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Abstract This paper considers a quadratically-constrained calitlimainimization
problem with applications to digital filter design, subsetestion for linear regres-
sion, and portfolio selection. Two relaxations are invgesied: the continuous relax-
ation of a mixed integer formulation, and an optimized dizgaelaxation that ex-
ploits a simple special case of the problem. For the contisuelaxation, an absolute
upper bound on the optimal cost is derived, suggesting f@gatdntinuous relaxation
tends to be a relatively poor approximation. In computati@xperiments, diagonal
relaxations often provide stronger bounds than continugagations and can greatly
reduce the complexity of a branch-and-bound solution, @vérmstances that are not
particularly close to diagonal. Similar gains are obsemvét respect to the mixed
integer programming solver CPLEX. Motivated by these rsstihe approximation
properties of the diagonal relaxation are analyzed. Ini@dér, bounds on the ap-
proximation ratio are established in terms of the eigereslof the matrix defining
the quadratic constraint, and also in the diagonally dontinad nearly coordinate-
aligned cases.
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1 Introduction

This paper considers the problem of minimizing the cardiyalf a vectorx € RN
subject to a single convex quadratic constraint:

mn C(x) st (x- 0)'Q(x—c)<y, (1.1)
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whereC(x) is the number of nonzero componentxp® is a positive definite matrix,
andy is a positive scalar. Geometrically, problem (1.1) coroess to finding a point
of minimal cardinality in an ellipsoid, denoted &g, centered at the poiet The ori-
entation and relative lengths of the ellipsoid axes arerdeted by the eigenvectors
and eigenvalues @@ while y determines its absolute size.

The author’s interest in (1.1) stems from the design of didilters in signal pro-
cessing (see [27,28] and the references therein). In thigegtx represents a vector
of filter coefficients and cardinality minimization is matked by the fact that the
cost of implementing a filter is often dominated by arithroelperations, especially
in hardware. The quadratic constraint represents a reagaineon filter performance,
for example a specified fidelity in approximating a desiredtjfrency response or a
bound on recovery error in the equalization of communicetioannels.

Problem (1.1) also has applications to subset selectiolinfear regression [11,
21], more specifically the overdetermined case in wi@ls positive definite and
less so the underdetermined case in wigis rank-deficient and control of the car-
dinality is employed as a regularization. A similar problarnses in optimal linear-
guadratic control with cardinality-constrained input [{dee also [20] for optimal
control with sparse state-feedback gains). A problemedltd (1.1) has been studied
extensively in cardinality-constrained financial poribadptimization [2, 4,5, 10,12,
16, 22, 25]. The portfolio optimization problem however lzaklitional linear con-
straints, most notably non-negativity, upper bounds oreaomvariables, and some-
times lower bounds as well. There is some computationabenid [2] to suggest that
the relative lack of constraints in (1.1) increases thedliffy of the problem, at least
when approached using conventional integer optimizatiethods.

Certain cases of (1.1) are known to be efficiently solvabkesimplest of which is
the case of diagon&). Extensions to block-diagonal, tridiagonal, and well-ditioned
Q are discussed in [28]. The authors of [11] present polynbatimrithms for sev-
eral additional cases, including an FPTAS for the genenatlibd case and exact al-
gorithms for the cases of a tree-structured covariancengafarge independent set
(“arrow”-structuredQ), and exponential decay in the entries@fiway from the di-
agonal. The case in which nearly all of the eigenvalue® afre identical and larger
than the rest is treated in [15].

In the general case, (1.1) is a difficult combinatorial ojitettion problem. Sev-
eral heuristics such as forward and backward greedy saefecin be used, often
with good results (see e.g. [28], also [29] for referencepantfolio selection heuris-
tics). Although approximation guarantees do exist for famdvselection in the near-
diagonal case [11] and for backward selection when a (diffioevaluate) threshold
test is met [9], more general guarantees for heuristicsaravailable. Thus if a cer-
tificate of optimality or a bound on the deviation from optiityais desired, branch-
and-bound remains the method of choice and has therefonechesidered by many
researchers [2,4,5,22,25]. In particular, [4] investgad branch-and-cut algorithm
employing disjunctive cuts and finds that such cuts areéuosffe wherQ is near full
rank. In [2], Lemke’s pivoting method is used to provide wastarts in solving con-
tinuous relaxations. Lagrangian relaxations have alsa beesidered [22]. In [25], a
lifted polyhedral relaxation is applied to mixed-integecend-order cone programs
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(which include the problems considered here) to take adgenodf the more mature
techniques for solving mixed-integer linear programs.

The complexity of branch-and-bound can be significantlyuoed if special-
ized relaxations are available that can better approxitegeriginal optimal cost
while remaining efficiently solvable. Such relaxationsrpirincreased pruning of
the branch-and-bound tree and can also suggest strongemrgétions of the orig-
inal problem. In the present context, a sequence of workslaa 3, 16, 29] have
developed th@erspectiveelaxation, so-called because of its relationship to thre pe
spective of a convex function. The perspective relaxatiem also be viewed as a
particularly tractable instance of disjunctive conveximyigation [7]. In [12, 16], the
relaxation is derived for general convex functions (notassarily quadratic) using a
convex hull approach; [12] emphasizes the identificatiolingfar cuts whereas [16]
proposes solving the nonlinear relaxation directly, aibgdecond-order cone repre-
sentations. In contrast, [10] focuses on portfolio optatian and derives the relax-
ation through Lagrangian decomposition. The authors of12016] also show that
the perspective relaxation is tighter than the standartruoous relaxation in certain
contexts. To apply the relaxation to portfolio optimizatioroblems, a diagonal ma-
trix must be separated fro@; a semidefinite programming method for determining
the best separation was reported very recently [29] andaastio outperform sim-
pler methods in [12, 13]. None of the above works however laanadyzed the quality
of approximation of the relaxation with respect to the araiproblem.

In this paper, we focus on the pure quadratically-constichjproblem (1.1) and
investigate two relaxations. The first is the conventiomaitmuous relaxation, ob-
tained by formulating (1.1) as a mixed-integer optimizatmd relaxing binary-value
constraints to unit interval constraints. An absolute ugymind is given on the op-
timal cost of the continuous relaxation. The bound sugdésiisthe continuous re-
laxation is relatively weak for many instances of (1.1), g@dtyesis borne out by
numerical experiments. The second relaxation exploitstmglicity of the case of
diagonalQ, specifically by constructing the best diagonal approxiometd (1.1), re-
ferred to as a diagonal relaxation. A computational congoarof the two relaxations
shows that diagonal relaxations often yield significantiyprsger bounds and can
greatly decrease the complexity of a branch-and-boundisolto (1.1), by orders of
magnitude in difficult instances, and even wh@mloes not seem close to diagonal.
Similar efficiency gains are seen relative to the mixedgategarogramming solver
CPLEX [18]. Motivated by these results, this paper undersak theoretical analy-
sis of diagonal relaxations, providing approximation gudees for certain classes of
instances and general insight into when diagonal relanatwe expected to be suc-
cessful. In particular, bounds on the approximation ratederived in terms of the
eigenvalues of) and in the cases of diagonally domin&htand nearly coordinate-
alignedég. We note that a relaxation similar to the diagonal relaxatias proposed
independently in [14] with similarly positive computat@rexperience. A principal
objective of the current paper is to support such findingh wibre detailed analysis.

We begin in Sect. 2 by deriving some preliminary facts paitej to problem
(1.1). In Sect. 3, continuous relaxations of (1.1) are dised and analyzed, while
the same is done for diagonal relaxations in Sect. 4. In Settte two relaxations are
compared numerically in terms of their approximation ratmd effect on branch-
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and-bound complexity. A comparison with CPLEX is also reépdr The paper con-
cludes in Sect. 6.

1.1 Notation

Vectors and matrices are denoted using lowercase and @ggedroldface letters with
Xn representing thath element of a vectox andQmn the (m, n) element of a matrix
Q. The lettere is reserved for a vector of unit entries. For sets of indi¢endZ,
xy represents théy'|-dimensional subvector of corresponding t& and Qyz the
[Y] x |Z| submatrix ofQ with rows indexed byy and columns indexed b¥. The
notationQ > 0 (Q > 0) indicates thal) is positive semidefinite (positive definite);
Q = Dis equivalent td@Q — D = 0. Thenth smallest eigenvalue @} is written An(Q)
except as noted in Sect. 4.5; we also Agg (Q) andAmax(Q) for the smallest and
largest eigenvalues.

2 Preliminaries

In this section, some facts related to problem (1.1) arevddifor later use. In Sect. 2.1,
a condition is given for the feasibility of solutions of sffearl cardinality. In Sect. 2.2,
it is shown that variables that are either constrained taa\za&ue or assumed to be
nonzero can be eliminated to yield a lower-dimensionabinsg of (1.1).

