ON THE GLOBAL AND LINEAR CONVERGENCE OF THE GENERALIZED
ALTERNATING DIRECTION METHOD OF MULTIPLIERS

WEI DENG* AND WOTAO YINT

Abstract. The formulation

min f(z) + g(y), subject to Ax + By = b,
zy

where f and g are extended-value convex functions, arises in many application areas such as signal processing, imaging
and image processing, statistics, and machine learning either naturally or after variable splitting. In many common
problems, one of the two objective functions is strictly convex and has Lipschitz continuous gradient. On this kind of
problem, a very effective approach is the alternating direction method of multipliers (ADM or ADMM), which solves
a sequence of f/g-decoupled subproblems. However, its effectiveness has not been matched by a provably fast rate
of convergence; only sublinear rates such as O(1/k) and O(1/k?) were recently established in the literature, though
the O(1/k) rates do not require strict convexity. This paper shows that global linear convergence can be guaranteed
under the assumptions of strict convexity and Lipschitz gradient on one of the two functions, along with certain rank
assumptions on A and B. The result applies to various generalizations of ADM that allow the subproblems to be solved
faster and less exactly in certain manners. The derived rate of convergence also provides some theoretical guidance for
optimizing the ADM parameters. In addition, this paper makes meaningful extensions to the existing global convergence

theory of ADM generalizations.
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1. Introduction. The alternating direction method of multipliers (ADM or ADMM) is very
effective at solving many practical optimization problems and has wide applications in areas such
as signal and image processing, machine learning, statistics, compressive sensing, and operations
research. We refer to [1-10] for a few examples of applications. The ADM is applied to constrained
convex optimization problems with separable objective functions in the following form

min f(z) +g(y)
i (1.1)

s.t. Az + By = b,

where x € R™ and y € R™ are unknown variables, A € RP*™ and B € RP*™ are given matrices, and
f:R*" 5> RU{+oc0} and g : R™ — R U {400} are closed proper convex functions. Some original
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problems are not in the form of (1.1), but after introducing variables and constraints, they become

the form of (1.1). For example, introducing y = Az, the problem
min f(z) + g(Ax) (1.2)

is transformed to (1.1) with B = —I and b = 0.

Constraints z € X and y € ), where X C R™ and ) C R™ are closed convex sets, can be included
as the (extended-value) indicator functions Ix(x) and Iy(y) in the objective functions f and g. Here

the indicator function of a convex set C is defined by

0 ifzeC,
Ic(z) = (1.3)
00 if z ¢ C.

The main goal of this paper is to show that the ADM applied to (1.1) has global linear convergence
provided that one of the two objective functions, say, f is strictly convex, V f is Lipschitz continuous,
and matrices A and B have certain rank conditions. Note that when restricted to a compact set,
a strictly convex function is strongly convex. So, as long as an algorithm generates a bounded
sequence, strict convexity is effectively strong convexity. For simplicity, we use “strong convexity”
or “strongly convex” in the remaining of the paper. The convergence analysis is performed under a

general framework that allows the ADM subproblems to be solved inexactly and faster.

The classic ADM was first introduced in [11,12]. Consider the augmented Lagrangian function of

(1.1):
Lale,yN) = £(2) +9(y) ~ X (Av+ By —b) + || Az + By — bl (1.4

where A € RP is the Lagrangian multiplier vector and 8 > 0 is a penalty parameter. The classic
augmented Lagrangian method (ALM) minimizes £ 4(x,y, A\) over & and y jointly and then updates
. However, the ADM replaces the joint minimization by minimization over x and y, one after another,
as described in Algorithm 1. Compared to the ALM, though the ADM may take more iterations, it

often runs faster due to the easier subproblems.



Algorithm 1: Classic ADM

1 Initialize 2%, A%, 8 > 0;

2 for k=0, 1,... do

3 yktl = arg min,, La(x* y, \F);

k+1

4 o = argmin, £ 4(z, y* 1 \F);

5 2N+l — Nk 5(Axk+1 + Byk+1 _ b)

Variants of Algorithm 1 that allow £ 4 to be inexactly minimized over = or y are very important to
the applications in which it is expensive to exactly solve either the x-subproblem or the y-subproblem,
or both of them. For this reason, we present Algorithm 2 below, which is more general than Algorithm

1 by allowing easier subproblems. Our results are established for Algorithm 2.

Algorithm 2: Generalized ADM

1 Choose @ = 0 and a symmetric matrix P (possibly indefinite);
2 Initialize 2°, \°, 8 > 0,7 > 0;

3 for k=0, 1,... do

a | yF =argmin, La(z¥,y, ) + 3y — vF)TQy — v*);

5 | 2Ft =argming La(z, y" 1 AF) + L (2 — 2®)TP(2 — 2);

6 MNetl — \k 'yﬂ(Axk"H + Byk-‘rl _ b)

Compared to Algorithm 1, Algorithm 2 adds 3lly — y*[|3, and §llz — 2*[|3 to the y- and 2-
subproblems, respectively, and assigns 7y as the step size for the update of \. Here, we slightly abuse
the notion ||z||%; := 27 Mz as we allow any symmetric matriz M. Different choices of P and Q are
overviewed in the next subsection. They can make steps 4 and 5 of Algorithm 2 easier than those of

Algorithm 1.

We do not fix 7 = 1 like in most of the ADM literature since = plays an important role in
convergence and speed. For example, when P = 0 and Q = 0, any v € (0, (v/5+ 1)/2) guarantees the
convergence of Algorithm 2 [13], but v = 1.618 makes it converge noticeably faster than v = 1. The
range of v depends on P and @, as well as §. When P is indefinite, v must be smaller than 1 or the

iteration may diverge.

Let us overview two works very related to Algorithm 2. Work [14] considers (1.4) where the

quadratic penalty term is generalized to || Az + By — b||3;, for a sequence of bounded positive definite
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matrices { Hy }, and the work proves the convergence of Algorithm 2 restricted to v = 1 and differential
functions f and g. Work [15] replaces v by a general positive definite matrix C' and establishes
convergence assuming that A = I and the smallest eigenvalue of C is no greater than 1, which
corresponds to v < 1 when C = ~I. In these works, both P and @) are restricted to positive semi-
definite matrices, and there is no rate of convergence given. This paper allows more flexible choices
of P and @ and gives convergence rates.

In addition to deriving linear convergence rates, this paper makes meaningful extensions to the
existing convergence theory of Algorithm 2. Specifically, the step size y is less restrictive, and P
is allowed to be indefinite. These extensions translate to more options of solving the z-subproblem

efficiently.

1.1. Generalized ADM with simplified subproblems. By “simplified subproblems”, we
mean that the ADM subproblems in Algorithm 1 are replaced by subproblems that are easier to
solve. We do not consider the errors in the subproblem solutions due to finite-precision arithmetics
or early-stopping of a subproblem solver.

Let us give a few examples of matrix P in step 5 of Algorithm 2. These examples also apply to
Q@ in step 4. Note that P and @ can be different.

Prox-linear ADM. Setting

B

P="1-p3ATA, (1.5)
T

gives rise to a prox-linear problem at step 5 of Algorithm 2:

min f0)+ 5 (097~ a) + 5l - 2*18). (1.6

where 7 > 0 is a proximal parameter and p* := AT (Az* + By**! — b — \¥/B) is the gradient of the
last two terms of L4 (z,y**1, A\F) (1.4) at x = 2*. This approach was introduced in [16].

In addition, by letting
B

7-/

Q I-3B"B, (1.7)

either alone or together with (1.6), step 4 of Algorithm 2 can also implemented as a prox-linear

subproblem:
. 1
min g(y) + 5 ((q’f)T(y—kaQT,ly—y’fII%), (1.8)

where 7/ > 0 and ¢* := BT (Az* + By* — b — \¥/3).
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Prox-linear subproblems are much easier to compute in various applications. For example, if f
is a separable function, problem (1.6) reduces to a set of independent one-dimensional problems. In
particular, if f is ¢; norm, the solution is given in the closed form by so-called soft-thresholding. If f is
the matrix nuclear norm, then singular-value soft-thresholding is used. If f(z) = ||®z||; where ® is an
orthogonal operator or a tight frame, (1.6) also has a closed-form solution. If f is total variation, (1.6)
can be solved by graph-cut [17,18]. There are a large number of such examples in signal processing,
imaging, statistics, machine learning, etc.

