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Abstract

In this paper we study general [, regularized unconstrained minimization problems.
In particular, we derive lower bounds for nonzero entries of first- and second-order sta-
tionary points, and hence also of local minimizers of the [, minimization problems. We
extend some existing iterative reweighted {; (IRL;) and I3 (IRL2) minimization methods
to solve these problems and proposed new variants for them in which each subprob-
lem has a closed form solution. Also, we provide a unified convergence analysis for
these methods. In addition, we propose a novel Lipschitz continuous e-approximation to
|z||b. Using this result, we develop new IRL; methods for the , minimization problems
and showed that any accumulation point of the sequence generated by these methods
is a first-order stationary point, provided that the approximation parameter € is below
a computable threshold value. This is a remarkable result since all existing iterative
reweighted minimization methods require that ¢ be dynamically updated and approach
zero. Our computational results demonstrate that the new IRL; method is generally
more stable than the existing IRL; methods [21, 18] in terms of objective function value
and CPU time.

Key words: [, minimization, iterative reweighted /; minimization, iterative reweighted
{5 minimization

1 Introduction

Recently numerous optimization models and methods have been proposed for finding sparse
solutions to a system or an optimization problem (e.g., see [28, 14, 8, 7, 24, 9, 11, 10, 13, 29,
21, 5, 1, 23, 30, 32, 26, 33]). In this paper we are interested in one of those models, namely,
the [, regularized unconstrained nonlinear programming model

min{F(z) := f(z) + Mz[7}, (1)
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for some A > 0 and p € (0,1), where f is a smooth function with L-Lipschitz-continuous
gradient in R", that is,

IVf(x) =Vl < Lyllx = yll, Yo,y e R,

and f is bounded below in ®". Here, ||z, := (3., |2:]?)}/? for any 2 € R". One can observe
that as p | 0, problem (1) approaches the [y minimization problem

min f(z) + Allz]lo, (2)

which is an exact formulation of finding a sparse vector to minimize the function f. Some
efficient numerical methods such as iterative hard thresholding [5] and penalty decomposition
methods [26] have recently been proposed for solving (2). In addition, as p 1 1, problem (1)
approaches the [; minimization problem

min f(z) + Alle], (3)
which is a widely used convex relaxation for (2). When f is a convex quadratic function, model
(3) is shown to be extremely effective in finding a sparse vector to minimize f. A variety of
efficient methods were proposed for solving (3) over last few years (e.g., see [29, 1, 23, 30, 32]).
Since problem (1) is intermediate between problems (2) and (3), one can expect that it is
also capable of seeking out a sparse vector to minimize f. As demonstrated by extensive
computational studies in [11, 31], problem (1) can even produce a sparser solution than (3)
does while both achieve similar values of f.

A great deal of effort was recently made by many researchers (e.g., see [11, 12, 13, 21, 31,
25, 17, 18, 20, 15, 22, 27, 2, 16]) for studying problem (1) or its related problem

min{

|z||) : Az = b}. (4)

In particular, Chartrand [11], Chartrand and Staneva [12], Foucart and Lai [21], and Sun [27]
established some sufficient conditions for recovering the sparest solution to a undetermined
linear system Ax = b by the model (4). Efficient iterative reweighted I; (IRL;) and Iy (IRLs)
minimization algorithms were also proposed for finding an approximate solution to (4) by
Foucart and Lai [21] and Daubechies et al. [20], respectively. Though problem (4) is generally
NP hard (see [15, 22]), it is shown in [21, 20] that under some assumptions, the sequence
generated by IRL; and IRL, algorithms converges to the sparest solution to the above linear
system, which is also the global minimizer of (4). In addition, Chen et al. [17] considered a

special case of problem (1) with f(x) = % |Ax — b||3, namely, the problem
1 2
min 5| Az = b5 + All]3. (5)

They derived lower bounds for nonzero entries of local minimizers of (5) and also proposed a
hybrid orthogonal matching pursuit-smoothing gradient method for solving (5). Since ||z[? is
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non-Lipschitz continuous, Chen and Zhou [18] recently considered the following approximation
to (5):
1 2 % .
min §||Ax —b||; + )\z;(|xz| +€)

for some small € > 0. And they also proposed an IRL; algorithm to solve this approximation
problem. Recently, Lai and Wang [25] considered another approximation to (5), which is

.1 2 . 2 /2
min §|!Ax—sz+AZ(!wi\ +e)P’%,

i=1

and proposed an IRLs algorithm for solving this approximation. Very recently, Bian and
Chen [2] and Chen et al. [16] proposed a smoothing sequential quadratic programming (SQP)
algorithm and a smoothing trust region Newton (TRN) method, respectively, for solving a
class of nonsmooth nonconvex problems that include (1) as a special case. When applied to
problem (1), their methods first approximate |z} by a suitable smooth function and then
apply an SQP or a TRN algorithm to solve the resulting approximation problem. Lately,
Bian et al. [3] proposed first- and second-order interior point algorithms for solving a class
of non-Lipschitz and nonconvex minimization problems with bounded box constraints, which
can be suitably applied to [, regularized minimization problems over a compact box.

In this paper we consider general [, regularized unconstrained optimization problem (1). In
particular, we first derive lower bounds for nonzero entries of first- and second-order stationary
points, and hence also of local minimizers of (1). We then extend the aforementioned IRL;
and IRLy methods [21, 20, 25, 18] to solve (1) and propose some new variants for them. We
also provide a unified convergence analysis for these methods. Finally, we propose a novel
Lipschitz continuous e-approximation to [|z[|? and also propose a locally Lipschitz continuous
function F,(x) to approximate F'(x). Subsequently, we develop IRL; minimization methods for
solving the resulting approximation problem mingegn F.(z). We show that any accumulation
point of the sequence generated by these methods is a first-order stationary point of problem
(1), provided that € is below a computable threshold value. This is a remarkable result since
all existing iterative reweighted minimization methods for /, minimization problems require
that € be dynamically updated and approach zero.

The outline of this paper is as follows. In Subsection 1.1 we introduce some notations
that are used in the paper. In Section 2 we derive lower bounds for nonzero entries of sta-
tionary points, and hence also of local minimizers of problem (1). We also propose a locally
Lipschitz continuous function F,(x) to approximate F'(z) and study some properties of the
approximation problem mingeqn Fe(z). In Section 3, we extend the existing IRL; and IRLy
minimization methods from problems (4) and (5) to general problems (1) and propose new
variants for them. We also provide a unified convergence analysis for these methods. In
Section 4 we propose new IRL; methods for solving (1) and establish their convergence. In
Section 5, we conduct numerical experiments to compare the performance of several IRL;
minimization methods that are studied in this paper for (1). Finally, in Section 6 we present
some concluding remarks.



1.1 Notation

The set of all n-dimensional positive vectors is denoted by #} . Given any x € " and
a scalar 7, |z|” denotes an n-dimensional vector whose ith component is |z;|”. In addition,
Diag(z) denotes an n x n diagonal matrix whose diagonal is formed by the vector x. Given an
index set B C {1,...,n}, xz denotes the sub-vector of z indexed by B. Similarly, Xzz denotes
the sub-matrix of X whose rows and columns are indexed by B. In addition, if a matrix X is
positive semidefinite, we write X > 0. The sign operator is denoted by sgn, that is,

1 if t >0,
sgn(t) =<¢ [-1,1] ift=0,
-1 otherwise.

