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Abstract The aim of this paper is to demonstrate a new approach to sodvin-
earized (n-1) security constrained optimal power flow (SEHoblem by a struc-
ture exploiting interior point solver.

Firstly, we present a reformulation of the linearized SC@RI¥gel, in which most
matrices that need to be factorized are constant. Hence, faaisrizations and a
large number of backsolve operations only need to be peddnce throughout the
interior point methods (IPM) iterations.

However, assembling the Schur complement matrix remaipgresive in this
scheme. To overcome this, we suggest to use precondititarative method to solve
its corresponding linear system. We suggest two main schiémpick a good and
robust preconditioner based on combining different “ativontingency scenarios
of the SCOPF model.

These new schemes are implemented within Object-Orieradl® Solver (OOPS),
which is a modern structure-exploiting primal-dual inéerpoint implementation.
We give results on several SCOPF test problems. The largastme contains 500
buses. We compare the results from the original IPM implaatem in OOPS and
our new reformulation.
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1 Introduction

The optimal power flow (OPF) problem describes a minimum etesttricity gener-
ation model that takes into account generation level caims, line flow constraint
and bus voltage constraint. However, the normal OPF modeltinecessarily secure
against equipment failure.

Therefore, attention has turned to an improved model: tleai8g-Constrained
Optimal Power Flow (SCOPF). This model guarantees thatémsinission networks
can successfully transfer power flow not only under the baseark topology, but
also for any contingency state caused by losing segmentseofetwork, such as
power transmission lines. The downside is the typicallgédasize of the SCOPF
model.

On the other hand, interior point methods (IPM) have prowehé robust and
successful methods for solving various power system prabl@\Vei et al 1996;
Quintana et al 2000; Capitanescu et al 2007). One advanfal®\bis that they
are applicable to large problems and can easily exploitlprolstructure (Gondzio
and Grothey 2009). Structure exploiting IPM have been appid solving SCOPF
problems (Karoui et al 2008; Qiu et al 2005; Petra and Anit&10). In detail, Qiu,
Flueck, and Tu (2005) solve the nonlinear SCOPF model witiuetsire exploiting
IPM. They use an iterative method, namely GMRES, to solvattsing Schur com-
plement system. Their preconditioner is derived from theebzase scenario of the
power system network without any other contingency comsididPetra and Anitescu
2010 also use an iterative method but use random contingetacbuild the precon-
ditioner. They showed that the preconditioned method atdpmas a direct approach
on medium-sized problems but experiences a bottleneckrgerlaroblems.

In this paper, we will present a new approach to solve thesliingarized SCOPF
problem. Firstly we revisit the standard Schur complemaettfrization for the SCOPF
and present a reformulation in which most matrices that edsk factorized are
constant throughout the IPM iteration. Thus we only reqaisingle factorization of
these matrices to solve the problem. Nevertheless assggrihk Schur complement
matrix is still computationaly expensive, so as a secorwieuse a preconditioned
iterative method to solve the Schur complement system isgré of Qiu et al (2005)
and Petra and Anitescu (2010). We investigate two mainreiffeschemes to build
the preconditioner by combining the contributions of “aeticontingencies.

The paper is organized as follows. In Section 2, the streatidithe linearized
DC SCOPF model is described above. We give a symmetric tsemation of the
model. In Section 3, we firstly recall the linear algebra d&rior point methods.
Then we present a reformulation of the SCOPF, resulting imstamt factorizable
matrices. In Section 4, numerical results from tehe fazitidon-based approaches
are presented. Comparisons are given between the origtivabpproach in OOPS
and our new approaches in OOPS. Finally, in the last seatlersuggest to use an
iterative method to solve the Schur complement system awlisls how to build an
effective preconditioner based on active scenarios.
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2 Structure Analysis of the SCOPF M odel

