METRIC REGULARITY OF COMPOSITION SET-VALUED MAPPINGS:
METRIC SETTING AND CODERIVATIVE CONDITIONS

by

MARIUS DUREA!, VAN NGAI HUYNH2, HUU TRON NGUYEN?, and RADU STRUGARIU*

Abstract: The paper concerns a new method to obtain a direct proof of the openness at linear rate/metric
regularity of composite set-valued maps on metric spaces by the unification and refinement of several methods
developed somehow separately in several works of the authors. In fact, this work is a synthesis and a precise
specialization to a general situation of some techniques explored in the last years in the literature. In turn,
these techniques are based on several important concepts (like error bounds, lower semicontinuous envelope
of a set-valued map, local composition stability of multifunctions) and allow us to obtain two new proofs of a
recent result having deep roots in the topic of regularity of mappings. Moreover, we make clear the idea that
it is possible to use (co)derivative conditions as tools of proof for openness results in very general situations.

Keywords: regularity of multifunction - set-valued composition - coderivative conditions

Mathematics Subject Classification (2010): 90C30 - 49J52 - 49J53

1 Introduction

The property of metric regularity has its origins in the open mapping principle for linear operators
obtained in the 1930s by Banach and Schauder, and is one of the three basic and crucial principles
of functional analysis, having various applications in many branches of mathematics. Later on, this
principle was reinterpreted and generalized in two classical results: the tangent space of Lyusternik
([43]) and the surjection theorem of Graves ([25]). The next decisive step in this history was the
extension of the Banach-Schauder principle to the case of set-valued maps with closed and convex
graph given independently by Ursescu in [62] and Robinson in [58] (the celebrated Robinson-Ursescu
Theorem). Moreover, it was observed in Dmitruk, Milyutin, and Osmolovsky [12] that the original
proof of Lyusternik from [43] is applicable to a much more general setting: the sum of a covering at
a rate a > 0 single-valued mapping and a Lipschitz one with a Lipschitz constant b < a is covering
at the rate @ — b. Another remarkable insight given in the mentioned paper is that it clearly
emphasizes the metric nature of openness and regularity properties. Afterwards, in 1996, Ursescu
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[63] was the first to obtain a fully set-valued extension of the above results, in the setting of Banach
spaces. On the tracks of [12], the important work of Ioffe [30] made the crucial observation that the
Lyusternik iteration process can be successfully used when the income space is a complete metric
space and the outcome space has a linear structure with shift-invariant metric. Detailed studies
on the case of the sum of a metrically regular set-valued mapping and a single-valued Lipschitz
map appear, more recently, in works by Dontchev, Lewis, and Rockafellar ([17]), Dontchev, and
Lewis ([16]), Arutyunov ([1], [2]), Mordukhovich ([45]). For a detailed account for the whole topic
of regularity properties of mappings, as well as various applications the reader is referred to the
books or works of many researchers: [4], [5], [6], [7], [8], [9], [10], [11], [41], [17], [26], [30], [31], [38],
[39], [33], [34], [35], [36], [37], [43], [45], [47], [48], [49], [50], [54], [57], [61], [59], [64].

In the last years, the study of openness at linear rate (or equivalently metric regularity) of
multifunctions obtained as operations with set-valued maps has received a new impetus coming
from at least three connected issues: the link between Lyusternik-Graves type theorems and fixed
point assertions ([1], [14]), the growing interest to generalized forms of compositions ([31], [23]) and
the new developments of metric regularity results obtained under assumptions based on generalized
differentiation calculus and especially on coderivative conditions ([52], [20]).

Included in this stream, the present paper concerns a new method to obtain a direct proof of
the openness at linear rate/metric regularity of composite set-valued maps on metric spaces by
the unification and refinement of several methods developed somehow separately in several works
of the authors: [49], [51], [52], [53], [21], [20], [23], [24]. In some sense, this is a synthesis and
a precise specialization to a general situation of some techniques explored in the quoted papers.
In turn these techniques are based on several important concepts (like error bounds, strong slope
associated to a function, lower semicontinuous envelope of a set-valued map, local composition
stability of multifunctions) and allow us to obtain two new proofs of a recent result having deep
roots in the literature on the topic of regularity of mappings. Moreover, we make clear the idea that
it is possible to use (co)derivative conditions as tool of proof for openness results in very general
situations.

More precisely, the corner stones that this work rely on are mainly the results in [49] on the
error bounds for a nonlinear variational system, the main result in [24] concerning the openness
of a composite multifunction, and also the coderivative conditions for metric regularity as these
appear in [52], [20].

The paper contains a main result (Theorem 3.6) which is prepared by several propositions
having their own interest. In that main result one obtains, under some already standard (hence
expected) assumptions (see [23], [24]), the openness of an auxilliary multifunction associated to a
composition set-valued map, and on this basis, a result of openness around the reference point for
the considered composition. We want to emphasize here two main points both of them revealing
the novelty and the relevance of our work. Firstly, the conclusion is significantly richer that the
corresponding conclusions of the main results in [53] (from point of view of the generality of set-
valued operations), [23], [24] (from point of view of the type of openness). Secondly, the proof
is obtained using Ekeland Variational Principle (EVP, for short), a fact that answers a question
A. Toffe raised in a discussion with the fourth author of this paper: how to get direct proofs for
openness results (and, also, for coincidence/fixed points results), on complete metric spaces, using
EVP and not arguing by contradiction. In our knowlelge (see, for instance, [63], [14], [23]), in many
cases, the proofs relying on EVP are made on normed vector spaces, and reasoning by contradiction.
The supplemental structure of the space (i.e., its linear structure, but also the norm), which seems
at first glance a little surprising, it is used essentially in the construction of the contradiction. In



this work, by the careful analysis of some ideas spread in different articles (see [51], [52], [20]), we
reached at the conclusion that the answer to the problem raised by loffe was already there, but
not so easy to detect: one must appropriately apply EVP for the lower semicontinuous envelope
of a certain distance function, by the appropriate choice of an auxiliary multifunction involved in
the construction of this envelope. As consequence, by combining and extending some techniques
from the quoted articles, we are able to give here a complete and direct proof based on EVP for
the metric regularity of set-valued mappings of composition type. Moreover, in this way, we bring
more light on the links between several tools used in getting regularity results for multifunctions.

As a by-product of the main result, a coincidence/fixed points assertion is obtained, a fact that
contributes to a discussion on this subject initiated in [1], [2], [3] and continued in [14], [15], [23].
Futhermore, the important role of the assertions before the main result is again emphasized, as the
(immediate) proof of the fixed point assertion relies on the appropriate application of one of them
and of the main result (Theorem 3.6).

The last section deals with coderivative conditions for openness of composite mapping. Here
we reconsider several ideas in [53] and [22] from a higher point of view and we employ a calculus
rule for the Fréchet normal cone to a intersection of sets, passing through the concept of alliedness
introduced and studied by Penot and his coauthors ([55], [42]). Finally, as an interesting fact
which makes the link to the section before, we prove that one can obtain, on Asplund spaces,
the conclusion of the main result of the paper by the use of the coderivative condition previously
developed.

2 Preliminaries

This section contains some basic definitions and results used in the sequel. In what follows, we
suppose that the involved spaces are metric spaces, unless otherwise stated. In this setting, B(z, )
and B(x,r) denote the open and the closed ball with center z and radius r, respectively. On
a product space we usually take the additive metric; when we choose another metric, this will
be stated explicitly. If z € X and A C X, one defines the distance from = to A as d(z, A) =
inf{d(x,a) | a € A}. As usual, we use the convention d(z,()) = oo. The excess from a set A to a
set B is defined as e(A4, B) := sup{d(a, B) | a € A}. For a non-empty set A C X we put cl A for
its topological closure. One says that a set A is locally complete (closed) if there exists r > 0 such
that AN B(xz,r) is complete (closed). The symbol V(z) stands for the system of the neighborhoods
of x.

Let X,Y,Z, P be metric spaces. For a multifunction F' : X =% Y, the graph of F' is the set
GrF :={(z,y) e X xY |y € F(x)}. If AC X, then F(A) := UF(Q:) The inverse set-valued

z€A

map of Fis F71: Y = X given by F -} (y) ={z € X |y F(2)}. U : X 3 Y, Fb: X = Z, we
define the set-valued map (F1, Fy) : X =Y x Z by (F1, F»)(x) := Fi(x) x Fy(z). For a parametric
multifunction F': X x P =Y, we use the notations: Fj,(-) := F(-,p) and F,(-) := F(z,-).

We recall now the concepts of openness at linear rate, metric regularity and Aubin property of
a multifunction around the reference point.

Definition 2.1 Let F': X =Y be a multifunction and (Z,y) € Gr F.
(i) F is said to be open at linear rate L > 0 (or L—open) around (T,7) if there exist a positive
number € > 0 and two neighborhoods U € V(T), V € V(y) such that, for every p € (0,¢) and every



(z,y) € Gr FN[U x V],
B(y,pL) C F(B(z,p))- (2.1)
The supremum of L > 0 over all the combinations (L,U,V,e) for which (2.1) holds is denoted by
lop F(Z,7) and is called the exact linear openness bound, or the exact covering bound of F' around
(7).
(ii) F is said to have the Aubin property (or to be Lipschitz-like) around (Z,y) with constant
L > 0 if there exist two neighborhoods U € V(T), V € V(y) such that, for every x,u € U,

e(F(x)NV,F(u)) < Ld(x,u). (2.2)

The infimum of L > 0 over all the combinations (L,U, V) for which (2.2) holds is denoted by
lip F(Z,y) and is called the exact Lipschitz bound of F' around (T,7).

