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Abstract. This paper studies an inexact perturbed path-following algorithm in the framework
of Lagrangian dual decomposition for solving large-scale separable convex programming problems.
Unlike the exact versions considered in the literature, we propose to solve the primal subproblems
inexactly up to a given accuracy. This leads to an inexactness of the gradient vector and the
Hessian matrix of the smoothed dual function. An inexact perturbed algorithm is then applied to
minimize the smoothed dual function. The algorithm consists of two phases and both make use of
the inexact derivative information of the smoothed dual problem. The convergence of the algorithm
is analyzed and the worst-case complexity is estimated. As a special case, an exact path-following
decomposition algorithm is obtained and its worst-case complexity is estimated. Implementation
details are discussed and preliminary numerical results are reported.
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1. Introduction. Many optimization problems arising in networked systems,
image processing, data mining, economics, distributed control and multi-stage stochas-
tic optimization can be formulated as separable convex optimization problems, see,
e.g. [5, M0, 12, 14, 20, 24, 25, 28]. For a centralized setup and problems of moder-
ate size there exist many standard iterative algorithms to solve them such as Newton,
quasi-Newton or projected gradient methods. But in many applications, we encounter
separable convex programming problems which may not be easy to solve by standard
optimization algorithms due to the high dimensionality, the hierarchical, multistage
or dynamical structure, the existence of multiple decision-makers or the distributed
locations of the data and devices. Decomposition methods can be an appropriate
choice for solving these problems. Moreover, decomposition approaches also benefit
if the subproblems generated from the components of the problem can be solved in a
closed form or lower computational cost than the full problem.

In this paper, we are interested in the following separable convex programming
problem (SCPP):

max {¢(x) = Zf\il ¢z(3«”z)}

zER™ Ny
(1'1) s.t. Zi:l(Ai'r’i — bz) = O,
z,e€X;, i=1,---, M,
where z = (zf,... 2T)T with 2; € R™ is a vector of decision variables, each ¢; :

R™ — R is concave, X; is a nonempty, closed convex subset in R™i, A; € R™*X"i
b; € R™ for alli =1,...,M, and ny + no + --- + npy;y = n. The first constraint is
usually referred to as a linear coupling constraint.

Several methods have been proposed to solve problem by decomposing it
into smaller subproblems that can be solved separately by standard optimization
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techniques, see e.g. [2L4],T3L[19,22]. One standard technique to decompose a separable
programming problem is Lagrangian dual decomposition [2]. However, using such a
technique generally leads to a nonsmooth optimization problem. There are several
attempts to overcome this difficulty by smoothing the dual function. One can add
an augmented Lagrangian term [I9] or a proximal term [4] to the objective function
of the primal problem. Unfortunately, the first approach breaks the separability of
the original problem due to the cross terms between the components. Therefore, the
second approach is more attractive to solve this type of problems.

Recently, smoothing techniques in convex optimization have attracted increasing
interest and have found many applications [I7]. In the framework of the Lagrangian
dual decomposition, there are two relevant approaches. The first one is regularization.
By adding a regularization term such as a proximal term to the objective function, the
primal subproblems become strongly convex. Consequently, the dual master problem
is smooth which allows one to apply smoothing optimization techniques [4, 13| 22].
The second approach is using barrier functions, this technique is suitable for prob-
lems with conic constraints [7), 9] [TT], T4l 2], 27, 28]. Several methods in this direction
have used a fundamental property that by using self-concordant log-barrier functions,
the family of the dual functions depending on a barrier parameter is strongly self-
concordant in the sense of Nesterov and Nemirovski [I5]. Consequently, path-following
methods can be applied to solve the dual master problem. Until now, those methods
required the crucial assumption that the primal subproblems are solved exactly. In
practice, solving the primal subproblems exactly to construct the dual function is
only conceptual. Any numerical optimization method provides an approximate so-
lution and, consequently, the dual function is also approximated. In this paper, we
study an inexact perturbed path-following decomposition method for solving
which employs approximate gradient vectors and approximate Hessian matrices of
the smoothed dual function.

Contribution. The contribution of this paper is as follows:

1. By applying a smoothing technique via self-concordant barrier functions, we
prove a local and a global smooth approximation to the dual function and
estimate the approximation error.

2. A new two-phase inexact perturbed path-following decomposition algorithm
is proposed for solving . Both phases allow one to solve the primal
subproblems approximately. The whole algorithm is highly parallelizable.

3. The convergence and the worst-case complexity of the algorithm are investi-
gated under standard assumptions used in any interior point method.

4. As a special case, an exact path-following decomposition algorithm studied
in [I1, 14 21, 28] is obtained. However, for this variant we obtain better
values for the radius of the central path neighborhood compared to those
from existing methods.

Let us emphasize some differences between the proposed method and existing similar
methods. First, although smoothing techniques via self-concordant barriers are not
new [T}, T4} 211 28], in this paper we prove a new local and global estimate for the dual
function. These estimates are only based on the convexity of the objective function
(not necessarily its smoothness). Since the smoothed dual function is continuously
differentiable, smooth optimization techniques can be used to minimize such a func-
tion. Second, the new algorithm allows us to solve the primal subproblems inexactly,
where the inexactness in the early iterations of the path-following algorithm can be
high, resulting in significant time savings when the solution of the primal subprob-
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lems requires a high computational cost. Note that the proposed algorithm is different
from the one considered in [26] for linear programming, where the inexactness of the
primal subproblems was defined in a different way. Third, by analyzing directly the
convergence of the algorithm based on a recent monograph [16], the theory in this
paper is self-contained. Moreover, it also allows us to optimally choose the parameters
and to trade-off between the convergence rate of the master problem and the accuracy
of the primal subproblems. Finally, in the exact case, the radius of the central path
neighborhood is (3 — v/5)/2 a 0.38197 which is larger than 2 — /3 ~ 0.26795 of pre-
vious methods [T}, 14} 21} 28]. Moreover, since the performance of an interior point
algorithm crucially depends on the parameters of the algorithm, we analyze directly
the path-following iteration to select these parameters in an appropriate way.

The rest of this paper is organized as follows. In the next section, we briefly
recall the Lagrangian dual decomposition method in separable convex optimization.
Section [3]is devoted to constructing smooth approximations for the dual function via
self-concordant barriers and investigates the main properties of these approximations.
Section [f] presents an inexact perturbed path-following decomposition algorithm and
investigates the convergence and the worst-case complexity of the algorithm. Section
[] deals with an exact variant of the algorithm presented in Section [l Section [g]
discusses implementation details and Section [7] presents preliminary numerical tests.
The proofs of the technical statements are given in the appendix.

Notation and Terminology. Throughout the paper, we shall consider the Eu-
clidean space R" endowed with an inner product 27y for z,y € R" and the Euclidian

norm ||z|| = V&Tz. The notation x = (x1,...,25) defines a vector in R™ formed
from M sub-vectors x; € R™, ¢ =1,..., M, where ny + --- + npy = n.

For a given symmetric real matrix P, the expression P = 0 (resp. P > 0) means
that P is positive semidefinite (resp. positive definite); P < @) means that @ — P > 0.

For a proper, lower semi-continuous convex function f, dom(f) denotes the do-
main of f, dom(f) is the closure of dom(f) and Of(x) denotes the subdifferen-
tial of f at x. For a concave function f we also denote by 9f(z) the “super-
differential” of f at xz, i.e. Of(x) := —0{—f(x)} . Let f be twice continuously
differentiable and convex on R™. For a given vector u, the local norm of u w.r.t. f
at @, where V2f(z) > 0, is defined as [Ju||, := [uT V2 f(z)u] "2 and its dual norm is
llullf == max{uTv | |v]|. < 1} = [uTvzf(a:)’lu]lm. Clearly, |u”v| < [|ul|s[v]|;. The
set Nx(z) == {w e R" | wT (z —u) >0, ue X} ifz € X and Nx(x) := ), otherwise,
is called the normal cone of a closed convex set X at x.

The notation R (resp. R, ) defines the set of nonnegative (resp. positive)
numbers. The function w : Ry — R is defined by w(t) := ¢ — In(1 + ¢) and its
dual w, : [0,1] — R is defined by w.(t) := —t — In(1 — ¢). Note that both functions
are convex, nonnegative and increasing. For a real number x, || denotes the largest
integer number which is less than or equal to x, and “:=” means “equal by definition”.

2. Lagrangian dual decomposition in convex optimization. A classical
technique to address coupling constraints in SCPP is Lagrangian dual decomposition
[2]. We briefly recall such a technique in this section.

Let A:=[Ay,..., Ayl and b := Zf\il b;. The linear coupling constraint Z»f\il(Aimi_
b;) = 0 can be written as Az = b. The Lagrange function associated with the con-
straint Az = b for the problem is defined as L(z,y) = ¢(z) + yT(Az —b) =
Zij\il [@(!Ez) +yT (Asm; — bi)]7 where y € R™ is the corresponding Lagrange multi-
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plier. The dual problem of (1.1)) is formulated as:

(2.1) do = min do (),

where dj is the dual function defined by:

M
(2.2) do(y) := max L(z,y) = max { Z T(Ajzi — b;)] }

[IS
i=1

We say that the problem satisfies the Slater condition if ri(X)N{x € R" | Az =
b} # 0, where ri(X) is the relative interior of the convex set X [3]. Let us denote by
X* and Y* the solution sets of and , respectively. Throughout the paper,
we assume that the following fundamental assumptions hold.

ASSUMPTION A.1.

(a) The solution set X* of is nonempty and either the Slater condition
for is satisfied or X is polyhedral.

(b) For i =1,...,M, the function ¢; is proper, upper semicontinuous and
concave on X;.

(¢) The matriz A is full-row rank.

Note that Assumptions A[l]a) and AJl]b) are standard in convex optimization,
which guarantee the solvability of the primal-dual problems and strong duality. As-
sumption Ac) is not restrictive since it can be guaranteed by applying standard
linear algebra techniques to eliminate redundant constraints.