Gradient-descent ADM. When function f is quadratic, letting
1
P=—1-H;—BATA, Hy;:=Vf(z) =0, (1.9)
«a
gives rise to a gradient descent step for step 5 of Algorithm 2:

: 1
min (gk)T(z—xk)ﬂL%IIx—xkllﬁy (1.10)

where g* := Vf(2%) + BAT (Az* + By**t — b — \¥/3) is the gradient of L£4(z,y*+1, \F) at o = zF.

The solution of such subproblem is obviously given by
F = b — g, (1.11)

where « > 0 is the gradient-descent step size. Like before, step 4 can also be realized as gradient
descent by using a similar (). When the subproblems of Algorithm 1 must solve a large, nontrivial
linear system, taking just one gradient step has a clear speed advantage.

ADM with fast approximation of A and/or B. The term §||Ax + By —b||3 in La(x,y,))
contains the quadratic term 527 AT Az. Sometimes, replacing AT A by a certain symmetric matrix

D =~ AT A makes step 5 (much) easier to compute. Then one can let
P=p(D - AT A). (1.12)
The choice of P effectively turns ngATAa: into ngDas since
1
gHAx + By — b||5 + §||x — 2% = ngDx + [terms linear in z] + [terms independent of z].

This approach is useful when A7 A is nearly diagonal (D is the diagonal matrix), or is an orthogonal
matrix plus error (D is the orthogonal matrix), as well as when an off-the-grid operator A can be
approximated by its on-the-grid counterpart that has very fast implementations (e.g., the discrete
Fourier transforms and FFT). Note that P can be indefinite. This approach also applies to step 4 of
Algorithm 2 as long as @ > 0.



Goals of P and Q. The general goal is to wisely choose P and @ so that the subproblems of
Algorithm 2 becomes much easier to carry out and the entire algorithm runs in less time. In the ADM,
the two subproblems can be solved in either order (but fixed throughout the iterations). However,
when one subproblem is solved less exactly than the other, Algorithm 2 tends to run faster if the
less exact one is solved later — assigned as step 5 of Algorithm 2 — because at each iteration, the
ADM updates the variables in the Gauss-Seidel fashion. If the less exact one runs first, its relatively
inaccurate solution will then affect the more exact step, making its solution also inaccurate. Since the
less exact subproblem should be assigned as the later step 5, more choices of P are needed than @,

which is the case in this paper.

TABLE 1.1

Four scenarios leading to linear convergence

strongly | Lipschitz | full row
scenario additional assumptions
convex | continuous rank
1 f Vf A if @ > 0, B has full column rank
2 fi9 Vf A
3 f Vf, Vg - B has full column rank
4 f7 g Vf7 v.g -
TABLE 1.2

Summary of linear convergence results

any scenario 1 — 4

case | P, P Q
Q-linear convergence | R-linear convergence
1 P=0|=0 (AxF \F)
2 |[P~0|=0 (zF, \F)
a®, (y* or ByF)*, AF
3 | P=0]=0 (AxF yF \F)
4 |[P~0]%=0 (%, 4%, AF)

* In cases 1 and 2, scenario 1, R-linear convergence of y* requires full

column rank of B; otherwise, only By* has R-linear convergence.

1.2. Summary of results. Table 1.1 summarizes the four scenarios under which we study the

linear convergence of Algorithm 2, and Table 1.2 specifies the linear convergent quantities for different
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types of matrices P, P, and Q, where
P:=P+BATA

is defined for the convenience of convergence analysis. P = 0 and @) = 0 correspond to exactly solving
the z- and y-subproblems, respectively. Although P = 0 and P = 0 are different cases in Table 1.2,
they may happen at the same time if A has full column rank; if so, apply the result under P = 0,
which is stronger.

The conclusions in Table 1.2 are the quantities that converge either Q-linearly or R-linearly!.
Q-linear convergent quantities are the entireties of multiple variables whereas R-linear convergent
quantities are the individual variables z*, y*, and \*.

Four scenarios of global linear convergence. In scenario 1, only function f needs to be
strongly convex and having Lipschitz continuous gradient; there is no assumption on g besides con-
vexity. On the other hand, matrix A must have full row rank. Roughly speaking, the full row rank
of A makes sure that the error of A*¥ can be bounded just from the z-side by applying the Lipschitz
continuity of V f. One cannot remove this condition or relax it to the full row rank of [4, B] without
additional assumptions. Consider the example of A = [1;0] and B = [0;1], where [A, B] = I has full
rank. Since A5, which is the 2nd entry of A*, is not affected by f or {z¥} at all, there is no way to
take advantages of the Lipschitz continuity of Vf to bound the error of A5. In general, without the
full row rank of A, a part of \¥ needs to be controlled from the y-side using properties of g.

Scenario 2 adds the strong convexity assumption on g. As a result, the remark in case 1 regarding
the full column rank of B is no longer needed.

Both scenarios 3 and 4 assume that g is differentiable and Vg is Lipschitz continuous. As a result,
the error of A¥ can be controlled by taking advantages of the Lipschitz continuity of both Vf and
Vg, and the full row rank assumption on A is no longer needed. On the other hand, scenarios 3 and
4 exclude the problems with non-differentiable g. Compared to scenario 3, scenario 4 adds the strong
convexity assumption on g and drops the remark on the full column rank of B.

Under scenario 1 with @ > 0 and scenario 3, the remarks in Table 1.1 are needed essentially
because y* gets coupled with 2* and \* in certain inequalities in our convergence analysis. The full

column rank of B helps bound the error of * by those of z* and \*.

ISuppose a sequence {uF} converges to u*. We say the convergence is (in some norm || - ||)

k1 *
o Q-linear, if there exists p € (0,1) such that % < u;

e R-linear, if there exists a sequence {o*} such that ||uF — u*|| < ¢* and o* — 0 Q-linearly.



Four cases. When P = 0 (corresponds to exactly solving the ADM z-subproblem), we have
P = 0 and only obtain linear convergence in Az. However, when P = 0, linear convergence in z is
obtained.

When @ = 0 (corresponds to exactly solving the ADM y-subproblem), y is not part of the Q-linear

convergent joint variable. But, when @ > 0, y becomes part of it.

1.3. Existing rate-of-convergence results. Although there is extensive literature on the
ADM and its applications, there are very few results on its rate of convergence until the very re-
cent past. Work [19] shows that for a Jacobi version of the ADM applied to smooth functions with
Lipschitz continuous gradients, the objective value descends at the rate of O(1/k) and that of an
accelerated version descends at O(1/k?). Then, work [20] establishes the same rates on a Gauss-Seidel
version and requires only one of the two objective functions to be smooth with Lipschitz continuous
gradient. But these two works only consider the model with the linear constraint coefficient matrices
A and B being identity matrix or negative identity matrix. Lately, work [21] shows that the optimality
conditions of the ADM based on a variational inequality converges at an O(1/k) rate in an ergodic
sense. Work [22] shows that |[u® — u**1||2, where u* := (2, y*, A¥), of the ADM converges at O(1/k)
assuming at least one of the subproblems is exactly solved. Work [23] proves that the dual objective
value of a modification to the ADM descends at O(1/k?) under the assumption that the objective
functions are strongly convex (one of them being quadratic) and both subproblems are solved exactly.
In this paper, we show the linear rate of convergence O(1/c¥) for some ¢ > 1 under a variety of
scenarios in which at least one of the two objective functions is strictly convex and has Lipschitz
continuous gradient. This rate is stronger than the sublinear rates such as O(1/k) and O(1/k?) and is
given in terms of the solution error, which is stronger than those given in terms of the objective error
in [19, 20, 23], the violation of optimality conditions in [21], and the solution relative change in [22].
On the other hand, [19-22] do not require any strictly convex functions. The fact that a wide range
of applications give rise to model (1.1) with at least one strictly convex functions has motivated this
work.

