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BOUNDS ON EIGENVALUES OF MATRICES ARISING FROM
INTERIOR-POINT METHODS

CHEN GREIF*, ERIN MOULDING!, AND DOMINIQUE ORBAN?

Abstract. Interior-point methods feature prominently among numerical methods for inequality-
constrained optimization problems, and involve the need to solve a sequence of linear systems that
typically become increasingly ill-conditioned with the iterations. To solve these systems, whose
original form has a nonsymmetric 3 X 3 block structure, it is common practice to perform block
elimination and either solve the resulting reduced saddle-point system, or further reduce the system
to the Schur complement and apply a symmetric positive definite solver. In this paper we use
energy estimates to obtain bounds on the eigenvalues of the matrices, and conclude that the original
unreduced matrix has more favorable eigenvalue bounds than the alternative reduced versions. We
also examine regularized variants of those matrices that do not require typical regularity assumptions.
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indefinite linear systems, eigenvalues, condition number, inertia, eigenvalue bounds,
regularization

1. Introduction. Given a symmetric and positive semidefinite Hessian matrix
H € R"™™, vectors ¢ € R"™ and b € R™, and a Jacobian matrix J € R™*", where
m < n, consider the primal-dual pair of quadratic programs (QP) in standard form

minimize ¢’z + 32" Hz subject to Jr=»5b x>0, (1.1a)
xr
maximize b7y — %xTH:E subject to JTy+z—Hrx=¢, z>0, (1.1b)
T,y,2

where inequalities are understood elementwise, and y and z are the vectors of La-
grange multipliers associated with the equality and nonnegativity constraints of (1.1a),
respectively. The case H = 0 corresponds to the linear programming (LP) problem
in standard form. Numerical methods for solving (1.1) include the class of widely
successful primal-dual interior-point methods. Their distinctive feature is that they
approximately follow a smooth path lying inside the primal-dual feasible set all the
way to an optimal solution.

This paper focuses on the linear systems that form the core of the iterations of
primal-dual interior-point methods. Specifically, the matrices associated with those
linear systems have a special block form, and techniques that rely on partial elimination
of the unknowns are fairly popular, as the underlying sparsity pattern naturally lends
itself to such reductions. However, we claim that in terms of spectral distribution and
conditioning, it may be beneficial to avoid performing such elimination steps before
applying a linear solver. To make our point, we use energy estimates in the spirit
of Rusten and Winther (1992), and obtain upper and lower bounds on the eigenvalues
of the various matrices that we consider. We also consider regularized variants of those
matrices that arise when an interior-point method is applied to a modified optimization
problem that includes regularization terms.
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Our primary goal is to provide a theoretical foundation to the study of spectral
properties of the matrices involved. When the problem is very large, the spectral
structure of the matrices plays a central role in the performance of the interior-point
solver, especially when the underlying linear systems are solved iteratively. We stress
however that we do not perform analysis for iterative solvers or offer specialized
preconditioning approaches in the present paper.

In §2 we provide a short overview of primal-dual interior-point methods and
present the linear systems that arise throughout the iterations. In §3 we investigate
the linear systems in all formulations, specify conditions for nonsingularity, provide
bounds on the eigenvalues, and study the inertia and condition numbers. In §4
we analyze a regularized optimization problem in the same way. In §5 we provide
numerical validation of our analytical claims and in §6 we cover several alternative
system formulations. Concluding remarks appear in §7.

2. Background and Preliminaries. In this section we provide a brief overview
of primal-dual interior-point methods and the linear systems that arise throughout the
iterations. Our purpose is to set the stage for the analysis of the subsequent sections.

For an index set N' C {1,...,n} and a vector v € R™ we denote by v, the
subvector of v indexed by N. Similarly, if A is a matrix with n columns, A, is the
submatrix of the columns of A corresponding to indices in A/, If A is square, Aprpr
represents the matrix with both rows and columns corresponding to indices in N.

Throughout the paper we separate vector components by commas. To avoid
ambiguities, inner products are denoted by a transpose operation. Thus, (z,y) means
a vector whose components are x and y (each of which may be a vector) whereas 27y
means an inner product of the vectors = and y.

2.1. Primal-Dual Interior-Point Methods. If z is feasible for (1.1a), we let
Alz):={i=1,...,n|z; =0} and Z(x):={1,...,n}\ Ax)

be the index sets of active and inactive bounds, respectively. For simplicity and when
there is no ambiguity, we will write A and Z instead of A(x) and Z(z). All solutions
(x,y,2) of (1.1) must satisfy the complementarity condition

z;z; =0 forall ¢=1,...,n,

which may also be written z7(,) = 0. A solution (x,y,2) of (1.1) is strictly comple-
mentary if z; > 0 for all ¢ € A(z), which may also be written z4 > 0.

It is generally assumed that Slater’s constraint qualification condition holds, i.e.,
that there exists a primal-dual triple (z,vy, 2) such that Jx = b, JTy+ 2z — Hz = ¢ and
(x,z) > 0. Failing this assumption, there may exist no solution to (1.1). Primal-dual
interior-point methods generate a sequence of iterates (zy, ys, 2 ) that remain strictly
feasible with respect to the bound constraints, i.e., (x}, z;) > 0, but not necessarily
to the equality constraints, with the intention of satisfying, in the limit, the common
necessary and sufficient first-order optimality conditions of (1.1a) and (1.1b). Those
iterates (approximately) satisfy the perturbed optimality conditions

c+Hx—Jly—z
Jr —b =0, (x,2) > 0. (2.1)
Te — XZe

Here the triple (z,y, z) represents a generic current iterate. We drop the subscript &k
for brevity and we use the standard notation X and Z to denote diagonal matrices
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whose diagonal elements are the vectors x and z, respectively, and e to represent the
vector of ones of appropriate size. The system depends on 7 > 0, the barrier parameter,
which governs the progress of the interior-point method and converges to zero. This
parameter is typically set as the product 7 := ou, where

is the duality measure and o € [0,1] is the centering parameter used to achieve a
desirable reduction in the duality measure at each iteration. Tied to these parameters
is the notion of central path, which is the set of triples (z,y, z) = (x,, y,, 2,;) of exact
solutions to (2.1) associated with 7 > 0. Practical methods typically seek a compromise
between improving centrality by taking a relatively large value of o, which allows
for taking a longer step in the next iteration, and reducing the duality measure pu
by taking a small value of o, which results in a direction closer to the pure Newton
direction, often called the affine-scaling direction.

The matrix associated with the interior-point iterations is the Jacobian of the
system of equations (2.1). This matrix is of size (2n +m) x (2n + m) and can be most
naturally written in a block 3 x 3 form. The linear system is given by

H J' I Az —c—Hx+ JTy +2 T
J 0 0| |-Ay| = b—Jx =y . (2.2)
-Z 0 =X Az XZe—rTe r

T

Most blocks of the matrix stay fixed throughout the interior-point iterations. The
only ones that change, X and Z, are diagonal with strictly positive diagonal elements
during the iteration, although in the limit some diagonal elements will typically become
zero. We denote the matrix of (2.2) by K3, the subscript ‘3’ standing for the size of
the block system.

We note that there are several ways to arrange K3 of (2.2); we choose this
formulation in anticipation of symmetrizing the matrix in the form of a suggestion of
Saunders—see (Forsgren, 2002). The barrier parameter appears explicitly only in the
right-hand side, but it also influences the matrix itself since the iterates x and z, if
they converge, do so at an asymptotic rate that is a function of the duality measure p.
The solution of (2.2) for (Ax, Ay, Az) defines the next iterate

(2T, y",27) = (z,y,2) + oAz, Ay, Az),
where a € (0, 1] is a step length chosen to ensure that (z*,27) > 0.

2.2. Block Elimination Approaches. Given the block-structure of K5 shown
in (2.2), a few possibilities for solving the system naturally emerge due to the special
sparsity structure, particularly the diagonality and positive definiteness of X and Z.
An obvious approach is that of directly solving the linear system (2.2). The matrix
K3 is mildly nonsymmetric but easily symmetrizable (see §3.3.2), and so it is possible
to apply symmetric solvers.

A second approach is that of exploiting the nonsingularity and diagonality of X
to perform one step of block Gaussian elimination and obtain

[H+XlZ JT] [A:z:] _ {rc Xlﬂ |

J 0| |Ay T (2.3)

The matrix of (2.3), denoted K, is a typical symmetric indefinite saddle-point matrix
and has size (n +m) x (n + m). Significant progress has been made on numerical
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solution methods for systems of this form in the past few decades (Benzi et al., 2005),
but here a specific challenge is that X ~1Z may cause ill conditioning as X and Z
have diagonal entries iterating toward zero. The stability of the symmetric indefinite
factorization of K, has been studied in Forsgren et al. (1996).

A third common approach is to take an additional step of block Gaussian elimina-
tion before applying a linear solver. This amounts to forming the Schur complement
equations

[JH+X'Z)VJT Ay =[r,— JH+X12) (r.— X 'r,)]. (2.4)

The matrix of (2.4) is denoted K; and is positive definite. This approach is popular
with practitioners, since symmetric positive definite solvers are often preferred over
indefinite solvers, and the Schur complement equations are smaller, of size m x m.
However, in cases other than linear programming, forming system (2.4) comes at the
potentially costly price of having to first invert or factorize H + X ~'Z and having to
deal with a significant loss of sparsity.