(iii) F is said to be metrically reqular with constant L > 0 around (Z,7y) if there exist two
neighborhoods U € V(z), V € V(y) such that, for every (z,y) € U x V,

d(z, F~'(y)) < Ld(y, F(x)). (2:3)

The infimum of L > 0 over all the combinations (L,U, V') for which (2.3) holds is denoted by
reg F(Z,7y) and is called the exact regularity bound of F around (T,7).

The links between the previous notions are as follows (see, e.g., [60, Theorem 9.43], [45, Theo-
rems 1.52], [19, Section 3E]).

Theorem 2.2 Let F: X =Y be a multifunction and (Z,y) € Gr F. Then F' is open at linear rate
around (z,7) iff F~% has the Aubin property around (7,T) iff F is metrically regular around (Z,7).
Moreover, in every of the previous situations,

(lop F(z,7)) ! =lip F~(7,7) = reg F (%, 7).

In the case of parametric set-valued maps one has the following partial notions of linear openness,
metric regularity and Aubin property around the reference point.

Definition 2.3 Let F': X x P =Y be a multifunction and ((Z,p),7y) € Gr F.

(i) F is said to be open at linear rate L > 0 (or L—open) with respect to = uniformly in
p around ((T,p),y) if there exist a positive number ¢ > 0 and some neighborhoods U € V(T),
V eV(p), W e V() such that, for every p € (0,¢), everyp € V and every (x,y) € Gr F,N[U x W],

B(y, pL) C Fp(B(x, p))- (2.4)

The supremum of L > 0 over all the combinations (L, U, V, W, €) for which (2.4) holds is denoted

by IBY)xF((T, P),Y) and is called the exact linear openness bound, or the exact covering bound of F
in x around ((T,p),7).

(ii) F' is said to have the Aubin property (or to be Lipschitz-like) with respect to x uniformly
in p around ((T,p),y) with constant L > 0 if there exist some neighborhoods U € V(T), V € V(p),
W € V(y) such that, for every x,u € U and every p €V,

e(Fp(z) "W, Fp(u)) < Ld(z,u). (2.5)

The infimum of L > 0 over all the combinations (L,U,V, W) for which (2.5) holds is denoted
by lip, F'((Z,p),y) and is called the exact Lipschitz bound of F' in x around ((Z,Dp),7).



(iii) F is said to be metrically regular with constant L > 0 with respect to x uniformly in p
around ((Z,p),y) if there exist some neighborhoods U € V(z), V € V(p), W € V(y) such that, for
every (z,p,y) €U XV x W,

d(z, F, Y (y)) < Ld(y, Fy(x)). (2.6)

The infimum of L > 0 over all the combinations (L,U,V, W) for which (2.6) holds is denoted
by reg, F((T,D),y) and is called the exact reqularity bound of F in x around ((Z,p),7).

Interchanging the roles of p and x one gets a similar set of concepts.

Let now X be a metric space, and f: X — RU {400} be a function. Set

S:={zxeX: f(z) <0}

One denotes the quantity max{f(x),0} by [f(z)]+.

Here and in what follows the convention 0 - (400) = 0 is used. The next result gives an error
bound estimation and it will be useful as an intermediate step in the proof of the main result of
the paper.

Theorem 2.4 ([51, Theorem 2.1]) Let (X,d) be a complete metric space, and let f : X —
R U {400} be a lower semicontinuous function, and T € X such that f(Z) > 0. Setting

m(T) := inf{ f(@) = [fW)]l+  d(z,7) <d(z,5) } |

vexmez  d@wu)  fl@) < f@)

one has

m(T) - d(z, 5) < f(T).

In what follows we shall use the lower semicontinuous envelope associated to a multifunction
F:X=Yasprp: X xY - RU{+o00},

er(z,y) ;== liminf d(v, F(u)) = liminfd(y, F(u)).

(u,0)=(z,y) u—

This concept, with appropriate choices of the base multifunction, proved to be an useful tool in
proving results on metric regularity of set-valued mappings and in vector optimization, using the
error bound approach (see, e.g., [52], [20]). Observe that ¢r(z,y) > 0 and ¢r(z,y) < d(y, F(z))
for every (z,y) € X x Y.

Proposition 2.5 (/20, Lemma 1]) Let F' : X ==Y be a multifunction. Then, for everyy €Y,
{reX :ppr,y) =0} = (1F)"}(y),
where cl F' is the multifunction whose graph is cl Gr F. In particular, if F' has closed graph, then

F N y)={z € X : pp(x,y) = 0}.



3 Metric regularity of compositions

Let F1: X =Yy, Fo: X =2 Yo and G : Y] X Yo = Z be set-valued mappings, where X, Y7,Ys, Z
are metric spaces. Consider the following composition multifunctions H : X = Z defined by

H(z) == G(Fi(z), Fy(x)). (3.1)

Our aim in this article is to investigate the metric regularity of this multifunction H. As in the
case of the sum of multifunctions (that is, Y1 = Yo = Y, where Y is a normed vector space, and
G(y1,y2) = y1 + y2), in general, H is not necessarily closed. Thus almost all the results on metric
regularity known in the literature, that need the closedness of the multifunction under consideration,
could not be directly applied for H. For this purpose, let us consider, associated to Fi, Fo and G
the following multifunction: R: X X Y1 X Yo =% Z, given as

G(y1,y2), if (y1,92) € Fi(z) x F3(x)

0, otherwise. (3.2)

R(f’?,yl,?ﬁ) = {
Obviously, R is a closed-graph multifunction whenever Fy, F3, G are closed-graph ones.
Next, we want to see how the associated function pr looks like. We know by definition that

er((z,y1,92), 2) = lim inf d(2', R(z', y1, 3))-
(xlvyllvyévzl)_)(x7yl7y27z)
Clearly, if (y1,y2) ¢ Fi(z) X Fa(z), say y1 & Fi(x), and Fy(z) is closed, then pr((x, y1,y2), 2) = +o0.
As consequence, if F, Fy are closed-graph multifunctions and (y1,y2) ¢ Fi(z) X Fa(x), one has that

(,OR((.T), Y1, y?)u Z) = +o00.
Otherwise, we have

@R((xaylayZ)az) = lim inf d(zl7R(xlayllay12))
(xlvyllvyévzl)g’(mvylvy%z
(Y1 ,y5)EFL (') X Fa(a')

= lim inf d(z, R(z',y1,3))
(zlﬂyll ,yé)—’(%?h 1y2)
(1,y5)€F1 (") x Fa(a")

= lim inf d(2, G(y1,y3))-
(Il7y/1 7yé)*)(xvy1 7y2)
(y1:95)EF1 (') x Fa (2)

In conclusion, if Fy, F5 are closed-graph multifunctions, one has that

lminf _d(z,GWhu), i (h,1) € Fu(a) x Fale)
B (@' y1.y5) = (2,y1,92)
(,DR((.’E,yl,yg),Z) = (y1,y5)EFL(z") X Fa(z')

400, otherwise.

We are ready to prove a result which will become very useful in the sequel. As mentioned, in
the next result we take the additive distance on product spaces.

Proposition 3.1 Let F1 : X = Y1, F5 : X =2 Y5 and G : Y1 X Yo = Z be multifunctions and
zZ € G(Y1,Y2), (U1,Ya) € F1(T) x Fo(x). Consider the following statements:

(i) there exist a neighborhood U x Vi X Vo x W C X x Y] x Yo X Z of (Z,Y1,Yo,2) and 7 > 0
such that

d((z,y1,92), R71(2)) < 7or((2,y1,92),2)  for all (z,y1,y2,2) EUX VI x Vax W (3.3)



(i) there exist a neighborhood U x Vi X Va Xx W C X x Y1 x Ya X Z of (%,71,Yy,2) and 7 > 0
such that

d(z, H Y(2)) < 7d(z, G(Fy(z) N V1, Fa(z) N V2))  for all (z,2) €U x W. (3.4)

(iii) there exists € > 0 such that for every p € (0,e) and for every (x,y1,y2,2) € B(T,e) X
B(ylag) X B(y%g) X B(zv 8) such that z € G(y17y2)7 (y17y2) € Fl(‘r) X F2($),

B(z,pr ') € H(B(z, p)).
Then, we have the following implications: (i) = (i) = (7).

Proof. (i) = (ii). Using (7), we get that there exist a neighborhood U xV; x Vo xW C X xY1 xYaxZ
of (Z,91,7y,z) and 7 > 0 such that

d((z,y1,y2), R (2)) < 7d(2, G(y1,2)) (3.5)

for all (z,y1,y2,2) €U X V1 X Vo x W with (y1,y2) € Fi(z) X Fa(x).