During the final polishing of this paper, we learned the work [24] through private communication,
which proves the linear convergence of ADM in a different approach. The linear convergence in [24]
requires that the objective function takes a certain form involving a strictly convex function and the
step size for updating the multipliers is sufficiently small (which is impractical), while no explicit
linear rate is given. Its recent update assumes a bounded sequence in addition. On the other hand,

it allows more than two blocks of separable variables and it does not require strict convexity; instead,
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it requires the objective function to include f(Exz), where f is strictly convex and E is a possibly
rank-deficient matrix.

It is worth mentioning that the ADM applied to linear programming is known to converge at
a global linear rate [25]. For quadratic programming, work [26] presents an analysis leading to a
conjecture that the ADM should converge linearly near the optimal solution. Our analysis in this
paper is different from those in [25,26], but closely follows those in [14,22].

The linear convergence of ADM was also established in the context of Douglas-Rachford Splitting
Mehtod (DRSM) [27] and Proximal Point Mehtod (PPA) [28]. It has been shown that ADM is a special
case of DRSM [29], and further DRSM is a special case of PPA [30]. Therefore, the linear convergence
of ADM can be obtained from the existing linear convergence results of DRSM and PPA [28, 31].
However, it is unclear whether those results can apply to the generalizations to ADM in Subsection
1.1. Tt remains an open question whether these generalizations to ADM are equivalent to the iteration
of some firmly nonexpansive operators, which will be left for future research. In Subsection 3.3 below,
we will review the result of DRSM in [31] and show that our analysis yields a better linear rate, in

addition to its wider applicability.

1.4. The penalty parameter 5. It is well known that the penalty parameter 8 can significantly
affect the speed of the ADM. Since the rate of convergence developed in this paper is a function of 3,
the rate can be optimized over 5. We give some examples in Section 3.2 below, which shows the rate
of convergence is positively related to the strong convexity constant of f and g, while being negatively
related to the Lipschitz constant of Vf and Vg as well as the condition number of A, B and [A, B].

More analysis and numerical simulations are left as future research.

1.5. Preliminary, notation, and assumptions. We let (-, -) denote the standard inner prod-
uct, and let || - || denote the ¢3-norm || - ||z (the Euclidean norm of a vector or the spectral norm of
a matrix). In addition, we use Apin(M) and Apax(M) for the smallest and largest eigenvalues of a
symmetric matrix M, respectively.

A function f: R™ — RU{+o0} is called strongly convex with constant v > 0 if for all 1,29 € R™
and all ¢ € [0, 1],

1
flzy 4+ (1 —t)azo) <tf(x1)+ (1 —t)f(x2) — iut(l — )|z — 2o (1.13)
For a differentiable function f, the gradient V f is called Lipschitz continuous with constant Ly > 0 if

IV f(z1) = Vf(z2)|| < Lyllzr — 22|, Va1, 22 € R™. (1.14)
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If a convex function f has a Lipschitz continuous gradient with constant Ly, then it has the following

property:
(z1 =22, Vf(21) = Vf(22)) 2 Llflvf(xl) — Vf(z2)|?, Yo1,22 € R", (1.15)

which will be used in our analysis.
Throughout the paper, we make the following standard assumptions.
ASSUMPTION 1. There exists a saddle point u* := (x*,y*, \*) to problem (1.1), namely, x*, y*,

and X\* satisfy the KKT conditions:

ATX* € f (x¥), (1.16)
BTX* € 9g(y™), (1.17)
Az™ 4+ By* — b =0. (1.18)

When assumption 1 fails to hold, the ADM method has either unsolvable or unbounded subproblems
or a diverging sequence of \*.

ASSUMPTION 2. Functions f and g are convez.

We define scalars vy and v, as the modulus of f and g, respectively. Following from (1.13), they
satisfy

(s1— 82,21 — x2) > vy|l@1 — 3102||27 Va1, T2, s1 € 0f(x1), s2 € Of(x2), (1.19)

<t1 - tQ’yl - y2> > Vg ||y1 - y2||27 vyh Y2, t) € ag(yl)a ty € ag(yQ) (120)

From the convexity of f and g, it follows that vy, v, > 0, which are used throughout Section 2. They
are strictly positive if the functions are strongly convex. To show linear convergence, Section 3 uses
vy > 0 and, for scenarios 3 and 4, v, > 0 as well. Indeed, we only use f and g’s properties over the
compact sets including {z*} and {y*}, not globally; in particular, strict convexity can replace strong

convexity.

1.6. Organization. The rest of the paper is organized as follows. Section 2 shows the global
convergence of the generalized ADM under mild assumptions. Then Section 3, under the assumptions
in Table 1.1, further proves the global linear convergence. Section 4 discusses several interesting appli-
cations that are covered by our linear convergence theory. In Section 5, we present some preliminary
numerical results to demonstrate the linear convergence behavior of ADM. Finally, Section 6 concludes

the paper.
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2. Global convergence. In this section, we show the global convergence of Algorithm 2. The
proof steps are similar to the existing ADM convergence theory in [14,15] but are adapted to Algorithm

2. Several inequalities in the section are used in the linear convergence analysis in the next section.
2.1. Convergence analysis. For notation simplicity, we introduce
=M — B(AzFT 4+ ByF Tt —b). (2.1)
If v = 1, then A\ = \*1: otherwise,
A= ML = (4 = 1)B(AzF T + ByFtt —b) = (1 — %)(/\’“ — \FFL), (2.2)

This relation between A and A\*+1 is used frequently in our analysis. Let

x* xk k1
u o=y |, uf = ye |, di= [y, for k=0,1,..., (2.3)
2 AR A

where u* is a KKT point, u* is the current point, and @ is the next point as if v = 1, and

I, P P
Go == Im , Gy = Q , G:=Gy'Gy = Q . (24)
vIp %Ip %Ip
where we recall P = P + SAT A. From these definitions it follows
uF = uF — Go(uk — ). (2.5)

We choose P, Q and § such that P = 0 and Q = 0. Hence G > 0 and || - ||¢ is a (semi-)norm. The
definitions of the matrix G and the G-norm are similar to those in the work [22]. The analysis is
based on bounding the error ||u* —u*||% and estimate its decrease.

LEMMA 2.1. Under Assumptions 1 and 2, the sequence {u*} of algorithm 2 obeys

i)

ATX + P(aF — 21y € af(aFH), (2.6)
BT (A= BA@" —a")) + QU —y**) € a9y ). (2.7)
i)
(@ =z, AT = X) + Pa? — 2" > wp bt —ar|?, (28)
W=yt BT (A=A = BAGER —a) £ QU —y ) 2l -yt (29)
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iii)

A — %) + By — ) = %()\k Y (2.10)
i)
[ —u*|[E = [t —w |G = h(u® —a) + 2up ]| — 2|2+ 2w Iy — 12, (2.11)
where
B ) i= o — a3+ o = g TN - A7 2008 - T A )

(2.12)

The proof of this lemma is given in Appendix A. In the next theorem, we show that ||u* — u*||¢
has sufficient descent. Technically, it is done through bounding h(u* — @) from zero by applying the
Cauchy-Schwarz inequality to its cross term 2(A\F — \)T A(z% — zF+1). If P = 0, a more refined bound
is obtained to give v a wider range of convergence. See Appendix B for the details of the proof.