Finally, for any 8 < 0, we define 0° = oo.

2 Technical results

In this section we derive lower bounds for nonzero entries of stationary points, and hence
also of local minimizers of problem (1). We also propose a nonsmooth but locally Lipschitz
continuous function F,(z) to approximate F(z). Moreover, we show that when € is below a
computable threshold value, a certain stationary point of the corresponding approximation
problem mingcqn F(x) is also that of (1). This result plays a crucial role in developing new
IRL; methods for solving (1) in Section 4.

2.1 Lower bounds for nonzero entries of stationary points of (1)

The first- and second-order stationary points of problem (1) are defined in [17]. We first
review these definitions. Then we derive lower bounds for nonzero entries of the stationary
points, and hence also of local minimizers of problem (1).

Definition 1 Let z* be a vector in R™ and X* = Diag(x*). x* € R" is a first-order stationary

point of (1) if
X'V f(z*) + Ap|lz*|P = 0. (6)

In addition, x* € R" is a second-order stationary point of (1) if
(X*)"V2 f(z")X* + Ap(p — 1)Diag(|2"[P) = 0. (7)

Similar to general unconstrained smooth optimization, we can show that any local mini-
mizer of (1) is also a stationary point that is defined above.

Proposition 2.1 Let z* be a local minimizer of (1) and X* = Diag(z*). The following
statements hold:

(i) x* is a first-order stationary point, that is, (6) holds at z*.
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(ii) Further, if f is twice continuously differentiable in a neighborhood of x*, then x* is a
second-order stationary point, that is, (7) holds at x*.

Proof. (i) Let B = {i : z} # 0}. Since z* is a local minimizer of (1), one can observe that
x* is also a local minimizer of

min{ f(z) + A||zsl/} : z; =0, i ¢ B}. (8)

TER™

Note that the objective function of (8) is differentiable at z*. The first-order optimality
condition of (8) yields

% + Ap|xi P sgn(x}) =0, Vi € B.

Multiplying by z; both sides of the above equality, we have

af (z*)
&xi

+ Aplxf|P =0, Vi€ B.

*
L;

Since zf = 0 for i ¢ B, we observe that the above equality also holds for i ¢ B. Hence, (6)
holds.

(ii) By the assumption, we observe that the objective function of (8) is twice continuously
differentiable at z*. The second-order optimality condition of (8) yields

Visf(2") + Ap(p — 1)Diag(|ag["*) = 0,

which, together with the fact that X* = Diag(2*) and z} = 0 for ¢ ¢ B, implies that (7) holds.
]

Recently, Chen et al. [17] derived some interesting lower bounds for the nonzero entries
of local minimizers of problem (1) for the special case where f(z) = 1||Az — b||* for some
A e R and b € R™. We next establish similar lower bounds for the nonzero entries of
stationary points, and hence also of local minimizers of general problem (1).

Theorem 2.2 Let x* be a second-order stationary point of (1) and B = {i : z} # 0}.
Suppose that f is twice continuously differentiable in a neighborhood of x*. Then the following

statement holds: )

Ap(1 — 2-p

2] > (M) . VieB. )
Ly

Proof. Since f is twice continuously differentiable in a neighborhood of x* and f has
L s-Lipschitz-continuous gradient in R", we see that ||[V2f(z*)|l2 < Ly. In addition, since z*
satisfies (7), we have

el [(XH)IV2f(2*) X*es + Ap(p — 1)e] Diag(|a*[P~2)]e; > 0,

(2
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where e; is the ith coordinate vector. It then follows that for each i € B,
[V2 (@) + Ap(p — 1) |2 [P~2 > 0,

which yields

Theorem 2.3 Let x* be a first-order stationary point satisfying F(z*) < F(2°) + € for some
2% € R and € > 0, and let f = infyepn f(z) and B = {i : x} # 0}. Then the following

statement holds: )

Ap

77| > 7 , VieB.
(\/ZLf[F(xO) —l—ei])

Proof. Since f has L¢-Lipschitz-continuous gradient in R", it is well known that

F) < £@) + V@) (g = 2) + Ly~ alld Yo,y € R
Letting = 2* and y = 2* — V f(z*)/Ly, we obtain that
1
flam =V f@)/Ly) < f@7) = IV )]s
!
Note that
Flt - VA L) > il f@) = f) < Flat) < FG) + e

Using these relations and (11), we have

195l < 2Lyl ) — Fa = V@)/Lp)] < \LLAFE) +e 1]

Since x* satisfies (6), we obtain that for every i € B,

= (2 ’aﬂ N o <||Vf§p>||2)“,

: Ap | Ozx;

which together with (12) yields
A
d ) . VieB

7| >
(\/2Lf[F(:c0) +e— /]

(10)

(11)

(12)



2.2 Locally Lipschitz continuous approximation to (1)

It is known that for p € (0,1), the function ||z[[% is not locally Lipschitz continuous at some
points in R™ and the Clarke subdifferential does not exist there (see, for example, [17]). This
brings a great deal of challenge for designing algorithms for solving problem (1). In this subsec-
tion we propose a nonsmooth but Lipschitz continuous e-approximation to ||z||F for every € > 0.
As a consequence, we obtain a nonsmooth but locally Lipschitz continuous e-approximation
F.(z) to F(x). Furthermore, we show that when € is below a computable threshold value,

a certain stationary point of the corresponding approximation problem mingcgn F.(z) is also
that of (1).

Lemma 2.4 Let u > 0 be arbitrarily given, and let q be such that

1 1
-+ —=1. 13
i (13)
Define
: s
hy(t) == in p (|t|s - E) , VtedR. (14)

Then the following statements hold:
(i) 0 < hy(t) = [t]P < u? for everyt € R.
(i) hy, is pu-Lipschitz continuous in (—oo, 00), i.e.,

’hu<t1) — hu(tg)‘ S pu\tl — tgl, th,tg € §R

(11i) The Clarke subdifferential of h,, denoted by Oh,, exists everywhere, and it is given by

{ pltlP~tsgn(t) if [t > wi,

Ohy(t) = (15)

pusgn(t) if [t] < u?t

Proof. (i) Let g:(s) = p(|t|s — s?/q) for s > 0. Since p € (0,1), we observe from (13) that
q < 0. It then implies that g;(s) — 0o as s | 0. This together with the continuity of g; implies
that h,(t) is well-defined for all t € R. In addition, it is easy to show that ¢;(-) is convex in
(0, 00), and moreover, gg g:(s) = |t[’. Hence, we have

hy(t) = min g(s) > igggt(s) = [t|’, VteR

0<s<u
We next show that h,(t) — [t|P < wu? by dividing its proof into two cases.

1) Assume that [t| > u9~!. Then, the optimal value of (14) is achieved at s* = |zf|f1%1 and

hence,
halt) = p(ms — ) _—



2) Assume that [t| < w9, Tt can be shown that the optimal value of (14) is achieved at
s* = u. Using this result and the relation |[t| < u?"!, we obtain that

which implies that h,(t) — [t < h,(t) < uf.
Combining the above two cases, we conclude that statement (i) holds.