Under Assumption A the solution set Y* of the dual problem is nonempty,
convex and bounded. Moreover, strong duality holds, i.e.:

d5 = do(y) = min do(y) = maxx {9(a) | Av = b} = 6(af) = &", V(i) € X" V™.

Finally, the dual function do(-) can be computed separately by:
= do.i(y), where do;(y):= mg{({(f)i(ﬂﬁi)+yT(Ai$i—bi)} s i=1,..., M.

We denote by 7 ;(y) a solution of the maximization problem in (2.3)) fori =1,..., M
and z5(y) := (£5,1(y), -+ 25,0 (9))-

3. Smoothing via self-concordant barriers. Let us assume that the feasible
set X; possesses a v;-self-concordant barrier F; fori = 1,..., M, see [15] [I6]. In other
words, we assume the following.

ASSUMPTION A.2. For eachi € {1,..., M}, the feasible set X; is bounded in R™
with imt(X;) # 0 and possesses a self-concordant barrier F; with a parameter v; > 0.

The assumption on the boundedness of X; is not restrictive. In principle, we can
bound the set of desired solutions by a sufficiently large compact set such that all
the sample points generated by an optimization algorithm belong to this set. A more
general case, ri(X;) # 0, will be discussed in Subsection

Let us denote by x§ the analytic center of X;, which is defined as:

xf = argmin {F(z;) | z; € mt(X,)}, i =1,..., M.

Under Assumption A 2] 2¢ := (a5, ..., 25,) is well-defined due to [I8] Corollary 2.3.6].
To compute x¢, one can apply the algorithms proposed in [I6 pp. 204-205]. Moreover,
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the following estimates hold:

(3.1) Fi(z;) — Fi(2f) > w(||lzi — 7

e¢) and ||z — 2f|ze < vi +24/1,
for all z; € dom(F;) and i =1,..., M [16, Theorems 4.1.13 and 4.2.6].

3.1. A smooth approximation of the dual function. Let us define the
following function:

M
(3.2) d(y, 1) ::Zdi(y,t), di(y,t):= max {)ébi(fﬂi)erT(Aiﬂ?i*bi)*t[Fi(ﬂfi)*Fi(ﬂﬂf)]} :

x; €int(X;

where t > 0 is referred to as a smoothness or barrier parameter. Similar to [9] [14] 2T,
28], we can show that d(-,t) is well-defined and smooth due to strict convexity of F;.
We denote by x;(y,t) the unique solution of the maximization problem in for
i=1,...,M and z*(y, t) = (zi(y, 1), ..., x5, (y,t)). We refer to d as a smoothed dual
function of dy and to the maximization problem in as primal subproblem. The
optimality condition for the primal subproblem is:

(3-3) 0 € 0¢i(27 (y, 1)) + Al y — tVFi(ai(y, 1), i=1,.... M
where d¢;(xf(y,t)) is the super-differential of ¢; at x(y,t). Since the problem (3.2)

is unconstrained and convex, this condition is necessary and sufficient.
Associated with d(-,t), we consider the following smoothed dual master problem:

(3.4) d*(t) .= Zr/neilr/ld(y,t).

We denote by y*(t) a solution of (3.4]) if it exists and by z*(t) := ™ (y*(t), ).
Let F(x) := Zf\il F;(x;). Then the function F is also a self-concordant barrier of

X with a parameter v := Zf\il v;. For a given 8 € (0,1), we define a neighbourhood
in R™ w.r.t. Fand ¢t > 0 as:

NE@) = {y € R™ | Ar, @ (5,1)) = IV (0, )3y < By i = 1o, M}
M

Since x¢ € N (B), this set is nonempty. Let w(z*(y,t)) := D oiw (||z;‘ (y,t)—xf xf)
and w(z*(y,t)) = Zf\il viw N (v wl(Ar, (25 (y,1)))). The following lemma provides
a local estimate for dy(-), whose proof can be found in the appendix.

LEMMA 3.1. Suppose that Assumptions A and A. are satisfied and § € (0,1).
Then the function d(-,t) defined by (3.2)) satisfies:

(3.5) 0 <tw(x*(y,t)) < do(y) — dly,t) < t[o(z™(y,1)) + ],
for all y € NF(B). Consequently, one has:
0 < do(y) —d(y,t) < tlws +v], VyeN(B),

where Wg 1= Zfﬁl viw (v tw.(B)) and w is the inverse function of w.

Lemmaimplies that, for a given g4 > 0, if we choose t; := (g +v) ‘&4, then
d(y,tr) < do(y) < d(y,ty) +eq for all y € N (B).

Under Assumption A. the solution set Y* of the dual problem is bounded.
Let Y be a compact set in R™ such that Y* C Y. We define:

3.6 K; := ma a i+ ATylse} €[0,400), i=1,..., M.
8O Ke=mas max {6 ATy €0 400),
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The following lemma provides a global estimate of the dual function dy(-). The proof
of this lemma can be found in the appendix.

LEMMA 3.2. Suppose that Assumptions A[I] and A 2] are satisfied and the con-
stants K;, i =1,..., M, are defined by . Then, for any t > 0, we have:

(3.7) tw(z*(y,t)) < do(y) —d(y,t) <tDx(t), YyeY,

where Dx (t) := Zf\il C(Ki;vi,t) and {(13a,b) := a (1 + max {0,In (%) }).
Consequently, for a given tolerance €4 > 0 and a constant € (0,1), if:

. 1/(1—k
(38)  O<t<i:= 1£ni<nM{Kf,€1/ﬁ,< — ) >},
='= Ve >imalvi+ v K]
then d(y,t) < do(y) < d(y,t) +eq for ally €Y.

Lemma shows that if we fix t; € (0,¢] and minimize d(-,ts) over Y, then
the obtained solution y*(ts) is an e4-solution of (2.1)). Since d(-,¢y) is continuously
differentiable, smooth optimization techniques such as gradient-based methods can
be applied to minimize d(-,ty) over Y.

3.2. The self-concordance of the smoothed dual function. If the function
—¢; is self-concordant on dom(—¢;) with a parameter My,, then the family of the
functions ¢;(-,t) = tF(-) — ¢;(-) is also self-concordant on dom(—¢;) N dom(F;).
Consequently, the smooth dual function d(-,t) is self-concordant due to Legendre
transformation as stated in the following lemma, see, e.g. [11] [14] 211 28].

LEMMA 3.3. Suppose that Assumptions A[I] and AP| are satisfied. Suppose
further that —¢; is My, -self-concordant. Then, for t > 0, the function d;(-,t) defined
by is self-concordant with the parameter My, := max{My,,2/\/t},i=1,..., M.

Consequently, d(-,t) is self-concordant with the parameter My := Jmax Mg, .
_7’_

Similar to standard path-following methods [I5] [I6], in the following discussion,
we assume that ¢; is linear as stated in Assumption A 3] below.

AsSSUMPTION A.3. The function ¢; is linear, i.e. ¢;(z;) :=cla; fori=1,..., M.
Let ¢ := (c1,...,cpr) be a column vector formed from ¢; (i = 1,..., M). Assumption
A and Lemma imply that d(-,t) is %-self—concordant. Since ¢; is linear, the
optimality condition ([3.3)) is rewritten as:
(3.9) c+ ATy —tVF(z*(y,t)) = 0.

The following lemma provides an explicit formula to compute the derivatives of d(-, ).
The proof can be found in [14] 2§].

LEMMA 3.4. Suppose that Assumptions A[TFA[3] are satisfied. Then the gradient
vector and the Hessian matriz of d(-,t) on'Y are respectively given as:

(3.10)  Vd(y,t) = Az*(y,t) —b and V3d(y,t) =t *AV2F(2*(y,t)) AT,

where x*(y, t) is the solution of the primal subproblem (3.2)).

Note that since A is full-row rank and V2F(z*(y,t)) = 0, we can see that

V2d(y,t) = 0 for any y € Y. Now, since d(-,t) is % self-concordant, if we define:

(3.11) d(y,t) == t~td(y, 1),

then d(-,t) is standard self-concordant, i.e. M; = 2, due to [16] Corollary 4.1.2].
For a given vector v € R™, we define the local norm |jv||, of v w.r.t. d(-,t) as
[vlly = [T V2d(y, t)o]'/2.
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3.3. Optimality and feasibility recovery. It remains to show the relations
between the master problem , the dual problem and the original primal
problem . We first prove the following lemma.

LEMMA 3.5. Let Assumptions A[TFA[3] be satisfied. Then:

a) For a giveny €Y, d(y,-) is nonincreasing in Ry .

b) The function d*(-) defined by is nonincreasing and differentiable in Ry .
Moreover, d*(t) < di = ¢* and limy o+ d*(t) = ¢*.

¢) The point x*(t) := x*(y*(t),t) is feasible to and limy g+ 2*(t) = §.

Proof. Since the function &(x,y,t) = ¢(z)+y? (Az—b) —t[F(x)— F(x°)] is strictly
concave in x and linear in ¢, it is well-known that d(y,t) = max{{(x,y,t) | € int(X)}
is differentiable w.r.t. ¢ and its derivative is given by % = —[F(z*(y,t))—F(z)] <
—w(||lz*(y,t) — 2¢|zc) < 0 due to (3.1)). Thus d(y,-) is nonincreasing in ¢ as stated
in a). From the definitions of d*(-), d(y,-) and y*(-) in (3.4, and strong duality, we
have:
strong duality

d*(t)= mind(y,t) max_min {¢(z)+y” (Az—b)—t[F(z)—F(z¢)]}

yeYy z€int(X)yeY
(312) = max {6(z) — H{F(x) - F(")] | Az = b}
z€int(X)

= o™ (1)) — tF (" (1)) — F(«°)].