Take z € W. Iffor z € U, F1(x)NV; = 0 or Fo(x)NVse = 0, then d(z, G(Fy(z)NVy, Fo(x)NVs)) =
+00. Suppose now that there is (y1,y2) € [F1(z) V1] x [Fa(z) N V] such that G(y1,y2) # 0, because
otherwise, again, relation (3.4) trivially holds.

Take now arbitrary (yi,y2) € [Fi(z) N V1] x [Fa(z) N Va] such that G(yi1,y2) # 0. From (3.5),
it follows that for every ¢ > 0, there exists (2/,y],v5) € R71(2), ie., z € Gy}, 45), (¥}, ) €
Fi(z') x Fy(x'), such that

d((z,y1,92), (2,1, 95)) < 7d(2, Gy, 92)) + & (3.6)

Consequently,
d(z,2) < 7d(z,G(y1, 92)) +e, (3.7)

and, since z € G(y,v5), (y1,95) € Fi(2') x Fy(2'), we have that 2’ € H~!(z), hence
d(z, H™(2)) < 7d(z,G(y1,92)) + ¢,
and, finally,
d(z, H1(2)) < 7d(2, G(Fi(z) N V1, Fa(z) N Va)) +¢  for all (z,2) €U x W.

Making € — 0, one gets the conclusion.
(1) = (iii). By (i7), there are 0,7 > 0 such that for every (x,y1,y2,2) € B(T,0) x B(yy,9) %
B(y,,0) x B(Zz,0), one has

d(z, H 1(2)) < 7d(z, G(Fi(z) N B(7,,9), Fo(x) N B(7y,9))) for all (z,2) € B(Z,d) x B(Z,0).

Choose ¢ < 5%. Then, for every (z,y1,¥y2, 2) € B(T,¢) X B(yy,¢) X B(Yy,€) x B(Z,€) such that
T
z € G(y1,v2), (y1,y2) € Fi(z) X F3(z) and every p € (0,¢), take

y € B(z,prY).

Then
7'—4-15 T

= 4.
T T+1

d(y,z) < d(y,z) +d(2,%) < pr tdre<er4e<



It follows that
d(z, H ' (y)) < 7d(y,2) < TpT ' = p.

Thus, there is u € H'(y) or, equivalently, y € H(u) such that d(z,u) < p. It means that
y € H(B(z, p).

In conclusion,
B(z,pr ') € H(B(z, p)).

The proof is complete. ]

The next concept of local composition stability, initially introduced in [24] in order to conserve
the Aubin property for compositions, as a natural extension of its corresponding predecesor, the
local sum-stability ([22]), will allow us to obtain regularity results around the reference point.

Definition 3.2 Let F : X = Y, G : Y = Z be multifunctions and (T,7,zZ) € X XY X Z such
that § € F(T), z € G(y). We say that the multifunctions F,G are locally composition-stable around

(Z,9,2) if for every € > 0 there exists § > 0 such that, for every x € B(T,d) and every z €
(Go F)(z)N B(z,9), there is y € F(x) N B(y,¢e) such that z € G(y).

A simple case which ensures the locally composition-stable property of H is as follows.

Proposition 3.3 Let X,Y7,Ys, Z be metric spaces, F1: X = Y1, Fo : X =2 Yo and G : YixYo = Z
be three multifunctions, and (Z,Y;,Ys,2) € X X Y1 X Yo X Z be such that F1(Z) = {y,}, Fa(T) = {¥s}
and Fy, Fy are upper semicontinuous at T. Then (Fy, Fy),G are locally composition-stable around
(fv (yla y2)7z)'

Proof. Since F}, F5 are upper semicontinuous at T, for every € > 0 there exist d1,ds > 0 such that

Fi(z) C B(yy,27 %), forall z € B(T,61), (3.8)
Fy(x) C B(7,2 '), forall x € B(Z,5).

Set ¢ := min{01,0d2,¢e}, and take z € B(Z,9), z € (G o (F1,Fy))(z) N B(z,d). Then, there are
11 € Fi(x), y2 € Fo(x) such that z € G(y1,v2). By (3.8), one gets that y; € B(y,,2 '), y2 €
B(ys,2 1), i.e. the conclusion. O

Another interesting case which ensures the locally composition-stable property of H is given in
the following proposition.

Proposition 3.4 Let X,Y1,Y5,Z be metric spaces, F1 : X = Y1, Fo : X =2 Yy be two set-valued
mappings and G : Y1 X Yo — Z be a single-valued mapping, and (T,Y,,Y9,2) € X x Y1 X Yo X Z be
such that Z = G(Y1,Ys), (U1, o) € F1(T) x Fo(T) and

(i) F1(Z) = {y,}, and Fy is upper semicontinuous at T;

(i) G(-,7,) is continuous at Yy;

(iii) G(y1,-) is an isometry for all y1 near ;.
Then (Fy, Fy),G are locally composition-stable around (T, (Y1,7sy), Z)-



Proof. Let € > 0 be given. By (i), there exists 01 > 0 such that
d(G(y1,7a), G(Y1,7a)) < /2, for all yy € B(yy,d1). (3.9)
By (i), there is d2 > 0 such that
Fi(z) € B(yy,01) for all z € B(Z, d2). (3.10)

Let 0 := {61,02,¢/2}, and let x € B(T,9), z € G(Fi(x), Fa(x)) N B(Z, 6).

Then, there are y; € Fi(x),y2 € Fa(x) such that z = G(y1,y2) € B(zZ,0). Moreover, by (3.10),
one has y; € B(y;,01). Thus, by (3.9), d(G(y1,7s), G(U1,72)) < /2. Consequently, by (iii), we
obtain that

6 >d(2,2) = d(G(y1,y2), G([H1,72)) >
> d(G(y1,92), G(y1,72)) — A(G(Y1,Ys), G(H1,Y2)) > d(y2,72) — /2.

So,
d(y2,7s) <0 +e/2 <e.

The proof is complete. O

Proposition 3.5 Let X,Y1,Ys, Z be metric spaces, F1: X 23 Y1, Fo : X 2 Yo and G : Y1 xYs =2 7
be multifunctions and (Z,7;,7s,Z) € X X Y1 x Ya X Z be such that Z € G(Y1,Ys), (U1,7Ys) € F1(T) X
F5(T). If there exist 6 > 0 and T > 0 such that

d(z, H'(2)) < 1d(z,G(F1(2)NB(¥,0), Fo(x)NB(Fy,0)))  for all (z,z) € B(Z,8)xB(Z,6) (3.11)

and (F1, F3),G are locally composition-stable around (T, (y;,Yy),Z), then H is metrically reqular
around (Z,Zz) with modulus T.

Moreover, if F1(z) = {y,}, Fa(T) = {ya}, F1, F> are upper semicontinuous at T and (3.11)
holds, then H is metrically reqular around (Z,z) with modulus T.

Proof. Suppose that (3.11) holds. Since (F1, F»), G are locally composition-stable around the point
(Z, (¥1,7Y2), Z), there exists n > 0 such that for every = € B(Z,n) and every z € (G o (Fy, F3))(z) N
B(z,n), there is (y1,y2) € (Fi(x) N B(yy,9)) X (Fa(x) N B(Ys,d)) such that z € G(y).
Taking n smaller if necessary, we can assume that n < J. Consider the following two cases:
Case 1. d(z,H(x)) < n/2.
Fix (z,z) € B(z,n/2) x B(z,n/2) and v > 0, small enough in order to have

d(z,H(z))+v < n/2.

Then, there exists t € G(y1,y2), (y1,y2) € Fi(z) X Fy(x) such that d(z,t) < d(z, G(F1(z), Fa(z)) +
v < n/2. Since d(z,Z) < n/2, one has that

d(t,z) <d(z,t)+d(z2,2) <n/2+n/2=n.

Thus,
t € (Go (F1,Fy))(x)NB(z,n).

Then, by the locally composition-stable property of (Fi, F3),G around (Z, (¥;,7s),2), there is
(y1,92) € (Fi(z) N B(y1,9)) x (Fz(x) N B(Y,0)) such that ¢ € G(y1,ya).



Consequently,
d(z, H'(2)) < 7d(z, G(F1(2)NB(H1,0), F2(2)NB(%3,9))) < 7d(2,t) < 7(d(z, G(F1(2), Fa(@)))+7).
As v > 0 is arbitrarily small, one obtains that

d(z, H1(2)) < 7d(2,G(Fi(2), Fo(x))) = 7d(z, H(z)).

Since (z, z) is arbitrary in B(Z,n/2) x B(Z,n/2), this yields the conclusion.
Case 2. d(z,H(x)) > n/2.
Without loosing the generality, choose 7 sufficiently small so that 71/2 < §. Fix now (z,z) €
B(z,m™/4) x B(Z,n/4).
If d(z, H *(z)) = 0, one can succesively write
<

dz, H Y (z)) < d(z,Z) +d(@, H 1(2)) < g . d(z,H(x)) < 7d(z, H(z)).