(ii) Let ¢ : [0,00) — R be defined as follows:

P if t > ui 1,
o(t) = . L
p(tu —ul/q) if0 <t <wui

It is not hard to see that

ptP~tif t > wdt
¢'(t) = (16)
pU if 0 <t <wuit.

Hence, 0 < ¢/(t) < pu for every t € [0, 00), which implies that ¢ is pu-Lipschitz continuous on
[0,00). In addition, one can observe from the proof of (i) that h,(t) = ¢(|t|) for all t. By the
chain rule, we easily conclude that h, is pu-Lipschitz continuous in (—o0, 00).

(iii) Since h,, is Lipschitz continuous everywhere, it follows from Theorem 2.5.1 of [19] that

Ohy(t) = cov {tkleiglﬁt hu(tk)} ) (17)

where cov denotes convex hull and D is the set of points at which h, is differentiable. Recall
that h,(t) = ¢(|t|) for all t. Hence, b, (t) = ¢'(|t]) sgn(t) for every t # 0. Using this relation,
(16) and (17), we immediately see that statement (iii) holds. ]

Corollary 2.5 Let u > 0 be arbitrarily given, and let h(x) = > "1 | hy(z;) for every x € R",
where h,, is defined in (14). Then the following statements hold:

(i) 0 < h(z) —|lz|p < nu? for every x € R".
(i1) h is /npu-Lipschitz continuous in R", i.e.,
[h(2) = h(y)ll2 < Vopullz —ylla,  Va,y.
(i1i) The Clark subdifferential of h exists at every x € R™.

We are now ready to propose a nonsmooth but locally Lipschitz continuous e-approximation
to F(x).



Proposition 2.6 Let € > 0 be arbitrarily given. Define

Fe) i= F(2) + A3 b (@), (18)

where

)= in o (s =), (5" (19)

0<s<ue
Then the following statements hold:
(i) 0 < F(x)— F(x) < € for every x € R™.

(i1) F. is locally Lipschitz continuous in R™. Furthermore, if f is Lipschitz continuous, so
s F..

(iii) The Clark subdifferential of F. exists at every x € R"™.

Proof. Using the definitions of F, and F, we have F(x) — F(z) = X3_\" hy, (z:) — ||z]}),
which, together with Corollary 2.5 (i) with u = u,, implies that statement (i) holds. Since f
is differentiable in ", it is known that f is locally Lipschitz continuous. In addition, we know
from Corollary 2.5 (ii) that Y, h,, (;) is Lipschitz continuous in #". These facts imply that
statement (ii) holds. Statement (iii) immediately follows from Corollary 2.5 (iii). n

From Proposition 2.6, we know that F. is a nice e-approximation to F'. It is very natural
to find an approximate solution of (1) by solving the corresponding e-approximation problem

min F.(z), (20)

reR”

where F, is defined in (18). Strikingly, we can show that when e is below a computable
threshold value, a certain stationary point of problem (20) is also that of (1).

Theorem 2.7 Let 2° € R" be an arbitrary point, and let € be such that

\/2Lf[F(x0) +e—f]
Ap ’

q

0<e<nA (21)

where f = infyepn f(x). Suppose that x* is a first-order stationary point of (20) such that

that F.(x*) < F.(2°). Then, x* is also a first-order stationary point of (1), i.e., (6) holds at
x*. Moreover, the nonzero entries of x* satisfy the first-order lower bound (10).

Proof. Let B = {i : x} # 0}. Since z* is a first-order stationary point of (20), we have
0 € OF.(z*). Hence, it follows that

Of(z”)
8:@

+ Ao, (1) = 0, VieB. (22)



In addition, we notice that
fz*) < F(z*) < F(2*) < F.(2°) < F(2°) +e. (23)

This relation together with (22) and (12) implies that

\/ZLf[F(xO) +e— f]
h\ ;

o L|of(x*)
oo D] = |25

< Yvra), <

Vi € B. (24)

We now claim that |z}| > u 2! for all i € B, where u, is defined in (19). Suppose for
contradiction that there exists some i € B such that 0 < |z}| < w4, It then follows from
(15) that |Oh,, (z})| = pu.. Using this relation, (21) and the definition of u., we obtain that

_— N \2LF@) +e— ]

u . = € = — > Y

Ok, ()] = puc=p () ,

which contradicts (24). Therefore, |z}| > u4~" for all ¢ € B. Using this fact and (15), we see
that Oh, (x}) = ploi[P~sgn(x}) for every ¢ € B. Substituting it into (22), we obtain that

af (")

“or + Aplaf Pt sgn(z}) =0, Vi€ B.

Multiplying by z; both sides of the above equality, we have

af( ")

5yt APl =0, vieB

Since zf = 0 for i ¢ B, we observe that the above equality also holds for i ¢ B. Hence, (6)
holds. In addition, recall from (23) that F(z*) < F(2°)+e¢. Using this relation and Theorem
2.3, we immediately see that the second part of this theorem also holds. [

Corollary 2.8 Let 2° € R" be an arbitrary point, and let € be such that (21) holds. Suppose
that x* is a local minimizer of (20) such that F.(x*) < F.(x°). Then the following statements
hold:

i) x* is a first-order stationary point of (1), i.e., (6) holds at x*. Moreover, the nonzero
entries of x* satisfy the first-order lower bound (10).

i1) Suppose further that f is twice continuously differentiable in a neighborhood of x*. Then,
x* is a second-order stationary point of (1), i.e., (7) holds at x*. Moreover, the nonzero
entries of x* satisfy the second-order lower bound (9).
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Proof. (i) Since x* is a local minimizer of (20), we know that x* is a stationary point of
(20). Statement (i) then immediately follows from Theorem 2.7.

(i) Let B = {i|x} # 0}. Since z* is a local minimizer of (20), we observe that z* is also a
local minimizer of

;reléer%{f(x)—i—)\;hue(a:i).a:io, 2¢B}. (25)

Notice that x* is a first-order stationary point of (20). In addition, F(z*) < F(z°)+¢€ and €
satisfies (21). Using the same arguments as in the proof of Theorem 2.7, we have |z}| > u 47!
for all : € B. Recall from the proof of Lemma 2.4 (i) that h,, (t) = [t if [t] > u.2"'. Hence,
> hu () = > |=if? for all z in a neighborhood of z*. This, together with the fact that z*
i€B

i€B
is a local minimizer of (25), implies that x* is also a local minimizer of (8). The rest of the
proof is similar to that of Proposition 2.1 and Theorem 2.2. [

3 A unified analysis for some existing iterative reweighted
minimization methods

Recently two types of IRL; and IRLs; methods have been proposed in the literature [21, 20,
25, 18] for solving problem (4) or (5). In this section we extend these methods to solve (1)
and also propose a variant of them in which each subproblem has a closed form solution.
Moreover, we provide a unified convergence analysis for them.