It follows from the second line of (3.12)) that d*(-) is differentiable and nonincreasing
in Ry. From the second line of (3.12)), we also deduce that 2*(t) is feasible to (L.I).
The limit in ¢) was proved in [28] Proposition 2]. Since z*(t) is feasible to and
F(z*(t) — F(«°) > 0, the last line of implies that d* < d;;. We also obtain the
limit limy o+ d*(t) = dg = ¢*. O
Let us define the Newton decrement of d(-,t) as follows:
- - . . 1/2

(313) A=) = Vil 0)l; = [Vdw,0v%d.0 Vi, n]

The following lemma shows the gap between d(y,t) and d*(¢).
LEMMA 3.6. Suppose that Assumptions A[IFA[B] are satisfied. Then, for any
y €Y andt > 0 such that )‘(i(~,t)(y) < B <1, we have:

(3.14) 0 < tw(hg o)) < dly, 1) — d* (1) < tw. g ())-

)

Moreover, it holds that:
(3.15) (c+ AT T (u — x*(y,t)) < tv and ||Az*(y,t) — bll, <8,

forallu e X.

Proof. Since d(-,t) is standard self-concordant and y*(t) = argmin{d(y,t) | y €
Y}, for any y € Y such that A < 8 < 1, by applying [16, Theorem 4.1.13, inequality
4.1.17], we have 0 < w(\) < d(y,t) — d(y*(t),t) < w.(N). By (3.11)), these inequalities
are equivalent to . It follows from the optimality condit that c4+ ATy =
tVF(z*(y,t)). Hence, by [16, Theorem 4.2.4], we have (c + ATy)! (u — 2*(y,t)) =
tVE(x*(y,t)) T (u — 2*(y,t)) < tv for any u € domF. Since X C domF, the last
inequality implies the first condition in . Furthermore, from we have
V) = A1) . Thensor, |42°(.) = 905" 0 = ) <
tp. 0
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Let us recall the optimality condition for the primal-dual problems (1.1)-(2.1) as:
(3.16) 0€c+ ATyl — Nx(xf) and Azf —b=0, V(x},y5) € R" x R™,

where Nx(z) is the normal cone of X at z. Here, since X* is nonempty, the first
inclusion also indicates implicitly that = € X. Moreover, if 2§ € X then can
be expressed equivalently as (¢ + ATy3)T (u — z%) < 0 for all u € X. Now, we define
an approximate solution of — as follows.

DEFINITION 3.7. For a given tolerance €, > 0, a point (£,7) € X x R™ is said
to be an ep-solution of (LI)-R.I) if (c + AT9)T(u — &) < &p for all u € X and
143 — bll; <.

It is clear that for any point z € int(X), Nx(x) = {0}. Furthermore, according
to , the conditions in Definition are well-defined.

Finally, we note that v > 1, 8 < 1 and z*(y,t) € int(X). By (3.15)), if we choose
the tolerance e, := vt then (z*(y,t),y) is an e,-solution of (I.I)-(2.1) in the sense of
Definition We denote the feasibility gap by F(y,t) := |[Az*(y,t) —b||; for further

references.

4. Inexact perturbed path-following method. This section presents an in-
exact perturbed path-following decomposition algorithm for solving (2.1J).

4.1. Inexact solution of the primal subproblems. Firstly, we define an
inexact solution of by using local norms. For a given y € Y and ¢ > 0, suppose
that we solve approximately up to a given accuracy 6 > 0. More precisely, we
define this approximation as follows.

DEFINITION 4.1. For given 5 >0, a vector Z5(y,t) is said to be a S-approximate
solution of x*(y,t) if:

(4.1) 175(y,t) — " (y,1)
Associated with Z5(-), we define the following function:
(42)  ds(y,t) = c"z5(y,t) +y7 (AT5(y.£) —b) — H{F (T5(y, 1)) — F(2°)].

This function can be considered as an inexact version of d. Next, we introduce two
quantities:

o (yot) < 0.

(4.3) Vds(y,t) == Az5(y,t) —b, and V2dz(y,t) =t *AV?F(z5(y,t)) *AT.

Since z*(y,t) € dom(F), we can choose an appropriate 6 > 0 such that z5(y,t) €
dom(F). Hence, V2F(z5(y,t)) is positive definite which means that V2ds is well-
defined. Note that Vds and V?2ds are not the gradient vector and Hessian matrix of
ds(-,t). However, due to Lemma and , we can consider these quantities as an
approximate gradient vector and Hessian matrix of d(-,t), respectively.

Let:

(4.4) ds(y,t) =t~ d5(y, 1),
and \ be the inexact Newton decrement of ds which is defined by:

3 3 7 * 7 27 -1 1/2
(45) A= 2g,0.0®) = IVds(y. DIl = [Vds(y, OV ds(y, ) Vds(0,8)]

Here, we use the norm || - ||, to distinguish it from || - ||,.
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4.2. The algorithmic framework. From Lemma [3.6] we see that if we can
generate a sequence {(y¥,t;)} k>0 such that Ay := )\d~(. tk)(yk) < B <1, then:

d(y, ty) T d = ¢* and F(y*, 1) — 0, as t, | OF.

Therefore, the aim of the algorithm is to generate {(y*, ;) }r>0 such that A, < 8 <1
and t; | 0T. First, we fix t = to > 0 and find a point 3° € Y such that )\g(, to)(yo) <
B. Then we simultaneously update y* and t; such that ¢, | 0T. The algorithmic
framework is presented as follows.

INEXACT-PERTURBED PATH-FOLLOWING ALGORITHMIC FRAMEWORK.
Initialization. = Choose an appropriate 5 € (0,1) and a tolerance ¢4 > 0. Fix
t =ty > 0 a priori.
Phase 1. (Determine a starting point y° € Y such that )\J(_’to)(yo) < B).
Choose an initial vector y°° € Y.
For j=0,1,...,Jmax perform
1 IfA; = )\d(,,to)(yo’j) < [ then set 3% := y%7 and terminate.
2. Solve in parallel to obtain an approximation of z*(y%7, ).
3. Evaluate Vds(y%7,t9) and V2d;5(y°7,t) by (£.3).
4. Perform the inexact-perturbed damped Newton step: YOI+l = 07 —
a;V2ds(y™, to) " Vds(y®7, ty), where a; € (0,1] is a given step size.
End For
Phase 2. (Path-following iterations).
Compute an appropriate value o € (0,1).
For k=0,1,...,knax perform:
1. If ¢, < e4/ws(B) then terminate.
Update tgy1 := (1 — 0)tg.
Solve in parallel to obtain an approximation of z* (y*, ¢ 1).
Evaluate the quantities Vds(y*,t,41) and V2ds(y"*, tp41) as in (3.10).
Perform the inexact-perturbed full-step Newton step as
Y=y = VRs(0F i) T Vs (Y )
End For
Output. An e4-approximate solution y* of , ie. 0 <d(yk ty) —d*(t) < eq.
END.

This algorithm is still conceptual. In the following subsections, we shall discuss
each step of this algorithmic framework in detail. We notice that the proposed algo-
rithm provides an e4-approximate solution y* such that ¢, < &; := w.(8) 'eq4. Now,
by solving the primal subproblem 7 we obtain x*(y*, t;;) as an €,-solution of
in the sense of Definition where €, := vey.

4.3. Computing inexact solutions. The condition can not be used in
practice to compute Tz since z*(y,t) is unknown. We need to show how to compute
Z5 practically such that holds.

For the sake of notational simplicity, we abbreviate by z5 := z5(y,t) and z* :=
x*(y,t). The error of the approximate solution Zz to z* is defined as:

(4.6) 6(z5,2") = 175y, t) — 2" (y,1)]

The following lemma gives a criterion to ensure that the condition (4.1)) holds.
LEMMA 4.2. Let 6(Z5,2*) be defined by (4.6) such that 6(Z5,x*) < 1. Then:

(4.7) 0 <tw(8(z5, 7)) < d(y,t) — ds(y, 1) < tw.(6(Z5,27)).

CU o

z*(y,t)-



10 Q. Tran Dinh, I. Necoara, C. Savorgnan and M. Diehl

Moreover, if:

(4.8) ES = |le+ ATy — tVF(25)|% < ea:= [(v+2vP)(140)] 6t
then Z5(y,t) satisfies . Consequently, if t < w.(8)"teq and § < 1 then:
(4.9) |ds(y,t) = d* ()] < [1+wi(B) " wi(d)] ea.

Proof. Tt follows from the definitions of d(-,t) and dz(-, ), and (3.9) that:
d(y,t) — ds(y,t) = [c + ATy|(a" — 75) — t{F (2") = F ()]
= —t[F(z") + VF(z")" (75 - 2*) = F(z5)].

Since F' is self-concordant, by applying [16, Theorems 4.1.7 and 4.1.8], and the defi-
nition of 6(Zz, z*), the above equality implies that:

0 < tw(6(z5,2%)) < d(y.1) — ds(y, ) < tw, (3(z5,2")),

which is indeed (4.7]).
Next, by using again (3.9) and the definition of £§ we have:

ES tIVF(z5) — VF(z")||5c > (v +2vv) 1|V F(Z5) — VF(x*)

where the last inequality follows from [16, Corollary 4.2.1]. Combining this inequality
and [16, Theorem 4.1.7], we obtain:
d(zg,2*)?

T3 oG o < [VF@) = VFGI" (25 —a") < | VF(@5) = VF@@") ;- 25 - o"

<t v+ 2VV)E§o(Z5, ).
Hence, we get:
(4.10) §(z5,0%) < [t — (v + 2V)EE] (v + 2v/7) EE,

provided that ¢ > (1/+2ﬁ)E§. Let us define an accuracy €, for the primal subproblem

as g, == [(v + 2y/v)(1 + )] 716t > 0. Then it follows from that if Ef <
[(v+2y/V)(1+0)] "'t then Z5(y, t) satisfies ({.1)). It remains to consider the distance
from ds to d*(t) when t is sufficiently small. Suppose that t < w,(8) 'eq. Then, by
combining and we obtain . ]

REMARK 1. Since Es := |[c+ATy—tVF(z;)[5, > (1-6)|c+ATy—tVF(z5)|[%-,

by the same argument as in the proof of Lemma we can show that if E5 < &y,

where &, = S(i;?t then (4.1) holds. This condition can be used to terminate the

algorithm presented in the next section.