(R
N3

Suppose now d(z, H~1(z)) > 0. Then, for any € > 0, by (3.11), there exists u € H~1(2) such that
d@,u) < (1 +e)rd(z, HE)) < (1 + ¢)rd(2,7) < (1 + E)TZ <(1+ 5)gd(z,H(x)).
Consequently,

d(z,u) < d(z,T) + d@,u) < Tg +(1+e)2d(z, H(z))

2

<
T T

< Td(z H()) + (1 +9)2d(z, H(z))

Making € — 0, it follows that

d(z, H™'(2)) < 7d(z, H(x)),

i.e. the conclusion. O

Theorem 3.6 Let X,Y7,Ys be complete metric spaces, and Z be a metric space. Suppose that
Fi: X =Y, Fo: X =2 Yy and G : Y1 X Yo == Z are closed-graph multifunctions, satisfying the
following conditions for some (T,y;,Ys,2) € X X Y1 X Yy X Z with (Z,y,) € Gr F1, (T,7y) € Gr Fy,
((ylvy2)7§) €GrG:

(i) Fy1 is metrically regular around (T,7,);

(ii) Fy has the Aubin property around (T,7s);

(iii) G is metrically reqular around ((y,,7s,),Z) with respect to yi, uniformly in ya;

(iv) G has the Aubin property around ((g;,7s),Z) wz’th/rfspect to yo, uniformly in y1;

(v) 0 <reg F1(z, Y1) - lip F2(Z, s) - Tegy, G((Y1,72), %) - 1ipy, G((U1,2),2) < 1.

Denote

. regFl(fa yl) ’ @ylG((y17y2)72)
1 —reg Fl(jv yl) -lip FQ(Ev 52) ’ @ylG((glagQ)az) ) 1ipy20((?1,?2),?)

P0 : > 0. (3.12)

Then exist a neighborhood U x Vi X Va x W C X x Y1 x Ya x Z of (%,7Yy,Ya, Z), p > 0 arbitrarily
close to pg such that p > pg, and an equivalent metric dy on X X Y1 X Ya such that

do((z,y1,92), R1(2) < p-or((z,y1,92),2) V(,y1,92,2) EU X V1 x Vo x W. (3.13)
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As consequence, R is metrically regular around ((Z,7,,7y),Z) with respect to the metric dy on
X xY) xYs, and

reg R((fa ylv?2)7§) S P0-

Moreover, if (F1, F2), G are locally composition-stable around (T, (Yy,Ys,), Z), then H is metrically
regqular around (Z,Zz), and
veg H(7,%) < po.

Proof. Take [,m,n, A > 0 such that, for £ > 0 arbitrary small,

m —§ > reg F1(Z,71),
I = &> lip F2(7,7,),
n — &> 1lip,,G((71,72), %), (3.14)
A > rteg, G((U1,92), 2),
miiy < 1.

Endow the product space X x Y7 x Y5 with the equivalent metric defined by
do((2,91,92), (u, v1,v2)) = max{d(x, u), md(y1,v1),1" " d(ya, v2)},
and set

mA
p:

= > po.
1 —mli\n po

Notice that (X x Y] x Ya,dp) is a complete metric space.
Fix & > 0 arbitrary small such that (3.14) holds. By (i), there is 6; > 0 such that

e(Fa(x) N B(Yy,61), Fa(2))) < (1 — &)d(z,2") Va,2’ € B(T,61). (3.15)
By (iv), there is d2 > 0 such that
e(G(y1,y2) N B(Z,02), G(y1,15)) < (1= E)d(y2,5) V1 € BTy, 02), (y2,75) € B(Fz,02).  (3.16)
Moreover, by (#i7), there is 3 > 0 such that
d(y1, Gy, (2)) < Md(z,G(y1,92)) Yy € B(T1,03), y2 € B(T, 63), 2 € B(2.63). (3.17)
Finally, by (i), there is d4 > 0 such that
d(z, Fy (1)) < (m — €)d(y, Fa(x)) Vo € B(z,01),41 € B(71,04). (3.18)
Set
6 := min{2716,2716y, 63,2714},

R I
V= N mA mAlL [

and take arbitrary (z,yi1,y2,2) € B(Z,0) x B(y;,0) X B(Ys,9) X B(Z,9), such that z ¢ R(x,y1,y2),

or((z,y1,92),2) < . Then (y1,y2) € Fi(x) x Fa(zx), because otherwise pr((z,y1,y2),2) = +o0.
Hence z ¢ G(y1,y2).
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We want to prove next that for every 7 > 0, there exists (u,v1,v2) € X X Y1 x Y3 such that

0 < do((z,y1,92), (u,v1v2)) < (p +7) [pr((2,91,2), 2) = Pr((u,v1,02), 2)]- (3.19)

For this, fix 7 > 0 and take arbitrary {(z,,yin,y2n)} C X X Y1 X Ya converging to (x,y1,y2) such
that

lim (27R<xn7y1n7y2n)) = @R((xvyhy?)?'z) <7.

n—~oo

Hence, as above, for every n sufficiently large, (yin,yon) € Fi(zn) X Fa(zy,). Also, using the
closedness of Gr G, it follows that, for every n sufficiently large,

z g G(ylrn y2n) and d(Z, G(?hm y2n)) <.

Now, because (Yin,y2n) — (y1,¥y2), one deduces that y1, € B(y;,0) and y2, € B(ys,9), for
every n sufficiently large. We can use now (3.17) to get that

IN

Ad(Y1n, Gy (2)) < Ad(2, G(y1n, y2n)) < My < 6. (3.20)

Remark that the closedness of Gr G assures the fact that d(yin, Gl (2)) > 0 for every n large
enough. Also, by (3.20), one may suppose that G;Qi(z) # (), so for every ¢ > 0, there exists
Vin € Gy_;L(z), or z € G(v1p, Yan), such that

A1 v1a) < (14 55) dlyins G (2)) < (A+ 5 ) d(z Glyan, yen)
= (A +35) [z Gy1n, y2n)) = d(z Glv1n, yon)- (3.21)

Observe that we may suppose without loosing the generality that lim d(vip,y1,) exists and
lim d(vip,y1n) = lm d(vip,y1) > 0, because otherwise we would orll)?z;)fn using the closedness
gf—EOrG that z € G(nyj,ogjg)

Also, for every ¢ > 0 sufficiently small such that (1 + %) d(z,G(Y1n,y2n)) < 7, one has that
A(Y1n, v1n) < Ay < 9, S0

d(V1n, 1) < d(Vin, Y1n) + d(Y1n, T1) < 20 < 04.

As z,, € B(ZT,04), vin € B(Yy,04) and d(yin,v1n) > 0 for every n sufficiently large, by (3.18),
we have that

d($na Ffl(vln) < (m - g)d(vlna Fy (xn)) < md(vlnayln) <mAy < J,
so there is u,, € Ffl(vln) such that
d(zp, un) < md(vip, y1n) < 0. (3.22)

Hence,
d(un,T) < d(tp, zn) + d(zy,T) < 26 < 4y,

or u, € B(T,01). Since z,, € B(T,01), yon € Fa(xy) N B(Ys, d1), using (3.15), we have that

d(Yan, Fa(un)) < e(Fa(2n) N B(Y2, 01), Fa(un)) < (I = E)d(zn, un),
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so there exists vy, € Fa(u,) such that
d(yan, von) < ld(xn,uy) < Imd(vip, yin) < ImAy < 4. (3.23)

Then,
d(van, To) < d(Yan, van) + d(van, Ta) < 20 < da.
Finally, as d(vin,7;) < 20 < 41, by (3.16), one has
d(z, G(vin, v2n)) < d(2z, G(V1n, Y2n)) + e(G(Vin, Y2n) N B(Z, 02), G(v1n, v2n))
d(z, G(Ulm y2n)) + (77 - f)d(ygn, 'UZn)- (3-24)

Remark that, by (3.22) and (3.23), we have that

<
<

l_ld(y2n7U2n) < d(l‘n, un) < md(vlnayln)a

hence
d0(<xn) Yin, an)’ (unv Uln, U2n)) = md(ylna Uln) >0 Vn SUfﬁCiently large'

Without loosing the generality, we may suppose that € > 0 is chosen sufficiently small such that

1

mOvre2) M7

p+T1/2
Also, because (Yin,y2n) € Fi(xn) X Fa(xy,) and (vip,van) € Fi(u,) X Fa(uy,), and using also
(3.24), (3.21), one gets that

lim sup d(Z, R(:En’ Yin, ?/2n)) - d(Z, R(“ﬂa Vln, U2n))
n—00 do((.’L‘n, Yin, y2n)7 (una Uln, UQn))
> lim sup d(z, G(th y2n)) - d(Z> G(U1n7 U2n))
n—00 dO((xnaylnvyZn)a (unvvlnav2n))
> lim sup d(za G(th y2n)) B d(z> G(Ulnv yZTL)l) B nd(y%u 'U2n)
n—oo max{d(zn, un), md(Y1n, v1n), I~ d(y2n, v2n) }
d(za G(ylnv y2n)) - d(Z> G('Ulnv yZn)) nd(y2n, U2n)

