method that
significantly improves the robustness of the iteration. Although the proposed algorithm can
cycle, failures are so rare that it is easy to incorporate safeguarding mechanisms that do
not interfere with the efficiency of the approach. We described one such procedure that
ensures the (non-monotone) decrease in the cardinality of the infeasibility set. A different
safeguarding procedure that builds on the descent property given in Corollary 4.2 will be
developed in a future study, in conjunction with the inexact subspace solve mentioned
above, with the aim of reducing the computational costs associated with the corrective
mechanism proposed in this paper. We have shown that this mechanism is also effective
in an orthant-based method, and it would be of interest to explore it in the context of a
second-order ISTA method.
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(a) Objective function φ

(b) Optimality error ‖F‖1

Figure 6.2: StatLog Landstat Satellite Dataset : Newton-CBAS vs. OWL-QN
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8 Appendix: Derivation of the Block Active-Set (BAS) Algorithm for

Problem (3.8)

By introducing auxiliary variables u, v, such that

x = u− v and u, v ≥ 0, (8.1)

we can reformulate problem (3.8) as a bound constrained problem of the form (3.1):

min
u,v∈Rn

1
2(u− v)TQ(u− v) + qT (u− v) + µ(u+ v)T e (8.2)

s.t. u, v ≥ 0,

where e ∈ Rn represents a vector with entries of all ones. In this smooth reformulation, the
variable u is used to represent the positive components of x, and v the negative components.
The KKT conditions for (8.2) are

Q(u− v) + q + µe− y = 0, (8.3)

−(Q(u− v) + q) + µe− z = 0, (8.4)

yTu = 0, zT v = 0, (8.5)

u, v ≥ 0, y, z ≥ 0, (8.6)

where y and z are the Lagrange multipliers for the nonnegative constraints of u and v
respectively.

Given a primal-dual iterate (uk, vk, yk, zk), the BAS algorithm (3.5)-(3.7) begins with
the specification of the index sets, which for the case of problem (8.2) take the form:

Auk : is the set of indices of uk that will be set to zero,

Iuk : is the set of indices of uk that will be allowed to move; Iuk = {1, · · · , n} \Auk ,
Avk : is the set of indices of vk that will be set to zero,

Ivk : is the set of indices of vk that will be allowed to move; Ivk = {1, · · · , n} \Avk.

The method is specified in Algorithm 8.1, where we have assumed the initial variables u0, v0

satisfy the complementarity conditions

0 ≤ u0i ⊥ v0i ≥ 0 ∀ i. (8.7)
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Algorithm 8.1: BAS Algorithm for the Bound Constrained Problem (8.2)

Initialize: Choose an initial iterate u0, v0 that satisfies (8.7).
Set y0 and z0 such that

If u0i > 0 : set: y0i = 0, z0i > 0;

If v0i > 0 : set: y0i > 0, z0i = 0;

If u0i = v0i = 0 : set y0i , z
0
i such that (8.3) and (8.4) are satisfied.

for k = 0, · · · until the optimality conditions (8.3)-(8.6) are met:

1. Compute the index sets:

Auk = {i : uki < 0} ∪ {i : uki = 0 and yki > 0} Iuk = [Auk ]c, (8.8)

Avk = {i : vki < 0} ∪ {i : vki = 0 and zki > 0} Ivk = [Avk]
c, (8.9)

where [A]c indicates the complement of set A.

2. Compute the iterate (uk+1, vk+1, yk+1, zk+1) using the following procedure:

2.1 Set the variables in the active set, and the multipliers of variables in the
inactive set, to zero:

uk+1
i = 0 ∀ i ∈ Auk , (8.10)

vk+1
i = 0 ∀ i ∈ Avk, (8.11)

yk+1
i = 0 ∀ i ∈ Iuk , (8.12)

zk+1
i = 0 ∀ i ∈ Ivk . (8.13)

2.2 Compute the remaining variables so as to satisfy (8.3) and (8.4), i.e.,

Q(uk+1 − vk+1) + q + µe− yk+1 = 0, (8.14)

−(Q(uk+1 − vk+1) + q) + µe− zk+1 = 0. (8.15)

End(for)