THEOREM 2.2 (Sufficient descent of |u* — u*|g). Assume Assumptions 1 and 2.

i) When P # 0, if v obeys
(2—7)P = (y—1)BATA (2.13)
(see Remark 1 below for simplification), then there exists n > 0 such that
ok — w2 — b — > e — o 4 20— @t 2 g -y (214)

it) When P =0, if

ve (0, ! *2*/5> , (2.15)

then there exist n > 0 such that

(m“wm3+§wﬁ)—0w“—M%+fWHwﬂ

> pllut =G 2op = PP 20p [ — P 2m [l g,

(2.16)

where % is the residual at iteration k:
rF .= Az* 4+ ByF —b.
If we set v =1, then we have

lu? —u*[|E =[P =3 > [u® =G 20l =P 2w =P 20 [y g2
(2.17)
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Now the sufficient descent of ||u* — u*||¢ in Theorem 2.2 are used to yield the global convergence
of Algorithm 2.

THEOREM 2.3 (Global convergence of Algorithm 2). Assume Assumptions 1 and 2, and that
{uF} of Algorithm 2 is bounded (see Remark 2 below). For any v satisfying its conditions given in
Theorem 2.2, {u*} converges to a KKT point u* of (1.1) in the G-norm, namely,

u* —u*|lc — 0.

It further follows that
(a) \¥ — \*, regardless of the choice of P and Q;
(b) when P # 0, ¥ — x*; otherwise, Ax* — Ax*;
(c) when Q = 0, y* — y*; when Q = 0, By* — By*.

Proof. Being bounded, {u*} has a converging subsequence {u*}. Let @ = lim;_, o u®i. Next, we
will show # is a KKT point. Let u* denote an arbitrary KKT point.

Consider P # 0 first. From (2.14) we conclude that ||u* — u*||% is monotonically nonincreasing
and thus converging, and due to 1 > 0, |[u* — u**1||%, = 0. In light of (2.4) where P = 0 and Q > 0,

we obtain A¥ — \¥+1 — 0 or equivalently,
rk = (Az" 4 Byt —b) - 0, as k — oco. (2.18)

Now consider P = 0. From (2.16) we conclude that [u* — u*||% + %HrkHQ is monotonically
nonincreasing and thus converging. Due to n > 0, [|u® — u**1|%, — 0, so A¥ — A*+1 — 0 and (2.18)
holds as well. Consequently, ||u* —u*||% also converges.

Therefore, by passing limit on (2.18) over the subsequence, we have for P = 0 or not:
AT+ Byj—b=0. (2.19)
Recall the optimality conditions (2.7) and (2.6):

B"A = BB"A(z" — ") + Qv — y*t) € dg(y* ),

ATX + P(z¥ — ") € of (2F ).

Since [|uf — u**1||Z — 0, in light of the definition of G (2.4), we have the following:
e when P =0, A(zF — 2F+1) — 0;
e when P # 0, the condition (2.13) guarantees P > 0 and thus 2% — zFt1 — 0;

e since Q = 0, we obtain Q(y* — y**1) = 0.
13



In summary, 3BT A(z* — 2F+1), Q(y* — y**1), and P(z* — 2¥*1) are either 0 or converging to 0 in k,
no matter P = 0 or not.

Now on both sides of (2.7) and (2.6) taking limit over the subsequence and applying Theorem
24.4 of [32], we obtain:

BTX € 9g(), (2.20)
ATX € 0f(z). (2.21)

Therefore, together with (2.19), u satisfies the KKT condition of (1.1).

ki — 4 in j and the convergence of

Since @ is a KKT point, we can now let u* = @. From u
luf —u*|| it follows |lu* —u*||% — 0 in k.

By the definition of G, |[u* — u*||% — 0 implies the following:
(a) A¥ — X\*, regardless of the choice of P and Q;
(b) when P # 0, condition (2.13) guarantees P > 0 and thus z* — z*; when P = 0, AzF — Az*;
(c) when Q = 0, y* — y*; when Q = 0, By* — By* following from (2.18) and (2.19).
|

REMARK 1. Let us discuss the conditions on . If P = 0, the condition (2.13) is always be
satisfied for 0 < v < 1. Howewver, in this case, 7 can go greater than 1, which often leads to faster
convergence in practice. If P % 0, the condition (2.13) requires 7 to lie in (0,7) where 0 < 7 < 1
depends on 3, P, and AT A. A larger 8 would allow a larger 7.

In particular, in Proz-liner ADM where the x-subproblem is solved by (1.6), condition (2.13) is

guaranteed by
TI|AI? +v < 2. (2.22)

In Gradient-descent ADM where the x-subproblem has the form of (1.10), a sufficient condition for
(2.13) is given by

BlAIP
5 = IHll

i< (2.23)

REMARK 2. The assumption on the boundedness of the sequence {u*} can be guaranteed by
various conditions. Since (2.14) and (2.16) imply that ||u* — u*||% is bounded, {u*} must be bounded
if P =0 and Q = 0. Furthermore, if P = 0 and Q = 0, we have the boundedness of {(Azk, 2\k)}

(since ||uF — u*||% is bounded) and that of {By*} by (2.10), so in this case, {u*} is bounded if
14



(i) matriz A has full column rank whenever P = 0; and
(i) matriz B has full column rank whenever @ = 0.

In addition, the boundedness of {u*} is guaranteed if the objective functions are coercive.

3. Global linear convergence. In this section, we establish the global linear convergence results
for Algorithm 2 that are described in Tables 1.1 and 1.2. We take three steps. First, using (2.14) for
P # 0 and (2.16) for P = 0, as well as the assumptions in Table 1.1, we show that there exists § > 0
such that

lu® = u*|[E > (14 8)[[ut* — ], (3.1)

where u* = limy_,o, u* is given by Theorem 2.3. We call (3.1) the Q-linear convergence of {u*} in
G-(semi)norm. Next, using (3.1) and the definition of G, we obtain the Q-linear convergent quantities

in Table 1.2. Finally, the R-linear convergence in Table 2 is established.

3.1. Linear convergence in G-(semi)norm. We first assume v = 1, which allows us to sim-
plify the proof presentation. At the end of this subsection, we explain why the results for v = 1 can
be extended to v # 1 that satisfies the conditions of Theorem 2.2. Note that for v = 1, we have (2.17)
instead of (2.16). Hence, no matter P = 0 or P # 0, both inequalities (2.14) and (2.17) have the form

= |[& = [l =& > C,
where C stands for their right-hand sides. To show (3.1), it is sufficient to establish
C > §|uf T —ur 2. (3.2)

The challenge is that [|u* ™ —u*[|2, is the sum of [|z*T —2*[|%,, ly* T —y*||3,, and %HA’““ —X*||2, but
C does not contain terms like ||y*+1 —y*||? and ||\*+1 — X*||2. Therefore, we shall bound ||AFF1 — \*||?

and [|y**

— y"‘||g2 from the existing terms in C or using the strong convexity assumptions. This is
done in a series of lemmas below.
LEMMA 3.1 (For scenario 1, cases 3 and 4, and scenario 3). Suppose that B has full column rank.

For any p1 > 0, we have
[y*5! =P < eafla®™*t = 2| e AF - AR, (3:3)

L (BTB) >0 and c3 := (14 p1)(By) 2 - /\;ﬁln(BTB) > 0.

Proof. By (2.10), we have || B(y**1 —y*)||? = || A(2* T — 2*) — %()\k — AF+1)|12. Then apply the

where ¢1 = (1 + i)HAH2 Al

following inequality (or the Cauchy-Schwarz inequality):

1
HU+MFS<1+MJMP+U+MHWW,WH>0, (3.4)
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to its right-hand side. O

LEMMA 3.2 (For scenarios 1 and 2). Suppose that V f is Lipschitz continuous with constant Ly

and A has full row rank. For any s > 1, we have
1A= A1 < eafla®H = 2| + eqfla® — 2P (3.5)

where c3 := L7(1 — Ly-1x!

I min

(AAT) > 0 and c4 = p2|| P|* Ak (AAT) > 0.