2.1 Feasibility of solutions of specified cardinality

First we obtain a condition for the existence of feasibleusohs to (1.1) with a
specified numbeK of zero-valued components. Suppose thats constrained to
a zero value fon in a setZ of sizeK. With Y denoting the complement &, the

constraintin (1.1) becomes

(xy — &) TQyv(Xy — y) — 2¢7 Qzy(xy — Cy) + €I Qzzcz < . (2.1)

Consider minimizing the left-hand side of (2.1) with resgecy, with solutionxy —

oy = (ny)*lezcz. If (2.1) is not satisfied when the left-hand side is minindize
then it cannot be satisfied for any value@f Hence a feasible solution to (1.1) exists
subject tox, = 0 forn € Z if and only if

1 (Q/Qvy)ez <y, 2.2)

whereQ/Qvy = Qzz — Qzv(Qvy) 1Qyz = ((Qfl)zz)f1 is the Schur complement
of Qyy. Condition (2.2) may be generalized to encompass all sslb$eardinalityk
using a similar argument: If (2.2) is not satisfied when tfiehand side is minimized
over all subsetZ of cardinalityK, then there can be no solution to (1.1) wittzero-
valued components. This yields the condition

Eo(K) = min {c1(Q/Qvy)cz} <y (2.3)
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for the existence of a feasible solution of cardinality- K. In general, computing
Eo(K) in (2.3) involves an intractable combinatorial optimipati However, whe®
has special structur&y(K) becomes much easier to evaluate and it is in these cases
that condition (2.3) will be used.
In the special case of a single zero-value constraint4.e. {n}, condition (2.2)
reduces to
ch
(Qil) nn

If (2.4) is not satisfied, then it is not feasible fry to take a value of zero. It fol-
lows that an easily computed lower bound on the optimal ao$lil) is obtained
by counting the number of indicesfor which (2.4) is not satisfied. Furthermore, in
Sect. 2.2, it is shown that the variabbescorresponding to violations of (2.4) can be
eliminated from the problem to reduce its dimension.

<y. (2.4)

2.2 Variable elimination

We now consider restrictions of problem (1.1) in which cierteariables are con-
strained to zero while others are assumed to be nonzeroe Tvestypes of con-
straints arise in branch-and-bound as (1.1) is dividedrsipely into subproblems.
Variables that must be non-zero to maintain feasibility raksp be identified through
condition (2.4).

Let Z denote as before the subset of variables constrained toZete subset
of variables assumed to be nonzero, &nthe remainder. We show that an arbitrary
subproblem defined by subs€& U, F) can be reduced to the following problem:

min [U[+C(xe) St (XF —Cef)' Qef (XF — Cer) < Jer, (2.5)
with effective parameters given by
Qeft = QrF — Qru (Quu) ' Qur, (2.6a)
Ceft = CF + (Qef) 1 (Qrz — Qru(Quu) 'Quz)cz, (2.6b)
Yeit = Y — ¢z (Q/Qvy)cz. (2.6¢)

Problem (2.5) is an instance of (1.1) wifh| variables instead ofl.

The reduction can be carried out in the two stép®, {1,...,N}) — (Z,0,Y =
UUF) — (Z,U,F). Inthe first step, the constraints= 0 forn € Z reduceC(x) to
C(xy) and the quadratic constraint in (1.1) to (2.1). By complgtime square, (2.1)
can be rewritten as

Xy — ¢y " [Quu Que xU—c(J}
[XF—C’F] {QFU QFJ |:XF—C/|: < Yeff, (2.7)

where the subsat has been partitioned intd andF, ¢; = ¢y + ((ny)*lezcz)U,
andci = cr + ((Qw)’lQYzCz)F-

In the second stefZ,0,U UF) — (Z,U,F), the non-zero assumption og
allows C(xy) to be rewritten asu |+ C(xg). Sincexy no longer has any effect on
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the objective function, its value can be freely chosen, anthé interest of mini-
mizing C(xg ), xu should be chosen as a functiongf to maximize the margin in
constraint (2.7), thereby making the set of feasiyeas large as possible. This is
equivalent to minimizing the left-hand side of (2.7) wittspect toxy while hold-
ing Xg constant. Similar to the minimization of (2.1) with respaxiy, we obtain
XG5 =aq,— (QUU)’lQUF(xF — ) as the minimizer of (2.7). Substituting back into
(2.7) results in the constraint in (2.5), except wéthin place ofcer. By expressing
(ny)*l in terms of the block decomposition §fyy in (2.7), it can be shown that
cr is equal tocerr as defined in (2.6b), thus completing the reduction.

In the sequel, we focus on the unrestricted root problem) (@ith the under-
standing that the results apply to any subproblem by virfubereduction to (2.5).
In addition, the following assumption will be made:

Assumption 2.1 Condition (2.4) is satisfied forai=1,... N.

In other words, it is assumed that a feasible solution exieenever a single variable
is constrained to zero, since any variables for which thimisthe case can be elim-
inated as shown in this section. Thus the focus is solely eridtfficult” part of the
problem, i.e., those variables whose status is ambiguous.

3 Continuous relaxation

In the remainder of the paper, we consider two relaxationd df) for the purpose

of obtaining lower bounds on its optimal cost in the contétiranch-and-bound. In

Sect. 3.1, (1.1) is reformulated as a mixed-integer option problem, yielding a

continuous relaxation. Best-case and worst-case insgameexhibited in Sect. 3.2 to
show that continuous relaxations can provide arbitraigjlittor loose bounds on the
optimal cost of (1.1). An absolute upper bound on the optitoat of the relaxation is

then derived in Sect. 3.3, suggesting that continuous agéitans are unlikely to yield

good approximations to (1.1) in most instances.

3.1 Derivation

Problem (1.1) is first reformulated as a mixed integer otation problem by asso-
ciating with each continuous variablga binary-valued indicator variablgwith the
property thai, = 0 if x, = 0 andi, = 1 otherwise. Problem (1.1) can be restated in
terms of indicator variables as follows:

N
min  Yin st (x=¢)'Q(X—¢)<y, [Xa| <Bnin, in€{0,1} Vn.
=]

X,i
(3.1)

The constraintx,| < Bpin is the usual forcing constraint linkinig with x, in the

desired manner, where the positive const&@jtare chosen large enough to keep the

set of feasiblex unchanged from that in (1.1). It will be seen shortly tBatshould

be set to the smallest possible value subject to this remeing, i.e.,

By = max{|xa| : (x—¢)TQ(x —c¢) < y} = max{B;,B, },
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where
By =max{+x,: (x—¢)TQ(x—c) <y} =4/y(Q 1), £ Cn. (3.2)

The closed-form expressions fBff andB,, can be derived straightforwardly from
the corresponding KKT conditions [1, 26].

A continuous relaxation of (3.1) results from relaxing tlirgoy-value constraints
onip to interval constraints & i, < 1. By minimizing the objective with respect to
i and substituting back into (3.1), we obtain the followinghimization with respect
to x:

min % Pl st.  (x—0)TQ(x—c)<y. (3.3)

X n=1 Bn B

The continuous relaxation (3.3) is a quadratically-caistrd weighted 1-norm min-
imization and is therefore a convex problem. The optimat a0$3.3) is clearly a
lower bound on the optimal cost in (3.1) since the feasibtehas been enlarged;
more precisely, since the latter must be an integer, thingedf the former is also a
lower bound. Itis also seen that the lower bound is maximvzeen the constans,
are as small as possible.

A stronger lower bound on (3.1) can be obtained by first seipgraach variable
Xn into its positive and negative pants andx;, as follows:

X=Xy = X7, Xy, X >0. (3.4)

By assigning to each pai, x; corresponding indicator variabl&s, i; and con-
stantsB;, B;,, a mixed integer optimization problem equivalent to (3.13ynbe
formulated, where the values 8ff andB, are given by (3.2). The continuous re-
laxation of this alternative mixed integer formulation @sponds to the following

guadratically-constrained linear program:

N /b oy

min z(ﬁJrﬁ) st (x"—x —0TQ(xt—x —¢)<y, xt>0.

xtx- &G BY Bn - =
(3.5)

Using (3.4) to replace the absolute value functions in (@i8) linear functions as
done in linear programming [3], it can be seen that (3.3) [l case of (3.5) with
Bt andB, replaced byB,. SinceB, = maxB;, B}, the optimal cost in (3.5) is at
least as large as that in (3.3), and therefore (3.5) is at ésastrong a relaxation as
(3.3). The term continuous relaxation will refer henceidd (3.5) withB: given by
(3.2).

Fig. 3.1 shows a graphical interpretation of the continualexation (3.5). The
asymmetric diamond represents a level contour of the cositifun, which can be
regarded as a weighted 1-norm with different weights foitp@sand negative com-
ponent values. As seen from (3.2), the weigBtscorrespond to the maximum extent
of the ellipsoidéy along the positive and negative coordinate directions amdbe
found graphically as indicated in Fig. 3.1. The solutionite weighted 1-norm mini-
mization can be visualized by inflating the diamond untiligtjtouches the ellipsoid.
Note that Assumption 2.1 implies th& must intersect all of the coordinate planes.
In Sect. 3.2, we will draw upon the geometric intuition in F&y1 to construct best-
case and worst-case instances for continuous relaxation.
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by

by

Fig. 3.1 Interpretation of the continuous relaxation as a weightetrin minimization and a graphical
representation of its solution.

3.2 Best-case and worst-case instances

In this subsection, instances of problem (1.1) are extdiiteshow that the continu-
ous relaxation can be a tight approximation to (1.1) as vedraarbitrarily poor one.
The quality of approximation is characterized by the appnation ratio, defined
as the ratio of the optimal cost of the relaxation to the optioost of the original
problem.