Algorithm 8.1 preserves complementarity in u and v. To see this, note that equations
(8.10)-(8.13), together with the initialization, yield primal-dual complementarity at every
iteration k, i.e.,

uki y
k
i = 0 and vki z

k
i = 0, ∀ i. (8.16)

By adding the equations (8.14) and (8.15), we see that yk+1+zk+1 = 2µe. This implies that
for each index i, we will have either yk+1

i > 0 or zk+1
i > 0. Thus, by (8.8), (8.9) and (8.16),

either i ∈ Auk or i ∈ Avk. As a result, for each i, either i /∈ Iuk or i /∈ Ivk , since Iuk = [Auk ]c,
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and hence
Iuk ∩ Ivk = ∅ ∀ k ≥ 0. (8.17)

Therefore, at every iteration k either uki or vki are zero, for all i.
As a result, it suffices to keep track of the positive and negative components of a single

vector x, thus reducing the number of variables by half. Given (8.1), we can similarly define
a single multiplier vector,

wk := Q(uk − vk) + q = Qxk + q. (8.18)

so that by (8.14) and (8.15) we have

yk+1
i = wk+1

i + µ, zk+1
i = −wk+1

i + µ. (8.19)

Next, we define index sets corresponding to the single variable x. To do so, we first make
some observations about the transitions of the indices of the vectors u, v in Algorithm 8.1.
Let us define

P k−1 = Iuk−1 : the set of indices of xk we predict are positive, (8.20)

Nk−1 = Ivk−1 : the set of indices of xk we predict are negative,

Ak−1 = Auk−1 ∪Avk−1 : the set of indices of xk that are set to zero.

We analyze the following cases.

1. Let us consider an index i ∈ Ak−1. By (8.10) and (8.11), it follows that uki = vki = 0.
Therefore, one of the following conditions holds:

If yki > 0 ∧ zki > 0 : then, by (8.8), (8.9), i ∈ Ak.
If yki = wki + µ ≤ 0 : then, by (8.19), zki > 0. From (8.8) and (8.9), we have i ∈ P k.
If zki = −wki + µ ≤ 0 : then, by similar arguments, i ∈ Nk.

2. Let us consider an index i ∈ P k−1. From (8.17), we have i ∈ Avk−1. By (8.11), (8.12)

and (8.19), it follows that vki = 0, yki = 0 and zki > 0 respectively. Therefore, from
(8.9), i ∈ Avk, and by (8.8), it follows that:

i ∈

{
Ak if uki < 0

P k if uki ≥ 0.

3. Let us consider i ∈ Nk−1. From (8.17), we have i ∈ Auk−1. By (8.10), (8.13) and (8.19),

it follows that uki = 0, zki = 0 and yki > 0 respectively. Therefore, i ∈ Auk , and we have
that

i ∈

{
Ak if vki < 0

Nk if vki ≥ 0.
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This analysis demonstrates that, for the case i ∈ P k−1∪Nk−1, the multipliers yki , z
k
i ≥ 0

are always feasible, and that indices cannot transition from being inactive in v to being
inactive in u, or vice versa. As a result, transitions between the index sets P and N over
consecutive iterations are prohibited in the BAS method.

Based on this fact, and the observations made in the three cases above, we can redefine
the index sets in (8.20) in terms of the x variable,

P k = {i ∈ P k−1 : xki ≥ 0} ∪ {i ∈ Ak−1 : wki ≤ −µ}, (8.21)

Nk = {i ∈ Nk−1 : xki ≤ 0} ∪ {i ∈ Ak−1 : wki ≥ µ},
Ak = {i ∈ Ak−1 : wki ∈ (−µ, µ)} ∪ {i ∈ P k−1 : xki < 0} ∪ {i ∈ Nk−1 : xki > 0}.

To express (8.10)-(8.15) in terms of the x variable alone, we first note that (8.10) and
(8.11) can be replaced by

xk+1
i = 0 ∀ i ∈ Ak.

To compute the remaining components of xk+1, that is i ∈ P k ∪ Nk, we substitute (8.12)
and (8.13) into the equations (8.14) and (8.15) to obtain

[Qxk+1 + q + µe]i = 0 ∀ i ∈ P k,
[Qxk+1 + q − µe]i = 0 ∀ i ∈ Nk.

In summary, the description of the BAS algorithm applied to problem (3.8) is given in
Algorithm 3.1.
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