Proof. By the optimality conditions (1.16) and (2.6) together with the Lipschitz continuity of V£,

we have
AT\ = N + P(a® — 2" |12 = |V f (") = Vf(@)|* < L3 — 2|, (3.6)
Then apply the following basic inequality:

1
lu+v]* > (1 - m) lull® + (1 = p2)|[0]|*, V2 >0, (3.7)

to the left hand side of (3.6). We require pug > 1 so that (1 — 1%2) >0.0
LEMMA 3.3 (For scenarios 3 and 4). Suppose V f and Vg are Lipschitz continuous, and the initial
multiplier \° is in the range space of [A, B] (letting \° = 0 suffices). For any ps > 1 and py > 0, we

have
1A= A < esll® — "2 4 eolly — oG + erllat T — 2 + esllyt T — 7|2, (3.8)

where cs = (1 + L) [PT, ~BATB||e > 0, e = (1 + m)| QI > 0, e = (1 — L)112e > 0,
cg = (1—5)7'Lyc >0, and ¢ > 0 is as follows:
e If the matriz [A, B] has full row rank, ¢ := A}, ([A, B][A, B]T) > 0.

e Otherwise, rank([A, B]) = r < p. Without loss of generality, assuming the first r rows of
[A, B] (denoted by [A,, By]) are linearly independent, we have

I
[AvB] = [ATaBT’]a
L
where I € R™ " is the identity matriz and L € RP=")*" Let E := (I + L"L)[A,, B,], and
¢:= A (EED)| I+ LTL| > 0.
Proof. We first show that
2

. A
IA =X <@ 5 (A =A%)



where ¢ > 0 is defined above. If [A, B] has full row rank, it is trivial. Now, suppose [4, B] is rank
deficient, i.e., rank([4, B]) = r < p. Without loss of generality, we assume the first r rows of [A, B]
(denoted by [A,, B,]) are linearly independent, and thus

1
[A, B] = [A,, B;].
L

By the update formula, if the initial multiplier A" is in the range space of [A, B], then \*, k =1,2,.. .,
always stay in the range space of [A, B], so do A and A*. It follows that

A I . < I . I
AN = Ar, A= Ar, A= A
L L L
and thus
AT . AT R
A=) =] " | (T+LTL)(\ — ).
BT BT

r

Since E := (I + LTL)[A,, B,] has full row rank, we have ¢ := A\ (FEET)|[I + LTL|| > 0 and (3.9)
follows immediately.
Combining the optimality conditions (1.17), (1.16), (2.6), and (2.7) together with the Lipschitz
continuity of Vf and Vg, we have
AT P 0
(>\7>\*)+ (.’ﬂk*karl)‘i’ (yk—yk“)
BT -BBTA
(3.10)
=V f(@) = V)P + [Vgy™ ) = Vgly)II?

SL?HQEkH 2+ L3||yk+1 2

Similarly, we apply the basic inequalities (3.4) and (3.7) to its left hand side and use (3.9). O

With the above lemmas, we now prove the following main theorem of this subsection.

THEOREM 3.4 (Q-linear convergence of ||u* — u*||g). Under the same assumptions of Theorem
2.8 and v = 1, for all scenarios in Table 1.1, there exists § > 0 such that (3.1) holds.

Proof. Consider the case of P = 0 and the corresponding inequality (2.17). In this case P =
BAT A = 0. Let C denote the right-hand side of (2.17).

Scenarios 1 and 2 (recall in both scenarios, f is strongly convex, V f is Lipschitz continuous, and
A has full row rank). Note that C' contains the terms on the right side of (3.5) with strictly positive
coeflicients. Hence, applying Lemma 3.2 to C, we can obtain

C > (collz™ =2 [P +ewolly™ =y P+ e NN+ (erzlly® —y G +es AT -A?) (3.11)
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with ¢g,c11 > 0, c10 = 204 > 0, c12 =n > 0, and ¢i13 = n/(8v) > 0. We have ¢g > 0 because only a

k+1 k+1

fraction of 2v¢||z* T — 2*||? is used with Lemma 3.2; co||zFT! — 2*||? is unused so it stays. The same

principle is applied below to get strictly positive coefficients, and we do not re-state it. For proof
brevity, we do not necessarily specify the values of ¢;.

For scenario 1 with Q = 0, [[u*Tt —u*||% = ||1:k+1—I*H%—F%H)\lﬁl—/\*”z. Since [|z*+! —2*(]2 >
Amasx(P) 7! [aF+1 — 2*[|2, (3.2) follows from (3.11) with § = min{coAgL(P), 1187} > 0.
For scenario 1 with Q = 0, ||ufTt —u*|)2, = ||zF*+! — a1 + [Pt — a3 + %H)\k“ — M2,

Since ¢ is not necessarily strictly positive, we shall apply Lemma 3.1 to (3.11) and obtain

C = (cralla™* = 2| + crslly™™ =y [* + e AT = NP +erzlly” - "G (3.12)

where c14, ¢15, 11, c12 > 0. So, it leads to (3.1) with § = min{ci4\ ;L (P), c15 ;1. (Q), c1187} > 0.

max max

Scenario 2 (recall it is scenario 1 plus that g is strongly convex). We have c¢i9p = 2v4 > 0 in

(3.11), which gives (3.1) with & = min{co ;L (P), ci0A\zL, (Q), 1187} > 0. Note that we have used

max max

the convention that if @ = 0, then A\l (Q) = co.

max
Scenario 8 (recall f is strongly convex, both Vf and Vg are Lipschitz continuous). We apply

k+1

Lemma 3.1 to get ||y**! — y*||? with which we then apply Lemma 3.3 to obtain

C = crglla®™™ = a™[P + earlly™ =y [P + eas A= A2, (3.13)

where ¢y, c17, c13 > 0 and the terms [|z% — 2¥+1(12, ||y* — y¥*T1||2, and || A\¥ — A¥*+1||2 with nonnegative
coefficients have been dropped from the right-hand side of (3.13). From (3.13), we obtain (3.1) with
§ = min{ci6 AL (P), c1r AL (Q), c1gBy} > 0.

Scenario 4 (recall it is scenario 3 plus that g is strongly convex). Since ¢11 = 2v, > 0 in (3.11),
we can directly apply Lemma 3.3 to get (3.1) with 6 > 0 in a way similar to scenario 3.

Now consider the case of P # 0 and the corresponding inequality (A.5). Inequalities (A.5) and

k+1H2

(2.17) are similar except (2.17) has the extra term ||z% — with a strictly positive coefficient

in its right-hand side. This term is needed when Lemma 3.2 is applied. However, the assumptions

of the theorem ensure P = 0 whenever P # 0. Therefore, in (A.5), the term |[u* — u**1||%, which

k+1H2

contains ||z¥ — , can spare out a term cygllz* — x with ¢19 > 0. Therefore, following the

B2
p
same arguments for the case of P = 0, we get (3.1) with certain 6 > 0. O
Now we extend the result in Theorem 3.4 (which is under v = 1) to v # 1 in the following theorem.
THEOREM 3.5. Under the same assumptions of Theorem 2.3 and v # 1, for all scenarios in Table

1.1

J
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i) if P # 0, there exists 6 > 0 such that (3.1) holds;
it) if P =0, there exists 6 > 0 such that

. B * B
lu® = u||E + ;II?"“II2 > (1+0) ( o+ —u[IE + ;IIT’““II2 : (3.14)

Proof. When ~ # 1, which causes A**1 £ . We shall bound |[\*+! — X*||2 but Lemmas 3.2 and
3.3 only give bounds on || — A*[|2. Noticing that (A — A*) — (AFF1 — X*) = X — AF+1 = (5 — 1)k 1
and C contains a strictly positive term in [|\¥ — \F+1||2 = 42||r¥+1||2, we can bound ||[A\*+1 — \*||2 by
a positively weighted sum of | A — A*||2 and [|AF — A+1||2,

If P # 0, the rest of the proof follows from that of Theorem 3.4.