In the instances to be constructed, we takee andy = 1, which can be regarded
as a normalization. The matr@Q is restricted to be of the form

Q =22l — (A2—ApwT, (3.6)

wherel; > A; andv is vector with unit 2-norm and components equakit/+/N. It
follows from (3.6) thaw is an eigenvector dp with eigenvalue\; and the remaining
N — 1 eigenvectors are orthogonaltavith eigenvaluel,. Geometrically, the ellip-
soid &g corresponding to (3.6) has a single long principal axis édirectionv and
shorter and equal principal axes in the other directionsn@ie for later use that the
inverse ofQ and the Schur compleme@t/ Qvy can be computed explicitly as
1. A4
-1_ + 2 1.7
Q= /\2| + Ak VATA (3.7)
KA2(A2—A1) o o1
=Ml — ===
Q/Qvy =2l = i TN KOA 202

(3.8)

whereK = |Z| andVz is the unit 2-norm vector obtained by rescaling the subvecto
Vz.

To construct best-case instances for which the continuedasation is a tight ap-
proximation to (1.1), our aim is to make the optimal cost & thlaxation as large as
possible. Based on Fig. 3.1 and the above structur®fahis can be done by choos-
ing the major axis ofg to be parallel to a level surface of the 1-norm and keeping the
lengths of the minor axes to a minimum, thus allowing ¢héall to grow relatively
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unimpeded. Algebraically, we saf = 1/N, A, = N, [N/2] of the components of
equal to+-1/+/N, and the remaining componentswéqual to—1/+/N.

First it is shown that the poirt— +/Nv is optimal for (1.1) with a corresponding
cost of [IN/2]. Feasibility follows from substitution into the constrain (1.1). To
prove optimality, we verify that an additional zero-valusmnponent is not feasible,
i.e., condition (2.3) is violated fd = N— |[N/2] +1 = [N/2] + 1. Substituting (3.8)
andc = einto (2.3) and rearranging, we obtain

_ (IN/2] +1)(A2— A1) (e702)?
Folk)=(IN/2]+1)2 (1‘ (N/Z] + D+ (IN/2) — D -3 1 N2 + 1) '
(3.9)

The maximum in (3.9) is achieved by choositigp include all[N /2] positive com-
ponents ofv and only one negative component, resulting in a maximumevalu
(IN/2] —1)2/([N/2] +1)2. The quantityEy(K) can then be bounded from below by
removing the fraction in front of the maximization. This lgie

(IN/2] - 1)2>
([N/2]+1)2)°
which can be seen to be strictly greater thyan 1 as required.

We now prove that the lower bound provided by the continuelaxation is equal

to the optimal cost of N/2| for the unrelaxed problem. Toward this end, we make
use of the Lagrangian dual of the continuous relaxatiorgrylwy

max cu—VyuQly st —g <p<g, (3.10)

(IN/2] + DA (1—

wheregi = 1/B# for n=1,...,N. A derivation of the dual problem can be found
in [26]. It is shown that the optimal cost of the dual is styidiounded from below
by [N/2] — 1, implying through duality that the optimal cost of the paing3.5) is
between|N/2| — 1 and|N/2] and is equal tgN/2| after rounding up to the next
integer. From (3.2) and (3.7), we find tBt = 1+ 1/1+ (N —1)/N2 = B* for alll

n. Substituting the dual feasible solutipn= g* = (1/B*)e into the dual objective
function and simplifying, we obtain

£ (N-1), N even
{B%(N—,/Z—N—lz), N odd .

as a lower bound on the dual optimal cost. Straightforwagelalaic manipulations
show that the quantities in (3.11) are strictly greater thdp2| — 1 in the two cases
of N even andN odd. This completes the demonstration of the potentiatiigds of
the continuous relaxation lower bound.

Next we construct instances for which the lower bound résylfrom the con-
tinuous relaxation is as loose as possible. The worst-c@seasio corresponds to the
optimal costin (1.1) being equal d— 1 and the optimal cost of the relaxation being
less than 1. The former cannot eqdagiven Assumption 2.1 while the latter cannot
equal zero exactly since that would require- 0 to be a feasible solution, in which
case the optimal cost in (1.1) is also zero. Referring agakid. 3.1 and the form of
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Q in (3.6), the optimal cost of the continuous relaxation camtinimized by orient-
ing the major axis of the ellipsoiély so that it points toward the origin and obstructs
the growth of the/; ball. Algebraically, we set = (1/v/N)e, A; = 1/(N — 1), and
A2 = (N —1)/2. We verify that the unrelaxed optimal cost is equaNte- 1. From
(3.7), we haveQ1)nn = (N +1)/N, which ensures that (2.4) is satisfied for all
Using (3.8),Eo(K) in (2.3) forK = 2 evaluates ttN(N — 1) /(N(N — 1) — 1). Since
this quantity is greater thgn= 1, condition (2.3) is violated fd = 2 and the optimal
costin (1.1) must be equal dd— 1.

To show that the optimal cost of the continuous relaxatidess than 1, we con-
sider the feasible and strictly positive solutioh=c— (1/y/A1)v=(1—/(N—1)/N)e,
x~ = 0. From (3.5), the corresponding cost is

N—/N(N_1
B—f), (3.12)

whereB* = 1+ ,/(N+1)/N is the common value for the consta$ given by
(3.2). SinceB™ > 2 while the numerator in (3.12) can be seen to be less than 1, we
conclude that the optimal cost in (3.5) is less than 1 as @dinThe approxima-
tion ratio in these instances is thus equal {dNL— 1), which approaches zero &k
increases.

3.3 An absolute upper bound

The constructions in Sect. 3.2 imply that the approximatadio for the continuous
relaxation can range anywhere between 0 and 1, and thusat {gaossible to place
a non-trivial bound on the ratio that holds for all instanoég1.1). It is possible
however to obtain an absolute upper bound on the optimalafoste continuous
relaxation in terms of the problem dimensiln

Proposition 3.1 Under Assumption 2.1, the optimal cost of the continuoaseglon
(3.5)is bounded from above BN/2, where6 = 1—/y/c"Qc.

Proof Consider the solutiob™ —b~ = 6c, i.e., b} = 6¢,, b, = 0 for cy, > 0 and
bt =0, b, = 0|cy| for ¢, < 0. It can be verified that this is a feasible solution for
the continuous relaxation (the solution lies on the boundathe ellipsoidéy), and
hence the optimal cost of the relaxation is bounded from albgv

Cn |Cnl N [y
6 - +6 — =0 : (3.13)
n:c§>0 BF‘L n:c§<0 Bn nZ;L /V(Qfl) nn+ |Cn|

using (3.2). Assumption 2.1 then implies that each of thetivas on the right-hand
side of (3.13) is no greater thari4, completing the proof. O

Proposition 3.1 indicates that the continuous relaxatammot be a tight approx-
imation if the optimal cost in (1.1) is greater tha@N/2]. This suggests that it is
unlikely for the continuous relaxation to yield a strong hdwn (1.1) in most in-
stances, since if it did, this would imply that the optimakt (1.1) is not much
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greater tharN/2 in most cases, a fact considered unlikely. The situati@xaer-
bated if the facto® is small. This negative result motivates the consideratioan
alternative relaxation as described in Section 4.

We note in closing that Lemaréchal and Oustry [19] have shihwat a common
semidefinite relaxation technique is equivalent to comurarelaxation when applied
to cardinality minimization problems such as (1.1). As asgsuence, the properties
of the continuous relaxation (3.5) noted in this sectioro @pply to this type of
semidefinite relaxation.

4 Diagonal relaxation

As an alternative to continuous relaxations, in this sectie discuss relaxations of
problem (1.1) in which the matri is replaced by a diagonal matrix, an approach
referred to as diagonal relaxation. As will be seen in Sett.groblem (1.1) is easily
solved in the diagonal case, thus making it attractive adaxaton of the prob-
lem whenQ is non-diagonal. It is shown in Sect. 4.2 that diagonal ratiaxs can
yield exact as well as arbitrarily poor approximations tdlflas was the case for
the continuous relaxation in Sect. 3. However, numericadence in Sect. 5 and
elsewhere [27] indicates that the lower bounds providediagahal relaxations are
often significantly stronger than those from continuousxations. This computa-
tional experience motivates a better theoretical undedstg of situations to which
diagonal relaxations are particularly well-suited. Withliis context, approximation
guarantees are derived in Sect. 4.3—4.5 for the three speaffes of well-conditioned
Q matrices, diagonally domina@, and nearly coordinate-aligned ellipsois.