A power system network consists of buses (notes)#, transmission lineke .¢

and power generatogse ¢. Power generators are allocated at buses, that is, for each
generatog, og € # gives the bus to which it is connected. We &S¢0 denote the

set of contingencies, indexed byin this paper, we only consider line failures, hence
¢ C £ andc s the index of the contingent transmission line. Pararseigg. gives

the line/bus incidence under contingency cadee. ay takes value -1 ib is the start

bus of line I; 1 ifb is the end bus of |; otherwise takes 0. Hege= {ay ¢} is the
node-arc incidence matrix when lieés missing. The lower/upper bound of the real

power output of generatgyis given bypf{‘*) andf;" denotes the power flow limit on
transmission liné. We assume the voltage lewélin the whole network is constant.
Parametersg, d, andr; denote the location of power generagprpower demand
at busb and reactance of linke respectively. The problem variables are defined as
following: pg is the real power generation at generagpf’ is the line flow in linel
under contingencyg anddy is the voltage phase at bbsn contingency scenaria

With these notations, the linearized SCOPF model can beibdedas below

SCOPF Model: min Z CyPg 1)
ge¥
st py<pg<py, Vge¥ @)
—fr<fe<ft, VieZLce? 3)
Py + Z apf=dy, VbecB\Vcec? (4)
glog=b les
V2 c
- ) &g, Vl#c
fe={ " bezgz (5)
0, l=c
%, =0, Vce¥. (6)

In this model the variablegS are only fixed up to a constant. Hence we %t: 0
at a designated reference s

Constraints (2) and (3) represent the power generatiotsliamd line flow limits,
respectively. Whereas constraints (4) and (5) refer toitteatized Kirchhof Current
Law and Kirchoff Voltage Law, respectively. This resultiligear model is known as
the “DC model” as there is no reactive power flow in the modeité\that in the DC
model, it is assumed that there are no transmission line$oss

To analyze the structure of the DC SCOPF model (1) - (6), we thattpg are the
only variables which affect all contingencies. Without sioieration ofpg, the rest
of the problem may be decomposed into separate sub-probleeath contingency
scenario, and each sub-problem is similar in structuredottginal OPF problem. In
fact, the only difference between the standard OPF and thiéng@ncy sub-problem
is that in the latter the broken line is missing.

We use subscript 0 to denote the sub-problem without anyolitege and that is
given by the basic OPF condition. Other subscript numbenstiehe corresponding
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contingent situation, e.g, “1” denotes the case in which lirhas tripped. Then, after
we reorder the variables of the SCOPF problem by contingsras

floa 687 f|17 5& AR f|‘(£‘a 6!)(6‘) pga (7)

the whole constraint coefficient matrix can be reformed aargel sparse bordered
block diagonal matrix in which each diagonal block matrixregponds to one con-
tingency scenario. This coefficient matrix can become vanyd with increasing size
of the power system network and number of contingenciesh &iiery line outage
considered in the network, we need to add another diagooek limto the model.

Furthermore, within each contingencywe always present Kirchoff \oltage Law
before Kirchoff Current Law and reorder the variables as

fe, S, fﬁﬂ, by Oy s O (8)

||

Moreover, there are lot of fixed variables in the model, egyttipped line flow
must be forced to zero. All these fixed variables and its epwading constraints can
be removed altomatically by the presolve function in soméhematical modelling
language, such as AMPL Fourer et al (2003). However, in cial&eep the special
structure of the SCOPF model, we do these steps manually tiptnaeducing line
flow variables of the collapsed lin€S, and the reference bus voltage phase variables,
6&0 (6), for all the contingency scenarios.

In the following, we use a 3-bus power network as an examphtiegeribe the
structure of the coefficient matrix of the SCOPF problemsTdibus system contains
three transmission lines and four generators. Its trarssomsnetwork is shown in
the Figure 1. In this small example, we only consider the O&dnhario and one
contingency created by the loss of the line from bus 1 to bus 2.