If P =0, v # 1 leads to (2.16), which extends [u’ — u*||Z in (2.17) to [lu’ — u*||% + %HNHQ,
for i = k,k + 1. Since C contains ||\¥ — \FH1||2 = 42||r*+1||2 with a strictly positive coefficient, one

obtains (3.14) by using this term and following the proof of Theorem 3.4. O

3.2. Explicit formula of convergence rate. To keep the proof of Theorem 3.4 easy to follow,
we have avoided giving the explicit formulas of ¢;’s and thus also those of §. To give the reader an
idea what quantities affect §, we now provide an explicit formula of § for the classic ADM (i.e., case
1 with v = 1) under scenario 1.

COROLLARY 3.6 (Convergence rate of classic ADM under scenario 1). Under Assumptions 1 and
2, for scenario 1 in Table 1.1, the sequence {u*} of Algorithm 1 satisfies (3.1) with

_ BH14||2 Lf -1
0= ( v ﬁ/\min(AAT)> : (3.15)

In particular,choosing B = W%V&AT) yields the largest §:

1
KA /,‘ﬁf7

where K4 1= \//\max(AAT)//\min(AAT) is the condition number of matriz A, and ky = Ly /vy is the

(3.16)

5max =

condition number of function f.

Proof. Recall the important inequality (2.17) in Theorem 2.2:

A g [ T T o e e e [ [ e V[P 7 [FeA e
(3.17)

Note that the term v||z*+1 — 2*||? on the right-hand side comes from (2.8):

(@4 =, AT X)) 2 e =, (318)
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due to the strong convexity of f and the optimality conditions:
ATNHE = W (M), ATX = Vf(a").

On the other hand, since V f is Lipschitz continuous and A has full row rank, using (1.15) yields

* * 1 * )‘miH(AAT) *
(@t =t AT —A)) > L*fHAT()\’c+1 = X)|F = TH)\HI - X2 (3.19)
By combining (3.18) and (3.19), it follows that for any ¢ € [0, 1],
)\min(AAT)

(@ — a7 AT = A)) > g2 =22+ (1 - 1) INFFE =P (3:20)

Ly

Now, using (3.20) to replace (3.18) in our analysis in Section 2, the inequality (3.17) can be further

refined as
Amin AAT
R e R L R e
f
+ 2wy — |2 leF — uF 2 o+ 202t — 2F2, vt € [0,1].
(3.21)
In particular, letting
Lyvy -
t=1(1 3.22
( * 52||A||2)\min(AAT)> ’ (3.22)
we have
Rl w2 Amin(AAT) iy 2
2t-1/f||ac —z¥F4+2(1 —t)———||A — A"
Ly
1
>5 (6|A2||xk+1 -t I - w) > St — o, (3.23)

where § > 0 is given by (3.15). Then (3.1) follows from (3.21) and (3.23) immediately. O

Not surprisingly, the convergence rate under scenario 1 is negatively affected by the condition
numbers of A and f. For other scenarios, the formulas of § can also be similarly obtained by deriving
the specific values of ¢;’s in our analysis. However, they appear to be more complicated than the
nice formula (3.16) for scenario 1. A close look at these formulas of ¢;’s reveals that the convergence
rate is negatively affected by the condition numbers of the constraint matrices A, B and [A, B], as
well as the condition numbers of the objective functions f and g. Due to page limit, we leave other

scenarios/cases and further analysis to future research.
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3.3. Comparison with Lions and Mercier’s linear rate of DRSM. It is known that apply-
ing the classic ADM to problem (1.1) is equivalent to applying the Douglas-Rachford splitting method
(DRSM) to the dual of (1.1). (However, it is unclear to which splitting methods the various ADM
generalizations correspond to.) In this subsection, we review the classic linear convergence result [31]
of DRSM. In comparison, we show that our linear rate for the classic ADM is considerably better
than the one in [31].

The dual of (1.1) is given by

min { min f(z) +g(y) — A\ (Az + By — b)} = min FATN) + g (BTN —bT A, (3.24)

z,y

where f* and g* are the convexr conjugate functions of f and g, respectively. Define the mazimal

monotone operators A and B as follows:
A = 0lg" (BTN = b, B(\) == d[f*(ATA)] (3.25)
Then (3.24) is equivalent to finding a zero of the sum of two maximal monotone operators:
0e€ AN + B(A). (3.26)
Applying DRSM to the above problem yields the following algorithm:
Rt = TR (205 — D)k + (I — Jo)w”, (3.27)
P s (3.28)

where Jﬁ = ([ +BA)" and Jg = (I + BB)~! are the resolvent operators. After some calculation,
it can be shown that this algorithm is equivalent to the classic ADM (Algorithm 1) [29]. Here, the

variable v corresponds to
vP = BAzF + A\ (3.29)

The linear convergence of DRSM was established by Lions and Merciers [31]. We summarize their
result in the following theorem.
THEOREM 3.7 (Lions and Mercier [31]). Assume the operator B is both coercive and Lipschitz.

Namely, there exists o > 0 and M > 0 such that

(B(A1) — B(A2), A1 — A2) > af|Ay — Xol?, (3.30)
[1B(A1) = B(A2)[| < M|[A1 = Az (3.31)
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Then, there exists a constant C' > 0 such that

A" = X2 < C- 0%, M —o¥])? <0 floF —o¥|)?, (3.32)
where
2B«
0=1-— 3.33
(14 8M)? (3.33)

The smallest 0 is given by
Opin =1— — (3.34)

which corresponds to B =1/M.
Under the assumptions of Scenario 1 of Table 1.1, f is strongly convex with constant vy, gradient
V f is Lipschitz with constant L, and matrix A has full row rank. Then the operator B := J[f* o AT]

is coercive and Lipschitz with the constants
@ = Amin(AAT) /Ly, M = ||A|*/vy. (3.35)

Hence, the linear convergence of ADM follows from Theorem 3.7, and the optimal linear rate is given
by
Amin (AAT vg _1 1

O = 1 — i JVF g . 3.36
2 AL Wy (3:30)
In contrast, our linear rate (3.16) is given by
1 1 1
=1 = + 062, ) =1— @) , 3.37
e — R . ad (3.37)

which is better than (3.36). By careful inspection, it is also clear that our linear rate (3.15) considerably

improves the classic rate (3.33) in [31].

3.4. Q-linear convergent quantities. From the definition of G, which depends on P and

Q, it is easy to see that the Q-linear convergence of u* = (x*;y*; \F) translates to the Q-linear

convergence results in Table 1.2. For example, in case 1 (P = 0 and Q = 0), [[u**t —u*|% =
|kt — x*||?3 + %H)\}‘:+1 — |2, where P = P + BAAT = BATA. Hence, (Az* \F) converges

k+1

Q-linearly. Examining ||u**1 — u*||% gives the results for cases 2, 3, 4.

3.5. R-linear convergent quantities. By the definition of R-linear convergence, any part of a
Q-linear convergent quantity converges R-linearly. For example, in case 1 (P =0 and @ = 0), the Q-

linear convergence of (Axz*, \¥) in Table 1.2 gives the R-linear convergence of Az* and \¥. Therefore,
22



to establish Table 1.2, it remains to show the R-linear convergence of z* in cases 1 and 3 and that of

y* in cases 1 and 2. Our approach is to bound their errors by existing R-linear convergent quantities.

THEOREM 3.8 (R-linear convergence). The following statements hold.
i) In cases 1 and 3, if \F converges R-linearly, then z* converges R-linearly.
ii) In cases 1 and 2, scenario 1, if \* and z* both converge R-linearly, then By* converges R-linearly.

In addition, if B has full column rank, then y* converges R-linearly.

i) In cases 1 and 2, scenarios 2-4, if \* and x* both converge R-linearly, then y* converges R-
linearly.