4.4. Phase 2 - The path-following scheme with inexact-perturbed full-
step Newton iterations. Now, we analyze Steps 2-5 in Phase 2 of the algorithmic
framework. In the path-following fashion, we only perform one inexact-perturbed full-
step Newton (IPFNT) iteration for each value of the parameter ¢. Thus one iteration
of this scheme is specified as follows:

(4.11) b=t - A 1
Yy =y—V dg(y,t-i,-) Vdg(y,t+)-
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Since the Newton method is invariant under linear transformations, by (4.2)), the
second line of (4.11)) is equivalent to:

(4.12) yr =y — V3ds(y, t4) " Vds(y, t1).

For the sake of notational simplicity, we denote all the functions at (y,¢y) and
(y,t+) by the sub-index “;” and “7, respectively, and at (y,t) without index in the
following analysis. More pre01sely7 we denote by:

§+ :/:\ 5(t )(y+> o =125y 1) — (W T [l (g )
(4.13) A= %‘}(.,u)(y)a or =125y, t4) — (W b )l ot )
A=A, 8 =135 — 2 (0l g,
and by
(4.14) A= |Z5(ys t4) =25y, llas . and A= [l (y, t4) =2 (5, Olla= )

Note that the above notation does not cause any confusion since it can be recognized
from the context.

4.4.1. The main estimate. Now, by using the notation in and -,
we provide a main estimate which will be used to analyze the convergence of the
algorithm presented in Subsection [£.4.4] whose proof can be found in the appendix.

LEMMA 4.3. Lety € Y be given and t > 0. Let (y+,t4) be a pair generated by

- Suppose that 61 +2A + A< 1,64 <1 and £ := %. Then:

(415) Ay <(1—0,.)" {6+ T+ 46 [1-6)2+2(1—6)7Y f}-

Moreover, the right-hand side of is nondecreasing w.r.t. all variables 04, 61,
A and \.

In particular, if we set 01 = 0 and 61 = 0, i.e. the primal subproblem is
assumed to be solved exactly, then Ay = Ay, A\ = \ and reduces to:

(4.16) A < (1=2A% = X) 2 (A+ A9,
provided that X\ + 2A* < 1.

4.4.2. Maximum central path neighborhood. The key point of the path-
following algorithm is to determine the maximum central path neighborhood (3., 8*) C
(0,1) such that for any 3 € (Bs, %), if A < B then Ay < B. Now, we analyze the
estimate (4.15) to find the parameters § and A such that the last condition holds.

Suppose that § > 0 as in Definition First, we construct the following para-
metric cubic polynomial:

(4.17) Ps(B) := co(0) + c1(8) 8 + c2(8) 8% + ¢3(0) 5%,
where the coefficients are given by co(0) := —25(1 — )2 < 0, ¢1(0) := (1 — )71 —

36 + 64, c2(8) = 0[(1 —0)"24+2(1 —6)" —3+25(1 —6) and c3(6) :=1 -3 > 0.
Then we define:

(4.18)  p:=6[(1—6)"2+2(1-8)""], ¢ := (1-0)3—20 and 6 := 0.5(/p>+4q—p).

The following theorem provides the conditions such that if A < Bthen Ay < 8.
THEOREM 4.4. Suppose that 6 € [0, Omax] := [0,0.043286] is fized and 0 is defined
by (4.18)). Then the polynomial Ps defined by (4.17)) has three nonnegative real roots
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0< ’Bf < B* < B3. Moreover, if we choose 3 € (Bs, 8%) and co7_npute A= %
then A > 0 and, for 0 <64 <9,0<§ <dand 0 < A <A, the condition A < f3
implies Ay < 3.

The proof of this theorem is postponed to the appendix. Now, we illustrate the
variation of the values of 3., f* and A w.r.t. ¢ in Figure The left figure shows
the values of 3, (solid) and B* (dash) and the right one plots the value of A when 3

is chosen by 8 := % (dash) and g := 54—* (solid), respectively.

0.4 = 0.12 -
e —— JER o = Ay TWA05(B.4B)
0.35} Seeen 8. 1 01 .
- ) L
osl -~ o - - Ab’ w.r.t 0.253
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. 0.02 \\\
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~
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0 o
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b b

FIG. 4.1. The values of B«, B* and A varying w.r.t 6.

4.4.3. The update rule of the barrier parameter. It remains to quantify
the decrement At of the barrier parameter ¢ in . The following lemma shows
how to update t.

LEMMA 4.5. Let & and A be defined as in Theorem [f.4] and let:

_ 1 o —— -
(4.19) A* ::—[(1—6)A—6+1—\/((1—6)A—6—1)2+45]
2
Then the barrier parameter t can be decreased linearly, i.e. ty := (1 — o)t, where

o:=[v+A*(Vr+ 1) 1A € (0,1).

Proof. It follows from that c+ATy—tVF(2*) = 0and c+ ATy —t VF(2}) =
0, where z* := 2*(y,t) and x7 := z*(y,t4+). Subtracting these equalities and then
using t4 =t — At, we have ¢t [VF(z}) — VF(z*)] = AtVF(z*). Using this relation
together with [I6] Theorem 4.1.7] and [|[VF(z*)||%. < /v (see [16, inequality 4.2.4]),

we have:
i St [VF(2)) (@)] (2] —2") = (z%)" (2] —27)
14 ||zF — 2% |z
< A VF (@5 oy — 2o < Atz — 2% .

By the definition of A* in (4.14), if ¢ > (/v + 1)At, then the above inequality leads
to:

(4.20) A" < A= t[t — (Vo + 1Al T VA,
Therefore,
(4.21) At = t[\v + (Vo +1)A"] A",
On the other hand, using the definitions of A and §, we have:
(A-10)
A= o5~ Tl < (1—0)7" [l — ailer + llaf — 2 llae + 2”2
(4.22) <(1=8)"[(1 =A%+ AF + 4]
@E20),5,6, <68

< (1=t -AT)T 4+ AT +4].
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Now, we need to ﬁnd a condition such that A < A, where A is given in Theorem
It follows from ) that A < A if %< + A* < (1 —6)A — 4. The last condition
holds if:

(4.23) <A %[(1-5)&-5“—\/((1_5)5—5—1)2+45},

provided that (5 < + due to . Thus, we can fix A* at the upper bound as
defined in . By -7 the updat@ rule for the barrier parameter ¢ becomes
ty :=t—ot= (1—0)twherea:: W*\ﬁﬂ) €(0,1). O

Finally, we show that the conditions given in Theorem [£.4] and Lemma are
well-defined. Indeed, let us fix § := 0.01. Then we can compute the values of 3, and 3*
as B, &~ 0.021371 < B* =~ 0.356037. Therefore, if we choose § := % ~ 0.089009 > S,
then A ~ 0.089012 and A* ~ 0.067399.

4.4.4. The algorithm and its convergence. Before presenting the algorithm,
we need to find a stopping criterion. By using Lemma [A.1f) with A < §, we have:

(4.24) A< (1=0)"t N+ 9),

provided that § < 1 and A < 3 < 1. Consequently, if A < (1 — §)3 — d then A < 8.
Let us define ¥ := (1 —6)3 — , where 0 < § < 3/(B + 1). It follows from Lemma
that if tw. (9) < eq for a given tolerance g4 > 0, then y is an e4-solution of (3.4)).

The second phase of the algorithmic framework presented in Subsection is
now described in detail as follows.

ALGORITHM 1. (Path-following algorithm with IPENT iterations).
Initialization: Choose 0 € [0, ax] and compute 3, and 3* as in T heorem .
Phase 1. Apply Algorithm [2| presented in Subsection E below to find y° € Y such
that Ajs(,,to)(yo) <B.
Phase 2.
Initialization of Phase 2: Perform the following steps:
1. Given a tolerance g4 > 0.
2. Compute A as in Theorem Then, compute A* by .
3. Compute o := WM and the accuracy factor v := (CE=NOIETIR
Iteration: For k = 0,1, - | kyax perform the following steps:
1. If ¢, < %&9), where ¥ := (1 — 6)3 — 6, then terminate.
Compute an accuracy € := 7yt for the primal subproblems.
Update tgy1 := (1 — 0)tg.
Solve approximately in parallel up to the accuracy ey to obtain Zz(y"*, tg41).
Compute Vds(y*, tyy1) and V2d5(y*, txy1) as in (@4.3).
6. Update y**1 as y* 1 = y% — V2d5(y*, tri1) ' Vds(y*, trra).
End of For.
END.

The core steps of Phase 2 in Algorithm [I] are Steps 4 and 6, where we need to
solve M convex primal subproblems in parallel and computing the IPFNT direction,
respectively. Note that Step 6 requires one to solve a linear equation system. In
addition, the quantity V2F(Z5(y*,tx11)) can also be computed in parallel.

The parameter ¢ at Step 3 can be updated adaptively as tp41 = (1 — ok )ts,

where o = R§+(RA7*+1)* and R5 := (1 —6)7'[6(1 — &)~ + |[VF(z )||z5] The

CU o
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stopping criterion at Step 1 can be replaced by w. ()t < €4, where ¥ := (1 —
5)71[)\%( tk)( y*) + 6] due to Lemma and (£.24).

Let us define Apy1 := Ag (., (y 1) and A, = Ay ot W y¥). Then the local
convergence of Algorithm [I] is stated in the following theoren.