1 2

Sa =

Fig. 1: 3-bus system

With above orderings (7) and (8), the coefficient matrix & 8COPF modelling
can be represented in a bordered block diagonal structufggase 2 and the 3-bus
example without the fixed columns is visualized in Figure vehthe black blocks
indicate the non-zero elements. In detail, the first six rivtke Figure 3 correspond
to the base case while the next five correspond to the singléngency. The first
three rows, the 7th and the 8th rows denote the Kirchoff \gathaw corresponding
to the two different scenarios, respectively. The final ouiblocks(Fo,F1,. .., F¢|)
is given by the power generation variablgs
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Po Fo
P Fi

BelFe

Fig. 2: Block angular matrix Fig. 3: 3-bus example with the SCOPF
Model

Furthermore, we can achieve that the diagonal block matbeeome symmetric
through simple reformulation. In detail, because of theuaggtion that there is no
loss in the transmission system, the total demand must ks exihe total real power
generation. Hence, we may replace the KCL constraint atjpeafic bus by the total
generation constrairf 4cs Ppg = Y pczdp. We choose to eliminate the KCL at the
reference buby and consequently the new reformulated model is given aswbelo

Modified Model:  min %" cqpg 9)
ge¥
st pg <pg<py, Vge¥ (10)
—fr<fe<f, veed,leL\{c} (11)
> Pt Y anff=dp,¥be ZB\{bo},cc¢ (12)
glog=b le.£\{c}
V2
ff=—— ands, Vee€,leZ\{c} (13)
" pe fbo}
S pg= Y . (14)
ge¥ be#

With this modified formulation, the coefficient matrix of S€6 problem can still
has a block-angular form, as shown in the Figure 4. The mostradge of this new
formulation is that each block diagonal matRyxis symmetric as

_[ReAl
PC|:AC 0:|a (15)
h PR E N le—1 leya Mg . .
whereR; = d'ag(\ﬁ’\ﬁ""’W’ W""’W) andA. is the bus-line node-arc

matrix in contingency scenaria It is worth mentioning that matrice&; is repre-
sented as the reduced network node-arc matrix in whictbpisseliminated. We do
not require the reference bbg since the KCL of théyg is replaced by the total gen-
eration constraint (14). On the other hand, the matrigesvhich are in the column
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P, F
P, F.

BeFe
Ps

Fig. 4: Constraint matrix of the modi- Fig. 5: The modified model for the 3-
fied model. bus example.

border, have the form
0
St (16)

whereJ € #171-1Vx4| is the bus-generator incidence matrix with only 0-1 entries
Even more, each column df contains only one non-zero element since an indi-
vidual generator can only be allocated on one bus. We alsoedefatrixJ as the
bus-generator incidence matrix without the node corregipgrto the reference bus
by, as how matriX\; is defined. Note that matri does not change through different
contingency scenarios and it always has the same form (16).

The corresponding coefficient matrix of the modified modetlie 3-bus example
is shown in the Figure 5. Comparing to the structure of thgioal formulation, we
do not need the 4th and 9th rows from Figure 3, which come floerkiCL applied
on the reference bus in both contingency scenario, respectively. Instead, we no
have one extra diagonal block at the bottom.

Note that the leading diagonal block entry of the matriegts the diagonal ma-
trix R¢. Since parameters andV denote the reactance of the transmissionlliard
voltage level through the system respectively, entrieRoére bounded well away
from zero and all the; have the same order of magnitude. In other words, matRges
should be well-scaled. Moreover, matix is a node-arc incidence matrix with full
row rank. Therefore, matricd% are invertible and can be statlppL T-decomposed
without further need of regularization.

3 Linear Algebraof Interior Point Method

Interior point methods (Wright 1997) are a certain powetfudl to solve large or
extremely large optimization problems. In this section,describe the basic back-
ground of interior point methods and discuss some detatlselinear algebra issues
encountered when solving the structured SCOPF problemaaggén the previous



Solving Security Constrained Optimal Power 7

section. Firstly, we consider the linear programming peabln standard form
min c'x s.t.Ax=Db, x> 0. (17)

Its corresponding logarithmic barrier problem is
n
min c'x—p Y Inxj s.tLAx=b, (18)
=1

whereu > 0 is a barrier parameter.