> lim su —

B nﬂoop md(ym, Uln) lild(yQTLa UQTL)
1

> —lp>—

“mOh+e2) 1T ptr)2

Remark that

lim dO((unavlnaU2n)a ($7y1,y2)) = lim dO((Unavln7U2n)7 (-Inayln»an))
n—00 N—00

= lim md(y1n,v1n) > 0.

n—oo

1+6
Take now 7 € (0,1imy, 00 do((Un, V1n, V2n), (T, y1,%2))) . Because limg_q, 1%9 (p + %) =p+
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p + 7, there exists # > 0 sufficiently small such that, for every n sufficiently large,

ﬂ( $ D) <ot

do((Un, V1n, V20), (Tn, Yins Y2n)) > 1, do((Zn, Yin, Yon), (T, y1,Y2)) < Or,

0
d(zvR(:Enaylna an)) < @R((mvylay2)a Z) + T dO((unavlnaU2n)a (l'na ylnay2n))a

P+ 5
-
dO((una Vin, U2n)a («xm Yin, an)) < (p + 5) [d(z, R(xm Yin, y2n>) - d(z, R(una Vin, U2n)>] .
It follows that, for every n sufficiently large,
T
p+ 5
dO((una Uln, U2n)a (xm Yin, y2n)) < m [‘PR((IE, Y1, y2)7 Z) - SOR((um Uln, 'U2n)7 2)] )
d0(<un7 Vln, ’U2n>, (Cl',', Y1, 1/2)) S (1 + e)d()((un7 Vln, U2n)7 (a:.TL? Yin, y27l)>
1+0 T
< m (:0 + 5) [@R((xv Y1, y2)7 Z) - @R((unv Uln, UQH)? Z)]

< (p+7)[pr((z,y1,92), 2) — PrR((Un, V1n, v2n), 2)] ,

ie. (3.19) is proved.
Fix now ¢t € (0, min{p, 7}), denote

0 om &
=min< o, —, —, —, —
S mln{ 76p7 6p76lp74}7
and take arbitrary z € B(Z,s) C B(z,¢). Then
¢r((T,91,752), 2) < d(z, R(T,71,72)) < d(2,2) <s,

hence

T,Y1,Ys), 2) < inf T,Y1,Y2),2) + S.
©r((Z,1,Y2), 2) (w,y1,y2)€X><Y1><Y2¢R(( Y1, 92), )

One can apply now the Ekeland Variational Principle to the lower semicontinuous function
(z,y1,y2) — ¢r((z,y1,y2), 2) and for the distance dy to get the existence of (u,v1,v2) € X X Y7 X Yo
such that

@R((U,'Z}l,'l)g),Z) < SOR((Ea @1,y2),2’) <, 25)

dO((u7U17v2)? (Ea glay2)) < 3<p+ )7 (326)
1

@R((uﬂ}lvv?)?z) < @R((l‘,,yivyé)’z) + o+ th((u7U172}2)a (m,7yivyé))a (327)

for every (2/,v},v5) € X x Y1 X Ya.

It follows from (3.26) that (u,v1,v2) € B(Z,d) X B(yy,d) X B(Yy, ). Suppose now that one has
er((u,v1,v2),2) > 0. By (3.25), ¢r((u,v1,v2),2) < s < 7, hence one can deduce the existence of
(v, v],v}) € X x Y1 x Ya such that, using relations (3.19) and (3.27),

0< dﬂ((u’ U1, U2)7 (u/vv/bvé)) < (p + t) [@R((U,Ul,UZ), Z) - QDR((U/J/D Ué)v Z)]
S dﬂ((ua U1, 1}2)7 (’LL/,’U/I,’Ué)),
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a contradiction. Hence, pr((u,v1,v2), 2) = 0, or, equivalently, (u,v1,vs) € R71(2).
Fix now arbitrary

($7y17y2) € BO((jaylagZ)725p) = {(x7y1>y2) | dO((xaylayQ)a (jvyb?Z)) < 25:0}
C B(7,6) x B(71,0) x B(Ya,9).

If <PR((%?JL@/2)7 Z) Z v, then
do((z, y1,52), R'(2)) < do((w,y1,y2), (u, v1,v2))

< dO((x7y17y2)7 (f7y17y2)) + dO((§7y17y2>7 (u7v177}2))
<4sp < yp < por((@, 1, 42), 2).
The case ¢gr((z,y1,¥y2),2) = 0 makes relation (3.13) to hold trivially. Consider now the case

er((z,y1,v2), 2) € (0,7). If there is no (p, w1, wa) € X xY1 xYs such that do((z, y1, y2), (p, w1, ws2)) <
dO((x7y17y2)7R_1(Z)) and ¢R((p7w17w2)72) S ¢R((x7y17y2)7z)7 then

. SOR((pﬂUlan)vz) —QOR((U/,Ull,Ué),Z)
SUP (v v} ,v)EX x Y1 x Ya, |

Vi ! !
m(x,y1,y2) = inf (u'v1,v5)#(2,y1,92) do((p, w1, wa), (', v3, Uf))
do((z,y1,92), (p, w1,w2)) < do((x,y1,¥2), R (2))
er((p, w1, w2),2) < pr((®,Y1,Y2), 2)

= 400 > .
p+T

Take now any (p, w1, ws) € X x Y1 xYs such that do((x, y1,v2), (p, w1, w2)) < do((z,y1,y2), R1(2))
and @R((pa w17w2)7z) < @R(($7y17y2)7z)‘ Then

do((p, w1, w2), (Z,71,¥2)) < do((p, w1, w2), (%, 91,92)) + do((@, y1,92), (T, Y1, 2))
< do((z,91,52), B~ 1(2)) + do((z, 91, 92), (, 71, 72))
< do((Z,71,72), B (2)) + 2do((, y1, 2), (.71, 72))

< do((u,v1,v2), (T, ¥1,Y2)) + 2do((z, y1,y2), (T, ¥1,Y2)) < 6ps,

hence (p, w1, w2) € Bo((Z,y;1,Ys),6ps) C B(T,0) X B(yy,0) X B(Yy,9). According to (3.19), there
exists (u”,v],vl) € X x Y1 x Ya, (u",v],v]) # (p, w1, ws), such that

SDR((pa w1>w2)7z) — QDR((UN7U,1/>UIQI)7Z) > 1
do((p, w1, wz), (u”, v, v5)) p+T
1
But this means that m(z, y1,y2) > Py As or((+,-,"), z) is lower semicontinuous and {(a, b1, ba) €
T
X x Yy xYs:pr((a,b1,b),2) <0} = R71(2), apply Theorem 2.4 to get that

1
p+T

: dO((‘/L" Y1, y2)7 Ril(z)) < SOR((‘/L" Y1, y2)7 Z)'

Take Uy x V1 xVa C Bo((Z,71,72), 25p) a neighborhood of (7,7, 7,). As T can be made arbitrary
small, [, m,n, A can be taken arbitrary close to the corresponding regularity moduli, and (z,y1, y2) €
U x V1 X Vo, z € W := B(Z,s) can be taken arbitrarily, we get the first conclusion.

For the second conclusion, take into account that pr((z,y1,v2),2) < d(z, R(x,y1,y2)) for every
(z,y1,Y2,2) € X x Y1 x Yo X Z.
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Now, observe that the implication (i) = (i7) of Proposition 3.1 can be identically proven if one
replaces the additive distance with dp. In fact, it is essential to be able to write again relation (3.7)
from (3.6) written for dp, and this can be obviously done. Using Proposition 3.5, one gets the final
conclusion. O

Remark 3.7 This Theorem and Proposition 3.4 imply directly Theorem 4.6 given by Ioffe [32] for
metric reqularity of the composition multifunction of the form G(z, F(x)), where F': X =Y is a
set-valued mapping and G : X XY — Y is a single-valued mapping.

Consider now the case Y7 := Y5 := Y, where Y is a normed vector space, G(y1,y2) := d(y1, y2)-
If 5, # Ty, then G satisfies the conditions from the previous theorem (see [24, Section 4]). Observe
now that

H_l(o): r€X|0€ U d(y1, y2)
(y1,y2)€F1(x) X Fa(x)
={z € X | Jy € Y such that y € Fi(x) and y € Fy(x)}
= Fix(F] ' o ).

Also,

d(0,G(Fi(z) N Vi, Fa(z)NVy)) =d | 0, U d(y1, )
(y17y2)€F1(I)ﬁV1XFQ(SE)OVQ

= inf d(y1,
(y17y2)€F1(x)mV1XF2($)OV2 (y]. y2)

= d(F1($) N Vl,Fg(m) ﬂVQ) .

As consequence, relation (3.13) from Theorem 3.6 implies, in the virtue of (i) = (i) from
Proposition 3.1, that there exist a neighborhood U x V1 x Vo C X XY x Y of (Z,7;,75) and p > 0
arbitrarily close to pg such that

d(z, Fix(F; ' o Fy)) < pd (Fi(z) N V1, Fa(x) N V) for all z € U.

In this way, one can obtain a direct proof based on Ekeland Variational Principle, for fixed
points/coincidence results of the type Arutyunov, Ioffe and Dontchev and Frankovska proved re-
cently in [1], [2], [31], [14], [15].

