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Abstract

This paper presents a branch-and-lift algorithm for s@wptimal control problems with smooth nonlinear dy-
namics and potentially nonconvex objective and constfamttionals to guaranteed global optimality. This algo-
rithm features a direct sequential method and builds upognerig, spatial branch-and-bound algorithm. A new
operation, called lifting, is introduced which refines ttatol parameterization via a Gram-Schmidt orthogo-
nalization process, while simultaneously eliminatingteoinsubregions that are either infeasible or that provably
cannot contain any global optima. Conditions are given undiéch the image of the control parameterization er-
ror in the state space contracts exponentially as the paesiration order is increased, thereby making the lifting
operation efficient. A computational technique based dpsalidal calculus is also developed that satisfies these
conditions. The practical applicability of branch-antt- illustrated in a numerical example.
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1 Introduction

Finding globally optimal solutions to nonlinear optimahtml| problems is a practically relevant, yet challenging
task. Although nonlinear optimal control methods and tdmsed on local optimization are satisfactory for
many practical purposes, they can get trapped into locamaptpossibly suboptimal by a large margin. For
example in controlling a car or a robot in the presence ofasbss, a local solver will typically fail to determine
whether passing a given obstacle on the right or left is ogiti@imilar situations can occur in the field of control
of (bio)chemical processes, as these processes can poeseplex and highly nonlinear behavior leading for
instance to steady-state multiplicity. For such probleiris,often unclear how to initialize a local solver in order
to find a control input leading to the best possible perforceaiMoreover, there are important classes of problems
for which obtaining a certificate of global optimality is panount. In the field of robust and scenario-integrated
optimization for instance, the lower-level optimizatioroplems have to be solved to global optimality, as the
upper level problem may be infeasible otherwise; see, [@.§.,

Local optimization theory for optimal control problems igNvdeveloped and there is a wide variety of local
optimization algorithms for such problem$, [L1, 67]. As far as global optimization is concerned, only a few
numerical approaches exist, however. The focus of thismpiapen deterministic global optimization methods,
and therefore we do not elaborate further on stochasticaglotimal control algorithms, referring the reader
to [5, 20, 43 for an overview. Concerning deterministic global optincahtrol algorithms, we distinguish two
classes of algorithms next, namely indirect and direct oeh



Indirect optimal control methods have in common that they first analyze an optimal control j@molin terms
of its optimality conditions, prior to applying a numeriadiscretization. Two of the most important classes of
indirect methods are:

1. TheHamilton-Jacobi-Bellman (HJB) equati@pproach, which leads to a global optimal control algorithm
known under the name dynamic programming. This techniqira$ed on Bellman’s optimality princi-
ple, named after the work by Bellman in the late 195@}s [In practice, dynamic programming involves
back-propagating the so-called optimal value functiorhia $tate space, which limits application to opti-
mal control problems having no more than a few state varkabieevertheless, the dynamic programming
algorithm is advantageous in that it can deal with time-irarycontrols directly and, most importantly, it
can determine globally optimal solutions. For an overvidstate-of-the-art global optimal control based
on dynamic programming we refer the readerlt, P8, 42]. Note also that some optimal control problems,
for instance problems with coupled boundary conditionancé be addressed easily within this approach.

2. ThePontryagin Maximum Principle (PMPWhich leads to a boundary value problem that is amenable to
numerical solution9, 17, 70]. This approach relies on variational analysis in order ¢oiwet first-order
necessary optimality conditions for the infinite-dimemsiboptimal control problem53]. However, the
PMP only provides local optimality conditions and, to thahaus’ best knowledge, no global optimal
control algorithm has been developed based on this tecartmuaate. Although it should be possible,
at least in principle, to use the PMP to single out a set of ickatel optimal controls, perhaps the major
difficulty with this approach would be of combinatorial nedisince the sequence and types of arcs in an
optimal solution are not knowa priori.

Direct optimal control methods approximate the optimal control problem by a finite-dimensil nonlinear
programming (NLP) problem, which is then solved using stadchumerical optimization algorithms. Three
main variants of this approach are single shooting, meltihlooting, and orthogonal collocation.

1. Theidea behind thgingle shootingpproach, also known as t&ect sequentiainethod, is to parameterize
the control trajectories. The response of the dynamic Bystis regarded as a function of the control
parameterization coefficients, which are the decisionabédes in a finite-dimensional NLP problem. The
evaluation of the objective and constraint functions indieeretized NLP is via the numerical integration
of the differential equations. This approach was originaitroduced in a local optimization context6,

60, 67], but it has more recently been extended to global optiridnasee for examplelp, 21, 22, 41, 51,

57, 65]. Note that all of these approaches have in common that #lgyn branch-and-bound sear@t]

to solve the resulting NLP problem to guaranteed globahoglity. Their practical applicability is currently
limited to optimal control problems with a small number ot#on variables only, up to about 10 variables.
This is attributed to the fact that a fine control paramegdian leads to an NLP problem with a large number
of degrees of freedom, and also that state-of-the art emaasethods for nonlinear parametric differential
equations can result in rather conservative bounds or aaelexations due to the wrapping effect. We also
note that such enclosure methods can scale poorly with thidaruof state variables as well, especially if
no particular structure can be exploited in the equations.

2. Themultiple shootingapproach differs from single shooting in that the time hamiis first divided into a
number of subintervalsl[3]. The state variables at the initial time of each subintelbeecome additional
decision variables in the NLP problem, state continuityhet transition times is enforced by imposing
extra constraints, and the rest of the approach remainegmad to single shooting. The multiple shooting



approach is available in state-of-the-art optimal congaftware based on local optimization solvess,[
39], where the block structure of the NLP problem is exploitethim the underlying linear algebra routines
for efficiency. This approach has not been used in a globahagtion context to date, presumably due to
the fact that larger NLP problems are usually more diffiaulolve using branch-and-bound search.

3. In theorthogonal collocatiorapproach both the control and the state trajectories aeerized and the
residuals of the differential equations are enforced asteaimts at specified collocation times0[ 68).
In the context of local optimization, this approach is freqtly used in combination with large-scale NLP
solvers that exploit the block structure of the discretiaptimization problem efficientlyl[1]. Concerning
global optimization, the collocation approach presergsdtivantage that all of the objective and constraint
functions become factorable, so that in principle standgdothal optimization solvers such &ARON
[56, 66] can be applied directly. The attendant drawback of thig@ggh, however, is the large number of
variables and constraints, which often leads to prohibitemputational times as discussed4d]|

Summarizing the previous considerations, existing glopgimal control algorithms based on dynamic program-
ming have run-times that scale exponentially with the nurobdifferential states. Global optimization algorithms
based on direct methods, on the other hand, present warstHga-times that scale exponentially with the number
of optimization variables in the discretized NLP problenpregximating the solution of the original optimal con-
trol problem. Moreover priori parameterization of the control functions in direct methddes not allow control
over the accuracy of a given parameterization, and thezdfas approach is not suitable for rigorous search of
globally optimal solutions in optimal control problems.

This paper develops a new algorithm, nanednch-and-liff in order to mitigate these limitations. This algo-
rithm features a direct sequential approach and involvisimg the control parameterization during the search
as a means to control the error introduced by the controlnpeterization. Similar to the work by Galperin
and Zheng 26], the parameterization refinement process is based on Gamidt orthogonalization. We ex-
tend Galperin and Zheng’s idea in two ways here: (i) the aphtanch-and-bound algorithm is equipped with a
new lifting step that enables systematic branching in anibefidimensional space, namely the space of bounded
Lebesgue-integrable control functions; and, (ii) comdfis are given under which the image of the control pa-
rameterization error in the state space contracts exp@atigras the parameterization order is increased, thereby
making the lifting operation efficient (see Theoréin Put together, these contributions lead to a global opti-
mization algorithm for optimal control problems that isatgus in the sense that it brackets the actual solution to
the optimal control problem. Moreover, finite convergerwame-suboptimal solution is established for certain
classes of optimal control problems (see Theo?eand Corollaried and?2). With regard to the contribution (ii), it

is worth mentioning the convex relaxation technique foirapt control problems developed b§1], which could
also be used to compute valid lower bounds in the proposetthrand-lift algorithm. Concerning the contribu-
tion (i), mention should be made of the so-called ‘Russiat Blgorithm’ (RDA) proposed by 9] as a variant of
branch-and-bound for constraint satisfaction problemdRDA, the optimization is performed sequentially over
subsets of increasing dimensions, thus presenting sonilarsii|es with the lifting operation in the branch-andtlif
algorithm.

The remainder of this paper is organized as follows. Thewgdtcontrol formulation and blanket assumptions are
given in Sect2. In Sect.3 we review existing control parameterization strategiewel as branch-and-bound
search applied to direct optimal control methods. In Seate define the image of the control discretization error
in state space and discuss its properties. The first maimilbotibn of the paper is presented in Theorgrmwvhere
exponential convergence of the image of the control disagbn error is established under mild conditions.
The second principal contribution follows in Se6t.where the new lifting operation is introduced as a means to



refine the control parameterization during the search aretevthhe branch-and-lift algorithm is described and its
convergence properties are analyzed. We illustrate thaipahapplicability of branch-and-lift in Seds.through
a detailed numerical case study, before concluding therpajsect.7.

2 Problem Statement

We consider nonlinear optimal control problems (OCPs) effttm

a(t) = f(a(t) + Gla(t))u(t)
z(0) = a9
YV = min Y(z(T)) st 1)
L x(t) € TFu(t)
u(t) € TFyu(t),

where the constraints have to be satisfied fot alla given time horizon0, T']. Here,z : [0,7] — R"= denotes
the state vector, with given initial value vectey € R"=, andu : [0, 7] — R™ is a Lebesgue-integrable control
input vector. Moreover, we introduce the following techatiblanket assumptions:

Al: The Mayer terml : R — R is a Lipschitz-continuous function.
A2: The functionsf : R"» — R"» andG : R"» — R"=*" are smooth and globally Lipschitz-continuous.
A3: The constraint sef8, (¢) C R"= are closed ilR"~ for all t € [0, 7.

A4: The constraint sef8, () C R™ are compact ifR™= for all ¢ € [0, T'.