4.1 Derivation

To obtain a diagonal relaxation of problem (1.1), the ma®ixs replaced with a
positive definite diagonal matri? to yield a similar constraint:

(x—¢)'D(x—c)= % Dnn(%n —Cn)? < ¥ (4.1)
n=1

Geometrically, (4.1) specifies an ellipsoid, denoted@swith axes that are aligned
with the coordinate axes. Since the relaxation is intendgataovide a lower bound
for the original problem, we require that the coordinaigradd ellipsoidép enclose
the original ellipsoity so that minimizing oveép yields a lower bound on the min-
imum overéy. For simplicity, the two ellipsoids are taken to be condentn which
case the nesting of the ellipsoids is equivalent to the ¢mmdD < Q. Sufficiency
follows from the inequality

(x—¢)"D(x—¢) < (x—¢)TQ(x—¢) VX, (4.2)

so if x € &g, then both sides of (4.2) are bounded jogndx € &p. Conversely, if
D £ Q, then there exists a vectarthat violates (4.2), and by scaling— ¢ so that
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the right-hand side of (4.2) is equal ypwe havex € &g butx ¢ &p sincex does not
satisfy (4.1).
Problem (1.1) is greatly simplified in the diagonal case.|l&gpgQ by D, con-

dition (2.3) simplifies to

min 'y DpnC2 <y

\zszn; e
sinceD/Dyy = Dzz. The minimum is attained by choosidgo correspond to th&
smallest elements of the sequez@cZ,n = 1,...,N. It follows that (4.1) admits a
solution withK zero-valued components if and only if

S ({DnnCa}) <. (4.3)

whereS¢ denotes the sum of th€ smallest elements of a sequence. The minimum
cardinality corresponds to the largest valu&a$uch that (4.3) holds.

Fig. 4.1 Two different diagonal relaxations.

For everyD satisfying0 < D < Q, minimizing C(x) subject to (4.1) results in
a lower bound on the optimal cost in (1.1). Thus the set of atiadrelaxations is
parameterized bl as illustrated in Fig. 4.1. We are naturally interested itagting
a diagonal relaxation that is as tight as possible, i.e., @ixn@y such that the mini-
mum cardinality associated withy is maximal among all valid choices &f. Such
a relaxation can be determined based on condition (4.33ifggaly by solving the
following optimization problem:

Eq(K) = max S ({Dmc3}) st 0=D=Q, Ddiagonal  (4.4)

for selected values df. If Eq(K) in (4.4) is less than or equal tg then (4.3) holds
for everyD satisfying the constraints in (4.4), and consequently silidasolutionx
with K zero-valued components exists for every sbDchiVe conclude that the optimal
cost of any diagonal relaxation is at ma$t- K. On the other hand, iEq4(K) > v,
then according to (4.3) there exist®dor which a vectox with K zero-valued com-
ponents is not feasible, and for thidsthe optimal cost of the corresponding diagonal
relaxation is at least — K+ 1. By selecting values df to perform a bisection search
over 1...,N and solving (4.4) each time, we eventually arrive at the é&gipossi-
ble optimal cost under any diagonal relaxation, i.e., thbtést lower bound on (1.1)
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achievable with a diagonal relaxation. Henceforth the tdragonal relaxation will
be understood to refer to the tightest such relaxation.

The above procedure determines both the tightest posdédeishl relaxation
and its optimal cost at the same time, and amounts to soldidd for a maximum of
[log, N | +1 values oK. Since the functioiik is concave irD [6] and the constraints
in (4.4) are convex, the maximization in (4.4) is a convexiygm. Furthermore,
(4.4) can be recast as a standard semidefinite program folid®] by expressing
the functionS« as the optimal cost of a linear program and then substitittieg
Lagrangian dual of the linear program. Thus (4.4) can beesbbfficiently using
standard interior-point algorithms. Further efficienchhancements can be made as
detailed in [26, Sec. 3.5].

4.2 \Worst-case instances

As with the continuous relaxation in Sect. 3.2, we considéregne instances in
which the diagonal relaxation is either a tight approximatio the original prob-
lem or an arbitrarily poor one. It is clear thatQf is already diagonal, the diagonal
relaxation and the original problem coincide and the apipnaiion ratio defined in
Sect. 3.2 is equal to 1. It is shown that the approximatioio igdn also equal zero,
i.e., the optimal cost of the diagonal relaxation can be wdvite the original problem
has a non-zero optimal cost. Based on Fig. 4.1, the diageleadation is expected to
result in a poor approximation when the original ellipséiglis far from coordinate-
aligned, thus forcing the coordinate-aligned enclositiggdid £p to be much larger
than &y. This situation is exemplified by the first class of instaniceSect. 3.2 in
which &g is dominated by a single long axis with equal componentdiccairdinate
directions. To show that the diagonal relaxation has ammgtcost of zero in these
instances, we make use of the following lemma.

Lemma 4.1 Assume that the vectarhas unit-magnitude components. Then the op-
timal cost E(K) in (4.4)is bounded from below by Ain(Q). This lower bound is
tight if the eigenvectov corresponding to\nmin(Q) has components of equal magni-
tude.

Proof The diagonal matri® = Amin(Q)! satisfiesD < Q and is therefore a feasible
solution to (4.4). Hence the corresponding objective vadig,in(Q) (with c2 = 1
for all n) is a lower bound oife4(K). If the eigenvectov has equal-magnitude com-
ponents and is normalized to have unit 2-norm, then the @@y < Q implies
that

1N T
V= N lenn <V QV=Anin(Q) (4.5)

n

for any feasibleD in (4.4). The solutiorD = Anin(Q)! satisfies (4.5) with equality
and is therefore an optimal solution to (4.4) #= N under the assumptions of the
lemma, yieldingEq(N) = NAmin(Q). Using the fact that the mean of thesmallest
Dnn for K < N is no greater than the mean of Blldiagonal entries, it follows from
(4.5) that

vID

S ({Dnn}) <KAmin(Q), K=1,2,....N-1, (4.6)
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again for any feasibl® in (4.4). Since the solutioB = Ayin(Q)! also satisfies (4.6)
with equality, it is an optimal solution to (4.4) for &l under the assumptions of the
lemma and we havig(K) = KAnin(Q). O

In the first class of instances in Sect. £2; e, Amin(Q) = A1 = 1/N and the cor-
responding eigenvecterhas equal-magnitude components. It follows from Lemma
4.1 thatEg(K) = KA1 = K/N, which does not exceegd= 1 for anyK. Hence the
optimal cost of the diagonal relaxation is zero while tharopt cost in the unrelaxed
problem (1.1) is|N/2|. This implies that it is not possible to bound the approxima-
tion ratio away from zero for all instances of (1.1), as with tontinuous relaxation.
Furthermore, since the continuous relaxation yields at tagiproximation for the
same class of instances, neither relaxation strictly datesthe other (diagonal re-
laxations are clearly dominantin the case of diag@alThese conclusions however
are based on extreme instances. It will be seen in Sect. bthadre typical instances
the diagonal relaxation can offer a significantly betterliqyaf approximation than
the continuous relaxation. In addition, non-trivial lowsyunds on the diagonal re-
laxation approximation ratio can be obtained as in Sect#43when the class of
instances of (1.1) is restricted.

4.3 Eigenvalue-based approximation guarantees

In this subsection, the quality of approximation of the diagl relaxation is char-
acterized in terms of the eigenvalues of the ma®ixThe resulting bounds on the
approximation ratio are strongest in the case of well-comuidQ, i.e., when the
eigenvalues of) have a low spread. Geometrically, the well-conditioned:cas-
responds to a nearly spherical ellipsdig, which can be enclosed by a coordinate-
aligned ellipsoidép of comparable size as illustrated in Fig. 4.2. Given the elos
approximation oty by ép in terms of volume, one would expect a close approxi-
mation in terms of the cardinality cost as well. This geomettuition is confirmed

by the analysis.

ép A

Fig. 4.2 Diagonal relaxations for two ellipsoids, with contrasting condition numbers.

The results presented in the remainder of the section are cooveniently stated
in terms of the number of zero-valued components ratherttt@number of non-zero
components. Defin&* to be the maximum number of zero-valued components in
(1.1) andKy to be the maximum number of zero-valued components in thgodi
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relaxation of (1.1). The enclosing conditigf C &p ensures thak* < Kg, and a
good approximation corresponds to the rajy K* being not much larger than 1. It
is shown thaK* andKy can be bounded by the following quantities related to the
eigenvalues of and its Schur complements:

K = max{K : Amax(Q/Qvkyv(k)) Sk ({Ga}) < v}, (4.7a)
K =max{K : Amin(Q)S ({c2}) < v}, (4.7b)

whereY (K) denotes the index set corresponding toNheK largest-magnitude com-
ponents ot (its complemenE(K) corresponds to thié smallest components). The
relationships among*, K4, K andK are specified below.

Theorem 4.2 The maximum numbers of zero-valued components in profdleip
and its diagonal relaxation, Kand Ky respectively, satisfy the ordering K K* <
Kq < K, where_KandK are defined in(4.7). Furthermore, the approximation ratio
Kg/K* is bounded as follows:

[(K+1)Amaxd(Q/Qv(k+1)v(k+1))/Amin(Q) ] —1
- .

Ke K
L <c_<
K = K ™

(4.8)

Proof The quantityK* is equivalently the largest value Kfsuch that condition (2.3)

is satisfied, and hendé* can be bounded from below through an upper bound on
Eo(K) in (2.3). By choosing a specific subs#K) corresponding to thK smallest-
magnitude components of we obtain

Eo(K) = min {c7(Q/Qvv)cz} < ¢ (Q/Qvk)v(k))Cz(k)

1Z|=K
< Amax(Q/ Qv ) ({ca}),  (4.9)

where the second inequality is due to a property of quadfatins [17]. It follows
from (4.9) and the definition & in (4.7a) thatk* > K. Similarly, K4 is the largest
value ofK such thaEy(K) in (4.4) is no greater thapand can therefore be bounded
from above through a lower bound &) (K). SinceD = Apin(Q)! is a feasible solu-
tion to (4.4), we havé&y(K) > Amin(Q)Sk ({c3}) andKy < K from the definition of
Kin (4.7b).