4 Coderivative conditions

In this section, unless otherwise stated, we assume that all the spaces involved are Asplund, i.e.,
Banach spaces where every convex continuous function is generically Fréchet differentiable (in
particular, any reflexive space is Asplund; see, e.g., [45] for more details). We recall next some
standard notations and definitions we use in the sequel. If X is a normed vector space, we denote
by Bx, Bx, Sx the open unit ball, the closed unit ball and the unit sphere of X, respectively.
As usual, by X* we denote the topological dual of the normed vector space X, while the symbol

(-,-) stands for the canonical duality pairing between X and X*. The symbol Y% indicates the
convergence in the weak-star topology of X*. Given a set-valued mapping F': X = X*, recall that

LimsupF(z) := {x* € X*| 3z, — 7T, Y% &* with x, € F(zy), n € N} (4.1)

T—T
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stands for the sequential Painlevé-Kuratowski outer /upper limit of F' as  — T with respect to the
norm topology of X and the weak* topology of X*.

If X is a normed vector space, S is a non-empty subset of X and x € S, ¢ > 0, the set of
e—normals to S at x is

N.(S,z) :={z" e X* | 1imsupM <eo,. (4.2)
" =
If e = 0, the elements in the right-hand side of (4.2) are called Fréchet normals and their collection,
denoted by N(S,x), is the Fréchet normal cone to S at z.

Let T € S. The basic (or limiting, or Mordukhovich) normal cone to S at T is
N(S,z):={2" € X*|Je, | 0,2y, 5, T, ) w o,z € N., (S, 2,),¥n € N},

where by x,, 5, % we denote Tn 5, T, x, € S for every n sufficiently large.
If X is an Asplund space and S is locally closed around Z, the formula for the basic normal
cone takes a simpler form:

N(S,z)={z" € X™ | Elmnif,:n Y 2,2t € N(S,zp),Vn € N},

i.e.
N(S,%) = LimsupN (5, z).
S _
Consider now f : X — R such that is finite at T € X. The Fréchet subdifferential of f at 7 is
the set

0f(®) = {a" € X* | (", ~1) € N(epi f. (z, /(@)))},
and the basic (or limiting, or Mordukhovich) subdifferential of f at T is

Of (@) :={a" € X" [ (2%, —1) € N(epi f, (7, f(7)))},

where epi f denotes the epigraph of f. R
In general Banach spaces, for every lower semicontinuous function one has df(z) C df(%), and
in Asplund spaces the next relation holds

of(x) = Limsupgf(x),

f—
=T

where by x 1, % we mean z — z, f(z) — f(T).

It is well-known that the Fréchet subdifferential satisfies a fuzzy sum rule on Asplund spaces
(see [45, Theorem 2.33]). More precisely, if X is an Asplund space and ¢1,p2 : X — RU{oo} are
such that ¢; is Lipschitz continuous around = € dom ¢ N dom w2 and 2 is lower semicontinuous
around T, then for any v > 0 one has

O(p1+p2) (@ U{awl (21)+0pa(x2) | m; € T+yBx, |pi(w:) — 9i(@)] < 7,6 = 1,2} +9Bx~. (4.3)

If 6o denotes the indicator function associated to a nonempty set S C X (i.e. ds(z) = 0 if
x € S, dg(z) = oo otherwise), then for any = € S, 905(Z) = N(S5,7) and dds(z) = N(5,T).
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Finally, let F': X =Y be a set-valued map and (7,y) € Gr F. Then the Fréchet coderivative
at (Z,y) is the set-valued map D*F(Z,y) : Y* = X* given by

D*F(@,y)(y") = {2" € X* | (2", —y") € N(Gr F, (7,9))}.

Similarly, the normal coderivative of F' at (Z,7) is the set-valued map D*F(Z,7) : Y* = X* given
by
D*F(z,y)(y") :=={a" € X" [ (27, —y") € N(Gr F, (z,7))}.

Note that, in fact, the concept of normal coderivative, independently of the normal cone used in
its definition, was introduced in [44].

In order to obtain a result concerning coderivative conditions which assure the metric regularity
of the composition multifunction, we need a calculus rule for the Fréchet normal cone of the
intersection of a finite number of sets. We introduce next some concepts which are needed in order
to formulate such a result.

Recall that the sets Sy, ..., S satisfy the metric inequality at x if there are 7 > 0 and r > 0
such that

d(z,S1N..NSy) < 7ld(x,S1) + ... + d(z, Sg)] for every = € B(Z,r).

This inequality is shown to be very effective as assumption in order to infer generalized differen-
tiation calculus rules for different kinds of operations with sets and multifunctions (see, e.g., [30],
[55], [49]).

Given the closed subsets 51, ..., Si of a normed vector space X, one says that they are allied at
T €51 N...N Sy (for the Fréchet normal cones) whenever (x,) 53,0t € ]V(Si, Tin),i = 1, k, the

rn
relation (z3, + ... + 2},) — 0 implies (z},) — 0 for every ¢ = 1,k (for more details, see [55], [42]
and the references therein).

Theorem 4.1 Suppose X is an Asplund space and let Si,..., Sk be closed subsets such that T €
S1N...NS,. Consider the assertions:
(i) Sa, ..., Sk are sequentially normally compact and

x; € N(S;,T),i=1kandxi+..+2, =0 = 2] =.. =1z} =0;
(i) Si, ..., Sk are allied at T; R
(iii) there exist a,r > 0 such that for any x; € S; N B(Z,r),x}f € N(S;,z;), one has

k

*
L

i=1

>a !

I

max [laf]| > 1 =
i=1.k

(iv) Si, ..., Sk satisfy the metric inequality at T,
(v) there exists r > 0 such that, for every e > 0 and every x € [S1 N ...N Sk] N B(Z,r), there
exist x; € S; N B(x,¢),i =1,k such that
N (510 ...N 8k, x) C N(S1,21) + ... + N(Sk, 1) + cBxe.

Then (i) = (iv) and (i) = (ii7) = (iv) = (v).
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Proof. For the proof of (i) = (iv), see, e.g., [49, Theorem 3.8], [55, Corollary 3.10]. For the rest of
the implications, one may find the proofs (with obvious minor modifications) in [55, Theorem 3.7,
Propositions 3.8, 3.9], [49, Theorem 3.8]. O

Let X, Y7, Ys, Z be Asplund spaces. Supposethat F1 : X = Y1, Fo: X =2 Yoand G : VixYy = 7
are multifunctions and (T, 7,7y, 2) € X X Y1 x Yo X Z is such that (z,7y,) € Gr F1, (T,7,) € Gr Fa,
((91,72),2) € GrG. Setting

={(z,y1,92,2) € X x Y1 x Yo X Z : yy € Fi ()},
={(z,y1,92,2) € X x Y1 x Yo X Z : y € Fy(x)}, (4.4)
C'3 = {(x7y17y27z) € X x Yl X YZ X Z:z € G(yluyZ)}7

observe that (Z,7;,7,,2) € C1 N CaNCs.
Gr F}

Consider now the alliedness property of C1, Co, Cs at (T, y;, Yy, Z) : for any sequences (x,, yln) —
)

— GrFy ,_ _ G G, _ _ N
(T,71), (un,v20) = (T,72), (bin,b2n, cn) = (1,72, %) and every z}, € D*Fi(zn, y1n) (¥1,), 05y

ﬁ*Fg(un,vgn)(v’Q“n), (b3,,,05,,) € D*G(bin, ban, cn)(c;,), the relations (x + w}) — 0, (y3, + bln)
0, (v3,, + b5,) — 0, (c;;) — 0 imply

(z,) = 0, (up,) = 0, (y1,) — 0, (03,) — 0, (v3,) — 0, (b3,) — 0.

The next result is twofold. On one hand, it provides a sufficient Fréchet coderivative condition
for linear openness/metric regularity on Asplund spaces. On the other hand, it serves in the sequel
as the basis for getting again the conclusion of the main result from the previous section, i.e.
Theorem 3.6.

Theorem 4.2 Let X,Y1,Ys and Z be Asplund spaces, F1 : X = Y7, Fo : X = Y, G : Y7 X
Yo = Z be closed-graph multifunctions, and (Z,7,,7s,2) € X x Y1 X Yo X Z be such that Z €
G(Y1,Ys), (U1,Ug) € F1(T) X Fo(T). Assume that the sets Cy,Cq,Cs defined by (4.4) are allied at
(Z,Y1,Ys,Z) and that there exists ¢ > 0 such that

2y € D*Fi(uy, v1)(t]),
¢< lim inf o+ o) o 22 € DrFalue, va)(8), I Te)
) E7), (u2.0) 2 0.5) (21 +1, 25 +13) € D*G(t, B, w)(w?),
(t1,t2,w) S (T, ,72,%), 510 [w*|| =1, [[27]] <4, [[25]] <9,

Then for every a € (0,c), H is a—open at (T,Z). If, moreover, (F1, F3), G are locally composition-
stable around (T, (Y1,Ysy), Z), then for every a € (0,c¢), H is a—open around (T, Z).