2.3. Related Work. While the algorithms of modern interior-point solvers are
mostly settled, the choice of linear system formulation differs across software packages.
Many modern solvers reduce to the Schur complement equations form, e.g., PCx for
linear programming (Czyzyk et al., 1999). Others reduce to the saddle-point form,
e.g., OOQP for quadratic programming (Gertz and Wright, 2003) and IPOPT and
KNITRO for general nonlinear programming (Byrd et al., 1999, 2000; Wéchter and
Biegler, 2006). Another example is HOPDM for linear programming and convex
quadratic programming, which automatically chooses either the Schur complement
equations or saddle-point form (Altman and Gondzio, 1999). We are not aware of
existing solvers that solve the unreduced system (2.2) for any of these problems.

Properties of the Schur complement equations form (2.4) are straightforward,
and there is relatively little analysis of this form. The saddle-point formulation (2.3)
has properties that directly follow from the general properties of such matrices—see
(Rusten and Winther, 1992; Benzi et al., 2005; Silvester and Wathen, 1994; Gould and
Simoncini, 2009) for some relevant general results, and (Friedlander and Orban, 2012)
for results specialized to optimization. The ill-conditioning of some reduced matrices is
well-known (Fiacco and McCormick, 1990; Wright, 1992, 2005; Forsgren, 2002; Forsgren
et al., 2002), but it has been referred to, with some assumptions on solution methods,
as “benign” (Wright, 2005; Forsgren, 2002), “usually harmless” (Forsgren et al., 2002),
and “highly structured” (Forsgren et al., 2002). The matrices for classical barrier
methods, corresponding to the choice Z = 7X ~! are also ill-conditioned (Wright, 1994;
Forsgren et al., 2002).

There exist few results on the unreduced 3 x 3 formulation. Korzak (1999)
covers some spectral properties of various formulations for the special case of linear
programming. Armand and Benoist (2011) prove uniform boundedness of the inverse
under several assumptions, intended to be used in further theoretical analysis. A private
communication of Saunders is cited by Forsgren (2002) who notes the symmetrizability
and potential appeal of the 3 x 3 system, equivalent to the symmetrized matrix used
in this paper. Forsgren (2002) and Forsgren et al. (2002) note that the matrix of this
system remains well-conditioned though ill-conditioning remains an issue when forming
the right-hand side and unscaling the variables, due to multiplication by a diagonal
matrix with large elements; these papers mention also a different (ill-conditioned)
symmetric formulation.
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2.4. Notation and Further Definitions. We denote the eigenvalues of the
Hessian H by Ay > Ay > --- > A, > 0, and the singular values of J by 0; > 09 > --- >
Om > 0. The spectral condition number of a matrix B, defined as 0, (B)/0min(B),
will be denoted by k(B), where oy, and o,,;, denote the largest and smallest singular
values, respectively.

For two related positive scalar sequences {ay} and {8}, we write oy, = O(B},)
if there exists a constant ¢ > 0 such that o < @B, for all sufficiently large k.
Equivalently, we write 5, = Q(ay). We write o, = O(8) if ag, = O(f},) and
B = O(ay). If o, = O(By,) and ay, = Q(;,) for some third positive sequence {v,}, we
use the shorthand notation v, < ay, < Sy

Our main working assumption is that (1.1a) is convex. We formalize this assump-
tion now and refer to it throughout the paper.

AssuMPTION 2.1 (Convexity). The Hessian H is symmetric and positive semidef-
inite.

Throughout our analysis, the following two definitions will be useful.

DEFINITION 2.1 (Inertia). For a given square matriz M with real eigenvalues,
the inertia of M is the triple (n*,n=,n") where n™, n= and n° are the numbers of
positive, negative, and zero eigenvalues of M, respectively.

We note that if C is an arbitrary nonsingular matrix and if N = CMC7, Sylvester’s
law of inertia asserts that NV and M have the same inertia.

The following definition states a standard qualification condition required to ensure
certain nonsingularity properties.

DEFINITION 2.2 (LICQ). The Linear Independence Constraint Qualification con-
dition is satisfied at x, feasible for (1.1a), if [JT fIA(w)] has full column rank.

Note that the LICQ imposes an upper bound on the size of the active set:
|A(z)] < n —m. If the LICQ and strict complementarity are satisfied, we say that
the problem is nondegenerate. As we shall see, these conditions guarantee that the
matrices of interest are nonsingular. These are common assumptions in optimization.

Throughout the paper, we illustrate our bounds on the following generic, but
typical, example situation.

ExamMPLE 2.1. We consider a generic interior-point method guaranteeing the
following asymptotic estimates:

z; =0O(u) (i€ A, z; =0(1) (iel), (2.5a)
zz=0) (eI, zz=0(1) (ieA. (2.5b)

We assume that A # @ and T # .

Most problems are such that A # @ and Z # @ and most interior-point methods
applied to a nondegenerate problem match the situation of Example 2.1. In particular,
when (z,y, 2) are exact solutions of (2.1), we have X 1Z = yX~=2 = O(1/u), but this
estimate also holds sufficiently close to the central path. Indeed most interior-point
algorithms for convex quadratic programming confine the iterates to a neighborhood
of the central path defined, among others, by the condition that v;pu < x;2; < y9u for
all  =1,...,n, for some positive constants v; and 7,. That (2.5) holds under strict
complementarity is then a simple consequence. See, e.g., (Wright, 1997).

In our implementation we use the predictor-corrector scheme due to Mehrotra
(1992), which is based on first taking the pure Newton direction, i.e., with ¢ = 0,
and then following a step aiming toward the central path as a correction for the
linearization error in X Z. The algorithm thus solves two linear systems with the same
matrix but with different right-hand sides. Although this algorithm does not confine
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the iterates to a neighborhood of the sort mentioned above, we will assume that (2.5)
holds.

Our results essentially consider two distinct situations to analyze the properties
of Ky, Ky and K3. The first concerns values of the matrix throughout the iterations
while the second concerns the value in the limit, at a point satisfying complementarity,
such as a solution of (1.1). We formalize those situations as assumptions for later
reference and note that the two assumptions are mutually exclusive.

AssuMPTION 2.2 (Positivity Assumption). The triple (x,y, 2) satisfies (z,z) > 0.

ASSUMPTION 2.3 (Complementarity Assumption). The triple (x,y,z) satisfies
(x,2) >0 and x;2; =0 for alli=1,...,n.

3. Analysis of the Traditional Systems. In this section we provide eigenvalue
analysis for systems (2.4), (2.3), and (2.2), in this order.

3.1. The Schur Complement System. In (2.4), K, is positive definite even
if H is only semidefinite, provided that J has full row rank. The positive definiteness
makes the approach of reducing the original system (2.2) to (2.4) potentially attractive.
On the other hand, reducing the system this way requires the inversion of H + X 17
and may cause other types of computational difficulties, such as potential loss of sparsity.
The result below follows directly from an elementary analysis of the eigenvalue equation
for K;.

LEMMA 3.1. Let K, be defined as in (2.4) and suppose Assumptions 2.1 and 2.2
hold and J has full row rank. The eigenvalues of K| are contained in the interval

o2, o2

Amax(H+Xilz), )‘min(H+X71Z) ’

As a consequence, we have an upper bound on the spectral condition number of K :

w(Ky) < k(J)? k(H+ X12).

In the typical situation of Example 2.1, it is clear that K, approaches singularity.
We have the asymptotic estimates

Amin(H+X7'Z) =Q(\, +p) and Apox(H + X7'2) =0(1/p). (3.1)

As p — 0, Lemma 3.1 thus yields the asymptotic estimate

A1) = £(D)20(1/ (A + 1)) (3.2)

Note finally that at least in the case of linear programming, the bounds of Lemma 3.1
and (3.2) are tight and (3.2) becomes x(K;) = x(J)? O(1/u?). On the other hand,
when \,, > 0, (3.2) becomes k(K;) = x(J)2O(1/u). This last estimate is in line with
those of Wright (1994), who assumes that a second-order sufficiency condition holds.

3.2. The 2 x 2 Block System. It is easy to see that K, is nonsingular during
the iterations if and only if J has full row rank. For this type of linear system much is
known in the literature, and we state now observations that can be concluded from
existing results, e.g., (Benzi et al., 2005, §3) and (Rusten and Winther, 1992, §2).
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LEMMA 3.2. If J has full row rank and Assumptions 2.1 and 2.2 are satisfied, the
inertia of Ky is (n,m,0).

LEmMA 3.3. If H is positive semi-definite, J has full row rank and Assumptions 2.1
and 2.2 are satisfied, then

AT > A\ (H+X712),

A < 4 (e 4 X712) 4N+ X120 410

for any positive eigenvalue A\t of Ky, and

V

)\7 — % <)‘m1n(H+XIZ) - \/)‘min(H+Xilz)2 +4J%) )

N <4 (A (H + X72) = A (H + X 12)2 + 407,

for any negative eigenvalue A\~ of K.