To obtain the bound on the ratio/K, we infer from the definition oK in (4.7a)
thatAmax(Q/QY(KH)Y(&l))Sﬁl({cﬁ}) > y. The left-hand side of this inequality
can be bounded from above as follows:

2
Amen(Q/ Qv i) S ({2)) < Kl Amin(@) XU 3 )5 (2.

K+1
(4.10)
wherek = (K + 1) Amax(Q/ Qv (k +1)v(k+1))/Amin(Q) > K + 1. The last inequality in
(4.10) is due to the fact that the mean of the smallest elesniena sequence is
non-decreasing when a larger number of elements is incluéiesn the inequal-
ity Amin(Q)Srkj ({ca}) > vy and the definition oK in (4.7b), we conclude thd€ <
[k] —1. O
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In the limit of largeK, the bound on the approximation raiQ/K* in Theorem
4.2 is approximately equal to the eigenvalue ratigx(Q/Qyk+1)v(k+1))/Amin(Q),
which can be regarded as a type of condition number. Thiswe@dee ratio is in turn
bounded from above by the conventional condition NUNA&Y) = Amax(Q) /Amin(Q)
[17], thus linking approximation quality in terms of cardlity to the geometric ap-
proximation quality illustrated in Fig. 4.2.

Theorem 4.2 can be strengthened somewhat by exploitingzariamce property
of problem (1.1) and its diagonal relaxation. It is strafghtvard to see that the op-
timal cost in (1.1) (and hend€*) is invariant to diagonal scaling transformations of
the feasible set, i.e., transformations parameterizedlimartible diagonal matri$
mappinge to ScandQ to S QS L. Likewise, the optimal codgy(K) in (4.4) can be
shown to be invariant to the same transformations, andKhus invariant [26]. By
generalizing the definitions ¢f andK, Theorem 4.2 can be generalized as follows:

Corollary 4.3 For any invertible diagonal matris, define ¥(K) to be the index set
corresponding to the N- K largest Snc2 and

Ks=max{K : Amax((S QS ™) /(S QS V)vgkvsk) Sk ({SnGa}) < v}
Ks=max{K : Amin(S*QS 1S ({SnCca}) < v} -

Then Theorem 4.2 holds wi@, K, K, and Y(K) replaced by51QS %, K, Ks, and
Ys(K) respectively.

The scaling matri& can be chosen to minimize the eigenvalue ratio in Theoremn 4.2
i.e., as a type of optimal diagonal preconditioner @rthus minimizing the bound
on the approximation ratio.

The bounds in Theorem 4.2 are essentially tight. Specificiilis shown that
for N > 5, the inequalitieX < K* andKq < K can be simultaneously tight so that
the left-hand inequality in (4.8) is met with equality, wathe right-hand inequality
reduces toK /K < (K + 1)/K and is asymptotically tight ak — . We consider
again the first class of instances constructed in Sect. 3vghichc =¢, y =1,
and the eigenvector corresponding to the smallest eigenvalue@fhas [N/2]
components equal te-1//N and |[N/2] components equal te-1/v/N. We keep
A1 = 1/N and change\, to A, = 1/(2[N/2] — |V/N| — 1). Given these choices,
(4.7b) yieldsK = N = 1/A1, while from (3.8) we havémax(Q/Qy k)v(k)) = A2 and
henceK = 1/A, = 2[N/2] — |v/N| — 1 from (4.7a). It can then be verified through
substitution that the rightmost quantity in (4.8) is equa(K + 1)/K for N > 5 as
claimed. Furthermore, the construction satisfies the aggans of Lemma 4.1 and
thusEy(K) = KAmin(Q) = K/N, from which it follows that<g = N = K.

It remains to show thak = K* for this class of instances. This is equivalent to
showing that condition (2.3) is violated féf = K + 1. Substituting (3.8) and the
chosen parameter values into (2.3) and performing somdifitapions, the required
conditionEg(K + 1) > yis equivalent to

(K+1)(k—1) ‘Z‘maklxl(eT\“/z)z < (K+1)(k—1)+N, (4.11)
=K+
wherek = A2/A1 = K/K. As was the case in (3.9), the maximum in (4.11) is achieved
by including inZ all [N /2] positive components aof, with the remaining components
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being negative. Noting tha€ + 1 = 2[N/2] — |v/N| > [N/2] for N > 5, the maxi-
mum value can be seen to b¢/N|2/(K +1). Condition (4.11) then becomes

(zm/z}—wﬁf) (k—1)+N—[VN](k—1)>0

which is true given that & k <2 forN > 5.

Theorem 4.2 and Corollary 4.3 characterize the approxanatiality of the diag-
onal relaxation in terms of extreme eigenvalues, spedyithé smallest eigenvalue
of Q and the largest eigenvalue of a Schur complemer@.ofA second character-
ization involving intermediate eigenvalues can be obthineder the stochastic as-
sumption that the eigenvectors @fare chosen as an orthonormal set uniformly at
random from the unit sphere. This assumption allows the BaurEy(K) in (4.9) to
be improved, essentially replacing the largest eigenvafu®/Qy i +1)vk+1) With
the mean eigenvalue 6f, A(Q) = & SN, An(Q). By retaining the other elements in
the proof of Theorem 4.2, we obtain the following bound onapproximation ratio,
which holds with high probability al becomes large.

Theorem 4.4 Let the matriXV of eigenvectors of be drawn uniformly at random
from the set of N« N orthogonal matrices. Then the approximation ratig/K* is
bounded from above by

[(K+1)(1+8)A(Q)/Amin(Q)] ~ 1

K
with probability at least
N Q2
1-exp( - X(Q>2+\ﬁrg\)(Q)))’ £ € (0 émad\ S,
Cexp( N Q) 4.12
1 e"p( 8sA<Q>+<AmaX<Q>fA<Q>>)’ £cs, (412)
:I.7 £ Z SmaX7

wherevarn(A Q))_: N N l( n(Q) —A(Q))? is the variance of the eigenvalues@f
Emax = )\max(Q)/)\ (Q)

P {(e,m, (Amax(Q) ~ A(Q))? > Bvar(A(Q)).
A

&L = % (smaxi \/er%ax— 8%) )

Proof As noted above, it suffices to replace the bound in (4.9) with

Eo(K) < (1+€)A(Q)Sc({ch}) (4.14)

and show that (4.14) holds with the probabilities indicatethe theorem statement.
The remainder of the proof proceeds as in Theorem 4.2. Fatstthat fore > gmax,
(4.14) is implied by (4.9) and is therefore true with probiapil. For € € (0, Emax),

(4.13)

and
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we use an upper bound dfy(K) to bound the probability that (4.14) is violated.
Choosing the same subs&fK) as in Theorem 4.2 and using the definition of the
Schur complement, we have

Eo(K) < ¢J)Qzk)z(k)Czk) =€ AT, €=VT [Czém], (4.15)

whereA is the diagonal matrix of eigenvalues@f The assumption ovf implies that
Cis distributed uniformly over the sphere of radiy/sS« ({c3}) centered at the origin.
Hence the quantitg” AT can be equivalently expressed 8({c2})(z'Az/z"z),
where the components afare independent standard normal random variables.

We now bound the probability that AT > (1+ £)A (Q)Sk({c3}), which in turn
bounds the probability that (4.14) is not satisfied. The eirequestion can be rewrit-
ten as

%[ -1+ o7(Q)] 2= zanzg>o

It can be seen that the expected valueSdé equal to—eNA (Q), and hence we

are bounding the probability that a linear combination afependent chi-squared
random variables exceeds its meansbii (Q). A straightforward application of the
Chernoff bound [8] yields

1 N
logPrS>0 min —= Y log(1—24nt),
gP(S>0) < N Zn; 9(1—25nt)
where dmax = Amax(Q) — (1L + £)A(Q). To derive a closed-form expression for the
Chernoff exponent, the function(1/2)log(1— 25qt) is bounded from above by the
quadratic function d2t? + ént over the interval0, 1/ (4dmax)] (this upper bound can
be verified by comparing derivatives oV@r1/(4dmax)]). It follows that

logPY(S>0) <N _ min 2 (var(/\ Q)+ eZX(Q)Z) 2-eA(Q)t, (4.16)

using the definition of vdn (Q)). We consider the two cases in which the uncon-
strained minimizet* = (1/4)eA(Q)/(var(A (Q)) + £2A(Q)?) is either less than or
greater than A(4dmax). These correspond to the first two cases in (4.12). In the first
case, substituting=t* into (4.16) yields the exponentin (4.12) directly, whilele
second case, the exponent in (4.12) results from substitut: 1/(40max) in (4.16)

and then using the assumed inequdlity> 1/(40max). Solving the boundary condi-
tiont* = 1/(4dmax) for € yields the expression in (4.13) for the interval O

Theorem 4.4 can be significantly less conservative thaniEimed.2, in particular
when most of the eigenvalues are small and comparable sthéhatean eigenvalue
of Q is much closer to the minimum eigenvalue than to the maximiganealue.
This preference for eigenvalue distributions weightedaiaismall values is seen in
the numerical results in Sect. 5. Furthermore, it agreds thi: following geometric
intuition: Assuming that the ellipsoidy is not close to sphericak(Q) is large),
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it is preferable for most of the ellipsoid axes to be compagat long (correspond-
ing to small eigenvalues) and of the same order. Such arseitifends to require a
smaller coordinate-aligned enclosing ellipsoid, and egugntly the diagonal relax-
ation tends to be a better approximation. For example, getdimensions, a severely
oblate spheroid can be enclosed on average in a smallerinatgdhligned ellipsoid
than an equally severely prolate spheroid. Note also tlea¢xiponents in (4.12) de-
pend on the eigenvalue distribution and are larger (i.e.d#écay is sharper) when the
spread of the eigenvalues is small as measured By (@) or Amax(Q) — A (Q).