3.1 The first type of IRL, methods and its variant for (1)

In this subsection we consider the iterative reweighted minimization methods proposed in

[25, 18] for solving problem (5), which apply an IRL; or IRLy; method to solve a sequence of

problems mg?n Q1 () or mgiRn Q.+ (), where {e*} is a sequence of positive vectors approach-
zeER" ’ zeER" ’

ing zero as k — oo and

1 - 2
Qoe(w) = Sl Az = BI5 + 2 Y (il +e)®.

=1

(26)

In what follows, we extend the above methods to solve (1) and also propose a variant of
them in which each subproblem has a closed form solution. Moreover, we provide a unified
convergence analysis for them. Our key observation is that problem

rzeR™

min{F, (z) = f(z) + AZ(\W +e)a} (27)

for « > 1 and € > 0 can be suitably solved by an iterative reweighted I, (IRL,) method.
Problem (1) can then be solved by applying the IRL, method to a sequence of problems (27)
with e = €¥ — 0 as k — 0.
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We start by presenting an IRL, method for solving problem (27) as follows.
An IRL, minimization method for (27):
Choose an arbitrary 2°. Set k = 0.

1) Solve the weighted [, minimization problem

. D
kL e A = Rl 28
x = rgm1n{f(m)+ 5 ;31|x1| }, (28)

where s¥ = (|2%|* + ¢)a ! for all 4.

2) Set k < k+ 1 and go to step 1).
end

We next show that any accumulation point of {z*} generated above is a first-order sta-
tionary point of (27).

Theorem 3.1 Let the sequence {x*} be generated by the above IRL, minimization method.

Suppose that x* is an accumulation point of {x*}. Then x* is a first-order stationary point of
(27).

Proof. Let q be such that

1
SR (29)
P g
It is not hard to show that for any § > 0,
(" +8)% = Lmind (e +0)s— 2V, wiewm (30)
= min ST :

and moreover, the minimum is achieved at s = (|t|* + 5)!1%1 Using this result, the definition
of s*, and (29), one can observe that for k > 0,

st = arg min Gac(2F,s), 2" € Argmin G, (, %), (31)
where
Wl st
Guele9) = 1) + 22 Y (il 4 s = 2. (52)
i=1

In addition, we see that F, (z%) = G, (2¥, s*). Tt then follows that
Foc(@™) = G 8" < Gu(@® %) < Go(aF, %) = Fo.(2"), (33)

Hence, {F, («*)} is non-increasing. Since x* is an accumulation point of {z*}, there exists
a subsequence K such that {#*} — z*. By the continuity of F, ., we have {F,(2%)}x —
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F, .(z*), which together with the monotonicity of F, .(z*) implies that F, .(z%) — F, .(z%).
In addition, by the definition of s*, we have {s*}x — s*, where s* = (|z*|* + ¢)a"" for all 4.

Also, we observe that F, (%) = G, (z*,s*). Using (33) and F, (z¥) — F, (z*), we see that
Goo(2FT %) = F, (2%) = Gu(a*, s*). Further, it follows from (31) that

Goc(r,8%) > Goo(z" %) Vo e R
Upon taking limits on both sides of this inequality as k € K — oo, we have
Goc(x,8") > Gae(z*,s") Ve R",

that is, z* € Arg mﬁiRn Go(x, "), which, together with the first-order optimality condition and
reR™
the definition of x*, yields

of (z* p .
0€ 2T | npasle e ot sn), Vi (34)
Hence, z* is a stationary point of (27). ]

The above IRL, method needs to solve a sequence of reweighted [, minimization problems
(47) whose solution may not be cheaply computable. We next propose a variant of this method
in which each subproblem is much simpler and has a closed form solution for some «a’s (e.g.,
a=1or?2).

A variant of IRL, minimization method for (27):

Let 0 < Liin < Liax, 7 > 1 and ¢ > 0 be given. Choose an arbitrary 2° and set k& = 0.
1) Choose LY € [Luin, Limax] arbitrarily. Set Ly = LY.

la) Solve the weighted [, minimization problem

L AP
#**1 € Argmin {f(xk) + VM (@ —2b) + 7’“Hx — 2|2+ Ep > sﬂxi\“} ,
i=1

(35)
where sF = (|J2%|* 4+ ¢;)« " for all 4.
1b) If
Fuda®) = Fuda™) 2 52" — 2|3 (36)

is satisfied, where Fy, . is given in (27), then go to step 2).
lc) Set Ly < 7Ly and go to step la).

2) Set k < k+ 1 and go to step 1).
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end

We first show that for each outer iteration, the number of its inner iterations is finite.

Theorem 3.2 For each k > 0, the inner termination criterion (36) is satisfied after at most

log(L ¢ +c)—log(2Lmin)
log T

+ 2-‘ mmner iterations.

Proof. Let L denote the final value of L; at the kth outer iteration. Since the objective
function of (35) is strongly convex with modulus Ly, we have

)\p u @ )\p - «
Pty + 22 ST 2 ) + VAT = b) + 2T b e g Ll - ot
i=1 1=1
Recall that V f is L-Lipschitz continuous. We then have

P < P+ VA - o)+ a3 (37

Combining the above two inequalities, we obtain that
k @nkka> k+1 &n k| k+1|a L—ﬁ k+1 k2
f(x>+azsi’xi’ > flz )+&Zsi‘xi |+ (L 2)H$ 2”13,
i=1 =1

which together with (32) yields

L
Goe(a",8%) 2 Gaela™, %) + (L = )" — a5,
Recall that F, .(2%) = G, (2", s*). In addition, it follows from (30) that F,, (z) = m>1(1)1 Goc(z,s).
Using these relations and the above inequality, we obtain that -
Foo(@) = Gao(abt s871) < Guo(abh %) < Gao(ab, sF) — (Lp — %)ka—kl — 2|2

L
= Fadle®) = (L — 5t — o¥.

Hence, (36) holds whenever Ly > (Ls + ¢)/2, which together with the definition of Ly implies
that Ly/7 < (Ly + ¢)/2, that is, Ly, < 7(Ls + ¢)/2. Let n; denote the number of inner
iterations for the kth outer iteration. Then, we have

Liin™™ ' < L™ = Ly, < 7(Ly 4 ¢) /2.

Hence, n; < Fog@f Hl)o;:g(%mm) + 2} and the conclusion holds. n

We next establish that any accumulation point of the sequence {z*} generated above is a
first-order stationary point of problem (27).
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Theorem 3.3 Let the sequence {z*} be generated by the above variant of IRL, method. Sup-
pose that x* is an accumulation point of {x*}. Then x* is a first-order stationary point of

(27).