Proof. We only show the result for v = 1 (thus A = A**1); for v # 1 (thus X # AF*1), the results
follow from those for 4 = 1 and the R-linear convergence of ||A — A**1|2, which itself follows from
(2.2) and the R-linear convergence of A* (thus that of \¥ — \F+1).

i) By (2.8) and P = BAT A, we have vy||z*+! — 2*||2 < [|A||[|2*+! — 2*|||A*F1 — X*||, which implies
Jo++1 — a2 < LA e e (3.39)
Vs
ii) The result follows from (2.10).
ili) Scenario 3 assumes the full column rank of B, so the result follows from (2.10). In scenarios 2

and 4, g is strongly convex. Recall (2.9) with A = \¥+1:
(W =y, BT (AL -\ — BA(ab — xk—&-l)) QU — ) > vl — 2. (3.39)

By the Cauchy-Schwarz inequality and @ = 0, we have
vglly™ ™ =y (| < IBIIIAFT = A* = BA(2" — 2"t (3.40)

Therefore, the result follows from the R-linear convergence of z¥ and A\*.

4. Applications. This section describes several well-known optimization models on which Al-

gorithm 2 not only enjoys global linear convergence but also often has easy-to-solve subproblems.

4.1. Convex regularization. The following convex regularization model has been widely used

in various applications:

m?}nf(By —b) +g(y) (4.1)
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where f is often a strongly convex function with Lipschitz continuous gradient, and ¢ is a convex
function which is very versatile across different applications. In particular g can be nonsmooth (e.g.,
projection to a convex set, £1-norm). Here, f and g are often referred to as the loss (or data fidelity)

function and the regularization function, respectively. Model (4.1) can be reformulated to

Iglyiyn f(x)+g(y), st.z+By=5b (4.2)

and be solved by Algorithm 2. With many popular choices of f and g and also with proper P and @),
the z- and y-subproblems are easy to solve. If B has full column rank or ¢ is strongly convex, then

Algorithm 2 converges at a global linear rate.

4.2. Sparse optimization. In recent years, the problem of recovering sparse vectors and low-
rank matrices has received tremendous attention from researchers and engineers, particularly those in
the areas of compressive sensing, machine learning, and statistics.

Elastic net (augmented ¢;) model. To recover a sparse vector y° € R™ from linear measure-

ments b = By® € R™, the elastic net model solves
. 2, 1 2
min ||y[ly + afly|” + 5[4y — bl]", (4.3)
y 21

where A € R™*" o > 0 and p > 0 are parameters, and the ¢; norm |jy|; := D1, |y;| is known
to promote sparsity in the solution. It has been shown that the elastic model can effectively recover
sparse vectors and outperform Lasso (o = 0) on reported real-world regression problems [33]. With
the constraint x =y, (4.3) can be reformulated as:

. 1
min [lyl + all* + 5[ Az - 0]
Y H (4.4)

st.xz—y=0.
Augmented nuclear-norm model. Similarly, the elastic net model can be extended for re-
covering low-rank matrices. To recover a low-rank matrix Y° € R™'*™2 from linear measurements

b= B(Y?) € R™, the augmented nuclear-norm model solves
1
in [|Y]|. YE+ —[AY) = bl 4.5
min [Vl +af HF‘+2MHA( ) = oIl (4.5)

where @ > 0 and p > 0 are parameters, A : R"*"2 — R™ is a linear operator, || - || denotes the
Frobenius norm, and the nuclear norm ||Y||. denotes the sum of singular values of Y which is known
to promote low-rankness in the solution. By variable splitting X =Y, (4.5) can be reformulated as:
i IV + X+ 5 1AC) — bl o
st. X -Y =0.
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In (4.4) and (4.6), the functions f(x) = a|\x||2+i|\Ax—b||2 and f(X) = oz||X||%—&—ﬁ||.A(X)—b||2
are strongly convex and have Lipschitz continuous gradient; the functions g(y) := ||y|1 and g(Y) :=
|V« are convex and nonsmooth. In fact, || - ||? and || - ||% can also be replaced by many other choices
of functions that are strongly convex and have Lipschitz continuous gradient, or become so when
restricted to a bounded set. Note that if & = 0 then the functions f may not be strongly convex if
the matrix A and the linear operator A do not have full column rank. In many applications, this is
indeed the case since the number of observations of ¥ and Y is usually smaller than their dimensions
(i.e., m < n and m < nj - ny). However, the parameter a > 0 guarantees the strong convexity of f,

and hence the global linear convergence of Algorithm 2 when applied to (4.4) and (4.6).

4.3. Consensus and sharing optimization. Consider in a network of N nodes, the problem
of minimizing the sum of NV functions, one from each node, over a common variable z. This problem

can be written as

zER™ 4

N
min > f;(). (4.7)

Let each node ¢ keep vector z; € R™ as its copy of . To reach a consensus among x;,i=1,...,N, a
common approach is to introduce a global common variable y and get
N
{mi}n Z:fl(xl)7 st.x; —y=0,i=1,...,N. (4.8)
Tif,Y
i=1
This is the well-known global consensus problem; see [7] for a review. With an objective function ¢

on the global variable y, we have the global variable consensus problem with regularization:

N

{mi}n Zfl(xl) +g(y), st.ax;—y=0,i=1...,N, (4.9)
Y=

where g(y) is a convex function,

The following sharing problem is also nicely reviewed in [7]:

N N
{I;ru}ny;fz(xz) +g <Zz_; yi> , st.x;—y;=0,i=1,...,N, (4.10)

where f;’s are local cost functions and g is the shared cost function by all the nodes .

Algorithm 2 applied to the problems (4.8), (4.9) and (4.10) converges linearly if each function f;
is strongly convex and has Lipschitz continuous gradient. The resulting ADM is particularly suitable
for distributed implementation, since the x-subproblem can be decomposed into N independent x;-

subproblems, and the update to the multiplier A can also be done at each node 3.
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5. Numerical demonstration. We present the results of some simple numerical tests to demon-
strate the linear convergence of Algorithm 2. The numerical performance is not the focus of this paper

and will be investigated more thoroughly in future research.

5.1. Elastic net. We apply Algorithm 2 with P = 0 and @ = 0 to a small elastic net problem
(4.4), where the feature matrix A has m = 250 examples and n = 1000 features. We first generated
the matrix A from the standard Gaussian distribution A(0,1) and then orthonormalized its rows.

A sparse vector z°

€ R™ was generated with 25 nonzero entries, each sampled from the standard
Gaussian distribution. The observation vector b € R™ was then computed by b = Az® + ¢, where
€ ~ N(0,1073I). We chose the model parameters o = 0.1 and p = 10~2, which we found to yield
reasonable accuracy for recovering the sparse solution. We initialized all the variables at zero and set
the algorithm parameters § = 100 and v = 1. We ran the algorithm for 200 iterations and recorded
the errors at each iteration with respect to a precomputed reference solution w*.

Figure 5.1(a) shows the decreasing behavior of ||uf —u*||%(:= B|lz* — z*[|2 + | Ak — X*||2/B) as the
algorithm progresses. Since variable y is not contained in the G-norm, we also plot the convergence
curve of ||y* — y*||? in Figure 5.1(b). We observe that both u* and y* converge at similar linear
rates. In addition, the convergence appears to have different stages. The later stage exhibits faster
convergence rate than the earlier stage. This can be clearly seen in Figure 5.2 which depicts the

k+1

Q-linear rate |[uFt — u*||% /||u® — u*|%.

3
4 Error of u 5 Error of ))<

(T
ly* —*|1?

.
O\

100 F

10° i i i i i i i i i 10 i i i i i i i i i
0 20 40 60 8 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
Iteration Iteration
(a) |lu® — u*||Z vs. iteration (b) |ly* — y*||? vs. iteration

Fic. 5.1. Convergence curves of ADM for the elastic net problem.