Proof. Fix a € (0,c). Remark that the condition (C') assures the existence of > 0 such that for
every d € (0,r), every (u1,v1) € Gr F1 N [B(Z,r) x B(yy,7)], (u2,v2) € Gr Fo N [B(Z,r) X B(yy,7)],
(t1,t2,w) € GrG N [B(Yy,7) X B(Ya,7) X B(Z,7)], every w* € Sz«, 1] € Y{', t5 € Y5, 2] € 0By,
z3 € 6Byy such that (2] + 17,25 +13) € D*G((t, t2), w)(w*) and every =t € D*Fy(u1,v1)(t}),
s € D*Fy(ug, va)(t3),
¢ < ||x7 + x5 (4.5)
We will prove the existence of € > 0 such that, for every p € (0,¢) and every (Z,41,%2,2) €
[B(T,e) x B(y1,€) x B(¥p,€) x B(z,e)]N[C1 N CaN Cs,

B(Z,ap) C H(B(Z, p)). (4.6)
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This will show in particular that H is a—open at (%,z). Moreover, if (Fy, Fy),G are locally
composition-stable around (Z, (¥;,7,), Z), the definition of this concept ensures that if (x, z) is close
to (Z,Zz), one can find (y1,ys2) close to (¥;,7y) such that (z,y1,ys2, 2) € C1NCyNCs, hence one may
apply (4.6) in order to conclude that H is a—open around (7, Z).

a
Let d to th f of (4.6). Ch b 1 h that —— < b
et us proceed to the proof of (4.6) oose b € (0,1) such tha | <b< P}

d € (0,7) as above. Then one can find «, ¢ > 0 such that the following are satisfied:

and fix

o b lae <47 1r;
o o las <47 1p;

o c <27y

°

AN
>
+
[\
™

N

°
S¥
_l’_
DO
)
N

\.H

Fix p € (0,¢) and (Z, 91,92, 2) € B(T,¢) x B(y;,¢) X B(Yy,€) x B(Z,e)]N[C1 N C2N C3]. Choose
now v € B(Z, pa). Observe that the set C; N Cy N C3 is closed because of the closedness of the
graphs of Fi, F5 and G. Endow the space X x Y] X Yo X Z with the distance

d(('xvylay%z)? (xlayllvyéﬂ Z,)) =0 ||IL‘ - IJH + o Hyl - yiH +a HyZ - yéH +0 HZ - ZIH

and apply the Ekeland Variational Principle for the function f: C;NCoNCs — R, f(x,y1,y2, 2) :=
|lv—z|| and (Z,¥1,72,2) € dom f in order to find (zg, y10, Y20, 20) € C1 N Cy N C3 such that

v =20 < [lv—="=2l = (b]lz = zol| + e [[y1 — yaoll + [[v2 — y2ol + b7 — 20]) (4.7)
and
v =20l < [lv— 2zl + (blle = ol + e llyr — yroll + a [[y2 — y20ll + bz — 20]]), (4.8)
for every (x,y1,92,2) € C1 NCyN Cs.
We have
|Z —zol| + 12— 20l <6 v -2 <b lap < b las < 47,
151 = yioll + 172 — yaol| < @™ Mo =2 < atap <alas <47,
hence
(l’o,ylo,ygg,Zo) S B(S/C\,4_1T) X B(/y\1,4_17") X B(§2,4_1T) X B(E, 4_17“).
C B(Z,27'r) x B(wy,27 ') x B(7y,27'r) x B(z,27'r).
If v = zg, then

bz — zol < (1 =) [lv—Z]
< (1 —="Db)ap < bp,
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hence zg € B(7, p) and v = 29 € H(zo) C H(B(Z, p)), which proves the desired conclusion.
We want to prove now that v = zg is the sole possible situation. Suppose then by contradiction
that v # zp and consider the function h: X x Y] x Yo x Z — R,

W, y1,y2,2) = [lv = 2] + (bllz = ol + allyr — yroll + e lly2 — 20l + b |z — 20l))-

From (4.8), we have that the point (zg, y10, Y20, 20) is @ minimum point for h on the set C1NCyNCs,
or, equivalently, (xo, Y10, Y20, 20) is a global minimum point for the function h+dc,ncyncs- Applying
the generalized Fermat rule, we have that

(07 07 07 0) S é\(h(a RS ) + 501002003('7 ERP) '))(x()a Y10, Y20, ZU)-

Observe now that h is Lipschitz and dc,ncyncy is lower semicontinuous, so one can apply the
fuzzy calculus rule for the Fréchet subdifferential. Choose v € (0, min{p,ap,47'r}) such that
v ¢ B(z0,7) and obtain that there exist

E(yQ()a f}/) X §(207 7)7
B(y20,7) x B(z0,7)] N [C1 N Ca N Cs]

B(xo,7) x B(y10,7)
[B(zo,7) x B(y10,7)

(u1,v11,v21,w1) € X
(u2,v12, V22, w2) € X
such that

(0,0,0,0) € Oh(u, v11,va1,w1) + 8¢y ncuncs (U2, V12, vaz, wa) +¥(Bx+ x Byy x By; x Bz+). (4.9)

Observe that h is the sum of five convex functions, Lipschitz on X x Y7 X Y5 X Z, hence oh
coincides with the sum of the convex subdifferentials. Also, because v # w1 € B(zp,7), we get

Bl — | (1) = {* | 2* € Sz, (v —w1) = o — wi]}.
Consequently, we have from (4.9) that

(0,0,0,0) € {0} x {0} x {0} x Sz+ +bBx~ x {0} x {0} x {0}
+ {0} x aBys x {0} x {0} + {0} x {0} x aBy; x {0} + {0} x {0} x {0} x bBy-
+ N(Cl N Cy N Cs, (ug, v12, V22, w2)) + pBx+ X apEYI* X ap§y2* X pBzx
C {0} x {0} x {0} x Sz« + N(C1 N Cy N Cs, (uz, v12, 22, w2))
+(b+p)Bx+ x a(l+ p)?yl* x a(l+ p)?y; X (b+ p)Bzx.

Now, use the alliedness of C1,Cy, Cs at (T, 7,7, Z) to get that

N(Cy N CyN Cs, (ug, v12, v22, w2)) C N(C1, (u3, v13, vaz, w3)) + N(Ca, (g, v14, V24, ws))
+ N(Cs, (us, v15, v25,ws)) + pBx+ x apBys x apBy; x pBzs,

where
(us3,v13, V23, w3) € [B(uz,7) x B(via,y) X B(vaz,7) x B(wa,7)] N Ch,
(ug,v14, V24, w4) € [B(ug,v) X B(viz,7) X B(vaz,) x B(wa,v)] N Ca,
(us,v15, v25, ws) € [B(uz,v) x B(viz,7) X B(vaz,7) X B(wa,7)] N Cs.
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In conclusion, there exist

wS € Sz,

(4}, v13,0,0) € N(C1, (ug, v13, va3, w3)) <= uj € D*Fy(uz, v13)(—viy),

(1}, 0,034, 0) € N(C, (ug, v14, vaa,ws)) <= uj € D*Fa(ug, vi4)(—v3y),

* * * * n n n n
(U5,'U15,’U25,w5) G BX* X Byl* X BY2* X BZ*

such that

(—uz — uy = (b+ 2p)uz, —viz — a(l + 2p)vis, —vae — a(l + 2p)vas, —wy —

€ N(Cs, (us, v15, V25, ws)),
i.e.

—us —uy — (b+2p)uz =0,

(b+ 2p)ws)

(—vi3 — a(l 4 2p)vis, —v5y — a(l 4+ 2p)vss) € ﬁ*G(v15, vas, ws ) (wg + (b + 2p)w;).

Observe that
g+ (b + 200wi]] = 1= (b+20) > 1= (b+2¢) >0,

and denote
2} = |lwg + (b + 2p)wi|| 7t ul,
ah = |Jw + (b+ 2p)wi |~ uj,
£ = — |Jwh + (b+ 2p)wi]| " v,
t5 = — |Jwh + (b+ 2p)wi]| " vy,
w* = s + b+ 2p)ud | (wf + b+ 20)u),
o = — g+ (5-+ 20)udll ™ a1+ 2000
o5 = — g+ (0-+ 2003l (1 + 20)ui.

In conclusion, one has
r] € D*F1(u3,v13)(t]),
x} € D* Fa(ua, vas) (1),

(t5 4 25, t5 + 25) € D*G(v1s, va5, ws) (W*),

where
o) = 1,
ot + a3l = e !rug’btru;;')wgn <{o (_Z—l—pr) =
1441 < {2 sy <
151 < {2 s <
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Remark that (us,vi3) € Gr Fy and

(us,v13) € B(ua,v) x B(y12,7) C B(wo,27) x B(y10,27)
C B(z,27'r) x B(71,27'r) € B(®,r) x B(¥y,7).

Analogously, (u4,v24) € Gr FoN[B(Z,r) X B(Yq, )] and (vis, ves, ws) € Gr GN[B(Y;, ) X B(Ya, T) X
B(z,r)]. Using now (4.5) and (4.11), we get that

¢ <21+ a5 <,
a contradiction. It follows that v = 2 is the sole possible situation and the conclusion follows. [

We remark that the conclusion of Theorem 4.2 could be deduced (with a different technique)
using as an intermediate step some estimations for the strong slope of the lower semicontinuous
envelope ppg, as done in [52], [20]. We prefered here this direct aproach for clarity and for the sake
of including our result in the framework opened by Mordukhovich and Shao [46] and Penot [56].