Proof. Tt follows from (36) that {F, (z*)} is non-increasing. Since z* is an accumulation
point of {z*}, there exists a subsequence K such that {z*}; — z*. By the continuity of F,_,
we have {F, (z¥)}x — F, (z*), which together with the monotonicity of {F, (z*)} implies
that F, (2*) — F, (x*). Using this result and (36), we can conclude that ||z¥+* — 2*|| — 0.
Let Lj denote the final value of L; at the kth outer iteration. From the proof of Theorem
3.3, we know that Ly € [Luin, 7(Ls + ¢)/2). The first-order optimality condition of (35) with
Lk = Zk yields

of (x* -
0e % + Ly (2 — 2Py 4+ Apst |kt o sgn (2 T1) = 0, Wi
T
Upon taking limits on both sides of the above equality as k € K — oo, we have
a *
0e 21 + A\pstlor|*tsgn(x)), Vi,
8:62-
where st = (|a}| + €)= " for all 4. Hence, z* is a first-order stationary point of (27). m

Corollary 3.4 Let 6 > 0 be arbitrarily given, and let the sequence {x*} be generated by the
above IRL, method or its variant. Suppose that {z*} has at least one accumulation point.
Then, there exists some x* such that

IXFV f (@) + Apl XF| (M + o)=Y < o,
where X* = Diag(z*) and | X*|* = Diag(|z*|%).

Proof. Let z* be an arbitrary accumulation point of {z*}. It follows from Theorem 3.1
that z* satisfies (34). Multiplying by =} both sides of (34), we have

of (x* 2
7 e+ )t gl = 0 v

which, together with the continuity of V f(z) and |z|*, implies that the conclusion holds. m

We are now ready to present the first type of IRL, methods and its variant for solving
problem (1) in which each subproblem is in the form of (27) and solved by the IRL, or its
variant described above. The IRL; and IRLy methods proposed in [25, 18] can be viewed as the
special cases of the following general IRL,, method (but not its variant) with f(z) = %||Az—0b||3

2
and o« =1 or 2.

The first type of IRL, minimization methods and its variant for (1):

Let {0} and {€*} be a sequence of positive scalars and vectors, respectively. Set k = 0.

15



1) Apply the IRL, method or its variant to problem (27) with ¢ = €* for finding 2" satisfying
IXFV f(@*) + A XF| (J* 4+ )21 < 6y, (38)
where X* = Diag(z*) and | X*|* = Diag(|z*|*).
2) Set k < k+ 1 and go to step 1).

end

The convergence of the above IRL, method and its variant is established as follows.

Theorem 3.5 Let {6y} and {*} be a sequence of positive scalars and vectors such that
{0x} — 0 and {*} — 0, respectively. Suppose that {z*} is a sequence of vectors generated
above satisfying (38), and that x* is an accumulation point of {x*}. Then x* is a first-order
stationary point of (1), i.e., (6) holds at x*.

Proof. Let B = {i : xf # 0}. It follows from (38) that

Of (2
xf% + Aplak o (|zk| 4+ st <6, WieB. (39)
Since z* is an accumulation point of {x*}, there exists a subsequence K such that {z*}x — z*.
Upon taking limits on both sides of (39) as k € K — 0o, we obtain that

LOf (%)

FplziP = 0 VieB.

Since xf = 0 for ¢ ¢ B, we observe that the above equality also holds for i ¢ B. Hence, z*
satisfies (6) and it is a first-order stationary point of (1). n

3.2 The second type of IRL, methods and its variant for (1)

In this subsection we are interested in the IRL; and IRLs methods proposed in [21, 20] for

solving problem (4). Given {¢*} C R7, — 0 as k — oo, these methods solve a sequence

of problems m§iRn Q1.+ (z) or m§iﬁn Q.0+ (x)) extremely “roughly” by executing IRL; or IRL,
zERM ’ zeR" ’

method only for one iteration for each €*, where @, is defined in (26).

We next extend the above methods to solve (1) and also propose a variant of them in
which each subproblem has a closed form solution. Moreover, we provide a unified convergence
analysis for them. We start by presenting the second type of IRL, methods for solving (1) as
follows. They evidently become an IRL; or IRL, method when o =1 or 2.

The second type of IRL, minimization method for (1):

Let {€*} be a sequence of positive vectors in R”. Choose an arbitrary z°. Set k = 0.
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1) Solve the weighted [, minimization problem

. AP —
k+1 k| |o
2" € Argmin {f(ac) + - g 85|l } , (40)

where s = (|2%|* + €¥)a~1 for all 4.

2) Set k < k+ 1 and go to step 1).

end

We next establish that any accumulation point of {z*} is a stationary point of (1).

Theorem 3.6 Suppose that {€*} is a sequence of non-increasing positive vectors in R™ and
e® — 0 as k — oo. Let the sequence {x*} be generated by the above IRL, method. Suppose
that z* is an accumulation point of {x*}. Then, x* is a stationary point of (1).

Proof. Let Gu.(,-) be defined in (32). By the definition of #¥*!, one can observe that
Goer (2 %) < G, (2, s%). Also, by the definition of s*™* and a similar argument
as in the proof of Theorem 3.1, we have G, s+ (2", 511 = }SI>1£ Goevr1 (2 s). Hence,
Gy eerr (T M) < G, e (2T 7). In addiiton, since s* > 0 and {€*} is component-
wise non-increasing, we observe that G, s+ (2", %) < G, (2", s¥). Combining these
inequalities, we have

Gt (T M) < Gy e (2P 8F) < G (2", 8% < Guu(ah,s¥), VE>0. (41)

Hence, {G, «(2*,s*)} is non-increasing. Since z* is an accumulation point of {z*}, there
exists a subsequence K such that {2*}x — z*. By the definition of s, one can verify that
Goor (2, 85) = f(a®)+ A0 (2| +€F)a. Tt then follows from {2}, — 2* and ¥ — 0 that
{Goer(a¥, ")}k — f(a*) + A||lz*|[5. This together with the monotonicity of {G, (2", s*)}
implies that Gy (2", s*) = f(z*) + A||*||2. Using this relation and (41), we further have

Goee(2™,8%) = f(a®) + A" (42)
Let B = {i:a} # 0} and B be its complement in {1,...,n}. We claim that
" € Argmin ¢ f(z) + A Z |z || [P 5 (43)
v5=0 @ eB

Indeed, using the definition of s*, we see that {s¥}x — |z}|P~®, Vi € B. Further, due to
sk >0 and ¢ < 0, we observe that

p kK (Sf)q p ko kN Kk (Sf)q kla E\2
O < — B S e —— < — A A Jup— = A V) a
< 23 et B8] < 25 et s eyt - CEE] = St

i€B i€B i€B
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which, together with ¥ — 0 and {2¥}x — 0 for i € B, implies that

lim {efsf — (”%q = 0. (44)

In addition, by the definition of z¥*!, we know that G, (z,s*) > G, (z**!, s*). Then for
every x € R" such that xz = 0, we have

k\q kyq
sy [<ra:i|a eyt - ) ]ﬂ} j [ _ ) ] Gt ) > G (@, ).
« q o — q
i1€B

i€B

Upon taking limits on both sides of this inequality as k € K — oo, and using (42), (44) and
the fact that {s¥}x — |2}|P~®, Vi € B, we obtain that

F)+ 23 Nl - L] gy ey
1€EB

for all x € R™ such that 3 = 0. This inequality and (29) immediately yield (43). It then
follows from (29) and the first-order optimality condition of (43) that

0f(z")
85177;

*
T;

FApliP = 0 VieB.