The problem formulationl) and the blanket assumptions A1-A4 are introduced in anctilgeto keep the nota-
tion and analysis in the paper as simple as possible, althivegmethods presented in the following sections can
be generalized to a wider class of problems. This includeB€itaving additional finite dimensional parameters
or the initial value as additional optimization variabl€CPs with periodic or more generally coupled boundary
conditions and with mixed control-state path constrai@SPs with non-autonomous right-hand side functins
andG; as well as OCPs having an additional Lagrange term in thectilsg function.

Assumption A2 thatf andG are globally Lipschitz continuous is introduced so as torgogee existence and
unigueness of the differential equation solutions, thgneling out the possibility of a finite escape time. A
discussion about how to extend the developed algorithmisa@ase thatf andG are locally, yet not globally,
Lipschitz continuous is provided later on. Moreover, this & (¢) in Assumption A3 are assumed to be closed,
but not necessarily compact. In particular, this incluthessase that no state constraints are presentin the problem.

The problem formulationl) also assumes that the control functioenters the right-hand side function affinely.
While the reasons for making this assumption will be ex@dilater, itis worth mentioning at this point that many
controlled physical systems are naturally affine in themmtoal variables. In mechanical systems, for instance,
typically control inputs are forces or torques which enféinaly in the dynamic system via Newton'’s law, even
in the presence of nonlinear centrifugal, friction, or @tis effects; in controlled chemical reactors too, feed
rates normally enter the conservation equations affinelgpite the possible presence of nonlinear reaction rates;
and similarly in electrical circuits, controlled potentéifferences enter charge conservation equations affinely
regardless of the fact that resistances, diodes or otherieldevices with nonlinear characteristics may be presen
Moreover, in the case that we encounter a nonlinear diffedegquation inu, a reformulation asl) can be made
under the additional assumption thais Lipschitz continuous. This way, the original conttotan be regarded
as an extra state satisfying an auxiliary ODE of the fai(t) = v(t), wherev is the new control variable subject
to —£ < wu(t) < L, with £ the Lipschitz constant af on [0, T].



2.1 Notation

Besides standard mathematical notation, we viRite:= {z € R | x > 0} andRy4 = {z € R | z > 0}.
Moreover, we denote b§”? C R"*" the set of all symmetric positive-semidefinitex n-matrices, and by
St C S% the set of symmetric positive-definite matrices. We use

E(c, Q) = { c+Q%v

veR", vTv < 1} Cc R™
to denote an ellipsoid with centerc R™ and positive-semidefinite matrig € S, and we denote by
I(e,r) = {veR" |—r<v—c<r} C R"

an interval with midpoint: € R™ and width2r, with » € R’ . Moreover, the functionmid (I(c, 7)) = ¢ returns
the midpoint of an interval.

Given a compact seX C R™ and a norni| - || : R — R, we use the notation
diam (X) := max ||z —y||
z,yeX

for the associated diameter of the 3&t Moreover, the power set of, namely the set of subsets &fincluding
the empty set, is denoted (X ). The Minkowski sum and the Minkowski difference of two s&tsandY” are
defined, respectively, as

XaY ={z+y|lezecX,ycY} and XY :={z| {z}@Y CX}.

Throughout the paper, all (time) trajectories are undeisto be Lebesgue integrable and all integrals are under-
stood in the sense of Lebesgue; we denotd by, 7" the set ofn-dimensional L?-integrable functions on the
interval [0, T']. By an abuse of language, we say that a statement holds forald, T'] at times, but mean that
this statement holds for alle [0, 7]\ Lo, whereL, can be any subset @i, 7] with Lebesgue-zero measure.

By convention, the optimal value of a minimization (resp.xin@zation) problem is taken asoo (resp.—oo) if

the constraints are infeasible; thatis= oo whenever Probleml] is infeasible.

3 Background

This section reviews and formalizes concepts for the dsequential approach of optimal control as well as its
application within spatial branch-and-bound. The forsraliintroduced in this section is used throughout the

paper.

3.1 Control Parameterization

It has already been mentioned that direct methods parametbe control trajectories, so that an optimal con-
trol problem is approximated by a finite-dimensional NLP.féomalize the concept of control parameteriza-
tion, we start by introducing a sequencelof-integrable basis function®g, ®;,...®,, : [0,7] — R, which
are orthogonal with respect to a given bounded weightingtfan  : [0,7] — R, and scaling factors

00,01,...0)M € R++:

1

Vi,j €{0,..., M} _/T‘Pi(f)@j(r)u(ﬂdr e { 0 ifi#j,
0

0 1 otherwise.
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The Gram-Schmidt coefficients), . . ., ay, € R™ for an L2-integrable functionv : [0, 7] — R™ on the interval
[0,T] are defined as

1T
vie{0,...,.M} a; := —/ w(T)®; (T)p(r) dr.
0i Jo
When it is clear from the context on which time interval theegral is evaluated, we make use of the following
short-hand notation for the component-wise scalar product

Yw € L2[0,T)™, V¢ € L?[0,T) (W, ¢y = /0 w(T)¢(r)p(r)dr .

The first M + 1 Gram-Schmidt coefficients of a control input are ordered the vectora of dimensionn, =
(M +1)n, < oo as follows:

a = (ag, ... ,aJTw)TER”“ with a; = (u, ®;), . (2)

Fundamental properties of orthogonal decompositions,ahtegrable functions are recalled in the next proposi-
tion.

Proposition 1. Letu be L?-integrable on0, 7' and let the vecton be defined as i(2). The following statements
hold:

1. The firstM + 1 Gram-Schmidt coefficients of the control parameterizadiefect<u — Zi]\io aﬂ)i) are all
equal to zero:

M
7=0

m

2. Bessel's inequality for the coefficient sequemger, . . . , ays is satisfied:
M
vie{l.nad Y oua)? < (ujug)
1=0

Example 1. A piecewise constant control parameterization aver- 1 stages of equal duration:=
be obtained by using the orthogonal functions

T
SYES can

1 if ih <t < (i+1)h

Vie{0,...,.M} ®,(t) =

{ } ®) { 0 otherwise,

together with with the weighting functiom(¢) = 1 and scaling factors; = h for all indicesi € {0,...,M}. ©
The direct single-shooting algorithm presented in theofeihg section relies on control parameterization using
orthogonal basis functions.

3.2 Direct Single Shooting Revisited

The main idea behind single-shooting algorithms is to axipmate the infinite-dimensional optimal control prob-
lem (1) with a finite dimensional NLP problem in the variablesas defined previously in Se@&.1 In order to



formalize this concept, we denote by, a) the solution of the parametric differential equation

vte [0, 7] gt,a) = f(y(t,a)) + G(y(t a)) (E ai‘I)i(t)) (3)
=0
with  y(0,a) = o .

Notice thaty(t, ) is well-defined, if the blanket assumption A2 is satisfied: &ty closed domaia C R™, we
introduce the finite-dimensional optimization problem

: y(t,a) € Fu(?)
Vu(A) = min U(y(T,a)) s.t u (4)
et Yicoai®i(t) € Fu(t),

where the constraints have to be satisfied fot all [0, T']. The single-shooting approach computes the optimal
valueV), (R ), and this value yields an upper bound on the actual optintaévaof optimal control problemX():

Moreover, because Probler) (yields an optimization problem with a finite number of démisvariables, it can
in principle be tackled with any existing local or global mpization algorithm. The focus in the next subsection
is on spatial branch-and-bound.

3.3 Spatial Branch-and-Bound for Direct Single Shooting

Spatial branch-and-boun@%, 49 for direct single shooting starts with an initial partitiod = {A,}, where
Ay C R™ is a compact set satisfying

Ay D D* = {aER"”
i=0

vt e [0,7] Y a;@i(t) € Fu(t) } . (6)

Notice that the séb* is compact if Assumption A4 is satisfied. Consequently, ttambh-and-bound method can
always be initialized by choosing a sufficiently large intdiA, containing the séb*. Branching and fathoming,
the two main operations in spatial branch-and-bound, aiewed next.

Branching Operation  This operation updates a non-empty partitibiby subdividing any seh € A into two*
compact subsets andA,, with Aj U A, = A, and defining

A AT = (AN {AD)ULALA) .

Many heuristics can be applied for deciding which setlishould be subdivided in priority and how to make the
subdivision—see for instancé,[7]. From a theoretical standpoint, the basic requirementdowergence is that
the subdivision process is exhaustive, which requires that

diam (A) := K]ea}i(diam (A) - 0. (7)

*In a more general implementation of the branching operatioa setA can be subdivided into more than two subsets. This is uskiful,
instance, when running the algorithm on a multiprocessormder, thereby enabling multiple branches to be analyzgdiallel.



Fathoming Operation  Suppose that upper and lower bouitlg (A) and L, (A) can be computed such that
Ly (A) < Vu(A) < Um(4),
for any compact seh in a non-empty partitiotd. If any elementA € A is such that
Ly(A) = co or FJA € A Ly(A) > Uy(A),
then it can be safely discarded frafby applying the fathoming operation:
A+ AT = A\ {A}.

It can be establishe®()] that the spatial branch-and-bound algorithm for direegk shooting will converge to
the optimal valué’y,; (R™«), if the following two conditions are satisfied:

1. The subdivision process is exhaustive; that is, comil{fipis satisfied.

2. For every sequencé\i,A,,... C R" of compact sets withlim; ,., diam(4;) = 0 and
limsup,_,., La(A;) < oo the upper and lower bounds are converging; that is, theviiigp condition
is satisfied:

lim Un(A;) — Lar(A;) = 0.

i—00

Itis common practice to interrupt the spatial branch-and#ud algorithm as soon as the condition
i (A} — min {Ly(A)} <
min {Upn(A)} — min {Ly(A)} < e

is met for a desired finite accuraey> 0, hence providing so-calledsuboptimal solutions of Problerd)(after a
finite number of branch-and-bound iterations.

3.4 Lower and Upper Bounding Strategy for Direct Single Shoting
For a given compact sét, a lower bound.;(A) and an upper bound,,(A) on the optimal valu&’y; (A) can
be found using Algorithm 1. Notice that these bounds can theefinite or infinite.