We want to discuss in the sequel the possible relations between the coderivative conditions
which assure the linear openness/metric regularity of H and the main result, i.e. Theorem 3.6. To
this, let us formulate first an auxiliary result.

Proposition 4.3 (A) Let X, Y be Banach spaces, I' : X =Y be a multifunction and (z,7y) € GrI.
(i) If T' has the Aubin property around (T,Yy), then there exists o > 0 arbitrarily close to
lipI'(z,y) and r > 0 such that, for every (x,y) € GrI' N [B(Z,r) x B(y,r)], y* € Y* and
z* € D'T(2,y)(y"),
%] < e[|y -
(i) If T is open at linear rate around (T, ), then there exists a > 0 arbitrarily close to lopI'(Z,7)
and r > 0 such that, for every (z,y) € GrI' N [B(Z,r) x B(y,r)], y* € Y* and z* € ﬁ*f‘(x, y)(y*),

[} = e fly™][ -

(B) Let X,Y,Z be Banach spaces, ® : X xY = Z be a multifunction and ((%,7),z) € Gr ®.
(i) If ® has the Aubin property with respect to x, uniformly in y around ((Z,y),Zz), then there

exists a > 0 arbitrarily close to lip,®((Z,¥),%z) and r > 0 such that, for every y € B(y,r), every
(xz,2) € Gr®, N [B(Z,r) x B(z,r)], 2* € Z* and z* € D*®,(z, z)(z*),

[} < e[ -

(ii) If ® is open at linear rate with respect to x, uniformly in y around ((Z,y),z), then there
exists a > 0 arbitrarily close to lop,®((Z,7),z) and r > 0 such that, for every y € B(y,r), every
(x,2) € Gr®, N [B(z,r) x B(Z,r)], 2* € Z* and x* € D*®y(x, z)(2*),

[2*]| = efl="]] -

Proof. The assertion from (A) are well-known. See, for instance, [45, Theorems 1.43, 1.54].
Concerning (B), the proof is very similar to the one of (A) and it mimics the proofs of the mentioned
theorems. For the readers convenience, let us prove the item (i) from (B).
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Suppose that ® has the Aubin property with respect to x, uniformly in y around ((Z,7),%),
hence there exists a > 0 arbitrarily close to lip, ®((Z,7), z) and € > 0 such that, for every y € B(y,¢)
and every x,u € B(T,¢),

¢, (x) N B(Z,e) C ®y(u) + a|z —ul| Bz. (4.14)

Consider r := 27 ¢ and take arbitrary y € B(y,r), (z,2) € Gr ®, N [B(z,7) x B(z,7)], 2* € Z*,
x* € D*®y(x, 2)(2*) and 6 > 0. Employing the definition of the Fréchet coderivatives, one may find
v < min{27te, 27 ae} such that

(% u—x) = (2w —2) <O(flu— 2zl + lw—z[]) (4.15)

for every (u,w) € Gr ®, N [B(z,a ) x B(z,7)].
Take now arbitrary u € B(z,a~1v). Then

lu =z < Jlu—zl|+ o —2| <oty +r<e,
hence one may apply (4.14) for this v and z € ®,(z) N B(Z, ¢) in order to find w € ®,(u) such that
lw = ul| < aflz —ulf <.
Consequently, using (4.15), one obtains
oyl < vl + eyl +ah).

As § is arbitrary positive, the conclusion follows.

The proof of the item (ii) from (B) takes into account two facts. The first one is the obvious
equivalence

ot € D*®y(x,2) (") <= —2* € D*®, (2, 2)(~z").

The second one is more technical, and it concerns a link between the regularity notions in the
parametric case. More precisely, following the lines of the proof of Theorem 2.2, if ® is open at
linear rate with respect to z, uniformly in y around ((z,%), %), then ®, ! is Aubin around (z, %), for
every y in a neighborhood which can be taken exactly the same as in the definition of the uniform
openness in y. Then (A), item (i), can be applied and the conclusion follows. O

Let us make the final step of our plan to derive again Theorem 3.6 on Asplund spaces, by means
of coderivative conditions in Theorem 4.2.

Theorem 4.4 Let X,Y1,Ys and Z be Asplund spaces, F1 : X = Yy, Fy : X =2 Yy, G : Y1 X
Yo = Z be closed-graph multifunctions, and (Z,Y,,Ys,2) € X X Y1 X Yo X Z be such that Z €
G(Y1,Y2), (U1,Ya) € Fi(T) x Fa(T). Suppose that the assumptions (i)-(v) of Theorem 3.6 are sat-
isfied. Then the sets C1,Cy,Cs given by (4.4) are allied at (Z,yy,Yq,2). Moreover, there exist
L,M,C,D >0 arbitrarily close to reg F1(%,7,), lip F2(Z, Js), teg,, G((¥1,Y2), ), l/i[\)yQG(@l,%),E)
such that LMCD < 1 and for every € > 0 arbitrary small, the relation (C) is satisfied with

1
= ——-MD — 0.
c ic €>

In conclusion, for every a € (0,c), H is metrically reqular at (T,z) with constant a. If, moreover,
(F1, F3),G are locally composition-stable around (T, (Y;,Ys),Z), then for every a € (0,c¢), H is
metrically regular around (Z,z) with constant a. As consequence,

reg H(Z,z) < po,
where po is given by (3.12).
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Proof. Suppose that the multifunctions Fy, F5, G satisfy the assumptions (ii)-(iv) of Theorem

3.6 and consider arbitrary sequences (xy, y1n) Gr (Z,71), (Un,von) Cri (7, yz), (bin, ban, cn) ar¢

~

(ylvybz) and z7, € B*Fl ($n,y1n)(yfn)’ Uy, € D*F2(una U2n)(7}§n)7 (b’{nv bzn) € D*G(blm b2nycn)(62)
such that the relations (z} +u}) — 0, (yi, +b3,,) — 0, (v3, +b5,) — 0,(c}) — 0 hold. Then for
every n, bj,, € D*Gy,, (bin,cn)(c,) and b3, € D*Gy,, (ban, ¢n)(c}). Using now Theorem 4.3, there ex-
ist Lv Ma 07 D>0 arbitrarﬂy close to reg Fl (T7 yl)v hp FQ(E7 gZ)a r/e\gylG((ylﬁyZ)v E)v hpng((ylayQ)vz)
such that LMCD < 1 and, for every n, one has

lzil = L7 lyiall,

[unll < M vz, |l (4.16)

165,11 = ¢~ el

162, < D el -

As (¢f) — 0, it follows successively from (4.16) and the assumptions made that (b3,) — 0,

(v3,) = 0, (uy) — 0, () — 0, (v7,,) — 0, (b7,,) — 0. In conclusion, the sets Ci,Cs,C3 are allied
at (faylang)'

Using again the properties (i)-(iv) and Theorem 4.3, one gets the existence of r > 0 and of
L,M,C,D > 0 as above such that:

1. for every (z,y1) € Gr Fy N [B(z,r) x B(¥y, 7)), yF € Y* and z* € D*Fy(z,y1)(y}),

2|l > L7 [l (4.17)

2. for every (z,y2) € Gr F> N [B(Z,r) X B(Ysy,7)], y3 € Y* and z* € lA)*Fg(az,yg)(y;),
|z*[] < M [lysl ; (4.18)

3. for every yo € B(Yy,7), every (yi1,2) € GrGy, N [B(y;,r) x B(z,r)], 2 € Z* and y] €
D* Gy (y1,2) (=),

lyill > C 121 (4.19)

4. for every y1 € B(yy,7), every (y2,2) € GrGy, N [B(Yy,r) X B(Z,r)], 2* € Z* and y5 €
DGy (2, 2)(2"),

ly2ll < Dl|z"|- (4.20)

Choose next arbitrary ¢ > 0 and § € (0,7) such that (L=! + M)§ < e. Take (u,v1) € Gr F1 N
[B(fa ’I") X B(ylar)]’ (u27v2) € GI‘F2 N [B(f,’l") X B(g2,7")], (tlatQaw) e GrGn [B(ylar) X B(§2,T) X
B(z,r)], w* € Sz«, t] € Y[, t5 € Y5, 2 € 0Byy, 25 € 0Byy such that (2 +t],23 +t5) €
D*G((ty, t2), w)(w*) and 2% € D*Fy(uy,v1)(t}), #5 € D*Fy(ug, v2)(t5). Then 2i+t1 € D*Gy, (t1, w)(w*)
and z5 +t5 € D*Gy, (t2,w)(w*), and using (4.17)-(4.20), one gets

o + 25| > [l — 3]l = L7 411 — M 5]
> L7 (12 + 8l = N30 — M5 + 50 + 12311
> L7IC7H Jw"|| = MD [jw*|| = (L™ + M)3
>L7'CT' - MD —e.

It follows that relation (C) is satisfied for ¢ = L7'1C~! — MD — ¢ > 0, i.e. the conclusion
follows. 0
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