Since z¥ = 0 for i € B, we observe that the above equality also holds for i € B. Hence, z*
satisfies (6) and it is a stationary point of (1). ]

Notice that the above IRL, method requires solving a sequence of reweighted [, minimiza-
tion problems (40) whose solution may not be cheaply computable. We next propose a variant
of this method in which each subproblem is much simpler and has a closed form solution for
some a’s (e.g., « =1 or 2).

A variant of the second type of IRL, minimization method for (1):

Let {ek} be a sequence of positive vectors in R”, and let 0 < Lyin < Lmax, 7 > 1 and ¢ > 0
be given. Choose an arbitrary z°. Set k = 0.

1) Choose LY € [Luin, Lmay| arbitrarily. Set L = LY.

la) Solve the weighted [, minimization problem

L D —
2"*! € Argmin {f(:v"") + V(") (@ —2*) + 7’“\\% — a3+ gp Z Sf!xi\“} ;
=1

(45)
where s¥ = (|2%|* + €¥)a~1 for all i.
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1b) If

Frr(a%) = P (a%41) 2 Zflab*! — a3 (46)

is satisfied, then go to step 2).
lc) Set Ly < 7Lj and go to step la).

2) Set k < k+ 1 and go to step 1).
end

We first show that for each outer iteration, the number of its inner iterations is finite.

Theorem 3.7 For each k > 0, the inner termination criterion (46) is satisfied after at most

IOg(Lf +C) _IOg(szin)
log T

+ 2-‘ mner iterations.

Proof. Let Gy (-, ) be defined in (32). Since the objective function of (45) is strong convex
with modulus Ly, we have

Fla¥) + 230 sklafl™ > f(a) + V)T (@M —ab) + 2 00 sFlaf e+ Ll — ot

7
A L
> (M) 42 skl A+ (L — )l — 2t

i=15i
where the last inequality is due to (37). This inequality together with the definition of G,
implies that

L
Ga,ek(xka Sk) > Gozﬁk(l'k—’—lv Sk) + (Lk - 7f)||xk+1 - ka%

In addition, by the same arguments as in the proof of Theorem 3.6, we have G 1 (2511, sF+1) <
G (21, s%). By the definitions of s* and F, ., one can easily verify that G, x(z*, s*) =
Fa75k(.’1/'k) for all k. Combining these relations with the above inequality, we obtain that

Pjoc,e]€7L1 (xk+1> = GekJrl (xk+17 Sk+l) S Ga,ek (xk+17 Sk) S Ga,€k (J:k? Sk) - (Lk - %)ka—i_l - kag

= Foo(a®) = (L = 3)|ah — a3,

Hence, (46) holds whenever Ly > (L 4 ¢)/2. The rest of the proof is similar to that of
Theorem 4.2. [

We next show that any accumulation point of the sequence {z*} generated above is a
first-order stationary point of problem (1).

Theorem 3.8 Suppose that {€*} is a sequence of non-increasing positive vectors in R" and
e® — 0 as k — oo. Let the sequence {x*} be generated by the above IRL, method. Suppose
that x* is an accumulation point of {x*}. Then, x* is a stationary point of (1), i.e., (6) holds
at x*.
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Proof. Since Fy(x) > F(x) > f for every z € R", we see that {F, «(z*)} is bounded
below. In addition, {F, (")} is non-increasing due to (46). Hence, {F, x(z*)} converges,
which together with (46) implies that ||z¥*? — z*|| — 0. Let L; denote the final value of Ly
at the kth outer iteration. By a similar argument as in the proof of Theorem 3.3, we can
show that Ly € [Luin, 7(Ls + ¢)/2). Let B = {i|z} # 0}. Since z* is an accumulation point
of {z*}, there exists a subsequence K such that {#*}x — 2*. By the definition of s* we see
that kel}i{rgoo sk = |z¥|P~®. The first-order optimality condition of (45) with Lj = Lj, yields

) k+1 B
f(; ) L@k = o) dps et sgn(@h) = 0, Vi B
L

Upon taking limits on both sides of the above equality as £ € K — 00, and using the relation

lim s = |2[P~®, we have
ke K—o0
of (x*
2UCH) + Aplai P sgn(z}) =0, Vi€ B.
8[EZ‘
Using this relation and a similar argument as in the proof of Theorem 2.1 (i), we can conclude
that z* satisfies (6). m

4 New iterative reweighted /; minimization for (1)

The TRL; and IRL, methods studied in Section 3 require that the parameter ¢ be dynami-
cally adjusted and approach zero. One natural question is whether an iterative reweighted
minimization method can be proposed for (1) that shares a similar convergence with those
methods but does not need to adjust e. We will address this question by proposing a new
IRL; method and its variant.

As shown in Subsection 2.2, problem (20) has a locally Lipschitz continuous objective
function and it is an e-approximation to (1). Moreover, when € is below a computable threshold
value, a certain stationary point of (20) is also that of (1). In this section we propose new IR,
methods for solving (1), which can be viewed as the IRL; methods directly applied to problem
(20). The novelty of these methods is in that the parameter € is chosen only once and then
fixed throughout all iterations. Remarkably, we are able to establish that any accumulation
point of the sequence generated by these methods is a first-order stationary point of (1).

New IRL; minimization method for (1):
Let ¢ be defined in (13). Choose an arbitrary z° € " and € such that (21) holds. Set k = 0.

1) Solve the weighted /; minimization problem
¥ € Argmin {f(x) + /\pz sf\xz|} : (47)
i=1

where s = min {(ﬁ)é, |a:ﬂq%1} for all 7.
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2) Set k <+ k+ 1 and go to step 1).

end

We next establish that any accumulation point of {z*} generated by the above method is
a first-order stationary point of (1).

Theorem 4.1 Let the sequence {x*} be generated by the above IRL; method. Assume that
€ satisfies (21). Suppose that x* is an accumulation point of {x*}. Then x* is a first-order

stationary point of (1), i.e., (6) holds at x*. Moreover, the nonzero entries of x* satisfy the
first-order bound (10).

Proof. Let u. = (55)7 and

n 8;-1
Gla,s) = (@) + Y [mwsz- - ﬂ | (1)
i=1
By the definition of {s*}, one can observe that for k > 0,
s = arg ,nin G(2F,s), o* € ArgminG(xz, s¥). (49)

In addition, we observe that F.(z) = min G(x,s) and F.(z*) = G(a*, s*) for all k, where F,

0<s<ue

is defined in (18). It then follows that
Fe(karl) — G(:L‘kJrl,SkJrl) < G(xk+l’sk) < G(l’k,sk) — Fe(xk) (50)

Hence, {F.(z*)} is non-increasing. Since x* is an accumulation point of {2}, there exists a
subsequence K such that {#*}x — z*. By the continuity of F,, we have {F.(z*)}x — F.(z*),
which together with the monotonicity of {F.(z*)} implies that F.(z*) — F.(x*). Let s} =
min{u, |xﬂq%1} for all i. We then observe that {s*}x — s* and F,.(z*) = G(a2*,s*). Using
(50) and F.(z*) — F.(z*), we see that G(z*"! s¥) — F.(z*) = G(x*,s*). In addition, it
follows from (49) that

G(x,s") > Ga* %) Vo e R

Upon taking limits on both sides of this inequality as k € K — oo, we have
G(z,s") > G(z",s*) Ve R,
that is,
z* EArgmin{f(w)—l—AszﬂxJ}. (51)
i=1
The first-order optimality condition of (51) yields

0f(x*)
81’2'

0€e + Aps; sgn(x}), Vi (52)
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Recall that sf = min{u,, |x;‘\q%1}, which together with (13) implies that for all i,

o L ] >,
: Ue, if |z} < wui™t.