4.4 The diagonally dominant case

We now consider the case in which the mafixs diagonally dominant, specifically
in the sense that
_ 1Qmi|

max \/m <1, (4.17)
i.e., the absolute sum of the normallzed off-diagonal estiin any row or column
is small. It is expected in this case that the original probld.1) can be well-
approximated by its diagonal relaxation, and that the tyual approximation de-
pends on the degree of diagonal dominance. Indeed, it cahdvensthat the maxi-
mum numbers of zero-valued componentsin (1.1) and its dialgelaxationK* and
Kg respectively, are bounded by the following quantitiesteglao diagonal domi-
nance:

. |an| 2
K - K . 1 nntn ~ 5 418
Kgg = max +max nez% oo S({Qmecq}) <y, (4.18a)
n#m
Kga = maX{K (1 max %) Sc({Qnnc3}) < y}, (4.18b)

whereZyq(K) in (4.18a) denotes the index set corresponding t(KtlsmaIIelennc%.
A bound on the approximation ratk, /K* follows.

Theorem 4.5 Assume that the matrf@ is diagonally dominantin the sense(@.17)
Then the maximum numbers of zero-valued components irepn¢bll)and its diag-
onal relaxation, K and Ky respectively, satisfy the ordering;K< K* < Ky < Kgyg,
where K4 andKgq are defined ir(4.18) The approximation ratio /K* is bounded
as follows:

‘XI

d o [(Kga+1)raa] —1

, (4.19)
dd Kad

7§|§
|7<

where

_ |Qmnl |Qmn|
raa= | 1+ max 1-— max
MeZyq(Kaat+1) nedeZKderl vV QmmQnn n;m vV QmmQnn
n#m
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The ratiorgq in Theorem 4.5 plays the same role as the eigenvalue ratibéa T
orem 4.2. AsQ becomes more diagonally dominandyg approaches 1 from above.
Unlike with Theorem 4.2, there is no benefit to allowing diagbscaling transfor-
mations because the measure of diagonal dominance usedehsains unchanged
whenQ is replaced by 1QS 1.

To prove the inequalitiy < Kgyq, we use the following lemma, which specifies
the optimal cost of (4.4) under the additional constraiat his a multiple of a fixed
diagonal matrix.

Lemma 4.6 For any positive definite diagonal matr, the optimal cost EK) in
(4.4)is bounded from below bymin(Dgl/ZQDal/z)&({(Do)nncﬁ}).

Proof We restrictD in (4.4) to be a multiple oDy, thus obtaining a lower bound on
Eq4(K). With D = aDy, (4.4) reduces to

max aSc({(Do)mnC3}) st 0=<aDy=Q.

SinceDy is invertible, the constraint can be rewritterfas al < Dgl/ZQDgl/z, from

which it follows thata should be chosen as the smallest eigenvaIuBg&fZQDgl/Z.
a

We now proceed with the proof of Theorem 4.5.

Proof (Theorem 4.5J0 prove thaty < Kgg, we letDg = Diag(Q) in Lemma 4.6,
where DiagQ) denotes a diagonal matrix with the same diagonal entri€g. &$s-

ing the Gershgorin circle theorem [17] to bound the smakggénvalue ofQ =
Diag(Q)/2Q Diag(Q) /2, we then obtain

Bl = (1_mmaxn m\/%

from which we infer thaKy < Kgyq based on (4.18b).
To prove thatK* > Kyq, the quantityEq(K) in (2.3) is bounded from above as
follows, starting with the specific choice of subZet Z44(K):

Eo(K) < C}ddm (Q/Qv,y(K)Yua(K) ) Czgq(K)
T
< Cz44(K) Qzga(K) Zga(K) CZgq(K)
= (Diag(Q)"?c)] «,Q (Diag(Q)*?c)
g Zga(K) RZaa(K) Zgq(x) (P1G Zga(K)
< Amax(Qzgq(K)zag(k) ) Sk ({QnnCGA})

) SK({anCﬁ})v

< |1+ max Q| _

B meZqyq(K) ne%(K) v QmmQnn

n#m

Sc({QnnCh})-

The second line follows from the definition of the Schur coempént, the third from a
rescaling, the fourth from eigenvalue properties and thimiden of Zy4(K), and the
last from the Gershgorin circle theorem. Comparing witli &), we conclude that
K* > K4q- The proof of the bound oKyg/K 44 iS Similar to that in Theorem 4.2.00
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As with Theorem 4.2, there exist instances for which theteftd bound in (4.19)
is tight and the right-hand bound is asymptotically tight ¥énsider the same class
of instances as in Sect. 3.2 with= e, y = 1, andv having[N/2] components equal
to +1/v/N and |[N/2] components equal te1/+/N. From (3.6) we obtaiQn, =
(N—=21)A2/N+ A1/N for all n and|Qmn| = (A2 — A1) /N for all m# n, from which it
follows that

<1— max m%) S ({Qnnch}) = KAy,

|an| 2 o K—2
1+pn1éazxni e SK({ancn})—K<A2+T<Az—m>

for anyZ of cardinalityK. ChoosingA\; =1/N andA; =1/N+1/((N—1)(2N —3)),
some straightforward calculations yietdy = N — 1 andKgg = N from (4.18), and
raa = 1+ 2/(2N — 3) for the ratio defined in Theorem 4.5. It can then be seen tleat th
right-hand inequality in (4.19) read/(N — 1) < (N+1)/(N—1) for N > 3, which
is asymptotically tight al — oo.

To show that the left-hand inequality in (4.19) is tight, wetenthat the construc-
tion satisfies the assumptions of Lemma 4.1 so we againBgi€) = KAnmin(Q) =
K/N andKg = N = Kq4g. The remaining required equalily* = K44 = N — 1 is equiv-
alent to the all-zero solution being infeasible for (1.1,,c" Qc > y= 1. Using (3.6)
and substituting the selected parameter values, wefi@d = 1+ N/((N—1)(2N —
3)) > 1forN evenandt'Qc= 1+ (N+1)/(N(2N —3)) > 1 for N odd, completing
the demonstration.

4.5 The nearly coordinate-aligned case

A geometric analogue to diagonal dominance is the case ichnthie axes of the
ellipsoid &g are nearly aligned with the coordinate axes. Algebraic#iis corre-
sponds to the eigenvectors@fbeing close to the standard basis vectors. We assume
thatQ is diagonalized a® = VAV, where the eigenvalues,(Q) and the eigen-
vector matrixV are ordered in such a way thAt=V — | is small, specifically in the
sense that its spectral radipéA) satisfiesk (Q)p(4) < 1. Itis expected in this case
that the diagonal relaxation would give a better approxiomefor smallerA, i.e., for
closer alignments. Following the approach in Sect. 4.3-ig shown thakK* and

Kg may be bounded by

Kna=max{K: (1+k(Q)(p(4) +p(8)*)S({M(Q)ca}) < v},  (4.20a)
Kna=max{K : (1-k(Q)p(4))S ({An(Q)ca}) < v} (4.20b)
The approximation rati&y/K* may be bounded accordingly.

Theorem 4.7 Assume that the matri® can be diagonalized a® = (I + A)A(l +
A)T, whereA is such thak (Q)p(A) < 1. Then the maximum numbers of zero-valued
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components irfl.1) and its diagonal relaxation, Kand Ky respectively, satisfy the
ordering K, < K* < Ky < Kpa, Where K., and Ky, are defined in(4.20) The ap-
proximation ratio Ky /K* is bounded as follows:

Ka _ Kna _ [(Knat+Drna] —1
K Kao K @20
where
- _1+k(Q)(p(4)+p(4)?)
e 1-k(Q)p(4) '

Theorem 4.7 characterizes the quality of approximatioeims of the ratioa.
As A approache$, rnq approaches 1 as expected. Similar to Theorem 4.2, Theo-
rem 4.7 may be strengthened using diagonal scaling transfans since botp(A)
and the condition number(Q) may decrease & is transformed int& QS for
different choices ofS. The dependence on the condition number can be explained
geometrically as illustrated in Fig. 4.3. On the left, thgoral ellipsoid &g is both
nearly coordinate-aligned and nearly spherical (k€Q) is close to 1), and can there-
fore be enclosed by a coordinate-aligned ellipsoid thanig slightly larger. Indeed
in the limit k(Q) = 1, &g is spherical and thus already coordinate-aligned, and the
eigenvector matri¥/ can be chosen equal taesulting inA = 0. On the other hand,
if k(Q) is large, even a small misalignment between the ellipsaitcaordinate axes
results in a much larger enclosing ellipsoid, as seen onighein Fig. 4.3.