THEOREM 4.6. Let {(y*, 1)} be a sequence generated by Algomthml Then the
number of iterations to obtain an €q-solution of . ) does not exceed:

_ 9
(4.25) Fimax = |[I0(1 = 0)) ' In (tow*d( 19)” +1,
where o : €(0,1) and ¥ := (1 —8)3 — 6 € (0, 1)

m

Proof. Noteithat g{ is an eg4-solution of (3.4) if ¢ < (19) due to Lemma
where ¥ =(1-6)B—4. Since t;, = (1 — 0)¥ty due to Step 3 we require (1 — 0) S
tow ( 7 Consequently, we obtain (4.25)). O

REMARK 2 (The worst-case complexity) Since (1 —o)™ 1 =1+ f(f-u)

we have —In(l1—0) ~ o = ﬁ It follows from Theorem. that the complezity
of Algomthml is O(v/v1n t“)

REMARK 3 (Linear convergence). The sequence {ty} linearly converges to
zero with a contraction factor not greater than 1 —o. When )‘ég(-,t) (y) < B, it follows
from that Ago(.¢)(y) < Bvt. Thus the sequence of the Newton decrements
{Nd ) (y*)}1 of d also converges linearly to zero with a contraction factor not greater
than /1 —o.

REMARK 4 (The inexactness of the IPFNT direction). Note that we can
also apply an inexact method to solve the linear system for computing an IPFNT
direction in . For more details of this approach, one can refer to [23)].

Finally, as a consequence of Theorem [1.6] the following corollary shows how to
recover the optimality and feasibility of the original primal-dual problems ([1.1] P

COROLLARY 4.7. Suppose that (y* tk) 1s the output of Algorzthml and x*
is the solution of the primal subproblem ([3.2). Then (z*(y*,tx),y") is an &,- solutwn

of (LI)-(2.1), where e, := vw.(B) 'eq.

4.5. Phase 1 - Finding a starting point. Phase 1 of the algorithmic frame-
work aims to find y° € Y such that )\d%(, 0 (y°) < B. In this subsection, we consider
an inexact perturbed damped Newton (IPDNT) method for finding such a point 3°.

4.5.1. Inexact perturbed damped Newton iteration. For a given t =ty >

0 and an accuracy § > 0, let us assume that the current point y € Y is given, we
compute the new point y; by applying the IPDNT iteration as follows:

(4.26) ys+ =y — a(y)V3ds(y, to) "' Vds(y, to),

where « := a(y) > 0 is the step size which will be chosen appropriately. Note that
since (4.26) is invariant under linear transformations, it is equivalent to:

(427) Y+ =4y — a(y)vzdg(ya to)ilchl‘S(y) tO)v

It follows from (3.11) that d(-, %) is standard self-concordant, and by [16, Theorem
4.1.8], we have:

(4.28) d(y+,to) < dy,to) + Vd(y, to)" (y+ — y) + willly+ — ylly),
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provided that ||y+ —y||y < 1. On the other hand, (4.7) implies that:
(4.29) 0 < w(d(z5,2%)) < d(y, to) — ds(y, to) < w.(3(z5,2%)),

which bounds the error between CZ(, to) and dg(-, to). In order to analyze the conver-
gence of the IPDNT iteration (4.26)) we denote by:

[STH

+ = 1Z5(y+,t0) — 2" (y+, to)

x*(er,to)v
(430) 0= ||‘f5(y7t0) - l’*(y,to) z*(y,to)»
Ao = Ag (o) W) = @) ly+ — ylly,

the solution differences of d(-,to) and ds(-, o) and the Newton decrement of ds(-, o),
respectively.

4.5.2. Finding the step size. The following lemma provides a formula to up-

date the step size a(y) in (4.26).
LEMMA 4.8. Let 0 < 6 < 6* := B(2+ B8+ 2VB+1)"! and 7 be defined as:

(4.31) 7= 5[(1+§)5+ \/(1 —$)2p2 — 45/3} B [(1 —6)B—25+ \/(1 _ 6232 — 45/3]

Then n € (0,1). Furthermore, if we choose the step size a(y) as:

1

(4.32) a(y) = [2X0(1 + Ao)] [(1 — 5o — 26 + \/(1 —§)222 — 45}0} .

then a(y) € (0,1) and:
(433) (,‘Zg(y_'_’ tO) S ~5(2/7 tO) - W(W)

As a consequence, zfg =0 thenn =B and ay) := (1+ o)L
Proof. Let p =y, —y. From (4.28) and (4.29), we have:

. @29 . @2s) . -
ds(ys.to) < d(yr.to) < d(y,to) + Vd(y.to)" (y+ —y) + wi(ly+ — ylly)
~ ~ 5

< ds(y, to) + Vd(y, to)" (y+ — y) + willy+ — ylly) + wi(6)
I5(y, to) +Vds(y, t0)p + [Vd(y, to) — Vs (y, t0)] D + wr(lIplly) + ws(3)

(4.34)

I5(y. to) — aAj + | Vd(y, to) — Vds(y, to)ll5 Iplly +w-(llplly) + ()

B

15(y, to) — aAg + 8llplly + wi(l[ply) + ws(0).
Furthermore, from (A.11)) and the definition of V2d and V2ds, we have:
(1= 8)V2d5(y, to) = V2d(y, to) = (1 = 8)*V2d;(y. to).

These inequalities imply (1-3)|[p|ly < |lplly < (1—38)"*|Ip|l,. Combining the previous
inequalities, (4.27)) and the definition of Ag in (4.30]) we get:

a(l=08)Ao < [lplly < (1 =) Xo.
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Let us assume that alg + 6 < 1. By substituting the second inequality into (4.34))
and observing that the right hand side of (4.34) is nondecreasing w.r.t. ||p||,, we get:

(4.35)  ds(ys,to) < ds(y,to) — ar2 + (1 —8) " rard + w, ((1 - 5)_1(15\0) + w, (9).
Now, let us simplify the last four terms of (4.35) which we denote by [-];] as follows:
[y == —aA2 + (1 — 6) " aded + w. ((1 - 3)—1ax0) + w.(6)

(4.36) = —aX} — (ado +6) — In [1 = (ako + )]

= —ar 4 w. (g +9).

Suppose that we can choose 7 > 0 such that a2 —w,(aXg+8) = w(n). This condition
leads to @A = (X + ) [a(;\o + o) + 3} which is equivalent to:

(437)  a=[2Ro(1+30)] [0 -8R0~ 25+ V1= d23 - 1%

provided that 0 < § < 5= %\% V1t Consequently, we deduce:

a = .~ ~— 11 = A ~ e
n= o [(1 6o + \/(1 — 8222 — 45A0} [(1 — $)no — 26+ \/(1 — 8232 — 45/\0].
We assume that Ao > 3 for a given 3 € (0,1). Let us fix § such that:

0<d<b =p2+8-2/T408] =[2+8+2/118] 'B.

If we choose the step size a(y) as in (4.32)) for the IPDNT iteration (4.26) then we
obtain (4.33)) with 1 defined by (4.31). O

Finally, we estimate the constant n for the case 8 ~ 0.089009. We first obtain
0* ~ 0.021314. Let & = 16* ~ 0.010657. Then we get 1 ~ 0.075496 and w(n) ~
0.003002.

4.5.3. The algorithm and its worst-case complexity. In summary, the al-
gorithm for finding y" € Y is presented in detail as follows.

ALGORITHM 2. (Finding a starting point y° € Y).

Initialization: Perform the following steps:
1. Select 8 € (B, 5*) and to > 0 as desired (e.g. 8 = %B* ~ 0.089009).
2. Take an arbitrary point y%° € Y.

3. Compute 6* := B[2+ B+ 21+ 5]~ and fix §e (0,6%) (e.g. 5= 0.56%).

4. Compute an accuracy &g := —tod
2(v+2v/v)(1+9)
Iteration: For j =0,1, -, jmax, perform the following steps:

1. Solve approximately (3.2)) in parallel up to the accuracy gq to obtain Z5(y* to).
2. Compute Aj := Aj (. to)(yo’j) .

_ 5 ;
3. If A; < B then set y° := y%J and terminate.
4. Update y®7 ! as y%i Tt := % —a;V2d5(y"7, to) "' Vds(y™7, to), where aj :=

2251+ A0)] 7 (1= 8% — 25 4+4/(1 - 9)222 4, | € (0,1).
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End of For.
END.
The convergence of this algorithm is stated in the following theorem.
THEOREM 4.9. The number of iterations required in Algorithm[3 does not exceed:

(4.38) Jmax = Utow(ﬂ)]_l [d5(y*°, to) — d* (o) + w*(g)u +1

where d*(tg) = mm d(y, to) and n is given by (431).

Proof. Summlng up - ) from j = 0 to j = k and then using we have 0 <
d(yO, to) —d*(to) < d5(y**, to) +w.(8) —d (o) < ds(y 007t0)+w*(5) d*(to)—kw(ﬁ)~
This inequality together with (3.11)) and (4.4) imply:

J < Ttow ()] [d5(35°°, t0) — d* (to) + wa(5)].

Hence, the maximum iteration number in Algorithm [2| does not exceed jax defined
by . 0

Since d*(to) is unknown, the constant jyay in only gives an upper bound for
Algorithm [2] However, in this algorithm, we do not use jmax as a stopping criterion.

5. Path-following decomposition algorithm with exact Newton itera-
tions. In Algorithm if we set 0 = 0, then this algorithm reduces to the ones
considered in [9] [14} 211, 27, 28] as a special case. Note that, in [9] 14} 2], 27 28], the
primal subproblem is assumed to be solved exactly so that the family {d(-, ) }¢0
of the smoothed dual functions is strongly self-concordant due to the Legendre trans-
formation. Consequently, the standard theory of interior point methods in [I5] can
be applied to minimize this function. In contrast to those methods, in this section
we analyze directly the path-following iterations to select appropriate parameters
for implementation. Moreover, the radius of the central path neighbourhood in Al-
gorithm [3 I below is (3 — \[)/2 0.381966 compared to the one in the literature,
2 — /3~ 0.267949.