Substituting it into (52) and using (15), we obtain that

of (z7)
3@-

It then follows from (18) that z* is a first-order stationary point of F,. In addition, by the
monotonicity of {F.(z*)} and F,(z*) — F.(z*), we know that F.(z*) < F.(2°). Using these
results and Theorem 2.7, we conclude that z* is a first-order stationary point of (1). The rest
of conclusion immediately follows from Theorem 2.3. [

0€ + AOh, (x}), Vi

The above IRL; method needs to solve a sequence of reweighted /; minimization problems
(47) whose solution may not be cheaply computable. We next propose a variant of this method
in which each subproblem has a closed form solution.

A variant of new IRL; minimization method for (1):

Let 0 < Luyin < Lmax, 7 > 1 and ¢ > 0 be given. Let ¢ be defined in (13). Choose an arbitrary
2% and € such that (21) holds. Set k = 0.

1) Choose LY € [Luin, Lmax] arbitrarily. Set Ly = LY.

la) Solve the weighted [; minimization problem

L n
P € Argmin {f(:lr’“) PV (@) + e - a3 Aszﬂxir} ,

i=1

(53)
where s¥ = min {(/\—gn)%, ]xf]ﬁ} for all 4.
1b) If

c
2
is satisfied, where F is defined in (18), then go to step 2).

lc) Set Ly < 7Ly and go to step la).

Fo(a*) = Fu(a**) = l|la™" —2"|f3 (54)

2) Set k < k+ 1 and go to step 1).
end

We first show that for each outer iteration, the number of its inner iterations is finite.

Theorem 4.2 For each k > 0, the inner termination criterion (54) is satisfied after at most

log(L ¢ +c)—log(2Lmin)
log T

+ 2} mner iterations.
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Proof. Let L; denote the final value of L, at the kth outer iteration. Since the objective
function of (53) is strongly convex with modulus Ly, we have

F@®) + a0y stlafl > fa) + VI @ = o)+ A T sElai |+ Lellat = 2|3,
> )+ Ap i st 4 (L — )l — a3,

where the last inequality is due to (37). This inequality together with (48) yields

L
2Ly ||t — k|2,

2
Recall that F,(x) = Ogli<n G(z,s) and F.(z¥) = G(a*, s*), where u = (5)"4. Using these
relations and the above inequality, we obtain that
L
Fe(xk+1) — G(:L"k+1, Sk—i—l) S G(mk+175k) § G(xk, Sk) o (Lk o 7f)ka+1 _ xku%

L
= Fe(a*) = (Lp = ) |21 = 2¥|I3.

G(a*,s") = G, s%) + (Ly —

Hence, (54) holds whenever Ly > (Lf + ¢)/2. The rest of the proof is similar to that of
Theorem 4.2. [

We next establish that any accumulation point of the sequence {z*} generated above is a
first-order stationary point of problem (1).

Theorem 4.3 Let the sequence {z*} be generated by the above variant of new IRL; method.
Assume that € satisfies (21). Suppose that x* is an accumulation point of {x*}. Then z* is a
first-order stationary point of (1), i.e., (6) holds at x*. Moreover, the nonzero entries of x*
satisfy the first-order bound (10).

Proof. Tt follows from (54) that {F.(z*)} is non-increasing. Since z* is an accumulation
point of {z*}, there exists a subsequence K such that {z*}x — 2*. By the continuity of F,,
we have {F.(z*)}x — F.(x*), which together with the monotonicity of {F.(z*)} implies that
F.(z*) — F.(z*). Using this result and (54), we can conclude that [|z**! — 2*|| — 0. Let
Ly, denote the final value of L; at the kth outer iteration. By a similar argument as in the
proof of Theorem 3.3, one can show that Ly € [Luyn, 7(Ls + ¢)/2). The first-order optimality
condition of (53) with L;, = Lj, yields

0€e of )+Ek($f+1 ) 4+ Apstsgn(zF ) =0, Vi

ox;
Upon taking limits on both sides of the above equality as k € K — oo, we have
0¢e ag; ) + Aps;sgn(x]), Vi,

where s7 = min{(55)", \xﬂﬁ} for all i. The rest of the proof is similar to that of Theorem

4.1. n
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5 Computational results

In this section we conduct numerical experiment to compare the performance of the variants of
IRL; methods proposed in Subsection 3.1 and 3.2 and Section 4. In particular, we apply these
methods to problem (5) whose data are randomly generated. For convenience of presentation,
we name these variants as IRL;-1, IRL;-2 and IRL;-3, respectively. All codes are written in
MATLAB and all computations are performed on a MacBook Pro running with Mac OS X
Lion 10.7.4 and 4GB memory.

For all three methods, we choose Ly, = 1e-8, Ly = le+8, ¢ = le-4, 7 = 1.1, and L) = 1.
And we update LY by the similar strategy as used in spectral projected gradient method [4],

that is,
AxTAg
LO = Imax {Lmina min {Lmaxy —}} 3
[Az|?

where Az = 2% — 2571 and Ag = Vf(2F) — Vf(2*!). In addition, we choose ¢ = 0.1%¢
and 6, = 0.1% for IRL;-1 and € = 0.995%¢ for IRL;-2, respectively, where e is the all-ones
vector. For IRL;-3, € is chosen to be the one satisfying (21) but within 107° to the supremum
of all ¢’s satisfying (21). The same initial point x° is used for IRL;-1, IRL;-2 and IRL;-3. In
particular, we choose 2° to be

1
2° € Argmin {§||Ax —b|]* + )\||x||1} ,

which can be computed by a variety of methods (e.g., [29, 1, 23, 30, 32]). And all methods
terminate according to the following criterion

IXVf(z)+ M|zl < le —4,

where X = Diag(z).

In the first experiment, we set A\ = 3e-3 for problem (5). And the data A and b are
randomly generated in the same manner as described in l;-magic [6]. In particular, given
o > 0 and positive integers m, n, T" with m < n and T" < n, we first generate a matrix
W e R™™ with entries randomly chosen from a normal distribution with mean zero, variance
one and standard deviation one. Then we compute an orthonormal basis, denoted by B, for
the range space of W, and set A = B?. We also randomly generate a vector & € R" with
only 7" nonzero components that are 1, and generate a vector v € R with entries randomly
chosen from a normal distribution with mean zero, variance one and standard deviation one.
Finally, we set b = AZ + ov. Especially, we choose ¢ = 0.005 for all instances.