A number of comments are in order regarding the steps in Alyorl.

e In Stepl, computing the séb* as defined in®) involves checking a semi-infinite inequality of the form
M
vt [0,T] Y ai®i(t) € Fu(t).
1=0

Although a hard problem in general, this semi-infinite in@gy can be rewritten equivalently as a linear
matrix inequality (LMI) in the coefficients, . .., a); when thed;’s are polynomial functions and the sets
F.(t) are intervals, e.g., by using the sum-of-squares appr&gfhThis way, the feasibility check can be
performed using efficient convex optimization techniques.

¢ A major difficulty in Step2 is the computation of the outer-approximation functiéf, A) on the solution
set of the parametric ODB) on [0, T']. The quality of this enclosure function contributes sigifitly to the
performance of the branch-and-bound algorithm, as pote btaunds generally lead to an explosion in the



Algorithm 1: Computing lower and upper bounds Ly (A) and Ups(A) for Vas(A)

Input: Compact sef € A.
Algorithm:
1. fAND* = @, returnLs(A) = Upr(A) = oo.
2. Compute compact inner and outer approximatigigs, A), Y (t, A) C R™= such that

vie[0,7] Y(t,A) € |J fut,a)} C Y(t,A).
ach

3. Ifthere exists € [0, T] with Y (¢, A) NF4(t) = @, return L (A) = oo andUps(A) = oo; otherwise, solve the
lower-bounding problem -
Ly (A) = min ¥(y) st yeY(T,A).
Yy
4. If Y (¢t,A) CF(¢)forall ¢t € [0,T], solve the upper-bounding problem
Unm(A) = min ¥(y) st yeY(T,A);
Yy
otherwise, returi/; (A) = oo.
Output: Lower and upper bounds s (A) < Vs (A) < Ups(A).

size of the partitiond. Major differences between the existing techniques fobglo@ptimal control based
on direct single shooting are in the way these bounds arergee In p1], the state bounds are obtained
based on the theory of differential inequalitied]. In contrast, pointwise-in-time, convex and concave
bounds on the parametric ODE solutions are consideresbiropP—64] based on the McCormick relaxation
technique §4]. In another approach, interval enclosures are derived foraylor model of the parametric
ODE solutions §, 41, 48]. This latter approach was later extended to enable convéxcancave bounds
in [58] using so-called McCormick-Taylor model$4]. The computation of guaranteed state bounds has
also been considered in different contexts, includingmahdity analysis and robust contrd@3, 36, 37].

In principle, such ellipsoidal bounds could be used in glamimal control methods too, although there
seems to be no literature on this yet. We also note that, iardat the branch-and-bound algorithm to
converge, the enclosur&gt, A) must be convergent, i.e.,

lim diam (Y (¢,4;)) = 0

i—00

forallt € [0, 7] and for all sequence&;, A, ... C R™ of compact sets, such that, , ., diam (A;) =0
andlim sup;_, .o Las(4A;) < oo.

e The computation of inner-approximation functiorig-, A) on the solution set of the parametric ODEj (
on [0, T] presents less difficulty tha¥i(-, A), since such a function can always be obtained, e.g., as

Y(t,A) = {y(t, mid (A))}.

In another variant, a feasible point or a local minimizertod single-shooting problerd) can be sought
by linking to a suitable (local) optimal control solver, atids solution point can then be used to construct
Y (¢, A) instead ofimid (A). Multiple points inA could also be used to construct the inner-approximation
setsY (¢, A). Notice that all of these variants satisfy the conditiort tha

lim diam (Y (¢,A;)) = 0,

1—00

forallt € [0, 7] and for all sequence&;, A, ... C R" of compact sets such thiéin; ., diam (4;) = 0.



e The minimization problems in Stepsand4 are nonconvex in general. Various strategies have been de-
veloped, which determine a convergent lower bodipg(A) without the need for solving this optimization
problem exactly. This includes interval analysis and c@mst propagation40, 72]; an extension of the
«aBB method P] through the use of second-order state sensitivity andifmiat information [L8, 51]; Mc-
Cormick’s relaxation techniquelp, 45, 65]; and, more recently, polyhedral relaxations from Taylor o
McCormick-Taylor modelsg7]. Depending on the expression of the sBi$t), the feasibility checks that
are part of Step8 and4 may be nontrivial to implement as well. We refer the readd2® 34, 35] for a
discussion of reliable strategies for the determinatiacharification of feasible points.

A major shortcoming of direct single shooting and its vatsdor global optimal control is that no guarantee can be
provided on the errofV,; (R"=) — V) introduced by the control parameterization in general theowords, while
e-optimality might be guaranteed for the discretized NLPhpem, this is not the case for the original optimal
control problem. In principle, it is of course possible togressively refine the control parameterization, but then
the lower bounding problems have to be reconstruakeiditio every time. This quickly becomes computationally
intractable within a standard branch-and-bound appraesgecially when the domain of the decision variables is
large. Moreover, a lower bound on the actual optimal valueannot be determined with this naive refinement
approach. Itis a principal aim of the bounding techniquektaanch-and-lift algorithm developed in the following
sections to overcome these shortcomings.

4 Image of the Control Parameterization Error in the State Space

This section examines the response mismatch that is as=heidth a given parameterizatianof the control
inputwu. Specifically, we compare the solutigiit, a) of the parametric ODE3) with the solutionz(¢, u) of the
original ODE

Vi € [0, T] &(t,u) = f(z(t,u))+ G(z(t,u))u(t) with x(0,u) = zg. (8)

In this notation, the state(¢, ) : L?[0, 7)™ — R"= is regarded as a functional of the control inpiitdefined
implicitly as the solution of the ODES). In order to analyze the difference betwee, ) andy(t, a), we start
by defining the set of admissible controls associated withrampeterization € R+ as

(9)

a; = +(u,®;),, forallic{0,...,M}
Un(a) = { u € L2[0,T]™ 7 g .

u(t) € Fu(t) forallt € [0,
We also define the domaib,, C R" of Uy, as
Dy = {aeR" | Uy(a) # 2} .

The following definition makes use of this notation.

Definition 1. The set-valued functiof, : [0,7] x Dy, — P(R™=), with M > 0, given by
V(t,a) € [0,T] x Dy En(t,a) = {z(t,u) —y(t,a) |u € Upla) }
is called theimage of the control parameterization error in the statespa
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At this point, it is worth recalling that the solution trajedesx andy of the ODEs 8) and @) are guaranteed
to exist and be unique for all possible choicesaoE D), and all feasible control inputs according to the
blanket assumption A2. Therefore, the sélg (-, a) are well defined. The following proposition is merely a
reinterpretation of Definition.

Proposition 2. Letu € L2[0, 7)™ with u(t) € F,(¢) forall t € [0,T], and letM > 0. The response(t, u) of
the original ODE(8) with input functionu is bounded as

Vt e [0,T] z(t,u) € {yt,a)} & En(t,a),

with a; = (u, ®;),, forall i € {0,..., M}.
The image set’), is illustrated in a simple example next.
Example 2. Consider the scalar ODE(t) = w(t) with initial conditionz(0) = 0, 7' = 1, andF,(¢) = [-1,1].

For simplicity, consider the constant control parameégitn ®,(¢) = 1, with u(t) = 1,00 = 1andM = 0. The
construction of an explicit representation of the imagel%gt, ) proceeds as follows:

1. The sefly(ao) first of all takes the form
ag = fol u(t) dt

Vag € R Uo(ao) = u e LQ[O,T]n“ . (10)
-1 <u(t)<1 forallte|0,t]

Since the average value of a function whose range is encliosgdl, 1] is itself in [-1,1], we have

Up(ag) = @ for all ag with |ag| > 1, and it follows thalDy = [-1, 1].

2. The special cas& = 1 is analyzed now. It follows from1() that the selU,(1) comprises of all functions
u € L?[0,T]! suchthat(t) € [-1,1] forallt € [0,1] andu(t) = 1 for aimost allt € [0, 1]. Thus, we have

t
Vi e [0,1] a(t,u) :/ u(t)dt =t forall ue Uy(l),
0

and likewisey(t, 1) = aot = t, which givesEy(t,1) = {t — t} = {0} forall ¢t € [0,1]. It can be shown
thatEy(t, —1) = {0} forall ¢ € [0, 1] using a similar argument.

3. Before discussing the general case, the Bgt$, ao) for ap € [—1,1] att = 1 are analyzed next. Since
y(1,a0) = ap and

Vu € Ug(l) a(1,u) = /0 u(t) dt = ao,

we haVEEo(l, ao) = {ao — ao} = {0} for all ag € [—1, 1].

4. Finally, the general solution s&% (¢, ag) is constructed for any givesy, € [—1, 1] and anyt € [0, 1]. Since
the ODE is linear and the sef5,(t) := [—1, 1] are convex, it follows that the set& (ag) and Ey(¢, ap)
are themselves convex at each [0, 1]. ConsequentlyFy(t, ap) yields an interval, whose lower and upper
boundsE (¢, ag), EY (¢, a) are given by

' Lu(t)dt = a
E(I;/U(t,ao) = min / max / u(t)dt —apt  sit. Jo ult) 0
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Figure 1: Left illustration of the image seEy(-,a) on [0,1] for a = % as introduced in Exampl2. Right

the image sefs(-,a) on [0,1] for a = (1,0, O)T for the same example illustrating that the diameter of the se
E(t, a) shrinks for increasing/ (see Theorer).

These linear optimization problems can be solved explibyl applying Pontryagin’s Maximum Principle,

giving:
Y(ao,t) € 10,1] x [0, T
[—(14ao)t, (1 —ao)t] it ¢e[0,52]
Eo(t,a0) = [—(1—ap)(1 —1t), (1 —ao)t] if te]l5te Lol
[—(1—ao)(1—1), 1+ag)(1—1t)] if te [”%,1]
V(ag,t) € [—1,0] x [0,T]
[—(1+ao)t, (1 —ao)t] if te [0,
Eo(t,a0) = [—(1+ao)t, (1+ag)(1 —1)] if te]lifoe 1ot
[—(1—ag)(1—1t), (1+ao)(1—1t)] if te [1;0,1]
The left plot on Figurel represents the séf (¢, ag) for ag = 3. o

In general, explicit and exact characterizations of thegiensetsF,, (¢, a) cannot be obtained as in Example
Instead, conservative approximations for these sets aghsovhich can be characterized explicitly and in a com-
putationally tractable way. We start by noting that, undertilanket assumptions A2 and A4, the 9éts(¢, a) are
compact P3]. The following additional assumption is made concernimg family of orthogonal basis functions

{®i}ien.