Here, the strong convexity constant of f is vy = 2a + Amin(ATA)/p = 2 and the Lipschitz

constant of Vf is Ly = 2a + Amax(ATA)/pu = 2a + 1/p. By (3.15), our bound for the global linear
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Convergence rate of u*
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Fic. 5.2. Q-linear convergence rate of ADM for the elastic net problem.

rate is (1 + 6)~! = 0.996, which roughly matches the early-stage rate shown in the figure. However,
our theoretical bound is rather conservative, since it is a global worst-case bound and it does not
take into account the properties of the £; norm and the solution. In fact, the optimal solution z* is
very sparse and z* will also become sparse after a number of iterations. Let S be an index set of the
nonzero support of (z¥ — z*), and As be a submatrix composed of those columns of A indexed by S.
Then, the constants vy and Ly in our bound can be effectively replaced by 7y = 2 + Amin (AL As) /1t
and L = 2a 4 Anax(AL As)/p, thereby accounting for the faster convergence rate in the later stage.
For example, letting S be the nonzero support of the optimal solution x*, we obtain an estimate of

the (asymptotic) linear rate (1 + §)~! = 0.817, which well matches the later-stage rate.

5.2. Distributed Lasso. We consider solving the Lasso problem in a distributed way [34]:
1 )
nin ; EHAM = bl|” + [lyllx o)
st. z;,—y=0,i=1,...,N,

which is an instance of the global consensus problem with regularization (4.9).
We apply Algorithm 2 with P = 0 and @ = 0 to a small distributed Lasso problem (5.1) with
N = 5, where each A; has m = 600 examples and n = 500 features. Each A; is a tall matrix and

has full column rank, yielding a strongly convex objective function in x;. Therefore, Algorithm 2 is
27



guaranteed to converge linearly.

We generated the data similarly as in the elastic net test. We randomly generated each A; from
the standard Gaussian distribution N'(0, 1), and then simply scaled its columns to have a unit length.
We generated a sparse vector #° € R™ with 250 nonzero entries, each sampled from the A/(0,1)
distribution. Each b; € R™ was then computed by b; = 4;2° + ¢;, where ¢; ~ N(0, 10_31). ‘We chose
the model parameter p = 0.1, which we found to yield reasonably good recovery quality. From the
initial point at zero, we ran the algorithm with parameters 8 = 10 and « = 1 for 50 iterations and
computed the iterative errors.

Figure 5.3 demonstrates the clear linear convergence behavior of [|u* —u*||% and ||y*—y*||?. In Fig-
ure 5.4, the Q-linear convergence rate of ||u* —u*||% is depicted. For this problem, the strong convex-
ity constant is vy = min;{\min(A7 A;)/u} and the Lipschitz constant is Ly = max;{Amax (A7 4;)/p}.
However, the condition number vy/Ly in this test is relatively big, and hence the theoretical lin-
ear rate specified by (3.16) is not a very tight bound for the observed fast rate. Note that all z;’s
tend to be equal and become sparse after a number of iterations. Similar to our previous discussion
in Section 5.1, we can estimate the asymptotic linear rate by letting 7y = Amin(A%As)/(pN) and
Li = Anax(ALAs)/(uN), where A € RN™*" i formed by stacking all the matrices A; (i = 1,..., N),
and § is an index set of the nonzero support of z*. We obtained the asymptotic linear rate to be

(1+6)~! =0.779, which appears to be a much tighter bound.

k
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F1a. 5.3. Convergence curves of ADM for the distributed Lasso problem.

6. Conclusions. In this paper, we provide sufficient conditions for the global linear convergence

of a general class of ADMs which solve subproblems either exactly or approximately in a certain
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Fic. 5.4. Q-linear convergence rate of ADM for the distributed Lasso problem.

manner. Among the conditions is a function that is strongly convex and has Lipschitz continuous
gradient. These sufficient conditions cover a wide range of applications. We also extend the existing

convergence theory to allow more generality on the step size « for updating the multipliers.

In practice, how to choose the penalty parameter 3 is always an important issue. Our convergence
rate analysis provides more insights on how the penalty parameter § affects the convergence speed,

thereby providing some theoretical guidance for choosing .
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Appendix A. Proof of Lemma 2.1.
Proof.

i) The optimality conditions of the subproblems of Algorithm 2 yield (2.6) and (2.7).

ii) By the convexity of f (1.19), combining the optimality conditions (1.16) and (2.6) yield (2.8).
Similarly, (2.9) follows from the convexity of g (1.20) and the optimality conditions (1.17) and
(2.7).

ili) The equation (2.10) follows directly from (1.18) and (2.1).
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iv)

By adding (2.8) and (2.9) and using (2.10), we have

<>\k - ;\7 5\ O\ ﬂA(Ik o xk+1)> + <$k+1 _ I*, P(Ik . zk+1)> + <yk+1 o y*’ Q(yk - yk+1)>

k+1

> vylla™ = 2P vyt =) (A1)

which can be simplified as
(@ —u)TGr(u* = a) = (A@® — ™), N = X) + g — 2| ully™ =y (A2)
By rearranging the terms, we have
(¥ —u) TG (uF =) > ||u* —a||E, +(A@ =) N =R g [ =272 [y 7|7 (A3)

Then, from the identity |la —c||% — [|b—¢||% = 2(a — ¢)TG(a — b) — |la — b||% and (2.5), it follows
that

lu® = u||E = [t = = 2(u” = w)TGr (W’ — @) — [|Go(u® — @) (A4)

Substituting (A.3) into the right-hand side of the above equation, we have

lu® = 1E = =G > 20t = allg, -t - alg, g, + 2(A" - 2N =)

+ 2wl — a2 + 20 [yt -y, (A.5)

and thus (2.11) follows immediately.

Appendix B. Proof of Theorem 2.2.

Proof.
By the Cauchy-Schwarz inequality, we have

~ 1 ~
2N — NTAGF — ) > LAk R N SR Vs 0. (B
p
Substituting (B.1) into (2.11) and using (¥ — AFF1) = \F — A, we have
[ = w*[|E = " — w3
L TR N e B L -2
= —1ara I TY e 3 p 2 :
+ 20 [ — 2P 4 2u [y = )12, Vo > 0.

To show that (2.14) holds for a certain 7 > 0, we only need P — %ATA >~ 0 and %TW —p>0 for

a certain p > 0, which is true if and only if we have P > %ATA or, equivalently, (2.13).
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ii) For P = 0, we first derive a lower bound for the cross term (AF — )T A(z* — zF+1). Applying

(2.6) at two consecutive iterations with P = 0 and in light of the definition of A, we have

AT[NF=1 — B(Azk + ByF —b)] € of (zF),
ATX € Of (xF+1),

The difference of the two terms on the left in (B.3) is
ATINY — B4z 4+ By* —b) — N = AT\ — \) — (1 —4)BAT (Az* + ByF —b). (B.4)
By (B.3), (B.4) and (1.19), we get
(AT = X), 2% — 2"ty — (1 — y)BAT (42" + By* —b), 2" — 2*+1) > vella® — 252 (B.5)
to which applying the Cauchy-Schwarz inequality gives

()\k _ ;\)TA(:Ek _ karl)

> (V/B(AE + By — ), (1= ) V/BAGH — a0 £yt — a2
-8
—2p||Axk+Byk—b|2—(g)'(’nA(mk—a:’““)n?+uf||xk—mk+l||2, Yo >0, (B)

Substituting (B.6) into (2.11) and using P = P + BATA = BAT A and the definition of A, we

have
b — 3+ %nAxk By b
> b =t 2 A 4 By )2
, P (B.7)
8 (2 - p) JAZM - ByFH b2 4 B (1— (1— 7)) A" — oFH)|?

+ " =y HG + 2l — TP 4 20l — 2P 20 [l —

To prove such 1 > 0 exists for (2.16), we only need the existence of p > 0 such that 2 —~v — % >0
and 1 — (1 —v)2p > 0, which holds if and only if 2 — v > (1 — 7)? or, equivalently, v € (0, 1+T\/g)
In this case of P = 0, if we set v = 1, (B.6) reduces to (\* — \)T A(z¥ — 2F 1) > vp||ah — ab+1)2,

which substituting into (2.11) gives (2.17) with n = 1.
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