The results of these methods for the above randomly generated instances with p = 0.1
and 0.5 are presented in Tables 1 and 2, respectively. In detail, the parameters m and n of
each instance are listed in the first two columns, respectively. The objective function value of
problem (5) for these methods is given in columns three to five, and CPU times (in seconds)
are given in the last three columns, respectively. We shall mention that the CPU time reported
here does not include the time for obtaining initial point 2°. For p = 0.1, we observe from
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Table 1: Comparison of three IRL; methods for problem (5) with p = 0.1
Problem Objective Value CPU Time
m n IRL;-1  IRL;-2  IRL;-3 | IRL;-1 IRL;-2 IRL4-3
120 512 | 0.061371 0.061371 0.061371 0.02 0.29 0.01
240 1024 | 0.122579 0.122579 0.122579 0.01 0.47 0.01
360 1536 || 0.183595 0.183595 0.183595 0.01 0.77 0.01
480 2048 || 0.245253 0.245253 0.245253 0.02 1.45 0.02
600 2560 | 0.305575 0.305575 0.305575 0.03 2.30 0.03
720 3072 || 0.367497 0.367496 0.347697 0.04 3.11 0.04
840 3584 | 0.429549 0.429548 0.429549 0.05 3.83 0.06
960 4096 | 0.489512 0.489512 0.489512 0.06 5.32 0.08

1080 4608 || 0.550911 0.550911 0.554911 0.07 6.59 0.10

1200 5120 || 0.611896 0.611896 0.611896 0.10 7.51 0.13

Table 2: Comparison of three IRL; methods for problem (5) with p = 0.5
Problem Objective Value CPU Time
m n IRL;-1  IRL;-2  IRL;-3 || IRL;-1 IRL;-2  IRL;-3
120 512 | 0.061298 0.062003 0.061298 0.02 0.17 0.01
240 1024 || 0.122412 0.123449 0.122412 0.01 0.26 0.01
360 1536 || 0.183376 0.184881 0.183376 0.01 0.43 0.01
480 2048 | 0.244745 0.247495 0.244745 0.02 0.90 0.02
600 2560 || 0.304945 0.306632 0.304945 0.03 1.55 0.03
720 3072 | 0.366621 0.370576 0.366621 0.03 2.07 0.04
840 3584 | 0.429043 0.433426 0.429043 0.04 2.57 0.06
960 4096 | 0.488704 0.492537 0.488704 0.05 3.54 0.08

1080 4608 || 0.550031 0.554057 0.550031 0.06 4.40 0.10

1200 5120 || 0.610850 0.615399 0.610850 0.07 5.26 0.12

Table 1 that all three methods produce similar objective function values. The CPU time of
IRL;-1 and IRL;-3 is very close, which is much less than that of IRL;-2. For p = 0.5, we see
from Table 2 that IRL;-1 and IRL;-3 achieve better objective function values than IRL;-2
while the former two methods require less CPU time.

In the second experiment, we also randomly generate all instances for problem (5). In
particular, we generate matrix A and vector b with entries randomly chosen from standard
uniform distribution. In addition, we set A = 3e-3 for (5). The results of these methods for
the above randomly generated instances with p = 0.1 and 0.5 are presented in Tables 3 and
4, respectively. Same as above, the CPU time reported here does not include the time for
obtaining initial point 2°. For p = 0.1, we observe from Table 3 that among IRL;-1, IRL;-2
and IRL;-3 achieves best objective function values over 4, 4 and 3 instances out of total 10
instances, respectively. The average CPU time of IRL;-3 is much less than that of IRL;-1 and

25



Table 3: Comparison of three IRL; methods for problem (5) with p = 0.1
Problem Objective Value CPU Time
m n || IRL;-1 IRL;-2 IRL;-3 || IRL;-1 IRL;-2  IRL4-3
120 512 || 0.6557 0.6007 0.6011 1.25 1.86 0.93
240 1024 | 1.1916 1.2090 1.2108 1.96 3.99 2.16
360 1536 | 1.7047 1.6955 1.7253 3.46 7.34 2.74
480 2048 | 2.3025 23112 2.3270 9.68  14.91 7.86
600 2560 | 2.7888  2.7432  2.7432 13.50  27.29  20.90
720 3072 | 3.3639 3.4051  3.4296 19.96  36.75  21.51
840 3584 | 3.7613 3.7614 3.7085 2426  46.68  36.10
960 4096 | 4.4721 4.2879  4.2980 60.26  58.77  47.98

1080 4608 || 5.0258 4.8848  4.8649 7245  69.51  39.35

1200 5120 || 5.2228 5.3789  5.3561 83.99  91.26 5797

Table 4: Comparison of three IRL; methods for problem (5) with p = 0.5
Problem Objective Value CPU Time
m n | IRL;-1 IRL;-2 IRL;-3 | IRL;-1 IRL;-2 IRL;-3
120 512 || 0.2408 0.2415  0.2405 2.12 1.57 0.99
240 1024 | 0.4096 0.4127  0.4140 7.10 3.12 2.42
360 1536 | 0.5361 0.5336  0.5336 21.50 5.31 4.04
480 2048 || 0.6900 0.6900 0.6934 34.93  14.07 9.95
600 2560 | 0.7725 0.7772 0.7739 61.08  21.68 2549
720 3072 | 0.9393 0.9405 0.9406 | 259.72  34.94  35.55
840 3584 | 1.0113  1.007  1.007 | 313.30  47.24  39.43
960 4096 | 1.1403 1.1297 1.1280 | 533.36  54.50  52.90

1080 4608 | 1.2178 1.2186 1.2220 | 348.94 77.42 80.55

1200 5120 || 1.3291 1.3375 1.3375 || 835.89 104.27 114.99

IRL;-2. For p = 0.5, all three methods achieve similar objective function values. The overall
CPU time of IRL;-2 and IRL;-3 is very close, which is much less than that of IRL;-1.

From the above two experiments, we observe that IRL;-3 is generally more stable than
IRL;-1 and IRL;-2 in terms of objective function value and CPU time.

6 Concluding remarks

In this paper we studied iterative reweighted minimization methods for [, regularized un-
constrained minimization problems (1). In particular, we derived lower bounds for nonzero
entries of first- and second-order stationary points, and hence also of local minimizers of (1).
We extended some existing IRL; and IRLy; methods to solve (1) and proposed new variants
for them. Also, we provided a unified convergence analysis for these methods. In addition,
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we proposed a novel Lipschitz continuous e-approximation to ||z|?. Using this result, we de-
veloped new IRL; methods for (1) and showed that any accumulation point of the sequence
generated by these methods is a first-order stationary point of problem (1), provided that
the approximation parameter € is below a computable threshold value. This is a remarkable
result since all existing iterative reweighted minimization methods require that ¢ be dynami-
cally updated and approach zero. Our computational results demonstrate that the new IRL;
method is generally more stable than the existing IRL; methods [21, 18] in terms of objective
function value and CPU time.

Recently, Zhao and Li [33] proposed an IRL; minimization method to identify sparse so-
lutions to undetermined linear systems based on a class of regularizers. When applied to the
l, regularizer, their method becomes one of the first type of IRL; methods discussed in Sub-
section 3.1. Though we only studied the [, regularized minimization problems, the techniques
developed in our paper can be useful for analyzing the iterative reweighted minimization meth-
ods for the optimization problems with other regularizers. In addition, most of the results in
this paper can be easily generalized to [, regularized matrix optimization problems.
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