From Lemma 3.3, which follows from (Rusten and Winther, 1992, Lemma 2.1),
we see that the lower bound on the negative eigenvalues of K is finite and bounded
away from zero unless J = 0. It is the other three bounds that are responsible
for the ill-conditioning of K,. Using again the situation of Example 2.1 where the
extremal eigenvalues of H-+X ~1Z are approximated by (3.1), we obtain the asymptotic
estimates

M S e ad (- N H0d) S4T S e,

where the upper bound on the negative eigenvalues is obtained via the Taylor expansion
Vid+r=1+ %x for x < 1. These estimates yield the asymptotic condition number

w{Ha) =0 (min(uaén/f&n + u)) =9 (,;) '

Several authors, including Fourer and Mehrotra (1993) and Korzak (1999) suggest
scalings of K, that alleviate this ill-conditioning.

The above asymptotic estimates must be considered cautiously, as they do not
always fully capture the actual value of the condition number. Nevertheless, they
illustrate the ill-conditioning of the 1 x 1 and 2 x 2 formulations.

3.3. The 3 x 3 Block System. In this section we perform eigenvalue analysis
for the matrix K5. A challenge here is that the 3 x 3 block form gives rise to rather
complicated cubic inequalities in some cases. As we show, simplifying assumptions
using the limiting behavior of elements in X and Z lead to effective bounds, although
the case of an upper bound on the negative eigenvalues proves to be significantly
harder to deal with, and in fact we do not have satisfying results for it. The analysis
for the 3 x 3 system in this section and §4 forms the core of our new results.

3.3.1. Nomnsingularity of Kg. We first recall that K is nonsingular throughout
the interior-point iterations.
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THEOREM 3.4. Suppose Assumptions 2.1 and 2.2 are satisfied. The matrixz Kz in
(2.2) is nonsingular if and only if J has full rank.

Proof. Suppose (u,v,w) lies in the nullspace of K3, that is,

H JT —I7Ju 0
J 0 0| |v|l=]|o0]. (3.3)
-z 0 —-X||w 0

The third block row of (3.3) yields w = —X ~'Zu. Taking the inner product of the
first block row with u, substituting for w and using the second block row yields

w'(H4+ X' Z2)u+ (Ju)v=u"(H+ X' Z)u=0. (3.4)

Since X and Z are diagonal and strictly positive throughout the iteration, H + X 17
is positive definite, and hence (3.4) gives u = 0, which implies w = 0. It readily follows
from the first block row of (3.3) that JZv = 0. If J has full rank, this implies v = 0.

If J does not have full row rank, any (u,v,w) such that v € Null(J7), v # 0,
u = 0, w = 0 is a nontrivial null vector. O

REMARK 1. Inspection of the proof of Theorem 3.4 reveals that our initial
assumption of positive semidefinite H may be weakened. Indeed, it is sufficient to
assume that H is positive semidefinite on the nullspace of J only, since then (3.4)
still implies that uw = 0. In this case however, (1.1a) is no longer a conver QP and
the duality relationship with (1.1b) no longer holds. Nevertheless, such a restricted
definiteness assumption is classic in nonconvex optimization—see, e.g., Gould (1985).

We now consider what happens to K3 in the limit of the interior-point method.

THEOREM 3.5. Suppose Assumptions 2.1 and 2.3 hold at (x,y,z). Then Ky is

nonsingular if and only if the solution (x,y, z) is strictly complementary, Null(H) N
Null(J) " Null(Z) = {0}, and the LICQ is satisfied.

Proof. If (z,y, z) is not strictly complementary, there is a zero row in the third
block row of (2.2) and K3 is singular. Therefore, strict complementarity is necessary.

If Null(H) N Null(J) N Null(Z) # {0}, take 0 # v € Null(H) N Null(J) N Null(Z),
v=0and w=0. Since Hu = Ju = —Zu = 0, it follows from (3.3) that (u,v,w) is a
nontrivial null vector of K5. Thus this condition is necessary.

Now, assume strict complementarity and Null(H) N Null(J) N Null(Z) = {0}, and
suppose (u,v,w) is in the nullspace of K3. Since zz = 0 at the solution (see §2.1)
by complementarity, we have Z = diag (24, 27) = diag (2.4,0), with z4 > 0, so that
Null(Z) = span{e;|i € Z}. The third block row of (3.3) and strict complementarity
necessarily yield u 4 = 0 and wz = 0, and so u = (0, uz), which implies that u lies
entirely in the nullspace of Z. Therefore, u”w = 0. Taking the inner product of the
first block row of (3.3) with w and substituting Ju = 0 from the second block row
gives uT Hu = 0. We must thus have u € Null(H) N Null(J) N Null(Z), which implies
that v = 0. Eliminating v and wz from (3.3), we have

[JT —14] {JJ =0,

which has only the trivial solution if and only if the LICQ holds. O
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3.3.2. Inertia. Having established conditions for the nonsingularity of K, we
now consider its eigenvalues. To that end, it is useful to consider a symmetrized
version of the matrix, making it possible to work with real arithmetic.

Indeed, it is easy to show that K3 is symmetrizable and has real eigenvalues.
Consider the diagonal matrix

0
0
VA

I 0
D=0 I (3.5)
00

Nl=

Using the similarity transformation associated with D, we obtain the symmetric matrix

) H JT -zz
Ky:=D'KsD=| J 0 0 |. (3.6)
-Z: 0 -X

We find results on the inertia of K3 both during the iterations and in the limit.
We first need the following result.

LEMMA 3.6 (Gould (1985), Lemma 3.1). Let S be an arbitrary g x g matriz and let
1, be the £ x £ identity matrixz. The matriz

el

0 0
B:=|0 S 0
I, 0 0

has ¢ eigenvalues —1, € eigenvalues 1 and q eigenvalues equal to those of S.

THEOREM 3.7. Suppose Assumptions 2.1, Null(H) N Null(J) = {0} and either
1. Assumption 2.2 is satisfied and J has full rank, or
2. Assumption 2.3 holds at (x,y,z), where strict complementarity and the
LICQ are satisfied.
Then the inertia of K is (n,n +m,0).

Proof. Consider first the case where Assumption 2.2 is satisfied and J has full
rank. Let the matrix N be an orthonormal nullspace basis matrix for J. Since
Null(H) N Null(J) = {0}, NTHN is positive definite. The following construction
follows the proof of (Gould, 1985, Lemma 3.2). Complete the basis N so that [Y N ]
is orthogonal. Then J [Y N ] = [L 0], where L is nonsingular. Define

Y

N
Ml = 0
0

O ~NO
~ O O

0

0

Then we have

YTy YTHN LT —YTZz3

NTHY NTHN 0 -NTZ3
L 0 0 0
~7Z3Y —Z3N 0 -X
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Let
L m 0 0 0
AL 0 I, 0 0
2 ~LL-TyTHY —-L-TYTHN LT 0
0 0 0 I
Then
0 0 I, -YTZz3
~ T N Tt
M MT RyM, M, — 0 NTHN 0 -—NTZz:
0 0 0
—7Z3Y —ZiN 0 -X
Finally, let
I 00 0
0 I 0 R
Ms:=1y o 1 s|
000 I

where R := (NTHN)_}NTZ% and S := YTZz. The product M := M, MyM; is
nonsingular, and since K3 is nonsingular by Theorem 3.4, the matrix

0 0 I,
T4, |0 NTHN 0
M"K3;M = I 0 0 , (3.7)

G

with G = =X — Z:N(NTHN) 'NTZz, is also nonsingular. From the previously
noted Lemma 3.6, Sylvester’s law of inertia, and the fact that G is negative definite,
we obtain that K:; has n + m negative and n positive eigenvalues.

Turning now to the case where Assumption 2.3 holds, we see that in the proof
above, (3.7) still holds. Clearly, G is at least negative semidefinite, and since M is
nonsingular and K. 3 is nonsingular by Theorem 3.5, G must be negative definite. O

REMARK 2. In Theorem 3.7, the assumption of LICQ can be weakened to assume
only that J is full rank, and D can be proven negative definite via strict complemen-
tarity.

The fact that the inertia of Kg remains the same in the limit as during the
iterations is in contrast with the situation for the 1 x 1 and 2 x 2 formulations. In
addition, Theorem 3.7 also holds if H is indefinite yet positive definite on the nullspace
of J. This corresponds more closely to a typical case of nonconvex optimization in a
neighborhood of an isolated minimizer, where H is positive definite over a subset of
Null(J) only—a cone defined by the gradients of the active bounds.

3.3.3. Eigenvalue Bounds. We now turn to finding bounds on the eigenvalues
of the symmetric indefinite matrix K. 3, which given the similarity transformation (3.5),
apply also to K3. Our technique largely relies on energy estimates in the spirit of
Rusten and Winther (1992).

The eigenvalue problem for K. 3 is formulated as

H JT —73] [u u
J 0 0 vl=0|v]. (3.8)
73 0 -X||w w
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For any vectors u € R" and v € Null(J)*+ C R”, recall that

Aollull® < w Hu < Aylull?, (3.9)
Imllvll < IJol - < oqljo]. (3.10)

Note that the right inequality in (3.10) is satisfied for all v € R™.

THEOREM 3.8. Suppose Assumption 2.1 holds. For as long as Assumption 2.2 holds
and J has full rank, the positive eigenvalues of K5, and thus also K3, are bounded in

I, := [miné ()\n —xj+ /(A + )2+ 4zj) , % ()\1 + \//\% +4(0? + Zmax)ﬂ ,
j

where 2z, ‘= max; z;. When Assumption 2.3 holds, the lower bound reduces to
A, > 0.