5.1. The exact path-following iteration. Let us assume that the primal sub-
problem is solved exactly, i.e. § = 0 in Definition Then, we have 75 = z*
and 6(Zz,2*) = 0 for all y € Y and ¢t > 0. Moreover, it follows from that
A=A = ||2*(y,t4) — 2" (Y, )|l 5+(y,t)- We consider one step of the path-following
scheme with exact full-step Newton iterations:

ty i=t—At, At >0,
(5.1) { +

yr o=y — V2d(y,t1) 7 Vd(y, ty) =y — V2d(y, t1) 7 Vd(y, ty).

For the sake of notational simplicity, we denote by A := Ad(t) (1), A\ == )\g(.,t”(y)

and Ay = Ad(t4)(W4)- 1t follows from of Lemma |4.3| that:
(5.2) A< (1-28" =N (A + A7)

Now, we fix 8 € (0,1) and assume that A < 3. We need to find a condition on A such
that )ur < . Indeed, since the right-hand side of ( 1s nondecreasmg w.rt. A, it
implies that Ay < (1 — 2A* — B)"2(A* + )2, Thus 1f W < /B then A, < 8.
The last condition leads to:

(5:3) 0< A" <A":=(1+2v/B) VB~ VB - 5),
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provided that:
(5.4) 0<B<B*:=(3-5)/2~0.381966.

In particular, if we choose 8 = % ~ 0.095492 then A* ~ 0.113729. Since A = A*,
according to (4.21]) and (5.1]), we can update ¢ as:

(5.5) ty = (1—0)t, whereo:=[Vv+(vVv+1A] 'Aec(0,1).

5.2. The algorithm and its convergence. The exact variant of Algorithms|[]]
and [2] is presented in detail as follows.

ALGORITHM 3. (Path-following algorithm with exact Newton iterations).
Initialization: Given a tolerance ¢4 > 0 and choose an initial value t; > 0. Fix a

constant 3 € (0, 8*), where 8* = % ~ 0.381966. Then, compute A := %‘/\/’%m

and o := m.

Phase 1. (Finding a starting point).

Choose an arbitrary starting point y%° € Y.

For j = 0,1, -, jmax, perform the following steps:
1. Solve ezactly the primal subproblem in parallel to obtain x*(y%7, t).
2. Evaluate Vd(y%7,ty) and V2d(y%7,t) as in (3.10). Then compute the New-

ton decrement \; = Az, (y°7).
3. If ;\j < 3 then set 3° := y%7 and terminate.
4. Update y%7+1 as y07+1 .= 09 — (14 X;)71V2d(y%7, o) "' Vd(y%7, to).
End of For.
Phase 2. (Path-following iterations).
For k=0,1,- -, kmax perform the following steps:

1 If ¢ < wf(dﬁ) then terminate.

2. Update ty as tgr1 := (1 — 0)tg.

3. Solve ezactly the primal subproblem in parallel to obtain x*(y*, tpi1).

4. Evaluate Vd(y*, tr41) and V2d(y* t;41) as in .

5. Update y**+1 as y*+1 = y* + AyF = y*F — V2d(y*, trp 1) " VA5, thar).
End of For.
END.

Since d(-, o) is standard self-concordant due to Lemma By [16l, Theorem

4.1.12], the number of iterations required in Phase 1 does not exceed:

(5:6) Jmax = | [d(5"t0) =" (to)]w(8) ™ | +1 = |[d(y" 1) " (to)]toww(B)] " | +1.

The convergence of Phase 2 in Algorithm [3]is stated in the following theorem.
THEOREM 5.1. The mazimum number of iterations needed in Phase 2 of Algo-
rithm@ to obtain an eq - solution y* of (3.4) does not exceed:
= towsx (5) A* -1
51 e O s 274,
67 [ ()] [+ o fp)

€d

where A* is defined by (5.3)).

. k
Proof. From Step 2 of Algorithm we have t), = (1—0)*ty = (1 + m) to.

Algorithmis terminated if ¢, < %&ﬂ Thus (1 + ﬁ(éiﬂ)) < tojj(ﬂ) , which leads
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to (5.7). O

REMARK 5 (The worst-case complexity). Since In (1 + ﬁ(%:

the worst-case complezity of Algorithm @ is O(v/vIn(to/eq))-

REMARK 6 (Damped Newton iteration). Note that, at Step 5 of Algorithm@
we can use a damped Newton iteration y*T1 = y* — ap, V2d(y*, tir1) " 1VA(Y*, tri1)
instead of the full-step Newton iteration, where ay, = (1 + /\J(,ytﬂl)(yk))_l. In this

case, with the same argument as before, we can compute 5* = 0.5 and A* = {ff/’g_%g.

*

+1>> N e

6. Discussion on the implementation. In this section, we further discuss the
implementation issues of the proposed algorithms.

6.1. Handling nonlinear objective function and local equality constraints.
If the objective function ¢; in is nonlinear, concave and its epigraph is endowed
with a self-concordant log-barrier for some 7 € {1,..., M} then we propose to use a
slack variable to move the objective function into the constraints and reformulate it as
an optimization problem with linear objective function. By elimination of variables, it
is not difficult to show that the optimality condition of the resulting problem collapses
to the optimality condition of the original problem, i.e. V¢;(x;)+ AT y—tVF;(x;) = 0.
The algorithms developed in the previous sections can be applied to solve such a prob-
lem without moving the nonlinear objective function into the constraints.

We also note that, in Algorithms [1] and [2] we need to solve approximately the
primal subproblems in up to a desired accuracy. Instead of solving directly these
primal subproblems, we can treat them from the optimality condition . Since
the objective function associated with this optimality condition is self-concordant,
Newton-type methods can be applied to solve such a problem, see, e.g. [3, [16].

If local equality constraints F;z; = f; are considered in for some ¢ €
{1,..., M}, then the KKT conditions of the primal subproblem i become:

c; + AlTy + EiTZi — tVFZ'<.’Ei) = 0,
Eiz; — fi = 0.
Instead of the full KKT system (6.1]), we consider a reduced KKT condition as follows:
Z](ei + Aly) —tZIVF(Za} + R fi) = 0.

Here, (Q;, R;) is a QR-factorization of Ef and Q; = [Y;, Z;] is a basis of the range
space and the null space of E}, respectively. Due to the invariance of the norm || ||+,
we can show that [|Z5—2*||,+ = [|#%—2"||4=+. Therefore, the condition coincides
with [|22 — 27| = < 5. However, the last condition is satisfied if:

(6.1)

1ZF (c; + ATy) —tZIVE (Zix? + R7T fi)||5ee < ei(t), i=1,..., M.

Note that the QR-factorization of EI is only computed one time, a priori.

6.2. Computing the inexact perturbed Newton direction. Regarding to
the Newton direction in Algorithms [I| and |2 one has to solve the linear system:

(6.2) V2d;(y*, 1) Ay* = —Vd;(y*,1).
Here, the gradient vector Vds(y*,t) = Azs(y*,t) —b = Zgl(Aiiri(yk,t) —b;) = gk

(3
and the Hessian matrix V2dz(y*,t) is obtained from:

M M
Vids(yF, 1) =t ANVPF (@05 1) AT =) AGEAT.

i=1 i=1
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Note that each block G¥ := t71A;V2F;(z;(y*,t)) "1 AT can be computed in parallel.
Then, the linear system (6.2) can be written as:

(6.3) (f} AZ-G?AZ-T)Ay’“ = — k-
=1

Sine matrix G* := Ef\il A;GEAT - 0, one can apply either Cholesky-type factoriza-
tions or conjugate gradient (CG) methods to solve (6.3)). Note that the CG method
only requires matrix-vector operations. More details on parallel solution of can
be found, e.g., in [14} [28].

7. Numerical Tests. In this paper, we test the algorithms developed in the
previous sections by solving a routing problem with congestion cost. This problem
appears in many areas including telecommunications, network and transportation [g].

Let G = (N, .A) be a network of ny nodes and n 4 links, and C be a set of nc
commodities to be sent through the network G, where each commodity k& € C has
a source s; € N, a destination d € AN and a certain amount of demand 7,. The
optimization model of the routing problem with congestion (RPC) can be formulated
as follows (see, e.g. [8] for more details):

LD D Shee D gea Ciitish 2 e Wii9i (Vig)
Tk if 1= Sk,
(7.1) st Xig)ed ik = Djaed Uik = § —Tk if i = di,
0 otherwise,
> kec Uik — vig = bij, (i,5) € A,
uijr >0, vi; >0, (4,7) € A,

where w;; > 0 is the weighting of the additional cost function g;; for (i, j) € A.
In this example we assume that the additional cost function g;; is given by either a)

9ij(vij) = —In(v;;), the logarithmic function or b) g;;(v;j) = vi; In(v;;), the entropy
function. It was shown in [16] that the epigraph of g;; possesses a standard self-
concordant barrier a) Fj;(vij,8;) = —Inv;; — In(Inw;; + s55) or b) Fyj(vij,si5) =

—Inwv;; — In(s;; — vi; Inw;;), respectively.
By using slack variables s;;, we can move the nonlinear terms of the objective
function to the constraints. The objective function of the resulting problem becomes:

(7.2) f(u,v,5) 1:2 Z CijUijk + Z WijSij,

keC (i,j)eA (i,5)€A

with additional constraints g;;(vi;) < sij, (4,7) € A. It is clear that problem (7.1) is
separably convex. Let:

(73) Xij Z:{’Uij ZO, Zuijk—vij :bija gij(vij) Ssij, (Z,]) S A, k c C}, (’L,]) S A
kecC

Then problem can be reformulated in the form of with linear objective
function and the local constraint set (7.3). Moreover, the resulting problem has
M := n 4 components, n := ngn4 + 2n4 variables including u;;z, vi; and s;;; and
m = nenp coupling constraints. Each primal subproblem has n; := ne + 2
variables and one local linear equality constraint.
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The aim is to compare the effect of the inexactness on the performance of the
algorithms. We consider two variants of Algorithm [1} where we set 6 = 0.56* and
5 = 0.250* in Phase 1 and 6§ = 0.01 and 6 = 0.005 in Phase 2, respectively. We
denote these variants by Al-v1 and A1-v2, respectively. For Algorithm [3] we also
consider two cases. In the first case we set the tolerance of the primal subproblems
to €, = 107%, and the second one is 1071%, where we call them by A3-v1 and A3-v2,
respectively. All variants are terminated with the same tolerance 4 = 107%. The
initial barrier parameter value is set to tg := 0.25.