The generic framework of interior point method is to derivstforder optimal-
ity conditions of the barrier problem (18) and perform Nemgomethod towarding
their solution while decreasing to zero between steps. Here we use the so-called
augmented system form to compute Newton directifhr, Ay) as

—O AT [Ax]  [&-—X"1&
Rolm s ) a9
where
Ed - C*ATY*Zv (20)
éu = ue—XZe
and

O0=X"1Z, X=diagxs,xz,....%n), Z=diagz,z,...,z).
The main computational effort of IPM is solving system (1®hich is done by
T

obtainingLDLT factors of the augmented system matfix, . In the follow-

A 0
ing, we explore how the structure of the coefficient matrfeets the IPM implemen-
tation.

To apply IPM, we build the augmented system matrix corredpagto the struc-
tured coefficient matrix from Figure 4. After reordering ®@and columns, the aug-
mented system matrix can be expressed as Figure 6, wherle mlattices®,,i €
{0,1,...,|%],G} represent the appropriate sections of the diagonal mé&riXhis
reordered matrix is double bordered block diagonal and dadonal block matrix
is itself an augmented system matrix given by a contingenbymoblem.

To simplify the notation, we use the form (21)

@y Bl
>, B}
@&, B]

B1 B2 --- Bn @

to refer to the reordered augmented system, winete| 4’| +1, & € " N i =
0,...,nandB; € Z™*" i=1,...,n. Matrix @ has N= S ;n; rows and columns.
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P, Fo
P, F

SET

Fig. 6: Reordered augmented system matrix.

3.1 Default Structure-exploiting Technique

The linear algebra implementation in OOPS (Gondzio andi@y2009) and also in
others’ framework (Karoui et al 2008; Qiu et al 2005; Petrd Anitescu 2010) use

a block Cholesky type factorization. That is, we have

®=LDLT,
where
L1
L
L= ,
Ln
Lnl I-n,2 Ln,n I—c
Dy
D>
D: . )
Dn
Dc
and

& =LDL{, vi=1...,n
Lni =BiL; 'O/t Vi=1,....n

n
C=ady— ZlBichlBiT = LDel!.
i=

(22)

(23)

(24)

(25)
(26)

(27)
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We use this factorization and its corresponding back-sadgience to obtain the
solution of the systen®x = b, wherex = (X1, ...,Xn,Xo) andb = (by,...,bn,bg).
The steps of the back-solve are indicated by the followingisace

z=Lt, i=1..,n (28)
n
20=Lt(bo— Y Lniz), (29)
c i; Al
yi=D 'z, i=0,...,n (30)
xo =L Yo, (31)
xi=LT(yi—Laxo), i=1....n (32)

From equations (25) - (27), it is obvious that we can avoiddiazing the entire
augmented system matr@® directly. As an alternative, we find the Cholesky factors
of the smaller augmented matric&s. In addition, an inevitable step in this frame-
work is that we need to build the Schur complem@r@ind compute its corresponding
Cholesky factorization (27). This however is a much smajstem since the dimen-
sion of matrixC is the number of power generatorg, plus one. Moreover, it is
often better to calculate the contributi(ﬁsbleiT of the Schur complement matrix
C (27) by terms

Bi# Bl = (L 'B])TD; (LB, (33)
The implementation of OOPS (Gondzio and Grothey 2009) sh(vestlBiT and
computes/] D(lvi by getting row-wise access . Thata is, for all rows j in Vj,
OOPS updates the Schur complemé&t= C — (rj ro)/dj, whered; is the jt
entry of the diagonal matri;.

It is worth mentioning that in this default method, maigix= x;lzi changes be-
tween in each IPM iteration because both of the primal végigband dual variable
Z need to be updated. In addition, the valueXaindZ tend toward zero or infinity
when IPM converges. Therefore, the regularizatiorbpis required when we fac-
torize it. The implementation of OOPS uses a dynamical agation framework.
More details can be found in the reference Altman and Gond£63).