Proof. We proceed one bound at a time, using energy estimates and establishing
the desired inequalities.

Upper bound on positive eigenvalues. Since we consider 8 > 0, 01+ X is nonsingular.
We solve for w in the third row of (3.8) to get

w=—(0I+X) ' Z7u,
which we substitute into the first row of (3.8) to obtain
Hu+J%0+ 23 (0 + X) "' Z7u = Ou.

Taking the inner product with «, and noting that the matrices Z 3 and O+ x)-*
are diagonal and therefore commute, gives the following equation for 6:

u' Hu+u” J o +u® (01 + X) ™' Zu = 0||u?. (3.11)

Solving for v in the second row of (3.8) gives v = #Ju, which we substitute into (3.11)
to get

u" Hu+ 5| Jul* + " (01 + X) ™' Zu = 0||u*. (3.12)
We use (3.9) and (3.10) to bound the first and second terms in (3.12):
Mllul® + Gotllull® + (01 + X) 7 Zu > 0]jul®.

Since (01 +X)~'Z is diagonal, we may bound the last term in the left-hand side above
as follows:

1 .
(A0 ot g2 )l > ol

The term max; afm can be bounded by Zﬁ%, where z,,,, indicates the maximum
value of z; at the current iterate. This bound becomes tight as the iterations proceed,
since generally at least one xz; — 0. On the other hand, if this does not occur, then all

z; = 0 at the limit and therefore z,,,, = 0. In both situations, we have

1
(A0 ok 22 )l = ol
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Multiplying by 6 and rearranging gives
(82 - Ale - (U% + Zmax)) ||u||2 < 0.

We must have u # 0, because if « = 0 then the second row of (3.6) implies fv = 0.
Since K is nonsingular, 6 # 0, so this gives v = 0. The first row then yields Ziw =0
and w = 0, which is a contradiction since an eigenvector must be nontrivial. We can
therefore divide by |Jul|? and bound by the root of the quadratic to obtain the desired
upper bound.

Lower bound on positive eigenvalues. Taking the inner product of v with the
second row of (3.8),
vl Ju = 0|v|?,

which we substitute into (3.11) to give

u? Hu + 0||v||*> + u (0T + X) ™' Zu = 0|u*.
Using (3.9), we have

Anllul? + 0[v]|* + T (01 + X) ™' Zu < 0|ul|?.
Bounding the last term on the left with a minimum, this becomes

Zi

A 24 0|2 i 2 < 0||ul?. 1
nllull® + o] +mim9+x [lull* < 0||ul (3.13)

)

We denote the index where the minimum occurs by j, then multiply by 6 + z; and
rearrange into

(07 + (25 = X0 = (Ao + 25))lull* = 0(0 + ) |v]* > 0.

Since again u # 0, we then bound by the positive root of the quadratic. Taking the
minimum over j € Z gives the bound.

To find a uniform lower bound we begin from (3.13) and use the fact that
min; z; /(6 + z;) > 0. Upon rearranging we have

(O = Aa)llull® > 0llv]* > 0,

which yields the desired bound because u is nonzero. O

Note that the lower bound on positive eigenvalues in Theorem 3.8 is strictly larger
than A, as long as Assumption 2.2 holds. In a sufficiently small neighborhood of an
isolated minimizer, the minimum term in the lower bound will be attained for some
j € Z. This lower bound is strictly positive as long as (x, z) > 0 but in the limit, by
definition of Z, it reduces to A,. If A,, = 0, this limiting bound is overly pessimistic
and is not tight if the LICQ is satisfied since K3 is nonsingular.

Next, we consider bounds on the negative eigenvalues. We are only able to find
an effective lower bound.
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THEOREM 3.9. Suppose Assumption 2.1 holds. Suppose the matriz 01 + X s
nonsingular for all 6 < 0 in the spectrum of K5. The negative eigenvalues of Ks,
and thus also Ks, are bounded in I_ = [(,0), where

-— mi 1 _ /)2 402 3 *
¢ mm{Q (A" Aot al)’{jlerfi?w}ej}

and 07 is the smallest negative root of the cubic equation

0% + (z; — X\,)0% — (07 + 2 + 2;7,)0 — ofz; = 0.

Proof. Proceeding as in the proof of Theorem 3.8, we start from (3.12) with the
bounds in (3.9) and (3.10) to get

Aollull? + 5ot |jull® +u” (01 + X) ™' Zu < 0||ul|”.

Bounding the last term of the left-hand side by the minimum, we obtain

1 )
(A“ + o1 +ming ”) Jul® < 6]l (3.14)

We now need to consider two cases. In case one, 6 + x; > 0 for all indices i, which
holds during early iterations, as well as in the situation where all the 2; = O(1) in the
limit. In this case we can bound the minimum term from below by zero. In case two,
some 6 + x; < 0, and there exists an index j such that min; ]

efxi = 9+ij'
Case one: Starting from (3.14), we bound the minimum term below by zero,
giving
(A + o) lull® < 0]lull?,
which we can multiply by 6 and rearrange to give
(6% = A\n8 — o?)|ul* < 0.

Since u # 0, we can divide by ||u/|> and bound by the root to get

6> 1 (x\n—\//\,%—i-llaf).

Case two: We use the index j for the minimum in (3.14) to get

1, Zj 2 2
+ - < .

Multiplying by (6 + ;) > 0 and rearranging, we get
(93 + (z; — )02 — (03 + 2 +xjN,)0 — O'%.Z‘j) ||u||2 > 0.

Since u # 0, we can divide by [u[|* and define 67 to be the smallest root of the cubic.
There is exactly one positive real root, since the values of the cubic and its derivative
are negative at zero, so there are either two or zero negative roots. If no cubic offers
a real negative root, this implies that case one applies. The bound is given by the
minimum of these possible bounds from cases one and two. O
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Let us provide some insight on the negative bounds. First, regarding Theorem 3.9,
in practice we cannot know which indices j satisfy 6 + x; < 0, but we can simply
compute 67 for all indices j and use this in the comparison. Another observation is
that in the proof of the theorem, the possibility that some 6 < 0 in the spectrum of
K 3 be an eigenvalue of —X could arise in the course of the iterations or in the limit if
there are inactive bounds.

Finally, we remark on the unsatisfactory situation with regard to the upper bound
on negative eigenvalues. We have not been able to find a bound strictly smaller than
0. However, the bounds of Theorems 3.8 and 3.9 are pessimistic. Under our regularity
and strict complementarity assumptions, as stated in Theorems 3.4 and 3.5, Kg is
nonsingular and converges to a well-defined limit as p — 0. Therefore, its condition
number is asymptotically uniformly bounded, which is not reflected by the bounds on
the eigenvalues. It is therefore difficult to give asymptotic estimates in this case. From
Theorem 3.9, the lower bound on negative eigenvalues remains finite asymptotically,
while Theorem 3.8 shows that the asymptotic bounds on the positive eigenvalues
essentially reduce to those of K,. In practice, however, we have observed that the
condition number of Kj is typically substantially better than that of K, or Ky and
slightly, but consistently, better than that of Kj.

In the next section we use regularization and are able to remove our regularity
assumptions and reach more definitive conclusions regarding the upper bound on the
negative eigenvalues and asymptotic condition number estimates.

4. Analysis of a Regularized System. Despite the advantages that the 3 x 3
block formulation has over the reduced formulations, numerical difficulties still creep
up in situations where J does not have full row rank, the LICQ is not satisfied and/or
strict complementarity is not satisfied in the limit.

One way to alleviate some of those difficulties is by introducing regularization
parameters (Saunders, 1996). There are various options here, and we focus on a
two-parameter regularization approach, aimed at taking eigenvalues of the Hessian and
singular values of the Jacobian away from zero. See, e.g., Gondzio (2012) for a similar
approach. We introduce parameters p > 0 and ¢ > 0, and consider a regularized
primal QP problem of the form proposed by Friedlander and Orban (2012):

minimize ¢’z + Jz" Hz + $pllz — 24 |* + 16|r + yi|?
wr (4.1)
subject to Jz +dr =5b, z > 0.

Here x; and y, are current primal and dual approximations, respectively. The
corresponding dual problem is given as

maximize by — taT He — 16|y — yel|? — Lplls + 21
©,y,2,s 2 2 2 (4.2)
subject to — Hx+J y+z—ps=c, z>0.

Note that setting § = p = 0 recovers the original primal-dual pair (1.1a)—(1.1b).

Friedlander and Orban (2012) propose an interior-point method for (4.1)—(4.2)
that converges under standard conditions with either fixed or decreasing values of the
regularization parameters, without assumptions on the rank of J. The linear systems
associated with (4.1)—(4.2) involve a modified version of (2.2):

H+pl JV —I
Koy = JZ —651 oX . (4.3)
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Upon reduction, the 2 x 2 matrix reads

H+XYZ+pl JT

Ky reg i= J 51l (4.4)
Finally, the Schur complement equations now have the matrix
Ky og = JH+ X2+ pI) " J" +41. (4.5)

We examine each in turn in the following subsections.

4.1. The Regularized Schur Complement Equations. Whenever § > 0,
K e is unconditionally positive definite. An eigenvalue analysis similar to that of
§3.1 yields the following result.