Assumption 1. The functiong®, },cn are smooth and define an orthogonal basis[@si"] with respect to the
weighting functiory, and the scaling factor§o; };cn such thaty_;° o; = oo. Moreover, for any piecewise
smooth functionv : [0,7] — R, there exist constant§”, € R andC} € R, ., together with a sequence of
functionsypy, s, ... € L2[0,T] with ¢ € span (®1,...,®,,) forall M € N, such that

VM eN log(|w(t) —eu(t)]) < C)—CLM (11)

for almost allz € [0, 7.

12



Remark 1. One way to construct orthogonal basis functidds };cn on [0, 7] satisfying Assumptiori is by
applying a Gram-Schmidt process to the monomial functisisdd, =, 22, .. .}. This yields the Legendre poly-

nomials , .
; iS¢ iti\(_LtY
Vie N @(t) (1)?_30(]_)( ; )(T)

which are orthogonal with respect to the unit meagu{t¢ = 1. The associated scaling factors are:= # and
satisfy .-, o; = oo, as required by Assumptich Although we keep our considerations general in derivireg th
theoretical results, Legendre polynomials present manypetational advantages and are the method of choice

for control parameterization here. o

Example 2 (continued) The right plot on Figurel represents the sdfs(t,a) ata = (3,0,0) for the same

differential equation and control constraints as in Exa@pusing the first three Legendre polynomialsias
and®,. o

Remark 2. The exponential convergence conditidri) holds for any orthogonal polynomial basis since for any
given piecewise smooth functian: [0,7] — R there exists a sequence of polynomials which approximate
with exponentially converging accuracy, as provensf [ The exponential convergence conditidri) can also
be established in the case of trigonometric Fourier expasg27]. ©

Before stating the main result of this section, we discusschrical detail, namely the need to introduce the
condition}":° , o; = oo for the sequencéo; };cn in Assumptionl.

Lemma 1. Let Assumptiord and the blanket assumption A4 be satisfied. Then, theressexisbnstanty < oo
such that|a;||» < «aforalli € Nandforalla € D.

Proof. SincelF,(t) is compact (Assumption A4), there exists a constart oo such that(u;, u;), < - for all
L?-integrableu with u(t) € F,(t) and allj € {1,...,n,}. By contradiction, assume that there exists a sequence
a € Do, for which limsup,_, |(a;);] # 0. Since) ;,0; = oo (Assumptionl), Bessel's inequality (see
Propositionl) gives

oo

0o = > |(a);fPoi < (uj,u), <y < o0
1=0

for anyu € Uy (a), which is a contraction. Therefore, we hawe sup,_, . |(a;);| = 0, and there exists an
upper boundr < oo such that|a;||c < « foralli € N and all coefficient sequencesc D. O

The following theorem provides a condition under whicky (¢, a) converges td0} asM — oco. A proof of this
theorem is given and discussed in Séct.

Theorem 1. Let Assumptiorl and the blanket Assumptions A2 and A4 be satisfied. Them, ¢xét constants
C% € RandC4 € Ry, such that the condition

Va € Dy log ( diam (Ey (t,a)) ) < C% — CLM

is satisfied for allM € Nand allt € [0, T7.

A major implication of Theoreni is that, for any sequence € D, the associated sequence of image sets
satisfies
. T T\T
Vte[0,T] lim Ey (t, (ad,....a}) ) = {0}.

M —o0
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Nonetheless, this convergence property of the image sesi@ucially on the assumption that the right-hand side
of the ODE is affine inu. It is not satisfied, in general, by those dynamic systentsatteanonlinear in the control
inputu, as illustrated in the following example.

Example 3. Consider the scalar ODE(t) = u(t)? with initial conditionz(0) = 0 andF,,(¢) = [-1, 1]. For any
M > 0, the image of the control parameterization erragat= - - - = apr = 0 is given by

YVt € [0,T] En(t,0) = {/Otu(T)QdT

uEUM(O)} = [0,4].

The right-most equality follows from the fact that, for amgler A/ > 0, the sefU,,(0) contains bang-bang control
functionsu with u(t) € {—1, 1} for whichz(¢) = t. Consequently, we hal@n ;. Fy(t,0) 2 {0} for¢ > 0.
<

5 Spatial Branch-and-Lift Algorithm for Global Optimal Con trol

This section presents the branch-and-lift algorithm, Wwhicilds upon a generic, spatial branch-and-bound al-
gorithm and is rigorous in its accounting of the control pagterization error. The basic idea is to bracket the
solution of the original optimal control problem and praggigely refine those bounds via a lifting mechanism
that increases the control parameterization order.

To describe the algorithm, it is useful to consider for angnpact and finite-dimensional coefficient getC_ R«
an auxiliary (infinite-dimensional) optimal control preioh of the form

Vi(A) == min U(z(T,u))

u

o { x(t,u) € Fu(t) forallt € (0,77, 12)

ue Up(A).

Here, U (A) := U,cn Un(a) stands for the set of all control functionse L?[0, 7]« that satisfy the control
constraints.(t) € F,(¢) for all ¢t € [0, T], as well as the condition

.
((w, o)), ..., (u,®ar))) € A

The following properties are readily verified:
P1. Vi, (A) > Vforall A C R"; thatis,V;,(A) yields an upper bound on the optimal valef Problem ().

P2. There exists a global optimizei of Problem () whoseM + 1 first Gram-Schmidt coefficients are in the set
A CR™ ifandonly if Vi, (A) =V < .

Remark 3. A major difference between the optimal value functioijs of Problem (2) and the optimal value
functionsY,, of the single-shooting approximation in Problefis thatV;,(R") = V, wheread/y;(R") #
V in general. o

Procedures for computing lower and upper bound®Hi{A) are described next (Seé.1), before introducing
the new lifting step (Sect.2) and its integration within branch-and-bound search (S&& and discussing
convergence aspects (Sett).
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5.1 Lower- and Upper-Bounding Procedures

This section derives lower and upper bounds on the optimlakva;, (A) of the optimal control probleml().
The idea is to approximate the statg, «) with the parametric functiop(t, ) and at the same time keep track
of the parameterization error. Specifically, we use the ensgfsE), (¢, a) defined in Sect4 in order to define
relaxed and tightened feasible sBtg (t, ) andF,, (t, a), respectively, as

Vt € [0,T] Fa(t,a) = TF.(t) ® En(t,a) and

Vte [0,T] Fuy(t,a) = Fu(t) © Enm(t,a).
In turn, auxiliary, finite-dimensional optimization praphs can be stated as

Yy (A) := min  min U(y(T,a)+e) (13)
a  e€En(T,a)

y(t,a) € Fp(t,a) forallt € [0,7)
S.t.
a € AQD]\J,

and

Vu(A) :==min max  U(y(T,a)+e) (14)

a ecEn(T,a)

y(t,a) € Fy(t,a) forallt € [0,T]
S.t.
a € ANDys.

These auxiliary optimization problems enjoy the followjpr@perty by construction.

Proposition 3. The inequalityV,,(A) < Vi, (A) < Vu(A) holds for all compact setsé C R"« and for all
M eN.

Proof. Letu* € Uy (A) be a minimizer of the optimal control problerh), so thatV;,(A) = ¥ (x(T,v*)) and
z(t,u*) € F,(¢t) forall t € [0, T]. Define the coefficients] := (u*, ®;), foralli € {0,..., M}, sothai* € A,
as well as the response defdttt) := z(t,u*) — y(¢,a*). It follows from the definitions of the sefd,,(A) and
En(t,a*) that

Vi (A) =9(x(T,u")) = ¥(y(T,a*) +d"(T)), and
y(t,a*) € Fu(t) ® Ep(t,a”) .

Therefore, the paifa*, d*(T")) is a feasible point of the optimal control problefr8f and we have
Yy (A) < W(y(T,a") +d"(T)) = Vi (A) .

Concerning the upper-bounding part, if the pait, ¢*) is an optimizer (min-max point) of Problen4), then
there exists a function* € Uy, (a*) with y(T, a*) + e* = (T, u*). Sincey(t,a*) € F,(t) © En(t,a*) for all
t € [0, 7], we have that any functiom” € U (a*) satisfiesc(t,u*) € F,(t) forall ¢ € [0,T]. Thereforeu* is a
feasible point of Probleml@) and it follows that

Vir(A) < W(a(tu')) = B(y(t,a") +e) = Vu(A).
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Remark 4. The right-hand inequality’;,;(A) < Va(A) in Proposition3 can be tightened by replacing the
inner maximization problem inl¢) with a minimization problem. The reason for usirigl( here is because a
conservative enclosure &, (T, a) is considered in practice, instead of the exactset(7, a). o

In general, direct solution of the optimal control problgfh3) and (L4) is not possible since an exact characteriza-
tion of F) is typically unavailable. Instead, lower and upper boubids(A) > Vs (A) andL,, (A) < V,,(A)

are sought in order to make the problem computationallytatde. A procedure for computing such bounds
is presented in Algorithm 2. This procedure relies on theegencapability to compute enclosure functions

Y(t,A),Y(t,A) CR" andEy, (¢, A) C R"= for every compact sei C R"+, which satisfy

Vit € 10,7

Y(t,A) € J{ut.a)} € YtA) and | J Eu(ta) C En(tA).
ach a€cA

Methods and tools to generate the enclosure funcfitinsd) andY (-, A) have been discussed earlier in connec-
tion with direct single shooting (Se@.4) and Algorithm 1. Computing the enclosure functidtg (-, A) can be
rather involved too, and one possible approach based @seiial techniques is discussed in Apperiglix

Algorithm 2: Computing lower and upper bounds L, (A) and U s (A) for Vi, (A)

Input: Compact sef € A.
Algorithm:
1. FANDy = @,returnL,,(A) = Up(A) = oo.