3.2 Structure Exploitation for SCOPF model

The augmented system matrix of the SCOPF problem has thdedooitwlered block
-6 P
P, O
general situation, now coefficient matricBs (15), from the modified model, are
themselves of augmented system format, symmetric andibleerAn obvious ques-

tion is how we can take advantage of this fact.

In the following, we introduce a new method in which we canidvactoriz-
ing matricesq. Instead, we decompose the smaller matriegs= LDLT. For in-
stance, solving the linear systebx; = b;, which is equivalent to finding the solution

diagonal form (21) and each diagonal blocks= . Besides, unlike the
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(X 1,% 2) to the system

-6, P [xi1 bi 1
= 34
o)Ll - Lol o
can be replaced by the following sequence
X1 =P hi2 (35)
%2 = Pri(bi1+Gixi1), (36)

whereP; !t = LDL ! can be obtained from its Cholesky factors. In order to make
the notation easier and clear to read, in the following wepkesng notatiorclJf1 to
indicate solving the linear system (34) by the sequence (3&).

On the other hand, since now we do not have access to the ®hdbedors
of matrix @ anymore, the back-solving process (28)-(32) needs to Haaeg by
process (37)-(41).

z=o", i=1,..,n (37)
n
7= LY (bo— Y Biz), (38)
o (P02
yO = D(?lz()v (39)
o =L Yo, (40)
Xi=z—® Bixo, i=1,...,n (41)

Note that while matrices’; depends or®, = x;lzi and change in every IPM
iteration, P; is constant throughout and hence only needs to be factoomzee. In
addition, it is unecessary to use additional pivoting argll&rization to factorize
P; since it is well-scaled. Therefore, back-solves wi#hshould be very stable and
improve the quality of the solution to the system.

With the modified model, we still need to compute the Choldskyorization of
the Schur complemen@. As far as we do not have the Cholesky factqrD; andLiT
of @, we cannot use the equation (33) to form ma@ixAlternatively, we introduce
three different schemes to build the Schur complen@ent

A) We can evaluat@leiT by solvingng + 1 linear systems according to sequence
(35)-(36), wherang is the number of power generators. After we comphteB| by
this scheme, we then multiply the solutionsBjto obtain the contingency contribu-
tion B; delBiT. This is the most straightforward method among our thredot, as

it computesB; @ 1B from right to left, obviously. We use this method to compare
with the next two more sophisticated alternatives.

B) As we described in the last section, block matriEghas the same specific form
(16) no matter which contingency scenario is. Considerrgdefinition (21) and
the corresponding SCOPF structure in Figure 6, we can fintdtleacolumn border
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. . . 00 .
matrix B[ is equivalent to[F 0} , where each column df only contains one non-

zero element. Note that the last block colummBpfis an one dimension zero column.
To simplify the notation, we us%g] = L(:) 8} . The contributiorB;® B[ can be
further derived as

Bio '8l = [0F | o [g} . (42)

If we take the special structures df into consideration and recall the solving se-
guence (35)-(36), we find that now

—1pT _ s-1 9 . Prlﬁ
(Di BI 7(Di |:F - PrTolprlF )

where the first sub-block matrix of the solution, tha‘Pj*slIE, is a constant matrix. On
the other hand, sub-blod¥ "GP, 1F changes between each IPM iteration because
the term@; is changing. Therefore, we only need to compute the corretipg sub-
solution Pflfz once. This process corresponds to fing in (35). We may save alll
these fixed solutions and then use them in the later IPM iterst That is, when we
compute the Schur complemeitin latter IPM iterations, we reuse the saved data
P.F and just need to calculate the teRp ©.P; *F. Then, we multiply the result

by [0 ﬁT} to get the contributions

Bio Bl =E'P TP IF, (43)

whereF is very sparse as we described eariler. It is worth mentgptfiat this method
computesB; <DleiT from right to left, as what method A does, but the differersce i
we save the constant results and reuse them in this scheme.