LEMMA 4.1. Let Ky 1o, be defined as in (4.5) and suppose Assumptions 2.1 and 2.2
hold. The eigenvalues of K s are contained in the interval

o

N (H + X 17 + pI)

of

5.
N (HE X 1 Z4pD)

+9,

As a consequence, we have the following bound on the spectral condition number:

0% + Amin(H + X717 + pI)
O+ 0Amax(H + X1 Z + pI)

H(Klmeg) S KZ(H + XﬁlZ +p[)

Similar bounds were derived by Gondzio (2012). Contrary to Lemma 3.1, no clear
relation readily emerges from the bound on the condition number given in Lemma 4.1.
However, it is possible to see that if both p and § are positive, the condition number is
strictly smaller than that of the unregularized matrix. Asymptotically, in the scenario
of Example 2.1, the bound reduces to

F(K reg) = O(07/(p9))-

In practice, p and § are allowed to take values as small as about /€ acn- In this case,
there appears to be a definite disadvantage to using the Schur complement equations
because the condition number likely exceeds the inverse of machine precision early.
Indeed, the implementation of Friedlander and Orban (2012) initializes p = 6 = 1 and
divides both by 10 at each iteration. In IEEE double precision, after just 8 iterations,
the smallest allowed value of 1072 is reached but convergence is typically not yet
achieved.

4.2. The Regularized 2 x 2 Block System. Results for the regularized K,
are given in (Friedlander and Orban, 2012, Theorem 5.1), which is itself a specialization
of results of Rusten and Winther (1992) and Silvester and Wathen (1994). In the
analysis it is not assumed that J has full rank, only that p > 0 and J > 0.

First, it is not difficult to show that regularizing does not affect the inertia.

LEMMA 4.2 (Friedlander and Orban (2012)). If Assumptions 2.1 and 2.2 hold, the
inertia of Ky eq is (n,m,0).

The next result parallels Lemma 3.3.
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LEMMA 4.3 (Friedlander and Orban (2012)). Suppose Assumptions 2.1 and 2.2
hold, and let H,:= H + X~'Z + pI. Then,

>‘+ > )‘min(Hp)7

A< 4 (OvmaslH,) = 604 /O (H,) = 07+ (0 + ()

or any positive eigenvalue AT of K. , and
g 2,reg

3= 4 (Ouinl#,) = 0) =y O, =07 + 4007 + D) )

A <3 (s (H,) = 8) = O () = 6)2 + 4(03, + Gan(H,)))

A

Jor any negative eigenvalue A~ of Ky yeo. In addition, —d is an eigenvalue of Ky yeq
if and only if J is rank deficient.

Again, similar bounds were derived by Gondzio (2012). Note that whether or
not J is rank deficient, Lemma 4.3 implies that all negative eigenvalues of Kj ., are
bounded above by —§. The most noticeable effect of regularization in this case is to
buffer the eigenvalues away from zero.

In the scenario of Example 2.1, Lemma 4.3 yields the following asymptotic bounds:

—01 5 AT < —6<0< P < A+ 5 Amax(}Ip)
so that we obtain the following asymptotic condition number estimate:

H(KQ,reg) = O()‘max(Hp)/min(pv 6)) = O(l/(:u min(p7 6)))

The limits of machine precision, given the common bounds on § and p, are thus not
achieved until p reaches /€ aen, Which typically occurs in the last few iterations.

4.3. The Regularized 3 x 3 Block System. We now consider the unreduced
3 x 3 block system, and introduce several new analytical results.

4.3.1. Nonsingularity of Kj ... We begin with conditions for Kj,., to be
nonsingular throughout the interior-point iteration. The next result covers also the
unregularized setting discussed in §3.3.1, namely 6 = p = 0.

THEOREM 4.4. Let p > 0 and suppose Assumptions 2.1 and 2.2 hold. The matrix
K3 1eq in (4.3) is nonsingular if and only if either (i) 6 >0, or (ii) 6 =0 and J has
Sfull rank.

Proof. Consider the case (i) where § > 0. Looking at the system

H+pl JU —I7Ju 0
J =6 0| |v|=]o0l, (4.6)
-Z 0 —X||w 0

we attempt to find when a nontrivial solution exists. From the third block row, we have
w = — X~ Zu. Taking the inner product of the first block row with u and substituting
for w yields u” (H + pI + X ' Z)u+ (Ju)"v = 0, which simplifies, using v = }Ju from
the second block row, to

u" (H+pl+X'Z)+3J"T)u=0.
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Since X and Z are diagonal and positive definite, the matrix associated with the above
equation is positive definite for any p > 0. Therefore, the only solution is u = 0, which
implies v = 0 and w = 0.

Consider now the case (ii) where 6 = 0. Assume that (u,v,w) lies in the nullspace
of K3 ,es- The only difference from the proof of the first part is that Ju = 0. Following
the same steps, we obtain

u' (H+pl+ X' Z)u=0.

Again, H + pI + X 17 is positive definite. Thus the only solution is u = 0, which
implies that w = 0. The first block row gives J v = 0, implying v = 0, due to J
having full rank. Therefore the full rank condition for J is a sufficient condition for
nonsingularity of K -

If J does not have full row rank, then (u,v,w) with 0 # v € Null(J7), u = 0,
w = 0 is a nontrivial nullspace vector. Therefore the full-rank condition on J is both
necessary and sufficient. O

We now consider what happens to K3 ., in the limit of the interior-point iteration.
If (x,y, ) is not strictly complementary, there is a zero row in the third block row of
(4.3) and Kj 1, is singular. Thus strict complementarity is necessary for nonsingularity
in each case. The theorem includes the unregularized case, § = p = 0, which is covered
also by Theorem 3.5.

THEOREM 4.5. Suppose Assumptions 2.1 and 2.3 hold at (xz,y,z). Necessary and
sufficient conditions for the matriz K., to be nonsingular are that (x,y,z) be

strictly complementary, Null(H) N Null(J) NNull(Z) # {0} if p =0, and the LICQ
be satisfied if § = 0.

Proof. If both p =0 and § = 0, Theorem 3.5 establishes the result.

Consider first the case where p > 0 and ¢ > 0. The third block row of (4.6) yields,
componentwise, u 4 = 0 and wy = 0, and therefore, u”w = 0. We take the inner
product of the first block row with u, substitute v = %Ju from the second block row
and use vTw = 0 to get

u' (H+pl+5J"J)u=0.

Since p > 0, the matrix in the above equation is positive definite. Therefore, u = 0. It
follows that v = 0, and the first block row gives w = 0. Therefore K3 ,, is nonsingular,
and strict complementarity is sufficient.

Consider now the case where p > 0 and § = 0. The only difference from the
previous case is that Ju = 0. Following the same steps, we obtain u’ (H + pl)u = 0.
Since H + pl is positive definite, the only solution is v = 0. Examining the remaining
equations, we have

o -afs)

which has only the trivial solution if and only if the LICQ holds. Thus these two
conditions together are sufficient, and the LICQ is necessary.

Consider finally the case where p = 0 and § > 0. Following the same steps as in
the first two cases, taking an inner product with u, we obtain

u" (H+3J"J)u=0.
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The last matrix is positive semidefinite, and thus we must have u € Null(H) N Null(J).
Since uy = 0, we also have u € Null(Z). Thus u = 0, and the second block row
gives v = 0. The first block row leaves w = 0, so the only solution is the trivial
solution. Thus, the conditions Null(H) N Null(J) N Null(Z) = {0} together with strict
complementarity are sufficient for nonsingularity of K ,cq-

Assume now that Null(H) N Null(J) N Null(Z) # {0}. Then for any nonzero
u € Null(H) N Null(J) N Null(Z), we have a nontrivial nullspace vector of the form
(u,0,0). Therefore the condition is both necessary and sufficient. O

4.3.2. Inertia. Similarly to §3.3.2, we first show that Kj ., is symmetrizable,
and generate the symmetric matrix K. 3reg- Lhis allows us to consider bounds in real

arithmetic for the latter, which will also apply to K3 ;... The matrix IA(37reg is readily
obtained by the same diagonal symmetrizer D defined and used earlier in (3.5):

H+pl JT —Z3
J -5 0 |. (4.7)
—73 0 —-X

Proceeding as in the unregularized case, we first state the inertia of [A(gﬁreg and
provide eigenvalue bounds next.

We find results for the inertia of f(&reg, showing that it is the same as in the
unregularized case both during the iterations and in the limit.

THEOREM 4.6. For p >0, 6 > 0, assume H + pl is positive definite. Suppose that
1. Assumption 2.2 holds, or
2. Assumption 2.3 holds at (x,y, z), where strict complementarity is satisfied.
Then the inertia of Kg’reg is (n,n +m,0).

Proof. Consider first the case where Assumption 2.2 holds. Define

I
M=1A 1 ,
B C I
with A == —J(H + pI)™,C = Z}(H + pI)="J" (J(H + pI)~"J" + 61)"", and
B:=(Z% —CJ)(H + pI)~!, and consider the congruence
R H + pl
MKy oM™ = U , (4.8)

w

where U := —6I — J(H + pI)~*J" and W := —BZ'/? — X. We now show that W is
negative definite, and then since H + pI is positive definite and U is negative definite,
we will have that the inertia of IA(&ng is (n,n +m,0).