Fig. 4.3 The effect of the condition number(Q) on the approximation quality in the nearly coordinate-
aligned case. For the same angular of3dtetween the axes of the original ellipsoid and the coordinat
axes, the coordinate-aligned enclosing ellipsoid on thietiis comparatively larger.

In the proof of Theorem 4.7 below, we make reference to théedcaatrix
AY2QA Y2 WhenA is small,A"Y2QA Y2 is close to the identity matrix and
the deviation of its eigenvalues from 1 is specified by theofaihg lemma.
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Lemma 4.8 Assume that the matri®Q can be diagonalized a® = (I + A)A(l +
A)", whereA is such thak (Q)p(A) < 1. Then
Amin(A~72QA™2) > 1-Kk(Q)p(4),
Ama(A~Y2QATH?) <14 k(Q)(p(4) +p(A)?).
Proof ExpandingA~Y/2QA~Y2yieldsl +A+A' +AA", whered — A~Y2AAY2,
The eigenvalues oA ~Y2QA /2 can then be bounded by
Amin(AY2QA ) > 14 Amin(A +4), (4.222)
AmaA " Y2QAY2) <14 A B+ 8" ) + Ama B4 ), (4.22b)

noting thatZZT is positive semidefinite in (4.22a). The rightmost term ir2@b) can
be bounded using the sub-multiplicative property of thesgpénorm [17]:

Mas @8 = 87 <[[4¥7] jalZ A 2] = Amex Q0@ A @) = K (@p(A)2

To bound the eigenvalues eﬁ‘+AT, we make use of a diagonalization Af
Given thatV is orthogonal, it has unit-modulus eigenvalues and can dgotialized
by a unitary matrixU. From the relationd =V —1 andp(4) < 1/k(Q), we see
thatA can be diagonalized & = U¥U" | where the eigenvalueg, of A lie on the

highlighted arc in Fig. 4.4. It follows thad = U U~ with U = A~%/2U.

1

Fig. 4.4 The dark segment of the arc indicates the set of possibl¢idosain the complex plane for the
eigenvalues oA andA.

We now invoke a theorem from [17], which states that for aggevalue ofA +
A", there exists an eigenvalue Afsuch that‘/\ A+A")-A (Z)‘ < HLNJ*ZTLNJHZ.
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Expanding the right-hand side of this inequality and using sub-multiplicative
property of spectral norms, we obtain

AA+A") ~M(A)| < |urArEAZATA A Y|

< |[UR [ 1A AT A v,

— K(Q)p(A). (4.23)

The bound in (4.23) constrains the eigenvalueﬁe«lfﬁT to lie within a Euclidean
distance ok (Q)p(A) from the arcin Fig. 4.4. Furthermore, the symmetrﬁe{tZT

implies that its eigenvalues are real-valued. It is clemntmat)\max(z +ZT) <
K(Q)p(A). From Fig. 4.4 and the assumption thaiQ)p(A) < 1, it can also be

seen thaﬂmin(z +ZT) is minimized by settingh (Z) =0in (4.23) since all other
choices forA (A) would yield more positive values fofmin(A +ZT). Substituting

the resulting boundmin(z +ZT) > —K(Q)p(4) into (4.22a) completes the proof.
O

Theorem 4.7 can now be proved straightforwardly using prevresults.

Proof (Theorem 4.7Rs in the proof of Theorem 4.5, we use Lemma 4.6 to show
thatKy < Kpa, this time choosinddg = A. Combining Lemma 4.6 with Lemma 4.8
then yieldsEq(K) > (1— k(Q)p(A))S ({An(Q)c3}), which implies thaky < Kna
in light of (4.20b).

To prove thatk* > K,,,, we proceed as in the proof of Theorem 4.5 by fixing a
specific subseZna(K) corresponding to thi smallestAn(Q)c3. This yields

Eo(K) < 7, () Qzna(K)ZoalK) CZna(K)

T
_ | A1/2|Cz0a(K) 172 p—-1/2 [ p1/2 | CZna(K)
- (W [feg]) A v v (ave))

< Amax(A " Y2QA Y2 S ({An(Q)E2})
< (1+K(Q)(p(A)+p(A)?)S ({An(Q)c2}).

In the second line above, the quadratic form has been rewiiitt terms of the full
matrixQ and then rescaled. The last two lines result from the dedimitf Z,,(K) and
Lemma 4.8. Combining the last inequality with (4.20a) ysid > K,,, as desired.
The proof of the bound oK5/K 4 is similar to that in Theorem 4.2. O

5 Numerical evaluation

In this section, numerical results are presented to ilustthe performance of the
two relaxations discussed in Sect. 3 and Sect. 4. In Sect.ttielrelaxations are
compared on the basis of their approximation ratios und#&grdnt conditions. In
Sect. 5.2, the relaxations are incorporated in a branchbandd algorithm to gauge
their effectiveness in reducing the complexity of solvingldem (1.1).
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5.1 Approximation ratios

Randomly generated instances of problem (1.1) are usedsirséiction to evaluate
the approximation quality of the two relaxations. While &isvseen in Sect. 4.2 that
neither relaxation dominates the other over all possitdéaimnces, the present com-
parison using random instances indicates that diagoredatbns yield significantly
stronger bounds in many situations, including but not kaito those analyzed in
Sect. 4.3-4.5.

In these experiments, the problem dimendibis varied between 10 and 150 and
the parametey is normalized to 1 throughout. The continuous relaxatioradth
instance, and more specifically the dual problem (3.10)pkgesl using the MAT-
LAB function fmincon. A customized solver described in [26, Sect. 3.5] is used for
the diagonal relaxation; a general-purpose semidefinitengation solver such as
SDPT3 [24] or SeDuMi [23] could also be used. In addition, asfble solution is
obtained for each instance using the backward greedy seieoethod in [28]. The
cost of this feasible solution is used as a substitute fotrilne optimal cost, which
is difficult to compute given the large number of instancesmyrical experience
in [28] however suggests that backward greedy selectioffités mptimal. The ap-
proximation quality of each relaxation is measured by thi raf the optimal cost
of the relaxation to the cost of the feasible solution. Thesies are denoteB; and
Ry for continuous and diagonal relaxations respectivelyy e lower bounds on
the true approximation ratios. Note that we are returnintheooriginal definition
of approximation ratio in terms of the number of non-zero poments and not the
number of zero-valued components as in Sect. 4.3-4.5.

In the first three experiments, the eigenvector matriaf Q is chosen uniformly
from the set ol x N orthogonal matrices (as assumed in Theorem 4.4). The eigen-
values are drawn from different power-law distributionsl dinen rescaled to match
a specified condition numberQ) chosen from the valuegN, N, 10N, and 100\.
OnceQ is fixed, each component of the ellipsoid certés drawn uniformly from
the intervall—+/(Q~1)nn, v/(Q~L)nnl, in keeping with Assumption 2.1.

Fig. 5.1(a) plots the approximation ratiBs andRy as functions oN andk (Q)
for an eigenvalue distribution proportional tgAlL, which corresponds to a uniform
distribution for logA. Each point represents the average of 1000 instancegAA 1
eigenvalue distribution is unbiased in the sense that ivariant under matrix in-
version (up to a possible overall scaling), an operation thaps the positive defi-
nite cone to itself. The continuous relaxation approxioratiatioR; does not vary
much withN or k(Q). In contrast, the diagonal relaxation approximation r&jo
is markedly higher for lowek (Q), in agreement with Theorem 4.2 and the geo-
metric intuition in Fig. 4.2. MoreovelRRy improves with increasingj so that even
for k(Q) = 100N the diagonal relaxation outperforms the continuous relamdor
N > 20, with the difference being substantial at laie

Figs. 5.1(b) and 5.1(c) show average approximation ratosfuniform eigen-
value distribution and a/A? distribution, the latter corresponding to a uniform dis-
tribution for the eigenvalues @ . Compared to a A distribution, a ¥A? distri-
bution is more heavily weighted toward small values whegeasiform distribution
is less so. Accordingly, eadRy curve in Fig. 5.1(b) is lower than its counterpart in
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Fig. 5.1 Average approximation ratid® andRy for (a) a I/A eigenvalue distribution, (b) a uniform eigen-
value distribution, (c) a A2 eigenvalue distribution, and (d) unit diagonal entries affidliagonal entries
drawn uniformly from[—a, a]/+/N. In (a)—(c),k (Q) = v/N,N, 10N, 100N from top to bottom within each
set of curves. In (da = 0.1,0.2,0.5,0.8 from top to bottom within each set of curves.

5.1(a) while the opposite is true in Fig. 5.1(c), in agreetwéth the dependence on
the eigenvalue distribution in Theorem 4.4. The effect ef¢bndition number oRy

is also more pronounced under a uniform eigenvalue digtoband less so under a
1/A?2 distribution. The behavior dR; on the other hand is largely unchanged from
Fig. 5.1(a).