C) As (33) in the default method, we can reformulate (43) as
Bi® 'Bl = VioV, (44)

whereV; = P "1F. Note thatV; is constant throughout the IPM iterations. Then, we
may compute/ ©V; by getting row-wise access 4. However, this may not speed
up the process. In fact, unlike the situation in (33) WHeiféBiT is typically sparse,
matrix V; now is obtained by taking columns froﬁp’l which is dense. Hence, we
tend to use routing DSYRK of CBLAS to perform this symmetriatnix operation.

In this section, we presented four methods to solve the antpdesystem in IPM.
They are summarized in Table 1. Compared with the defaulhotgtwe expect that
the second method should require less memory since now weneel to factorize
smaller matrice$;. On the other hand, the third and fourth method should requir
more memory since they need to save partial solutions tal biaéd the Schur com-
plementC. Compared to the second method, the third method shoulditééfirave
time on computing the Cholesky factorization and back-isglthe linear system. We
expect the third method to be the fastest one to solve thariired SCOPF problems.
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In addition, for eachp—1b operation according to (35) and(36), we need to do four
back-solves with the L-factors &, consisting of two in (35) and two in (36). That
is because we only hateDL T access to smaller matri.. However, in Method 1,
we only require two backsolves albeit with the larger faswir®;. Hence we are in-
terested in how the Method 1 and Method 2 would behave sireyeltbth have their
own advantages and disadvantages.

Table 1: Four different methods

| Detail | Factorization | Way to buildB, ®; 'B! | Save Data
Method 1(Default) | Section 3.1. (o} Row-wise access t0j = LJ-*lBJ-T N
Method 2 Refer to A) R Compute (43) from right to left N
Method 3 Refer to B) R Compute (43) from right to left Y
Method 4 Refer to C) R Row-wise access td = P;- 1F Y

4 Numerical results

To demonstrate the efficiency of our approaches, we useda¢gst networks with
different number of buses: 3, 26, 56, 100, 200, 300 and 50@mnthese test prob-
lems, examples with sizes 26 and 56 are modified from the IEBEproblems. The
test models with more than 56 buses are made up randomly agiBggrid-like dis-
tribution network. The number of generators are fixed asfooeth of the number
of buses and other values of parameters, such as reactamgererated as uniform
random data, using the same parameter range as the IEEEdbEms. For all the
test problems, we ensure that each bus is connected to tiverketith at least two
transmission lines to guarantee that the n-1 SCOPF forioolé meaningful and
feasible. The number of variables and constraints in eattpteblem are shown in
Table 2. The last column denotes the number of nonzero elsnrethe coefficient
matrix.

Examples are tested on a 2.33GHz Intel(R) Xeon(R) computardGB RAM,
running Redhat Enterprise Linux. The code is compiled with\gith compile option
-02.

The tolerances of finding the optimal solution is set to®%.@For all these prob-
lems, we compare the time and the number of IPM iterationsdbring these ex-
amples to convergence. In addition, we also focus on the meraquirement of the
these different methods. We use OOPS to test our differavititRplementations.
The results of those four methods are represented in Table 3.

Comparing these four different implementations, we find the second method
needs the least amount of memory while the third one is thesasAs we expected,
both the third and the fourth methods require more memorgesive need to save
additional data. Furthermore, in comparison to Method 1thide 2 requires less
memory for all test problems but spends more time on solvamger systems. In
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Table 2: Problem details of the test problems.

buses| generators| contingencies| variables  constraints  nonzeros
3 4 2 17 14 35

26 5 40 2,630 2,626 7,929
56 7 79 10,648 10,642 31,060
100 25 180 50,344 50,320 165,649
200 50 370 210,779 210,730 701,249
300 75 565 488,534 488,460 1,635,824
400 100 760 881,339 881,240 2,960,399
500 125 955 1,389,194 1,389,070 4,674,974

Table 3: Test results from four methods in OOPS.