Inserting the definitions of B and C' and defining H = H + pI for simplicity, W is
given by

—Z\Vra=tz e 2 g gt ga It 60T UH T 22 - X
Factoring the first two terms, we have

_Zl/Qg—l/Q I — E[_l/QJT(JH_le + 6[)—1JE[—1/2 ]7{—1/221/2 - X.
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Now defining P = H'/2J7 we have
—Z\2EY2 (1 - P(PTP+61) ' PT  HV2ZY? - X.

When § = 0, the matrix I — P(PTP + 6I)"'PT is an orthogonal projector, with
eigenvalues 0 and 1, and when § > 0, the matrix (PT P+ §I)~" is a contraction. Thus
I — P(PTP +6I)~*PT has eigenvalues in (0,1], and is strictly positive definite for
0 > 0. Thus W is negative definite, completing the proof.

Consider now the case where Assumption 2.3 holds. The relation (4.8) still holds.
By Theorem 4.5, K. 3.reg 18 NOnsingular, and therefore since M is nonsingular, the block
diagonal matrix (4.8) is nonsingular as well. Then H + pI is positive definite and U
and W are negative definite, and the inertia of IA(&reg is (n,n+m,0). O

4.3.3. Eigenvalue Bounds. The eigenvalue problem for K 3.reg 15 formulated as

H+pl JT —2z2] [u u
J -6l 0 vl =60|v]|. (4.9)
-7z 0 -X||w w

 Our first result provides upper and lower bounds on the positive eigenvalues of
K3 16q- Most notably, we show that upon regularization the lower bound is approxi-
mately additively shifted by p.

THEOREM 4.7. Suppose Assumption 2.1 is satisfied. As long as Assumption 2.2 is
satisfied, the positive eigenvalues of Kj ., are bounded in I = [§,n], where

£ =min § </\n+p—xj—|—\/()\n+p+xj)2—|—4zj>
J
and 1 is the largest root of the cubic equation
93 + (6 - ()\1 + p))02 - (6(>\1 + p) + 0'% + zmax)o - Zmax5 =0.

When Assumption 2.3 holds, £ reduces to A\, + p.

Proof. As before, we examine the upper and lower bounds separately.

Upper bound on the positive eigenvalues. We solve for w in the third block row
of (4.9) to get w = —(0I + X)~'Zzu, which we substitute into the first block row to
obtain

(H + pDu+ JTv+ Z7 (01 + X) "' Z7u = fu.

Taking the inner product with u and noting that the matrices Z2 and (01 + X)~! are
diagonal and therefore commute, gives the following equation for 6:

u' (H 4 pDu+ub T + o™ (0T + X) ™' Zu = 0|jul*. (4.10)
Solving for v in the second block row of (4.9) gives v = G—_LsJu, which we substitute
into (4.10) to get
1
ul (H + pI)u + mHJuH2 +uT (0T + X) 7 Zu = 0||ul®. (4.11)
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We use (3.9) and (3.10) to bound the first and second terms in (4.11):

2
(& _
O+ el + 57l + uT (67 + X) ™ Zu > Ol

Since (I + X)~1Z is diagonal, we have
u (0T + X)) Zu < maXLHuH?
7 9 + Z;

We must have u # 0, since if w = 0 then the second row of (4.9) implies that (6+0)v = 0.
Since the matrix (4.3) is nonsingular, # > 0 and thus 6 + ¢ > 0, implying that v = 0.
Then, by the first row of (4.9), Z2w = 0 would imply w = 0, which must not occur
since an eigenvector must be nontrivial. We can thus divide by |Ju||?, and using the
last two displayed inequalities we get the relation

2

o Zi
A 1 L >0
N
As in the proof for Theorem 3.8, we can bound the maximum term above by Z"é"”‘:

1 2 Zmax
—— >
S I LA =
Multiplying by (6 + )0 and rearranging gives
93 + (6 - ()‘1 + p)) 92 - (6(>\1 + p) + 0'% + Zmax) 0 — Zmax6 S 0.

As a consequence, § must be bounded above by the largest real root of the above cubic
polynomial. Note that there is exactly one positive real root, since the values of the
cubic and its derivative are negative at zero.

Lower bound on the positive eigenvalues. Taking the inner product of v with the
second row of (4.9) and rearranging, we have

vl Ju = (64 6)|v|?,
which we substitute into (4.10) to give
ul (H + pDu+ (0 +6)||v||* + v (01 + X) ™' Zu = 0|ju|*.
Then using (3.9), we have
Ao+ o) [l® + (0 + &)[[v]|* + u™ (01 + X) ™' Zu < 0]|ul*.

The last term in the left-hand side may be bounded below with a minimum:

Zi

0+ x

(An + o) lul® + (0 + ) lv]* + min lull* < Olfu*.

i
We denote the index where the minimum occurs by j, then multiply by 6 + z; and
rearrange into

(0% + (25 = Xy = p)O = (2;(Xn + p) + ) [l = (0 +6) (6 + a5)[[v]|* > 0.

Since again u # 0, we then bound by the positive root of the quadratic. Taking the
minimum over all indices j gives the desired bound.
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If Assumption 2.3 holds, we use the fact that min; z; /(6 + x;) > 0 and obtain
(0 =X = )[ul® = (0 +8)|jv]|* > 0.

The lower bound becomes § > \,, + p. O

Note that in the special case where all z; converge to 0, and thus z,,,, = 0 at
the limit, the upper bound at the limit can be written as an explicit quadratic root
independent of z;:

QS;(,\1+p—5—|—\/(5—/\1—p)2+4(5(A1+P)+U%)>'

This parallels the form of Lemma 3.3 and Theorem 3.8.
We begin our investigation of negative eigenvalues with an upper bound, which
turns out to depend on the scaling of the problem.

LEMMA 4.8. Let p >0, § > 0 and Assumption 2.1 be satisfied. Suppose also that
Assumption 2.2 holds at (x,y, z) where x; > § fori=1,...,n. Then the negative
eigenvalues of ngreg are bounded above by —0, and 6 = —§ is an eigenvalue if and
only if J is rank deficient.

Proof. We first show that —¢ is an upper bound. Assume by contradiction that

there is a negative eigenvalue that satisfies € > —9. Upon extracting v = ﬁJu from

the second block row of (4.9) and using the identity w” Z2u = —w” (01 + X )w from
the third block row, taking the inner product of the first block row with u gives

ul (H + pl)u + ﬁHJuH2 +wh (0 + X)w = 0]|u|?.

Since 49 > 0 by assumption and all z; > § > —0, the left-hand side of the last identity
is positive. If u = 0, then both v and w are also zero, giving a trivial eigenvector and
therefore a contradiction. If w # 0, 8 must be positive, which contradicts our initial
assumption on the sign of §. Thus the negative eigenvalues are bounded above by —§.

We now move on to show when —§ is an eigenvalue. If J is rank deficient, then
u=0,0%#v e Nul(JT), and w = 0 satisfies (4.9) with § = —§. Suppose now that
J has full rank. We will show that 6 # —d. By contradiction, assume that § = —4.
From the third block row and the assumption that all z; > §, we have

wl Z2u = w? (61 — X)w < 0.

Taking the inner product of the first block row of (4.9) with u and using the above
inequality and Ju = 0 from the second block row, we obtain

—0||u|)® = uT(H 4 pI)u — uWTZ3w > 0.

Since ¢ > 0, this must mean that « = 0. The third block row then gives w = 0 and we
are left with J7v = 0 in the first block row. Since J has full row rank, we conclude
that v = 0 and that § = —4 cannot be an eigenvalue. O

Interestingly, a similar result holds in the limit. Note however that there seems to
be a transition zone between the moment where some components of x drop below &
and the limit when strict complementarity applies. This “gray zone” is necessarily
attained if A # (), and it is more difficult to characterize the relationship between
f and —J in that zone. See, however, Remark 3. We note that the “gray zone” is
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strongly tied to the quality of our scaling assumptions; better scaling may shrink that
zone.

LEMMA 4.9. Let p > 0, § > 0 and Assumption 2.1 be satisfied. Suppose also
Assumption 2.3 holds at (x,y, z), where strictly complementary is satisfied, x; > 0
for all i € I, and max; \/z; is sufficiently small. Then the negative eigenvalues of

K3 g are bounded above by —6, and 0 = —4 is an eigenvalue if and only if J is
rank deficient.