2. Compute compact inner and outer approximatibigs, A) andY (¢, A) and an enclosurg (¢, A) such that
vt € [0,T]

Y(t,A) C |Jwta)} C YA and [J Eum(t,a) C Em(t,A).
ach achA

3. Ifthere existe € [0, 7] with Y (¢, A) N (Fx(t) @ Epr(t,A)) = @, returnL,,(A) = Uy (A) = oo; otherwise,
solve the lower-bounding problem

Ly (A) := minmin U(y+e) st ycY(T,A), e€Ey(T,A).
Yy e

4. IfY (t,A) CF.(t) © Ep(¢, A) forall t € [0, T], solve the upper-bounding problem
Upn(A) := min max U(y+e) st y€Y(T,A), e € Ey(T,A);
Yy e

otherwise, returii/ 7 (A) = oo.
Output: Lower and upper bounds,; (A) < Vi, (A) < U (A).

5.2 Lifting Operation

Similar to the spatial branch-and-bound algorithm desctilm Sect3.3, the proposed branch-and-lift algorithm
updates a partitiotd := {A4,...,A;} of setsA;,..., Ay C R™ by applying branching and fathoming opera-
tions. In addition, the branch-and-lift algorithm increashe control parameterization orddrduring the search
using a new type of operation, calléfiing.
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Given a control parameterization ordkf > 0 and an associated a partitioh = {A4,..., A}, the lifting
operation constructs the new partition

A AT = {AT A, ... A}Y} (15)

by increasing the dimensial «+— M* := M + 1. The lifted sets\;", i = 1,.. ., k, are defined as

aT,...,a y T S Ai
AF = { (al,... alal )" (@, om) , (16)
am+1 € [apri1(Ai), Tnrv1(Ai)]
with
prgr,; (A) /Targr;(A) = min/max e (uj, Pari1), (17)

st ueUy(A)

forallj € {1,...,n,}.

Remark 5. The optimization problemsl{) are infinite-dimensional problems and therefore diffitalsolve in
general. However, in the special case that thelSgts) are interval vectors—a case that is frequently encountered
in practice—these problems become linear and methods fnenfi¢ld of convex optimization can be used to
solve them both reliably and efficiently. In a more genetaiation, one possibility for a practical implementation
consists in bounding the sdfg (¢) with intervals first, and then solving the relaxed countespaf (17) to obtain
upper and lower bounds @ny+.1,;(A) anda,,, ;(A), respectively. o

The lifting operation is illustrated in an example next.

Example 4. Consider a dynamic system with a single control varialilg ¢ F,(¢) = [-1,1], for¢ € [0, 1],
and assume that a partitiof is available for a control parameterization of ordér = 1 based on Legendre
polynomials such that

Ay = [-1,-0.4] x [0.6,1],

A = {Al,AQ} with {
Ay = [0.3,1]%[0,0.7] .

The optimization problemsl{) can be solved by using convex optimization techniquesiristance, solving
1 < [Ju(t)dt < —0.4,

1
a5(P1) = min /0 5(6t% — 6t + u(t)dt s.t. < 0.6

u

A

3[0(2t—Du(t)dt < 1,

u(t)? < 1 forall te€[0,1]
givesa, (A1) > —0.87. Likewise, the other bounds are computed as
Ta(A1) < 158, ay(Ag) > —1.88, and as(Ay) < 1.54.
The result of the lifting operation is thus given by

= [-1,-0.4] x [0.6,1] x [~0.87,1.58] ,

AT
AT = {A}, AT} with !
Ay = [0.3,1] x [0,0.7] x [~1.88,1.54] .
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The left plot in Figure2 shows the original set&; andA,, while the right plot shows the lifted setsS andAj .
Essentially, the lifting step uses bounds on the contrapaterization coefficients anda, in order to determine
bounds on the following coefficiemt, in a control parameterization of ordéf = 2. Clearly, it depends on the
particular geometry of the sefs; andA, as well as of the sét,, how tight the bounds oa, will be in the lifted
setsA] andAj . In this example, the width o] along thea,-axis turns out to be smaller than thataf. o

AT
! Ay
AN as : :
N 7 A
1 - 2 : ;
o AL
0 - o L
0 n a/O -2 - ........... a/O
-1 0 1 -1 0 1

Figure 2: Visualization of the lifting operatioheft plot: SetsA; andA, on the(ay, a;)-spaceRight plot: Lifted
setsA] andAj inthe(aop, a1, az)-space.

The lifting step satisfies the following invariance progdyy construction.

Proposition 4. Let A be a compact set and denote Ay its lifted counterpart. TherlJy,(A) = Uprp1(AT)
and, accordinglyVy,(A) = Vi, (AT).
It is important to be aware of the fact that the width of a tfeetA ™ may be larger than the width of its parent set

A. Nonetheless, the width of the setds uniformly bounded by the constamthat was introduced in Lemmnia

Proposition 5. Let Assumptio and the blanket assumption A3 be satisfied. Let alsooo denote the constant
introduced in Lemma. Then, for any compact sét the width of the intervaiay, 1 ;(A), ay, 4 ;(A)] generated
by a lifting operation is bounded hy, i.e., we have

IN
o

Vie{l,...,nu} Aumtr(A) — apgq(A)
Proof. The statement of the proposition follows immediately froemimal and by definition of the lifting oper-
ation. O

5.3 Branch-and-Lift Algorithm

The branch-and-lift algorithm is given in Algorithm 3 andtaiéed subsequently. The branching and fathoming
operations are the same as those defined earlier in &8etith the only difference that the bounds, (A) and
Uy (A) are now used instead dfy; (A) andUp, (A).

Initialization ~ The branch-and-lift algorithm starts withl = 0. In the case tha®(¢) = 1, for instance, this

corresponds to a constant control parameterization. The/ation here is that even a coarse parameterization
might already lead to the exclusion of certain parts of thetrab region that cannot contain any global optima.
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Algorithm 3: Branch-and-lift algorithm for global optimal control

Input: Termination tolerance > 0; Lifting parameterp > 0

Initialization:
1. SetM = 0andA = {Ap}, with Ag O Do being an interval.

Repeat:
2. Selectanintervah € A.
3. Compute upper and lower boundsg, (A) < V3, (A) < U s (A) using Algorithm 2.
4. Apply a fathoming operation.
5. If (minge 4 Ups(A) — mingea Ly, (A)) < eor A= g, stop.
6. If the condition

di Y (t,A) @ Ep(t,A)) < (1 di Eas (t, {mid(A
max fam (Y (t,A) ® Epr(t,A)) < (1+0) max iam (Epy (¢, {mid(A)})

holds for allt € [0, T, apply a lifting operation fol\ < M + 1.
7. Apply a branching operation, and return to skep

Output: Lower and upper boundsingc 4 Ly, (A) <V < mingea U s (A), or a proof of infeasibility.

A possible way of initializing the partitiod = {A} is by noting that the intervdh,(2),@o(2)], as defined
in (17), encloses all possible values of the constant paramatienizcoefficient.

Lifting Condition ~ Because branch-and-bound search is most efficient whemttieotparameterization order

M is small, the branch-and-lift strategy is to increddeas infrequently as possible. Intuitively, it is desirable
to apply a lifting operation whenever the error associatéh the control parameterization becomes of the same
order of magnitude as the reachable set of the original CipEself. The former can be evaluated as the diameter
of Eas(t, {mid(A)}) as computed at the midpoint &f whereas the later can be over-approximated as the diameter
of the setY (t,A) @ Eys (¢, A) . This leads to the following lifting condition:

vt € [0, 7] (18)
max diam (Y (£, A) @ Ep(t,A)) < (1+0) max diam (Ep/ (¢, {mid(A)})) ,

wherep > 0 is a tuning parameter. Finite termination of the branch-fh@lgorithm based on the lifting
condition (L8) is investigated in Seck.4.

In the branch-and-lift algorithm, the decision whetheréofprm a normal branching or to apply a lifting operation
before branching based obq) is taken at each iteration. Moreover, a lifting operat®appliedyloballyto all of

the parameter subsets in a current partitigrihat is, all the subsets id share the same parameterization order, at
any iteration. As a variant of the branch-and-lift algamitigiven in Algorithm 3, one could also imagine a family
of subsets that would have different parameterizationrsridg applying the lifting condition locally instead.

5.4 Finite Termination of Branch-and-Lift Algorithms

In this section, we investigate conditions under which Aigpon 3 finds ans-suboptimal solution of the optimal
control problem {) after a finite number of iterations. The following assuraps on the convergence of the
enclosure function¥ (¢, -) andE, (¢, -) are introduced to carry out the analysis.
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Assumption 2. There exists a constafty < oco such that
diam (?(t, A)) < Cy diam (A) (29)

for all setsA with a sufficiently small diameteliam (A).

Assumption 3. There exist constants? € R, C¢ € R, andCZ € R, such that

diam (Ep/ (¢, {mid (A)})) < exp (C]g — C&M) and (20)

diam (Eps (t,A)) < diam (Ep(t, {mid (A)})) 4+ C3 diam (A) (21)

for all compact seté\ and for all M € N.

Note that Assumptior? is automatically satisfied if standard tools from intervathametics are applied to
bound the state trajectogy¢, a), since the functiony(¢, -) is Lipschitz continuous. On the other hand, Assump-
tion 3 requires that the bounds on the imageBgt(t, o) inherit the exponential convergence property established
in Theoreml. In particular, this assumption is satisfied by applying boeinding procedure described in Ap-
pendixB.

In order to simplify the convergence argumentation, thes aeishout state constraints, i.€f,(¢) = R"=, is
addressed first.