Method 1 Method 2
size | usertime(s) memory iter§ usertime(s) memory iters
3 <0.01 5.2MB 8 <0.01 5.2MB 8
26 0.21 7.6MB 13 0.17 7.4MB 13
56 1.00 14.3MB 15 0.82 13.5MB 15
100 9.02 54.6MB 20 7.45 42.5MB 20
200 65.97 220MB 27 61.93 161MB 27

300 251.70 531MB 34 261.07 378MB 33
400 955.32 985MB 59 1023.71 699MB 53
500 1552.80 1593MB 49 1877.23 1109MB 47

Method 3 Method 4
size | usertime(s) memory iters usertime(s) memory iters
3 <0.01 5.2MB 8 <0.01 5.2MB 8
26 0.17 7.5MB 13 0.16 7.5MB 13
56 0.77 14.1MB 15 0.72 14.0MB 15
100 6.16 53.1MB 20 5.39 53.1MB 20
200 45.23 244MB 27 41.88 244MB 27

300 177.39 667MB 33 167.85 663MB 33
400 655.50 1380MB 53 659.22 1366MB 54
500 1195.77 2467MB 47 1252.20 2466MB a7

fact, the performance of the second method is better thaddfeult method if the
network size is less than 300. Method 4 is comparable to tfeatienethod in speed
only if the size is less than 400. But it require too much mossrmary. Focusing on
the memory consumption side, since the second method octigrizes the smaller
dimensioned matri¥; and does not save extra information, it consequently needs
least memory. For the systems with size more than 100 busegund the default
method requires less memory than both the third method amthfonethod. This is
due to the fact that the default algorithm needs to build ivesiVv; = L;*B] . This
technique is used to reduce the memory need for large omagtydarge problems, in
which the matrice¥; are always sparse. On the other hand, the math%Ple
are smaller in dimension but very dense, hence it may redgsse memory in the
small test problems but it needs much more memory for thetgmpblem.
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Among these four IPM implementations in OOPS, we note thahate3 is the
best one if we only focus on its speed. Hence saving the pdeta when we build
the Schur complemef@ can definitely speed up the solution process.

However, due to saving partial results it requires too muemary and assem-
bling the Schur complement is computationally expensiend¢ it is not well suited
for large problems. To overcome this difficulty, in the neatton, we use an iterative
solver within Method 3 to avoid building.

5 Preconditioned Iterative M ethod

In all methods discussed so far in the previous section, veel e build the Schur
complemenC = & — 3], = P TGP 1F as a dense matrix and factorize it@s-

LCDCLE. Since forming the inside terrrﬁTPi’T@.Pi’llE explicitly is expensive, we
suggest to use an iterative method to solve the linear sySem= by — 31 Biz,
as steps (38) to (40) now can be replaced by an iterativersdlie advantage of an
iterative solver is that the matrix-vector prod@x can be performed cheaply and
quickly by evaluating the valuEx = @yx — ZT:l = PgTanlﬁx from right to left.

To make an iterative method work, it is crucial to choose adgo@conditioner.
However, choosing a good preconditioner is still sometluhg “black art” and the
best choice is heavily problem dependent. There are a fegestigns in the literature
to cover SCOPF problem. Sine@ = @, — 5, Bi® !B, involves a sum of all
scenarios, an appealing idea is to construct the preconditiby using a subset of
scenarios instead of all of them. This preconditioner iscbas

n —1pT
M = @y 7] igngI(Di B, (45)
where.# is a set of indices of the contingency scenario. Note thateal (2005)
just use the base case scenario0 without any line failures to build the precondi-
tioner while Petra and Anitescu (2010) use a random samplerdgingencies.

When we evaluated the performance of the IPM implementstiorthe previ-
ous sections, we found that some contingency scenarios riray\ery large entries
into the Schur complement after several IPM iterations.dtail, sometimes the en-
tries of theit contingency contributiof' P~ T @P; 1 are much larger than the en-
tries in other different contingency scenarios. In factewhve compute the factor
G = xrlzi in the saddle point matrixb;, we found that one or several theta value
x;lzj are very large compared to others. These very large valeesased by a slack
variable corresponding to an active line flow limit consitan a particular contin-
gency scenario. In addition, this specific contingency adertypically contains this
small slack variable through the whole IPM process evendhdhe theta factor is
changing iteration by iteration. We define these kind of twéncies as “active con-
tingencies”.