Proof. We first show that —¢ is an upper bound on the negative eigenvalues.
Assume by contradiction that there exists a negative eigenvalue that satisfies § > —4¢.
Since IA(&reg is nonsingular, there must exist € > 0 such that 8 < —e for all negative
eigenvalues. If § < e this implies —e < —¢§ and the eigenvalues are bounded above
by —§, which would be in line with the statement of the theorem. So let us assume
that € < §. In the limit, we have x4 = 0, zz > 0 and 2z = 0. Because strict
complementarity is satisfied, we must also have z 4 > 0. Partitioning the third block
row of IA(S’reg in (4.9) into active and inactive components gives

_Zj_Au.A = GUIA, (412)
_XZIwI = G’U)I. (413)

We may rewrite (4.13) as (Xz7 + 6I)wz = 0, which implies wy = 0 because x; + 6 >
x; —§ > 0 for all i € Z by assumption. Taking the inner product of both sides of
(4.12) with w4 gives

wa‘Zf‘AuA :9||wA||2. (4.14)

Taking now the inner product of the first block row of (4.9) with u, the inner product
of the second block row with v and combining them, we write

Olluzll* = u" (H + plyu+ (0 + 6)l[v]* + O(llwal® — [luall®), (4.15)

where we used the decomposition |[ul|? = |Juy||? + |Juz||* and (4.14). Note that from
(4.12), uy = 0 if and only if w4 = 0. If both vanish, necessarily us # 0, and then
the right-hand side of (4.15) is strictly positive. This would imply that 6 > 0, a
contradiction. By our assumption that all |/z; are sufficiently small, we suppose from
this point on that max; ,/z; < €. Suppose now that u 4 # 0 and w4 # 0. Rearranging
(4.12) we find that wy = f%ZjAuA, and using the upper bounds max; \/z; < € and

62

0 < —e we have [|[wy||? < Sllugll® < [luall?. Substituting into (4.15) gives

Olluzl|* > u (H + pl)u+ (0 + )||v]*.

The right-hand side above is strictly positive, and if uz # 0 we have 8 > 0, a
contradiction. If uz = 0, then uy = 0, again a contradiction. Therefore, we cannot
have 6 > —§, and we conclude that § < —§.

We now move on to find when —§ is an eigenvalue. If J is rank deficient, then
as in Lemma 4.8, (0,v,0) with 0 # v € Null(JT) is an eigenvector for § = —§. Now
suppose that J has full rank, and assume by contradiction that § = —¢§. Partitioning
as above gives

Z_%LAU.A = (S’IUA, (416)
XIIwI = (5’[1}1'. (417)
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Upon rearranging (4.17), the matrix (Xz7 — dI) has full rank by assumption, so we
have wy = 0. If u = 0 we also have w4 = 0 and there only remains J7v = 0 in the
first block row of (4.9), giving a contradiction because we obtain a trivial solution for
the eigenvector. Thus u # 0. Taking the inner product of (4.16) with w 4 reveals that

wT Z3u = whZ3 gus = 8w.a|?. (4.18)

Using the Cauchy—Schwarz inequality and the bound on max; ,/z;, we have
whZ54ua < ellwalllual
AZAAYA = A Ally
and using (4.18) and rearranging gives
€
lwall < 5 luall < fluall < Jull, (4.19)

since € < 0. Taking the inner product of the first block row with w, using (4.18) and
Ju = 0 from the second block row, and rearranging, we have

u® (H + plyu = 5(|lwall* = [|u]]?),

which reduces to u (H + pI)u < 0 by (4.19). Therefore u = 0, a contradiction, and
hence 0 # —¢§ when J is full rank. O

REMARK 3. By scaling the optimization problem prior to solving, it is possible (in
theory) to arrange that the assumptions on scaling of x; and z; are satisfied. These
results hold trivially when § = 0.

Next, we derive a lower bound on the negative eigenvalues.

THEOREM 4.10. Suppose Assumption 2.1 is satisfied. Assume 01+ X is nonsingular
for all 6 throughout the computation. Then the negative eigenvalues 6 of the matriz
K3 eq satisfy 0 > (, where

Q::min{% ()\n+p—5—\/()\n+p+5)2+4af) 79111111 9;—‘},

+z;<0
and 07 is the smallest negative root of the cubic equation

0>+ (z; +6— X, — p) 0%+ (6z; — 6(N, +p) —xj(A\, + p) — 07 — 2;) 0
— (6z;(A\p + p) + 03w; + 2;0) = 0.

Proof. We assume that 0 + § < 0. The case where § > —§ poses no difficulty
because it is easy to verify that ¢ < —4.
We start from (4.11) with the bounds in (3.9) and (3.10) to get

(A + 0)llull* + ot l[ull® + w0 + X) ™" Zu < 0]|ul*.

1
0+
We note that again u # 0, since if u = 0 the second row of (4.9) implies (6 4 d)v = 0,

implying that v = 0. The first line yields Zzw =0 and thus w = 0, a contradiction.
Bounding the last term of the left side of the previous inequality by the minimum,

1 Z;
A 2 i L <40
( "+p+9+5”1+“?“9+xi> =
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We consider two cases. In case one, 6 4+ x; > 0 for all indices ¢, and in this case we
can bound the minimum term from below by zero. In case two, some 6 + x; < 0, and
there exists an index j such that min; %

z; j
0+x; 9+J1:j .
Case one: We bound the minimum term below by zero in the inequality above,

1
A 2<9 4.2
n+p+9+601_ ) ( O)

which we can multiply by (0 + ¢) and rearrange to give
02+ (6 — Ay — p)0 — (5(\, + p) +0f) < 0.

Therefore,

02 3 (Mt o= 0= A P 160N ) ).
Case two: We use the index j for the minimum to get

1 2 Zj
<.
0107 o1,

Ap+p+
Multiplying by (6 + 6)(6€ + ;) and rearranging, we get

0%+ (z;+ 0 — N\, — p)0° + (62 — 6(\, + p) — 2 (N, + p) — 07 — 2;)0
— (8z;(\, + p) + otz + 2;6) > 0.

We then define 67 to be the smallest root of the cubic above. The bound is then given
by the minimum of these possible bounds from cases one and two. O

Consider now the scenario of Example 2.1. Assuming that the problem has been
scaled appropriately, the bounds of the previous results simplify to

(<0< -6<0 or O0<A,+p<O<nm

where ¢ and n are both finite. Thus we obtain the asymptotic condition number
estimate

KK reg) < max(n, —C)/min(p + A, 6) = O (1/min(p + Ay, 9)) .

Here we have the validation of our claim that the block 3 x 3 system sees the best
conditioning. Under the usual choices of p and § and unless the conditioning of the
problem is such that n or ( is very large, this condition number will remain within
computing limits through convergence of the iteration. Our numerical experiments,
presented in §5, verify that the 3 x 3 matrices remain numerically nonsingular—and
reasonably conditioned—throughout.

5. Numerical Experiments. We offer a few examples to validate the analysis
of previous sections using a basic MATLAB implementation of Mehrotra’s predictor-
corrector procedure with an initial point computed as proposed by Friedlander and
Orban (2012). Linear systems are solved using MATLAB’s backslash operator, which
performs a factorization. Eigenvalues, singular values, and condition numbers are
computed with MATLAB’s built-in functions. Our code is not intended to rival state-
of-the-art solvers, but simply to illustrate the analysis in previous sections.
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We illustrate the eigenvalue bounds for the traditional systems considered in §3
and the regularized systems of §4. We use two small convex QPs from the TOMLAB!
optimization software package, problems number 6 and 21, both converted to standard
form. Problem 6 has 10 variables, 7 constraints, is strictly convex and its solution
satisfies strict complementarity and the LICQ. Problem 21 has 51 variables and 27
constraints, and the Hessian is positive semidefinite whose rank is 3. The solution
identified by our interior-point method satisfies strict complementarity but not the
LICQ. Those two problems are very small but are nonetheless representative of the
situation for several other problems we have tested. The bounds for the regularized
systems are illustrated using p = § = 10~* throughout the interior-point iterations.

We begin with Problem 21. Figure 5.1 shows the eigenvalues of K; and K .., on
a semilog scale. For K, we note that because H is singular, the large eigenvalues grow
without bound and the small eigenvalues converge to zero, in accordance with the
bounds of Lemma 3.1. The bounds for K, .., are fixed after a few initial iterations.

Figure 5.2 shows the positive and negative eigenvalues of K, and K ., on separate
semilog plots. Note that the absolute value of the negative eigenvalues is represented.
For K5, the upper bound on the negative eigenvalues also decays, but the lower bound
on the negative eigenvalues is fixed. This is in accordance with Lemma 3.3 and we
see that the bounds are relatively tight in this example. For K} ,.,, while the inner
bounds are now well away from zero, the upper bound on the positive eigenvalues still
increases without bound, as predicted by Lemma 4.3, and all bounds are tight.

Figure 5.3 shows the eigenvalues of K3 and Kj .., on separate semilog plots. For
K3, the two outer bounds are fixed and tight. On the other hand, the upper bound
on the negative eigenvalues is zero and the lower bound on the positive eigenvalues
decays toward zero. The eigenvalues also decay toward zero from both sides. This
result is in accordance with Theorems 3.8 and 3.9. For K3 ..., the lower bound on the
positive eigenvalues is now well away from zero, and there is an upper bound on the
negative eigenvalues at —¢. Interestingly, at iteration 9 the magnitude of the smallest
negative eigenvalues drops below ¢, illustrating the “gray zone” when the conditions of
Lemma 4.8 no longer hold but Lemma 4.9 does not yet apply. In fact, the assumptions
of Lemma 4.9 are not satisfied for this problem. Despite these eigenvalues dropping
below the bound, they remain away from zero.

We consider the condition numbers for all formulations for the unregularized
problem and compare with the same problem regularized with p = § = 10~%. Figure 5.4
shows the condition numbers of the different formulations. For the unregularized
problem, all formulations are numerically singular at the end of the iterations, though
K5 and K3 have the best condition number. With regularization, K ,., and both
the unsymmetric and the symmetrized 3 x 3 formulations have bounded condition
numbers, while K} ¢, is still numerically singular.