Lemma 2. Let Assumption® and 3 as well as the blanket assumptions A1, A2 and A4 be satisfiedsugppose
thatF,(¢t) = R™=. Then, for any finite tolerance> 0, Algorithm 3 applies at most

- [ () o)

lifting steps, wherd.gy < oo stands for the Lipschitz constant of the Mayer teym

Proof. Let A be any compact set. Siné&.(t) © Exs(t,A) = R+, we either havé/ ;(A) = L,,(A) = oo, or
we have

Un(A) — Ly(A) < Lydiam (Y(T,A) @ Err(T,A)) . (23)

The former can only occur ki NDy; = @, in which case the sét would be fathomed by Algorithm 3. Therefore,
a lifting is only applied if

Uni(A) — Ly (A) <Lg(1+0) glgj{ diam (Ep; (T, {mid (A)}))
< Ly(1 + o) exp(CR — C3M)

which follows by substituting the lifting conditiori.8) in (23). SinceLy (1 + o) exp(C2 — CLM) can be made
as close to zero as desired by increasii@nd is independent @, there exists\/ < oo such that

Usr(A) — Lgp(A) < e,

for every compact set with A N D37 # @. In particular, £2) yields an upper bound on the number of lifting
steps applied by Algorithm 3. O
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Observe that Lemma provides an upper bound on the number of lifting operatigdiad by Algorithm 3 for

a given tolerance > 0, but it does not establish finite termination of Algorithmhis result is established in
the following theorem, under the additional assumptiot tihe branching operation is exhaustive for every given
parameterization ordev!/ .

Theorem 2. Let Assumptiong and3 as well as the blanket assumptions A1, A2 and A4 be satisfiddsuppose
thatF, (t) = R™=. If the branching operation is exhaustive for every giverapeeterization ordefM! € N, then
Algorithm 3 terminates finitely for any finite tolerance- 0 and any lifting parametep > 0.

Proof. By contradiction, assume that Algorithm 3 does not terna@rfatitely. From Lemma, the maximum
numberM* of lifting operations applied by Algorithm 3 is such thaf* < M; that is, M* is attained after

a finite number of branching operations, and the algorithem tkeeps branching forever, so that the following
conditions remain satisfied for an infinite number of itevas:

2 and in Uy (A) — min Ly,. (A).
A#@ and e < min Up-(A) —min L. (A)

By Assumption® and3, it follows that

23 —
€ (<) Ly max diam (Y (T, A) ® Ep- (T, A))
€

< 2 : . . .
< max Ly (Cy + Cz)diam (A) + Ly max diam (Eps« (T, {mid(A)})

< max Ly(Cy + C%)diam (A) + Ly exp(Cy — CEM*) .
€

Since the branching operation is exhaustive for any pamrniation order), in particularM*, we have that
diam (A) = 0 in the limit and therefore

(22) €

e < Lyexp(C—CiM*) < Ly exp(C2 — CEM) 5o
[

IN

Finally, since the inequality < ﬁg cannot be satisfied for both> 0 andp > 0, we obtain a contradiction.]

While Theoren? is based solely on assumptions that are verifialpp@ori, the situation becomes more involved
as soon as general state constraints are present. Thisaisdesthe upper-bounding problem can fail to determine
a finite upper bound within a finite number of branch-andiiétations with such constraints. Nonetheless, this
problem is not specific to the proposed branch-and-liftiadlgm, but it is a known problem of branch-and-bound
in general, as discussed ing, 34, 35].

In the following two subsections, we analyze the finite cageace of Algorithm 3 in the presence of state con-
straints under the additional condition that either a palér constraint qualification holds, or a reliable (local)
optimal control solver is available.

5.4.1 Finite Termination with General State Constraints va a Constraint Qualification

A guarantee of finite termination with Algorithm 3 in the peese of general state constraints can be obtained
by enforcing a certain constraint qualification. The foliograssumption is similar in essence to the constraint
qualification imposed by Bhattacharjee et alj[in the context of semi-infinite programming.
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Assumption 4. The optimal control problenfl) is strictly feasible in the sense that there exists a secpiehc
feasibleL?-integrable functiongw; };cx such that

li i) —u*(t)|| = 0 and
Jdim - max lwi(t) —u(6)

u;(t) € Fy(2)

V(t,i) € [0,T]x N { a(t, u;) € int (Fo(t)) .

for at least one global minimizer* of (1), whereint (F,(¢)) denotes the interior of the sBt.(¢).

It is important to note that such a constraint qualificatiailsfto hold for many optimal control problems in
practice. In the case of optimal control problems with temhiequality constraints, for instance, one has
int(F,(T)) = @. Nonetheless, the following finite-termination result denestablished under this assump-
tion.

Corollary 1. Let Assumption®, 3 and4 as well as the blanket assumptions A1, A2, A3 and A4 be sdtifftee
branching operation is exhaustive for every given paraneton order M € N, then Algorithm 3 terminates
finitely.

Proof. Assumptiord implies that there exists a feasiblesuboptimal solution* € L?[0, 7]+ of (1) satisfying
x(t,u) € int(F,(¢)) forall ¢ € [0, T]. Sincediam (E; (¢, A)) convergesto zero fa¥/ — oo anddiam (A) — 0
(Assumption3), it follows that for all sufficiently largel < oo and all sufficiently smald > 0 we have

Y(t,A) CF.(t) 0 Enm(t, A)
for all compact setd satisfyingdiam (A) < § and
* T * T T
((ua,(l)()}u,...,(ug,q)kﬁ“) c A.

ConsequentlyUys(A) < oo for all sufficiently small sets\ contained in a small neighborhood of the Gram-
Schmidt projection ot.}, thereby allowing us to transfer the proofs of Lem#éhand Theoren? line by line to
arrive at the result. O

5.4.2 Finite Termination with General State Constraints baed on a Reliable Local Optimal Control Solver

An alternative way of obtaining a guarantee of finite terrtiorawith Algorithm 3, which removes the need for
the constraint qualification in Assumptidnis by assuming that a reliable local optimal control solgevailable,
as defined next.

Definition 2. An optimal control solver is said to Hecally reliablefor the problem(1) under a given control
parameterizatiod @, },¢n if, for all M € N, there exist® > 0 such that this solver returns a feasible solution of
problem(12) for all compact seté\ with diam (A) < ¢ andV;;(A) < .

Unfortunately, currently available implementations afdboptimal control solver do not come along with such
local reliability guarantees and may fail to find feasibli§ons for certain degenerate state constraint geonsetrie
such as optimal control problems having a single feasibietpti is our experience, however, that local optimal
control solvers work well for reasonably formulated, pieait optimal control problems, when initialized in a

small neighborhood around the locally optimal solution.eTallowing finite-termination result hold under the

assumption that a reliable local optimal control solvenigilable.
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Corollary 2. Let the optimal control probler(il) be feasible, and suppose that a reliable local optimal caintr
solver is available. For any compact siete A with diam (A) < § andV}; (A) < oo, let the inner-approximation
functionY (-, A) be obtained as

vt e [0,T] Y(t,A):= {y (ﬁa ((@ @)y, .-, <ﬁ,(I)M>I)T)},

whereu is a feasible solution of12). Let also Assumptiornzand3 as well as the blanket assumptions Al, A2,
A3 and A4 be satisfied. If the branching operation is exhaedtr every given parameterization ordéf € N,
then Algorithm 3 terminates finitely.

Proof. The proof of this statement is analogous to the proof of Téedr to the only difference that the conver-
gence of the upper bound is now guaranteed by the assumpigoretiable local optimal control solver. O

As already mentioned, neither Corollaryor Corollary2 are entirely satisfactory in that they rely on rather strong
assumptions, which are not always satisfied in practice emdifiicult to checka priori. We reiterate that similar
problems can arise for finite-dimensional NLP problems fauitable constraint qualifications fail to hold or if
a reliable local solver is unavailablgd, 34, 35). As such, the development of optimal control solvers thatila
come along with local reliability guarantees under prdigranild constraint qualifications remains an important
topic for future research.

Finally, we consider the more general case that the fungfi@ndd in (1) are locally, but not globally, Lipschitz
continuous; that is, the solution trajectorie&, «) andy(t, a) may not exist on all of0, T'] for certain choices
of w anda due to the presence of a finite escape time. We start by ndtaigtate-of-the-art enclosure methods
for nonlinear ODEs can validate existence and uniquenegafolutions 47], thereby potentially providing a
mechanism to fathom control regions in which the ODEs havsaiations. But regardless, a formal proof of
convergence of the branch-and-lift algorithm can still béatned under the weaker assumptions thahdG are
smooth, yet not necessarily globally Lipschitz continudgecifically, the results in Theoretrand Corollaried
and2 hold upon replacing the blanket assumption A2 with

A2: The functionsf : R"» — R"= andG : R"» — R"=*"« gre smooth, and there exigsts> 0 and a global
minimizeru* of the optimal control problemlj such that the differential equatioB)(admits a solution:(¢, u)
forallu € L2[0, 7)™ with [ [|u(t) — u(t*)||2dt < 4.

and modifying Assumption& and 3 so that (9)—(21) hold in a local neighborhood af*. This extension is a
direct consequence of the fact that, under Assumption A®,dolution trajectories(-,«) andy(-,a), and in
turn the enclosure function$(-, A) andE,, (-, A), are guaranteed to exist for sufficiently large paramedéion
ordersM in a neighborhood ofi*.

6 Numerical Case Study: Optimal Control of a Bioreactor

Rather than providing a detailed numerical implementatigperformance assessment of the branch-and-lift algo-
rithm, the objective of this section is to demonstrate itgligption on a practical case study. Our implementation
of Algorithm 3 is based on the ACADO Toolki8[l] as the local optimal control solver—see Sett#.2—and
uses the library MC++45] to compute the required nonlinearity bounds as well as th& @nclosures based on
Taylor models combined with rigorous remainder estimai&g [

The fermentation control problem considered in this caséysis based on a process model that has been devel-
oped in B2, 54]. The dynamics are highly nonlinear and several operatisinategies have been reported in the
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literature B, 32, 54]. To the authors’ best knowledge, however, the applicatiba generic deterministic global
optimization algorithm to find-suboptimal solutions has never been attempted for thisl@no.

Problem Definition Consider a continuous culture fermentation process destiy the following dynamic
model [3, 52, 54]:

—%DM 0
—Dxo + (a3, x4)22 0
fl@) = | —Day— Hiptae and G() = | D |,
—Dzy + (op(3, 24) + B2 0
0 T

with
(1)

(s, xa) = pim —
Ky + w3 + fdl

and the initial value
I’(O) = (07 X07 S07 P07 O)T .