For example, recalling the three bus system, we found ththeinontingency case
one, when the line from bus one to bus two fails, flow on linefiwus one to bus three
is close to its upper bound, resulting in the correspondiacksvariable to be close
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to zero. This results in the corresponding theta va(rdezi to be of order 10times
larger than the others. Because of this, it is crucial thes¢hactive contingencies
should be included in the preconditioner. Now we suggestdifferent methods to
build .# based on active contingencies in (45).

In the first approach,we compute the s¢tin each IPM iteration. In each IPM
iteration, we check all the contingencies and consider oreetactive if and only if
the ratio between the largest and the smallest theta faxtarger than 19 We do
not save the previous contingency scenarios in th¥lsatd reset the set before each
IPM iteration. We name this approach the "active” method.

Inthe second approach we update thegetvhen we find “active” contingencies.
We use the same ratio, & denote whether or not a contingency is active. However,
this time once we add the indices of these contingenciesififove then never move
them out from the set throughout the whole IPM procedurerdfoee, the number
of the components of# is at least non-decreasing and could potentially grow in in
pace with the IPM iterations. We call this approach the “clative” method.

5.1 Numerical Result

To test our approach, we use preconditioned GMRES as ttaivtersolver and use
the same test problems as in the last section. The toleranteM is 10,

Firstly, we solve the model by GMRES with the preconditiooeitd only by the
base case. Its numerical results are shown in the Table 4, Wesuse our two new
approaches to build the preconditioner. The correspondisglts are shown in the
Table 5, where the second column denotes the total numbentihgency scenarios
and the column ‘FinalNoSce’ denotes the number of activaaies we have found
when IPM converges.

Table 4: Using base case as the preconditioner

Base case preconditioned |

size | usertime(s) memory iters
3 <0.01s 5.2MB 8
26 0.252s 7.4MB 13

It is worth mentioning that with the base case preconditiome can only solve
the 3 and 26 buses systems. The test problems with size mamneSth buses fail
because GMRES does not converge to the required toleraner.f& the problems
with 3 or 26 buses, we also need to change the tolerance of GWRé&nually for
several IPM steps to force GMRES to converge.

However, as shown in the Table 5, almost all the test probtEmde solved with
our preconditioner. This is true even if we set the GMRE S tuiee fixed as 102, In
addition, we find that the cumulative method performs béttan the active method.
Most of all, the number of active scenarios is much smallantthe total number.
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Table 5: GMRES with different preconditioners

Cumulative Active
size  NoSce| time(s) iters FinalNoSce time(s) iters FinalNoSce
3 3 <0.1 8 2 <0.1 8 1
26 41 0.25 13 2 0.25 13 1
56 80 1.30 18 6 1.29 18 3
100 181 8.08 20 7 9.50 28 5
200 371 44.36 27 9 44.98 27 6
300 566 | 177.49 35 21 168.89 33 16
4000 761 | 395.36 53 20 406.16 52 11
500 956 742.13 47 31 941.42 >70 NAN

For the largest test problem which contain 956 contingereyarios, it only needs
roughly 3% of the scenarios to build the preconditioner.

Comparing to the numerical results from the previous sactie find advantages
in using an iterative method rather than a direct method. @oed to the Table 3,
the cumulative method is faster than Method 3 and only reguapproximately half
the solution time of the default method. Moreover, its meyrequirements are also
much less than the default method and Method 3.

5.2 Conclusions

To summarize, this paper presents results on solving SCO&tems by several
structure-exploiting implementations of IPM and also leyative method.

Firstly, we suggest a new way of organizing the linear algeifiPM applied to
SCOPF that avoids most factorizations. Then we turn to esative method to over-
come the difficulty of forming the Schur complement matrixalddition, we discuss
and test several schemes of how to build an efficient and tgvasonditioner. We
introduce the concept of active contingencies and dematedtiow to use it to build
the preconditioners. The numerical tests show us that witlbest approach, the full
IPM performance can be cut down by over half the time requicedhpared to the
default method.
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