We benchmarked four variants with performance profiles [6]. Recall that a per-
formance profile is built based on a set S of n, algorithms (solvers) and a collection
P of n, problems. Suppose that we build a profile based on computational time.
We denote by T, s :== computational time required to solve problem p by solver s. We
compare the performance of algorithm s on problem p with the best performance of
any algorithm on this problem; that is we compute the performance ratio r, s :=

m Now, let ps(7) := nipsize {peP|rps <7} for 7 € R;. The function
ps : R — [0,1] is the probability for solver s that a performance ratio is within a
factor 7 of the best possible ratio. We use the term “performance profile” for the
distribution function ps of a performance metric. We can also plot the performance
profiles in log-scale, i.e. ps(7) := nipsize {peP | logy(rps) <log,T}.

All the algorithms were implemented in C++ running on a PC Desktop Intel® Core
TM2, Quad-Core Processor Q6600 (2.4GHz) and 3Gb RAM and were paralellized by
using OpenMP. The input data is generated randomly, where the nodes of the net-
work are generated in a rectangle [0, 100] x [0, 300], the demand ry, is in [50, 500], the
weighting vector w is set to 10, the congestion b;; is in [10,100] and the linear cost
¢;; is the Euclidean length of the link (4,j) € A. The nonlinear cost function g;; is
chosen randomly between two functions in a) and b) defined above with the same
probability.

We tested the algorithms on a collection of 108 random problems. The size of these
problems varies from M = 6 to 14,280 components, n = 84 to 77,142 variables and
m = 15 to 500 coupling constraints. The performance profiles of the four algorithms
in terms of computational time (in seconds) are shown in Figure[7.1] where the z-axis
is the factor log, 7 (not more than 27-times worse than the best one) and the y-axis
is the probability function values p(7) (problems ratio).

As we can see from Figure[7.1] that Algorithm [I] performs better than Algorithm 3]
both in the total computational time and the time for solving the primal subproblems.
This provides an evidence on the effect of the inexactness to the performance of the
algorithm. We also observed that the numbers of iterations for solving the master
problem in Phase 1 of all variants are almost similar, while they are different in Phase
2. However, since Phase 2 is performed when the approximate point is in the quadratic
convergence region so that it requires few iterations toward the desired approximate
solution. Therefore, the computational time of Phase 1 dominates Phase 2. We notice
that, in this particular example, the structure of the master problem is almost dense
and we did not use any sparse linear algebra solver.

We also compared the total number of iterations for solving the primal subprob-
lems in Figure It shows that Algorithm [I] is superior to Algorithm [3] in terms
of iteration number, although the accuracy of solving the primal subproblem in Al-
gorithm [3] is only set to 1078 which is not exact as theoretically required. This
performance profile also reveals the effect of the inexactness on the number of itera-
tions. In our numerical results, the inexact version A1-v1 saves 22% (resp. 23%) of
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Total CPU time of the whole algorithm Total CPU time for solving primal subproblems
1 .= - == T em= R
2 0.8 o 0.8}
S S
g 06 @ 0.6f
<@ <@
8 04 - - - Al-vi| B 04 - = = Al-vi
o Al-v2| @ A1-v2
o2fff |- A3-vi| O2{7 == A3-v1
A3-v2 A3-v2
0 0 0 0.2 0.4 0.6
0 0.2 0.4 0.6 0.8 1 . . . .
Not more than 2°—times worse than the best one Not more than 2"-times worse than the best one
CPU time of Phase 1 CPU time of Phase 2
o K]
g g
[%2] 1]
5 5
2 == =Alvi] § === Al-vi
o Al-v2| @ Al-v2
‘‘‘‘‘ A3-v1 p== AS-vi
A3-v2 A3-v2
0 02 04 0.6 0.8 0 05 1 1.5 2
Not more than 2"-times worse than the best one Not more than 2°-times worse than the best one

Fic. 7.1. The performance profiles of the four variants in terms of computational time.

Total iteration number for solving primal subproblems
1 L

o
©

Problems ratio
o
[}

0.4 - == Al-vi|{
Al-v2

0.2 pe= o= A3-v1|q
A3-v2

02 04 0.6 0.8
Not more than 2"-times worse than the best one

Fic. 7.2. The performance profile of the four variants in terms of iteration number.

the total number of iterations to solve the primal subproblems compared to A3-v1
(resp. A3-v2); while the variant A1-v2 saves 20% (reps. 21%) compared to A3-v1
(resp. A3-v2).

8. Concluding remarks. We have proposed a smoothing technique for La-
grangian decomposition using self-concordant barriers in large-scale separable convex
optimization. We have proved a global and a local approximation for the dual func-
tion. Then, we proposed a path-following algorithm with inexact perturbed Newton
iterations. The convergence of the algorithm has been analyzed and its complexity
has been estimated. The theory presented in this paper is significant in practice, since
it allows us to solve the primal subproblems inexactly. Moreover, we allow one to bal-
ance between the accuracy of solving the primal subproblem and the convergence rate
of the path-following algorithm. As a special case, we have obtained again the path-
following methods studied by Mehrotra [I1] et al and Shida [21] with some additional
advantages. Preliminary numerical tests confirm the advantages of the inexactness.
Extensions to distributed implementation of linear algebra in the master problem are
an interesting and significant future research direction.



An Inexact Perturbed Path-Following Decomposition Algorithm 23

Acknowledgments. The authors would like to thank the associate editor and two anonymous
referees for their insightful comments and suggestions that helped us to improve this paper.

Research supported by Research Council KUL: CoE EF/05/006 Optimization in Engineer-
ing(OPTEC), IOF-SCORES4CHEM, GOA/10/009 (MaNet), GOA /10/11, several PhD /postdoc
and fellow grants; Flemish Government: FWO: PhD / postdoc grants, projects G.0452.04, G.0499.04,
G.0211.05, G.0226.06, G.0321.06, G.0302.07, G.0320.08, G.0558.08, G.0557.08, G.0588.09, G.0377.09,
G.0712.11, research communities (ICCoS, ANMMM, MLDM); IWT: PhD Grants, Belgian Federal
Science Policy Office: IUAP P6/04; EU: ERNSI; FP7-HDMPC, FP7-EMBOCON no. 248940, ERC-
HIGHWIND, Contract Research: AMINAL. Other: Helmholtz-viCERP, COMET-ACCM, CNCS-
UEFISCDI (TE, no. 19/11.08.2010); CNCS (PN II, no. 80EU/2010); POSDRU (no. 89/1.5/S/62557).

Appendix A. The proof of the technical statements. In this appendix, we

provide a complete proof of Lemmas and and Theorem

A.1. The proof of Lemma Proof. For notational simplicity, we denote
by x} := zf(y,t). The left-hand side of follows from F;(x;) — Fi(x$) > w(||z; —
z§|[ze) > 0 due to (3-1). We prove the right-hand side of (3.5)). Since F; is standard
self-concordant and z§ = argming, cine(x,) Fi(2:), according to [16, Theorem 4.1.13]
we have:

(A1) Fi(x}) = Fi(2f) < we(Ar (27))-

provided that A, (xf) < 1. Now, we prove (3.5). Let x;(a) := 2} + a(z};(y) — x) for
a €10,1). Since z¥ € int(X;) and o < 1, z;(«) € int(X;). By applying [I5, inequality
2.3.3], we have F;(z;(«)) < F;(z}) — v; In(1 — o) which is equivalent to:

(A.2) Fi(wi(a)) - Fi(?) < Fi(a}) — Fi(zf) — v In(1 — a).

From the definition of d;(-,t) and dy;(-), the concavity of ¢; and (A.1)) we have:

di(y,t)> alél[%ﬁ) {pi(zi(a)) + y" (Aizi(a) — b;) — t[F;(ws() — Fi(5)]}
> max {a[@(w&-(y)) +y" (A (y) — b)) + (1 — )[gs(a]) + 4" (s} — b))
(A.3) —t[Fy(z}) — Fi(2%)] + vitIn(1 — a) | a € 0, 1)}
()
> max {adm(y) (1= a)di(y,t) + tr In(1 — @) — tw,. (Mg (z3)) | a € [0, 1)}.

By solving the last maximization problem in (A.3)) we obtain the solution a* = 0 if
doi(y) — d;i(y,t) < ty; and o* = 1 — [doi(y) — d;(y,t)]"'vst, otherwise. Substituting
this solution into (A.3]) we get:

(M) dos(y) = dily,t) < twi{ 1+ n [(doi(y) — dily, 1)/ (0)] + w0 O, () /11 ],

provided that do;(y) —d;(y,t) > tv;. By rearranging (A.4) we obtain do;(y) —d;(y,t) <
tv; (1+w H(we(Ap, (7)) /v4))). Summing up the last inequalities from i = 1 to M we
obtain the right-hand side of (3.5)). O

A.2. The proof of Lemma Proof. The first inequality in was proved
in Lemma[3.1] We now prove the second one. Let us denote by #7 (y) := a$+7(xj;(y)—
x¢), where 7 € [0, 1] and dS(y) = ¢; () +yT (AizE—b;). Since F; is v;-self-concordant,
it follows from [I5] inequality (2.3.3)] that:

Fi(z](y)) < Fy(xf) —v;In(1 — 1), 7 €]0,1).
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Combining this inequality and the concavity of ¢; and then using the definitions of
d$ and d;(-) we have:

di(y, )= max {¢i(a] (y)) +y" Ai(z] (y) — bi) — t{Fi(2] (y)) — Fi(af)]}

7€[0,1)
> max {(1 — T)[@i(x$) +yT (Al — b)] + Tldi (2 () + yT (Aixd; (y) — bi)]
+ty;In(1—171) | 7 €0, 1)}

= max {(1 = )di(y) + () + v, (1 = 7)}.