The Mayer term in this problem i&(x) = 27 and the set of feasible states is given by

o = X()
r3 = S
Vte [0,T) Fu(t) = R®, and F,(T) = {zecR’| 0
Xq = PO
5 = S

Moreover, the feasible control set is
Vi€ [0,T] Fu(t) == {u | S"™ < u < S},

and an isoperimetric constraint on the control input is aefisuch that

T
agp :/ u(t) dt = St
0

(whereay is the first coefficient in a control parameterization based.@gendre polynomials.) All of the model
parameters are reported in Talile

Optimal Control Solution  Figure 3 displays the optimal control and response forsaoptimal solution, as
determined by the proposed branch-and-lift algorithm wigimality tolerance = 0.001 g h—! L=!. We find
that this solution is identical to the one found B[ by using local search methods, with some good insight on
how to initialize the search. A major difference here is tthet branch-and-lift algorithm comes along with a
certificate that the computed solution is witliifd01 ¢ h—! L.=! of the actual global solution.

Discussion The focus of the ensuing discussion is on the performandeeobtanch-and-lift algorithm (Algo-

rithm 3). The control parameterization at the start of trgogthm being rather coarse, we find that two lifting
operations are applied during the first two branch-andtéifations; that is, the lifting conditiorlg) happens to
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Table 1: Fermentation process parameters

Description Symbol Value
dilution rate D 0.15 h~!
substrate inhibition constant Ki; 22 gLt
substrate saturation constant Km 1.2 gLt
product saturation constant P 50 g L7t
yield of the biomass Yx/s 0.4

first product yield constant « 2.2
second product yield constant 15} 0.2 h™t
specific growth rate scale hm 0.48 h!
average feed substrate concentration S 32.0 gL7!
minimum feed substrate concentration S™" 28.0 g L7t
maximum feed substrate concentration S{"®* 40.0 gL~!
duration of one period T 48 h
biomass initial condition Xo 6.9521 g L~!
substrate initial condition So 13.4166 gL~!
product initial condition Py 24.1566 g L~!

be satisfied folM/ = 0 and M = 1 without branching. As the parameterization order is inse€lstoM = 2,
however, the algorithm performs a number of branching dimrsiand the fathoming test successfully excludes
a number of suboptimal control regions. The projection dh#(a1, as)-plane of the partitiond at the order
M = 2is shown as the grey-shaded area on the left plot in Figuseecall thatag = St due to the isoperimetric
constraint. The intervalg,,a;] and[a,, a>] reported on this plot are those computed during the first andred
lifting steps, and the unshaded part of the bex a;] x [a,,a2] shows the control subregion that is excluded
before the third lifting step—i.e., from/ = 2 to M = 3—is applied. Represented on the right plot in Figdre
are the projections onto tHe, a2)-plane of the partitiond before the third, fourth, fifth and sixth lifting steps,
with darker grey shades corresponding to more refined dquarameterizations. Observe, in particular, how the
region in which the globally optimal control coefficients anda, belong progressively shrinks as the control
parameterization is refined.

The left plot in Figureb displays the cardinality of the partitiod immediately before the next lifting operation
is applied, here for parameterization ordéis= 2,...,7. Notice that the partition size remains rather small,
between 100-200 subsets, and it even decreases for l&fgédrhe right part of Figuré& shows the decrease in
the optimality gapminae 4 Uar(A) — minge 4 Ly, (A)) between the upper and the lower bound on the optimal
value) as the parameterization ordéf is increased, until the desired tolerards attained.

In this case study, Algorithm 3 stops aftli iterations, taking approximatey/5 hours to converge and finding
the solution that is displayed in Figue

7 Conclusions

This paper has presented a new branch-and-lift algorithmsdtving nonlinear optimal control problems with
smooth nonlinear dynamics and nonconvex objective andii@nts to guaranteed global optimality. Particular
emphasis has been on the convergence properties of the ohtmgecontrol parameterization error in state space,
which are summarized in Theorelm Another principal contribution of this paper has been titeoduction of a
lifting operation in Sect5, which adapts the control parameterization accuracy duhie global search. The most
important result of this paper is that the proposed bramat algorithm can finds-suboptimal solutions of the
continuous-time optimal control probleri)(in a finite number of iterations, as proven in Theor2mas well as
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Figure 3: The state trajectorieX* = 25", “ S = z3", and “P = x4” as well as the control trajectoryS; = u”
corresponding to anroptimal solution of the fermentation process case stuiy,accuracy: = 0.001gh~' L1,

Corollariesl and2. As far as the authors are aware, this algorithm is the finstpdete search method of its kind,
apart from algorithms based on dynamic programming. Rinéde performance of the proposed branch-and-lift
algorithm has been illustrated for the optimal control oksipdic fermentation process.

Appendix A Proof of Theorem 1

The aim of this section is to construct convergent boundshensetE,, (¢, a), thereby providing a proof of
Theoreml. Recall the definition of the séfy, (¢, a) in Sect.4 as

Ey(t,a) == {zt,u) —yt,a) |uecUy(a)} .

Also recall the blanket assumption A2, which guaranteesttigasolution trajectories andy are well-defined, so
that a sufficiently large and compapriori enclosurey C R™+ can always be found such that

vt€ [0,T] Ewm(t,a) C E.

The focus here is on tightening tagoriori enclosurel, which is crucial for analyzing the convergence of the set
E(t,a). We start by defining the response defect

d(t,u,a) = z(t,u) —y(t,a),
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Figure 4: Left plot: Projection of the partitiod onto the(a;, a2)-plane (grey shaded area) before the third lifting
step is performed. Right plot: Projection of the partitidronto the(ay, a2)-plane before the third, fourth, fifth
and sixth lifting steps, i.e., fabf € {2,3,4,5}.

which by construction satisfies an ODE of the form
Yt € 0,7

d(tvua a) (3)£(8) f(m(ﬁa u)) - f(y(t7 a)) + G(l’(t,u)) u(t) - G(y(ta a)) <Z ai@i(ﬁ)) (24)

=0

with  d(0,u,a) =0

In order to bound the solution trajectory &f4), consider a Taylor expansion of the teffitw (¢, u)) — f(y(t, a))

in the form , t
Fa(tu) = fly(t,a) = %

where the matridx® (¢, u,a) € R"=*"= denotes a nonlinear remainder term. By the mean-valueghedt, is
bounded as

d(t,u,a) + Ry(t,u,a)d(t,u,a) ,

10%f(y(t,a) +d')

a 5 d//
X

Vu € Upr(a) |IRs(t,u,a)|| < max

- : (25)
d'.d"eE

Similarly, the mean-value theorem can be applied to the {éfa(t, u)) — G(y(t, a))] u(t), giving
[G(‘T(tv u)) - G(y(ta a))] u(t) = RG(ﬁ’ u, a)d(t7 u, a) )

where the nonlinear remainder tefRg; (¢, u, a) is bounded by

0G(y(ta) +d) ,

o (26)

Vu € Ups(a) |Ra(t,u,a)]] < max max
uw E€F,(t) d'cE
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Figure 5: Left: The number of boxes in the set familyfor M = 2,...,7 before applying the next lifting step.
Right: The gap between upper and lower boundibe= 1,2, ...,7.

In the following, we introduce the shorthand notat®(¥, u, a) := R;(t,u,a) + Ra(t, u, a), so that 4) can be
written in the form

vt € 10,7

ey = 200

with  d(0,u,a) =0.

d(t,u,a) + R(t,u,a)d(t,u,a) + G(y(t,a)) [u(t) - Z a;®;(t) (27)
i=0

A few remarks are in order regarding the previous ORB (

1. The Jacobian of and the function7 are evaluated at the poig{¢,a). Therefore, these matrices are
independent of the control input

2. The matrix-valued remainder terR(t, v, ) depends on in general, but standard tools such as interval
arithmetics can be applied to construct a boi{t, a) < oo independent of; such that:

Vit € 10,7

9 f(y(t,a) +d) d"

96 (ta) + &)
0x? 2

5 < R(t,a). (28)

2

+ max max
2 w€E€F,(t) d'cE

max
d',d"€E

The validity of this bound follows from the inequalitiezs) and @6):
Vu € Up(a)  ||R(t,u,a)ll, < R(t,a).

However, the tightness of the bouit, a) depends strongly on the tightness of gpriori enclosurer,
and a tighter will typically lead to a tighter bound on the norm of the remder termp.
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3. The right-hand side of the ODRT) also depends on the control parameterization dséteetzgo a;®P;).
It follows by orthogonality of thed,;’s that the firstM + 1 Gram-Schmidt coefficients of this defect are
all equal to zero. Consequently, an enclostife; (a) of the control parameterization defect, which is
independent ofi and convex (Assumption A4), is obtained as:

Vu € Ups(a)
Vi€ {0,..., M}, vt € [0,4]
M
0 = , P,
u— Z a;®; € Wy(a) := { we L*0,T]™ (w, Bl (29)
i=0

Summarizing the above considerations, the main idea isg@rdethe solution trajectory of the differential equa-
tion (27) as a function of the remainder term and of the control patarization defect rather than as a function of
the control functionu. In order to formalize this change of variable, éét, A, w) denote the solution of the ODE

e(t,A,w) = [A@®) + A@)]e(t, A,w) + B(t)w(t) with  e(0, A, w) =0, (30)
for any functionsw € L2[0,7]" andA € L?[0,T]"=*"=, where we have introduced the shorthand notations
A(t) == YU and B(t) := G(y(t, a)).

Proposition 6. Let R(-, a) be a remainder bound satisfyir(88), and letW ,,(a) be defined by29). Then,

w e W]u(a)

V(t,a) € [0,T) x Dy En(t,a) € < e(t,Aw) - ,
Vr e [0, 7] [|A(T)|2 < R(7,a)

wheree(-, A, w) denotes the solution (B0).

Proof. From the definition of the defect functieh we have
Eny(t,a) = {d(t,u,a) |[u € Upla) } .