We now consider the condition numbers for all formulations applied to Problem
6, and compare with the same problem regularized with p = § = 10~%. Figure 5.5
shows the condition numbers of the different formulations. For the unregularized
problem, K5 and K. 5 are well-conditioned throughout, while the reduced forms have
exponentially increasing condition numbers. With regularization, the condition number
of K e, remains essentially fixed after the initial iterations because of the use of fixed
regularization parameters, in accordance with Lemma 4.1. Note that in theory, this
condition number could be as large as 10% but stabilizes around 10° in this instance.
The condition numbers of the other formulations exhibit a similar behavior as in

Ltomopt . com/tomlab
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Fic. 5.1. TOMLAB problem 21: eigenvalues of K1 and Ky 4.

the unregularized case. Since strict complementarity and LICQ are satisifed for this
problem, regularization has little effect on the 3 x 3 formulations.

6. Other Formulations. In this section, we briefly mention alternative linear
systems that were not covered in the previous sections but to which our techniques
appear to generalize. In particular, we examine a formulation adapted to problems
that do not satisfy strict complementarity at a solution.

When H = 0, the Goldman and Tucker (1956) theorem guarantees that a strictly
complementary solution always exists provided there exists at least one solution.
Moreover, widely applicable interior-point frameworks guarantee that any limit point
of the sequence of iterates determines a strictly complementary solution under mild
assumptions—see, e.g., (Wright, 1997, Theorem 6.8). When H # 0, this desirable
result no longer holds in general, i.e., not all problems of the form (1.1a) possess a
solution satisfying strict complementarity. A typical counter-example is

minimize %xz subject to x > 0,
z€R

for which it is easy to verify that the only primal-dual solution is (z,z) = (0,0). A
difficulty with such problems is that, in the limit, K3 is singular while Ky and K;
do not even appear to be well defined. Our test scenario of Example 2.1 no longer
describes the general situation because there is a subset of A for which z; = (/1)
and z; = O(/i)—see, e.g., (Coulibaly et al., 2012; Monteiro and Wright, 1994; Wright
and Orban, 2002).

It is common to study the iterates generated by an interior-point method in the
vicinity of a strictly-complementary solution. Consider the typical situation where
(1.1a) possesses a solution with at least one zero variable to which is associated a
positive multiplier. An immediate difficulty is that K, does not converge to a well-
defined limit and appears to become arbitrarily ill conditioned—an observation that is
confirmed by the results of §3.2. The same holds for K;. We now outline a strategy to
salvage the situation in the case of K, and which may be applied to K5 as well. In the
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vicinity of a strictly-complementary solution of (1.1)—assuming one exists—partition
the variables according to A and Z and consider the induced partitioning of the
matrices H, J, X and Z. The system (2.2) may be written as

Hun Hig
Hyr Hziz
. Ty

—Zaa
—Z171

T4
J7

—1I

—Xa4

_XII

Az y Te, A
Axg Tex
Ay | =1 m
Azy Tr A
Azr Trz

Note that XfIlZII approaches zero. Gould (1986) then proposes to eliminate Az
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TOMLAB problem 21: eigenvalues of K3 and K3 ,.,. Note that the upper bound on
the negative eigenvalues is zero for the unregularized system and is thus not visible in graph (c).

and reformulate the above system as

H Hjz Ja o 1] [Azy Te, A
Hyz Hzz + Xz_zlzzz JE Azg TeZ — XI_IlTT,I
Ja Jz Ay Ty
—Z A4 —Xaa] |Aza TrA

In addition, Gould (1986) symmetrizes the matrix by multiplying the last block row
by Z;}A Since X 4 AZ;& also approaches zero, the resulting matrix then possesses a
well-defined limit as long as J has full row rank, and therefore we should expect its
condition number to be uniformly bounded, at least in a neighborhood of a strictly-
complementary solution.

This partial elimination requires accurate identification of the index sets A and Z.
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F1G. 5.5. TOMLAB problem 6: comparing the condition numbers for the unregularized and
reqularized systems.

In practice, this can be done by using the predictive index set {i | z;/z; < z;/x;} as
an approximation to A.

Some of our results below rely on strict complementarity being satisfied in the
limit. We now outline a similar partitioning by which our results will apply to problems
failing to satisfy strict complementarity.

A possible approach with such problems is to use indicator sets to distinguish
between indices i = 1,...,n that are weakly active, strongly active and inactive. Let
(z,y, z) be a local approximation to a solution. The set of strongly active constraints
at vis Ag:={i=1,....,n| x; =0 < z;}. The set of weakly active constraints at
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zis Ay :={i =1,...,n | 2; = z; = 0} and the set of inactive constraints at x is
ZT:={i=1,...,n]| 2z =0 < x,;}. Suppose at each iteration k of an interior-point
method, we have a mechanism to identify approximations A%, A%, and 7% to Ag,
Ay and Z, respectively. Such indicator sets can resolve the singular limit difficulty
provided they ensure that z¥ /2% — 0 as k — oo for i € Ak, UZ* while 2¥/2F — 0
as k — oo fori € A’g. Indeed if this were the case, upon partitioning x, z, H and J
according to B¥ := Ak, UTF and S* := A%, (2.2) could be partially eliminated to

Hss Hig Jg 1 ] [Azs Te.s

Hsg Hpg+ XgsZps J§ Azg| _ |res+ Xppres (6.1)
Js Jg Ay Ty '

—Zss —Xss| |Azs TrS

The matrix of the latter system has a well-defined limit whenever J has full row rank.
As above, the typical way to symmetrize the system is to multiply the last block row
by Zgé Examples of indicator sets with the requisite properties along with pointers
to the literature are given by Coulibaly et al. (2012) and Monteiro and Wright (1994).

In both cases of partial elimination above, should .J not have full row rank, dual
regularization, as described in §4, will ensure that the partially eliminated matrix
converges to a well-defined limit, provided the regularization parameter remains
bounded away from zero.

We also note that our results of §3.3 and §4.3 can be extended to the appropriate
symmetrization of the two above partially eliminated systems with the benefit of
solving smaller systems with similar properties.

There are other formulations of the system that we have not covered in this
paper. Forsgren and Gill (1998) propose a doubly augmented formulation that has
the benefit of being positive definite on and near the central path, allowing the use
of more specialized linear solvers. Korzak (1999) and Fourer and Mehrotra (1993)
both use scalings of the systems to alleviate ill-conditioning. Gill et al. (1992) proceed
similarly to Gould (1986) and partition inequality constraints into active and inactive
constraints and note that ill-conditioning is due to the varying sizes of constraint values
across the partition. Benzi et al. (2009) discuss the conditioning of the formulations
that we cover, focusing on a specific application. They use iterative methods with
large-scale problems, where the ill-conditioning of the reduced forms is problematic.
In their experiments, they use the original unreduced form and a partially-eliminated
formulation.

7. Concluding Remarks. Our analysis indicates that 3 x 3 block linear systems
that arise throughout the iterations of primal-dual interior-point solvers have a favorable
spectral structure. The matrix is nonsingular, whereas it tends to singularity when
it is reduced using commonly used partial elimination procedures. Regularization
is shown to be very effective at shifting the eigenvalues and the eigenvalue bounds
away from zero. It is important to note that convergence may be driven by several
considerations other than the eigenvalue distribution, especially when direct linear
solvers are used. The subspace where the right-hand side lies and the scaling of the
problem are two of several issues that affect convergence.

Our “outer” bounds, namely the upper bound on the positive eigenvalues and the
lower bound on the negative eigenvalues, seem tight. On the other hand, the “inner”
bounds, namely the lower bound on the positive eigenvalues and the upper bound on
the negative eigenvalues, are pessimistic in some cases. Specifically, we have not been
able to find an effective upper bound on the negative eigenvalues for the unregularized
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case, but the matrix is analytically known to be nonsingular, and further numerical
experiments confirm that the largest eigenvalues in absolute value of the unreduced
3 x 3 block matrix are bounded away from zero and only modestly grow throughout
the iterations. In the regularized case we have found all bounds, and consequently
were able to establish an asymptotic condition number. Here our analysis for the
upper negative bound involves a region that we term the “gray zone”, which represents
the transition from the course of iterations to the limit and inevitably deals with the
introduction of singularity. Our analysis does not provide an effective bound for the
gray zone, but we believe that by tightening our assumptions we will be able to further
shrink this zone. This remains an item for further exploration.

We have not addressed the issue of the performance of iterative solvers, but our
work in this paper has been done with our eyes on this paradigm. As problems become
larger in scale, the importance of studying these solvers is rising. For such solvers
the distribution of eigenvalues plays a central role, and the need to find effective
preconditioners is critical and challenging. The question of how to utilize inexactness
throughout the iterations is also important. See Benzi et al. (2009); Bergamaschi et al.
(2007); Forsgren et al. (2007) for relevant and important observations and results. The
bounds given in this paper as well as preliminary experimentation lead us to believe
that the 3 x 3 formulation has a strong potential to be very effective in the context of
iterative solvers.

Matrices similar to K, Ko and K3 occur in other branches of optimization, such
as cone optimization. The difference in this case is that X and Z may no longer
be diagonal but are instead restricted to being symmetric and positive definite. In
addition, they may be dense. Whether our results generalize to such a scenario may
be an interesting subject for future research.
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