In a fourth experiment, the diagonal entries @fare normalized to 1 while
the off-diagonal entries are drawn uniformly from the intdr[—a,a]//N, where
a=0.1,0.2,0.5,0.8. With high probability, such matrices are diagonally doanit
in the sense of (4.17) faa = 0.1,0.2, and are not positive definite far> 0.85.
The vectorc is generated as before based on the diagonal entri@s bfThe aver-
age approximation ratios are shown in Fig. 5.1(d). Simdaht condition number in
Figs. 5.1(a)—(c), the parametedoes not appear to have much effecRgnFor the di-
agonal relaxation, while Theorem 4.5 predicts a close agmration fora=0.1,0.2,
the performance is still relatively good far= 0.8.



On two relaxations of quadratically-constrained cardipahinimization 27

The results in Fig. 5.1 demonstrate that better bounds driead in many in-
stances with diagonal relaxations than with continuowes<aions. Furthermore, this
can be true even when the condition numbé&®) or the off-diagonal amplitude is
high, whereas the analysis in Sect. 4.3—4.5 is more consarva

5.2 Branch-and-bound complexity

Next we consider the effect of the two relaxations on the dexity of a branch-and-
bound solution to (1.1). For this purpose, the relaxatioesrecorporated into a basic
MATLAB implementation of branch-and-bound, referred toB#3. This algorithm
is also compared to the mixed-integer programming solvetEXP12.4 [18] as a
point of reference. The comparisons show that diagonatagéitans can significantly
increase the efficiency of branch-and-bound. It is also $keanha more specialized
solver can outperform a sophisticated general-purposessin solving (1.1).

Algorithm BB is based on the mixed integer formulation (&hj is summarized
below. Full details can be found in [27]. The branching rgléa select the variable
for which the margin in condition (2.4) is minimal. This rugesimilar to the maxi-
mum absolute value rule in [2, 4] in that the= 0 subproblem is more likely to be
severely constrained. The next node is chosen accordimgtthbest node” rule, i.e.,
a node with a minimal lower bound. Feasible solutions areeggnad by running the
backward selection heuristic at every node. To obtain Idveemds, condition (2.4)
is checked at every node and bounds are updated as appeogaeable elimination
as described in Sect. 2.2 is employed to reduce subproblaeerdions. For stronger
lower bounds, either continuous or diagonal relaxatiorssalved, corresponding to
two algorithm variants BB-C and BB-D. Relaxations are sdloaly after constrain-
ing a variable to zera{ = 0 branch) and when the subproblem dimension is at least
20. In other cases, the increased computation does not sebmjustified by the
improvementin bounds.

For CPLEX, the split-variable mixed integer formulatior@sponding to (3.4)
and (3.5) is passed to the CPLEX MEX executable through theiged MATLAB
interface. Because of the relative inefficiency of CPLEX asrsbelow, BB is run
first and the optimal solution is used to initialize CPLEXv&i this initialization,
CPLEX is instructed to emphasize optimality rather tharsitgility, while all other
options are set to their default values. Preliminary expentation with changing
solver parameters did not yield any gains. The experimatsum on a 24 GHz
guad-core Linux computer with 8 GB of memory. BB is generalt observed to
use more than one core at a time; CPLEX however is able toreamisly exploit all
four cores.

Problem instances are generated randomly from the samelfmses and in the
same manner as in Sect. 5.1, thus satisfying Assumptiomzarticular. Table 5.1
shows the solution times and numbers of nodes for the firsethlasses in which
the eigenvalues of are drawn from different distributions. Each entry repnése
the average over 100 instances. For certain instance slasgksolvers, the high
computational complexity does not permit an accurate e¥@lo. In these cases, the
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solution time is estimated by extrapolating from lower eswfN; such estimates
are marked by parentheses.

Table 5.1 Average computational complexity for different eigenealistributions. Times in parentheses
represent extrapolated values.

eig. dist. | k(Q) N time [s] number of nodes
BB-C BB-D CPLEX BB-C BB-D CPLEX
1/A N 40 124 0.70 1838 810 599 5979
70 662 75 2146 260x10* | 0.69x 10* | 2.72x 10°
100 || (4x10P) | 1.09x10* | (2x10°) 7.40% 10*
100N | 40 0.84 0.67 (2% 10°) 628 611
70 334 213 1.85x10* | 1.46x 10*
100 || (1x10P) | (5x10%
uniform N 40 1.09 0.72 1528 689 616 5500
70 261 98 1159 1.77x10* | 1.01x10* | 2.03x 10°
100 || (7x10% | 1.43x10* | (7x10% 1.36x 1P
100N | 40 0.18 0.19 (3x 104 189 189
70 3.64 2.95 1.69x10° | 1.69x 10°
100 986 771 9.71x 10® | 9.95x 10*
1/A2 N 40 1.93 0.51 2365 1111 438 6929
70 2949 12 3139 472x10* | 019x10* | 3.44x1CP
100 || (6x 10°) 633 (4% 10P) 1.40x 10*
100N | 40 112 0.40 (3x 10°) 742 328
70 1756 14 419% 10* | 0.23x 10*
100 || (1x10P) 848 1.60x 10*

Considering first the comparison between BB-C and BB-D,dtésr from Table
5.1 that diagonal relaxations can significantly decreasepbexity. The gains gen-
erally increase with the dimensidh and can reach several orders of magnitude for
the 1/A2 eigenvalue distribution, which as seen in Sect. 5.1 is nav&traible toward
diagonal relaxations. Even for a uniform distribution an@) = 100N, BB-D is
slightly more efficient than BB-C, in apparent contradintigith the comparison in
Fig. 5.1(b). This can be explained by noting that Fig. 5.Xépresents the average
approximation ratios for the root node whereas subproblerng have more non-
uniform eigenvalue distributions and lower condition nars It is also interesting
that instances in this class appear to be the easiest ta solve

The comparison with CPLEX in Table 5.1 shows the value of aaspecialized
algorithm for solving (1.1), as has been observed by ott&eds4]. This is in spite of
the fact that CPLEX is run as a compiled executable with fulltroore capabilities.
Indeed, the advantage extends to the BB-C variant atNgwlthough the margin
decreases at high&t. Note also that CPLEX has difficulty with the more poorly-
conditioned instances. Given CPLEX’s use of technique®bdyure branch-and-
bound, it is difficult to identify precisely the reasons ftx ielative inefficiency. One
factor is the poor performance of the heuristic used by CPk&lXtive to the back-
ward selection heuristic in BB. For this reason, CPLEX igiafized with the BB
solution in the experiments. As for lower bounds, it is likehat checking condition
(2.4) confers significant benefits because of the abilitylimirate many infeasi-
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ble subproblems and improve bounds incrementally with mé&icomputation, and
also because of the subsequent reduction in dimensionh&ndifference is the fre-
guency at which relaxations are solved since in BB, sometefomade to avoid
solving unprofitable relaxations.

Table 5.2 shows a complexity comparison @matrices with unit diagonal en-
tries and uniformly distributed off-diagonal entries, i@aponding to Fig. 5.1(d) in
Sect. 5.1. The difference between BB-C and BB-D in this casgsidramatic as it
is for the 2/A2 eigenvalue distribution in Table 5.1. The performance oL ER is
similar to its performance in Table 5.1 fe(Q) = N. It is clear that BB-D remains
the best option.

Table 5.2 Average computational complexity for different off-diagd amplitudes. Times in parentheses
represent extrapolated values.

a N time [s] number of nodes
BB-C BB-D CPLEX BB-C BB-D CPLEX

0.2 | 40 1.66 0.13 26.87 1128 93 8698
70 2941 11 4107 6.76x 10 151 4.85x 1P
100 || (7x10P) 26 (9% 10°) 187

0.8 | 40 156 0.76 24.04 849 543 7896
70 577 50 2853 321x10* | 057x10* | 3.86x 1C°
100 || (4x1CP) | 4.86x10° | (4x10P) 7.51x 10*

6 Conclusion and future work

Two relaxations of a quadratically-constrained cardtgatiinimization problem (1.1)
were investigated, the first being the continuous relaratfca mixed integer formu-
lation, the second an optimized diagonal relaxation basexisimple special case of
the problem. An absolute upper bound on the optimal costettntinuous relax-
ation suggests that it yields relatively weak approxintagidn computational exper-
iments, diagonal relaxations were seen to result in strolngends and significantly
reduced complexity in solving (1.1) via branch-and-boudgbstantial gains were
also observed relative to the general-purpose solver CRIEXupport these numer-
ical results, this paper analyzed the approximation pitggseof diagonal relaxations,
providing general insight and establishing guaranteesrim¢ of the eigenvalues of
the matrixQ and in the diagonally dominant and nearly coordinate-alitrases.

Given the interest in generalizations of (1.1) in portfaljatimization, it is hoped
that the analysis in this paper could be extended to these gereral formulations
and to other relaxations such as the perspective relaxgtityi6, 29]. In addition,
the positive experience with diagonal relaxations moéigaurther exploration of
relaxations based on other efficiently solvable speciaégafor example those in
[11].
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