Moreover, the functiom is defined such that

M
d(t,u,a) = e (t,R(-,u,a),u—Zai@) )

=0
Therefore, the result of the proposition follows by apptythe change of variables

M
R(-,u,a) = A and u—Zal@i — w
i=0

and using thaR(-,a) andW, (a) are bounds on the norm of the remainder term and on the cqérameteri-
zation defect, respectively. O

In order to understand the motivation behind Proposi€ipit is helpful to interpret the differential equatio8Q)

as a low-pass filter with uncertain but bounded gainwhich would filter high-frequency modes of the “noise”

w. This interpretation is useful, as the control parame#tion defectv = u — Zi]\io a;®; is bounded by the set
W (a). For example, ifbg, @4, . .. denote the basis functions in a standard trigonometriciEoexpansion, the
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setW, (a) contains for largél/ only highly oscillatory functions, as the fird + 1 Fourier coefficients of the
control parameterization are zero in this case. The diffimbequation 80) can be expected to filter out these
highly oscillating modes such thatt, A, w) ~ 0. Having this interpretation in mind, intuition suggestattive
should be able to compute tight bounds on the functi@nA, w), which converge fodl — oo, even when the
uncertain gaim\ is not known exactly.

The aim of the following considerations is to formalize timtiition by translating it into a rigorous algorithm that
computes convergent enclosures of the g, a) on [0, T']. To do so, the function(t, A, w) is decomposed
into the sum of two functione, (¢, w) andex (¢, A, v), such that

e(t, A,w) = er(t,w) + ex(t, A, e, (-, w)).
Specifically,er, (-, w) is the solution of the auxiliary filter equation with inputand known gain
Vi€ [0,T] eénL(t,w) = A(t)er(t,w)+ B(t)w(t) with er(0,w) =0, (31)
whereas:x (-, A, v) is the solution of the auxiliary filter equation with inputand unknown gaim\
Vi e [0, T] eéen(t,Av) = (A1) + A1) en(t, Av) + At)v(t) with en(t,A,v) =0. (32)

Moreover, the outputy, of the first filter 31) becomes an input in the second filt8g), before adding both outputs
er, andey to yielde. We also define the sets

EY(t,a) = {ep(t,w) |we Wy(a)}
v\T L, T,Q4
and EN(t,a) = < ex(t,Av) |Vrel0,4] ( )GEM(_’ ) .
[A(T)[2 < R(7,a)

The following proposition is a direct consequence of Prijms6 and of the decomposition of the functien

Proposition 7. The image seE (¢, a) is contained in the Minkowski sum of the sBfs (¢, a) and EY, (¢, a),

Y(t,a) € [0,T) x Dy En(t,a) € EY(ta) @ By (t,a) . (33)

In order to find a convergent bound on the diameter of thé’sett, a), it is sufficient to find a convergent bound
on the diameter of the sét}, (¢, a), as stated in the following lemma.

Lemma 3. There exists a constafift) < oo such that

Vit €0, 7] diam (Ep(t,a)) < £(t) m[zol);] diam (E};(,a)) .
T7€|0,

Proof. Since the uncertain gaif\ is bounded, there exist constaftsand/s such that

diam (E};(t,a))

[A®) +A@], < & and [A@RvD)], < b 5

for all v with v(¢) € EY,(¢,a), all A with ||A(t)|]2 < R(t,a), and allt € [0, T]. Applying Gronwall's lemma
for bounding the norm of the solution of the differential atjan 32) yields the following bound on the diameter
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of EX, (¢, a):

diam (B} (t,a)) < exp ({1t) £o m[go;] diam (E}; (1, a)) .
T7€|0,

It then follows from Propositiof that

diam (Ey(t,a)) < diam (B} (¢ a)) + diam (E}; (t,a))

< [l exp(tar)] max diam (B} (r,a)) (34)
T€l0,

and the result follows by definingft) := 1 + ¢5 exp (¢1t). O

The focus in the remainder of this appendix is on boundings#té’; (¢, a). We start by noting that the image
setsEY; (t,a) are compact and convex. The compactnes&pf(t, a) follows from Filippov’s theorem 23].
Moreover, the convexity of’}; (¢, a) follows from the fact that linear transformations of consets are convex,
recalling that the séfV,(a) is convex and that the functionad (¢, -) is linear since the ODE3() is itself linear
(see also4]). Because any compact and convex set is uniquely chaizsteby its support functionlp], we
define the support functioki (¢, -) : R"= — R associated with the image s&f; (¢, a) by

Ve eR™ V(tc) = Jdmax cler(t,w) . (35)

The following inequality

V(t
diam (E}; (t,a)) < 2 sup ”( |’| 2 ,
c Cl|2

follows directly from @5) and provides a means to bound the diameteE (¢, a). In expanded formV/ (¢, c)
reads

Vie {0,...,M}, vt € [0,1]
0= <w7(1)i># (36)

t
V(t,e) = weLI?[%,XT]nu cT/O Z(t,7)B(t)w(rt)dr s.t.

w(t) + Y a;®i(t) € Fu(t),
=0

whereZ : [0, T] x [0,T] — R™=*"= stands for the fundamental solution of the parametric Hi®aE (31), which
satisfies 5
Vr,t € [0,T] &Z(t,f) = A(t) Z(t,T) with Z(r,7) =1.

Since the set&,(t) are compact, one can always scale the dynamic system, andaleterefore restrict the
analysis to thosé?-integrable functions with w(t) + Zf\io a;®;(t) € F,(¢) forallt € [0,7] and such that

folhers = [ wlTwuar < 1.

Moreover, we introduce the functiod; : [0, 7] — R™=*"= andf : [0, T] x [0,7] — R defined by

' 1 ifr<t
Hi(r) = S5 26 7) B(o(t,7) and 0(t,7) = { 0  otherwise
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forall ¢, € [0,T], so that the objective function i86) can be written in the form

cT/O Z(t,7)B(t)w(r)dr = cT/O %Z(t,T)B(T)e(t,T)’w(T),u(T) dr = (c"Hy, w)

() we

With this notation, an upper bound on the support funclidn ¢) is given by

0 = (w, ), foralli € {0,..., M}
V(t,c) < max <CTHt,w>M s.t. (37)
" [wl]lpz, < 1.

Associating with each equality constraint (w, ®;),, in (36) the scaled multipliers’ D; € R"«, the dual of the
convex problem37) gives

M
Vit,e) < i%f max <CTHt,w>MfZCTDi<<I)i,w>u st Jwllpn, <1

v 1=0
M
T <Ht7q)i>u
H; — — =,
o (-5

i=0 v

(38)

inf
D

M
e’ <Ht — Z Did)i)
=0

In the latter transformation, the tight version of the Cau8thwarz inequality for.;-scalar products has been
applied. At this point, it becomes clear that the derivedriubon the support functio¥i (¢, ¢) depends crucially on
how accurately the functiofl; can be approximated with the functi@fi’0 D;®,. This observation is formalized
in the following theorem.

o, Lo s Lo

Theorem 3. Let Assumptiorl and the blanket assumptions A2 and A4 be satisfied. Ther, ¢xést constants
Cé"o eR andC’é’1 € R4 such that the condition

Y(t,a) € [0,T] x Das  log (diam (EY; (t,a)) ) < Cp° —Cp'M

is satisfied for all\M € N.

Proof. Since the functiorfl, is piecewise smooth and from Assumptibrthere exists a sequené®, D, ... €
R™=*"u as well as constantsy; € R andC}; € R, such that

M

log < HHt(T) — ZDi@i(T)

=0

) < Oy chr 39)

for almost allr € [0,7] and for allM € N. By combining 87) and @9), it follows that there exists a constant
Cy € Ry such that

log (diam (EJIQ (t, a)) ) < log <2 sup V(t,c)

) ||0||2) < 20, [Ch —CyM] (40)

for almost allr € [0, 7] and for allM € N. In the last step, we have used the Lebesgue dominated gemacer
theorem (or alternatively Fatou’s lemma), which guarasiteat the Lebesgue zero measure of points [0, 7]
at which the inequality39) may be violated does not contribute to the bound onithenorm of the function
H;, — "M D;®;. The statement of the theorem follows by takifi§f® := 2C,C% andCy' = 20, 0. O

Finally, a proof of Theoreni is obtained by combining the results in Theorgand Lemmes.
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Appendix B Practical Computation of Convergent EnclosuresE (¢, A)

Since the proof in Appendid is essentially constructive, a line-by-line transcriptiof this proof into a
numerical bounding procedure that constructs an encldBwré&, A) satisfying Assumptior8 is in principle
possible, assuming that suitable interval tools are aviailaFor the implementation in this paper, we have used
the bounding and relaxation techniques available throhgtitbrary MC++ [L4, 45] and we have slightly refined
the procedure by exploiting the following observations:

1. From inequality §8), we know that the set’; (¢, a) is enclosed by an ellipsoid of the forfi{Q(t, a)) with
- 2 <Ht7(1)i># - <Htaq)i># !
Qt,a) = / m(r) = Y (1) ) (1) = Y0 () ) dr
0 i=0 ! i=0 ¢

By using standard tools from interval analysis for diffeafahequations, a convergent bounding matrix
Q(t,A) € R"=*"= can be constructed such th@ft,a) =< Q(t,A) foralla € A and allt € [0,7]. In
particular, if there exists a constafi, such that

[Q(tA) = Q(t,{mid (A)}) | < Cq diam (A) ,
then the enclosurgk, (t, A) := £(Q(t, A)) will satisfy the convergence conditions
log (diam (EY, (¢, {mid (A)}))) < Cp°—Cp'M (41)
diam (ES, (t,A)) — diam (EY, (¢, {mid (A)})) < Cg?*diam (A) (42)

for all compact setd and allM € N and for some constal(iifﬁ’0 eR, C’E’l eRyy andC]E’2 e R;.

2. The proof of Lemma& is based on Gronwall’s lemma, which is known to provide mathtcally valid,
yet typically conservative, bounds for practical purposestead, our implementation considers a modified
version of state-of-the art reachable set enclosure dfgosi for bounding the solution of the differential
equation 82), which prove to be much less conservative than with Grofstamma.
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