(A.5)

Now, we maximize the function £(7) := (1 —7)d$(y) +7doi(y) +tv; In(1 —7) in last line
of (AF) wr.t. 7 €[0,1) to obtain 7* = [1 — W%}+7 where [a]; := max{0,a}.
Therefore, if do;(y) — dS(y) < tv;, i.e. 7F =0, then do;(y) — df(y) < tv;. Otherwise,
by substituting 7* into the last line of (A.5)), we obtain:

(A6)  doily) < dily.t) + (1 [In((1)~ (doa(y) — A5 )], ).

Furthermore, we note that do;(y) — d$(y) = maxy,ex, {(bi(xi) +yT(Ar; — bl)} —
[0 (x¢) + yT (Aix§ — b;)] >0 for all y € Y and:

duit) — i) 2 e {mox {65+ AT (i)}

< 4 AT s — 2 }
;:?%i{giggm{““ st
S (1,14_2\/@) max {Hfz-l-ATyH }

Summing up the inequalities (A.6) for i = 1,..., M and then uslng we get .
Finally, for fixed x € (0, 1), since In(z~1) g z7" for 0 < z < k" we have:

Ki Ki K Kk, 1—kK —K K" K
uit(1+[1n7it]+) guit{l—i-(ﬂ) | < [+ vl =ges, e it/

Vi

Consequently, if ¢ < min{ff—:nl/“, (m)l/(lfﬁ), — 1,,.,,M} then
Dx(t) < e, where Dx(t) is defined in ‘Lemma Combining this condition and

(3.7) we get the last conclusion of Lemmaﬂ O

A.3. The proof of Lemma [4.3] First, we prove the following lemma which
will be used to prove the main 1nequahty in Lemma [£.3]
LEMMA A.1. Suppose that Assumptions A[T}A 3] are satisfied. Then:
a) V2d and V2d5 defined by ((3.10] - and ., respectively, guarantee:

(A8) (1—04)°V2d(ys,ty) = V2ds(yr,ty) < (1—64) > V2d(ys, ty),

where 64 < 1 defined by (4.6).
b) Moreover, one has:

(A.9) IVds(y. t) — Vd(y,0)ll; < |15
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c) If A <1 then \; < f_—i\.
Proof. Since F is standard self-concordant, for any « € dom(F’) and z such that
|z — z||» < 1, it follows from [16, Theorem 4.1.6] that:

(A10) (1= ||z = all)*V2F(@) < VEF(2) < (1 — |12 — 2ll,) VP ().

Since V2F(x) is symmetric positive definite, by applying [1, Proposition 8.6.6] to two
matrices (1 — ||z — z||;) "2V?F(z) and V2F(z), and then to two matrices (1 — ||z —
2||2)?V?F(z) and V2F(z) we obtain:

(A11) (1—||z—x||l.)?AVZF (2) "AT< AV F(2) T 'AT< (1 — || z—2||.) AV F(x) AT,
Using again [I, Proposition 8.6.6] for (A.11)) we get:

(1— |z — z))?AT[AV2F(z) AT 71 A < AT[AV?F(2) 71 AT 1A

< (1— ||z —2|,) 2AT[AV2F(z) AT A

Now, using (3.10) and (3.11)), we have VQJ(y, t) = t72AV?F(2*)"tAT. Alternatively,
; 27 — 42 20 (7 =1 AT PR

using (4.3) and (4.4), we get V2d5(y,t) = t 2AV*F(Z5)"tA'. Substituting these

relations with = 2% and z = Z5, into (A.11) and noting that 0, = §(z4, %)

defined by (4.6)), we obtain (A.8g]).

Next, we prove b). For any z € dom(F), we have V2F(z) = 0. It is not diffi-

cult to show that the matrix M(z) := [v2i(x) AV2FI?;—1AT
semidefinite. Since A has full-row rank, AV2F(z)~'AT = 0. By applying Schur’s

complement to M (z) [I], we obtain:
(A.13) AT[AV?F(2) AT 7Y A < V2 F (2).

To prove (A.9) we note that Vdjz(y,t) — Vd(y,t) = A(zs — z*). Thus chg(y,t) -
Vd(y,t) = $ A(Z5 — «*). This implies:

(A.12)

] is symmetric positive

T

[IIWZ;(% t) — Vd(y, t)HZ} Y =235 — )T ATV d(y, 1) AT — 2

£ (505 _ LU*)TAT[AVZF(.T*)_lAT]_lA(i'S _ .’17*)
(A.13)

< (75— ") VPF(a") (75 — 27)
= ll7s — 2" -,

which is equivalent to . ~ B

_Finally, we prove c). By using the definitions of Vds(-,t,) and V2ds(-, ;) in (£.3),
of ds(+,t4) in (44), for any feasible point & of (L.1)), it follows from the definition of
A in and Az = b that:

3 7 2 E) o 5 5 _ 5
Ne= [IVds(y,t0)ll;]” & Vdsy, 1) 9%d5(0, 1) V(o 1)

—

(A.14)

~
@

tTrIVdS(ya t+)v2d5<ya tJr)_lVdS(:% tJr)
(@51 — )T AT [AV?F(z5,) " AT] " A(z5, — 2).

Since A = ||Z5; —Z5|z; < 1 by assumption, we can apply the right-hand side of ((A.12)
with = Z5 and z = Z3; to obtain:

N
112

(A15) X2 < (1—A)%(z5 —2)TAT [AV2F(z5) A7) Az, — 2).
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Now, for any symmetric positive semidefinite matrix @ in R™*™ and u,v € R"™, one
can easily show that:

(A.16) (u+0)"Qu+v) < [("Qu)'* + (v Qu)'/?]”.

Since Hy := AT [AVQF(:ZS)*AT]AA > 0, by applying (A.16) with Q = Hs, u =

ZT51 — 25 and v = T3 — Z, we have:

5 o fr. S P 1/2
(A7) X< (- A){[(Fs —75) Hy sy —29)] 7+ (55— 8) Hy(s )]
Note that Hs < V2F(z5) due to (A.13). The first term [];y in (A.17) satisfies:
(A.18) [y < (@54 — 25) T V2F(25) (35 — 75) = A%,
On the other hand, by substituting Z5, by Z5 into (A.14]), we get:

(A19) A2 = (2;—2)TAT[AV?F(z5) ' AT] ' A(z5—3) = (25— 2)T Hy(z5— ).

Combining (A.17), (A.18)) and (A.19)), we obtain A\; < (IA+A’\§ which is indeed ¢). O

The proof of Lemmam Since &§; +2A + X < 1, it implies that §; < 1, A < 1/2
and A < 1. The proof of Lemma |4.3|is divided into beveral steps as follows.

Step 1. First, let p := yy — y, we prove the following inequality:

(26, — 62) [l
(A20)  As < (1=60)7{ar + (1 |Iplly)” [51+(1 57 1Pl + —II;DHy]}‘

Indeed, it follows from (|A.8)) that:
3 5 . 5 = 1o 1/2
)Ur = |||v S(er»tJr)‘”er = [Vdg(y+,t+)V2dg(y+,t+) 1Vd5(y+vt+):| /

R 5 R 1/2
(A.21) < (1= 04) 7 [Vds(ys t4)V2d(ys, 1) T V5 (y, t4)] /
< (1= 60 M IVds(ye )1,
Furthermore, by using (A.9)) we have:

||VCZS(ZJ+J+)||;+§ ||VJ(y+,t+)||Z+ + || Vds(y4,t4) — VJ(y+,t+)HZ+

.E

(A.22)
-
< IVd(y+, t)lly, + 04
Since ci( t.) is standard self-concordant due to Lemma one has:
(A23) [IVd(ys, t)ly, < A=lly+=yly) NV (ys, Ol = A= lplly) V(g4 115
Plugging (A.23) and (A.22)) into (A.21) we obtain:

(A.24) A< (=007 (= lpll) IV ) + 64 -
On the other hand, from , we have:
= ED) o -~ 1
Vd(ys,t4) =" Vd(ys,ts) = [Vds(y, t4) + V2ds(y, 1) (y+ — y)]

Is
(A25) = [Vdlg.ts) — Vs(y )]y + {720 t4) — Vs t0) 0 — )}y
+[Vd(ys t4) = Vd(y. t4) = V2d(y, ) (g — )] -
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By substituting ¢ by ¢, in (A.9), we obtain an estimate for [-];;] of as:
(A.26) IVd(y,t4) — Vds(y, t)l < |75 — 21l = o1
Next, we consider the second term []g of (A.25)). It follows from that:
(A27) [(1=60)2—1] V3(y, t:) < Va5(y, £4) V(. 2) < [(1-01) 1] V2d(y, 1),

If we define G := [Vzdg(y7t+)—vzci(y,t+)] and H := V2d(y,t, )" Y2GV2d(y,t, )~ /?
then:

(A.28) I1V2d(y, t) — V2d5(y, t)](y+ — w)ll; = 1Gpll;, < 1 Hllply-

By virtue of (A.27) and the condition §; < 1, one has:

[H| <max{l—(1-6)%(1—=06)"2—1}=(1-0) 226 —6).
Hence, (A.28) leads to:
(A.29) I1V2d(y, t) — V2d5(y, t0)](y= — )l < (1= 61)72(261 — 67)|Ipll,-

Furthermore, since d(-,t) is standard self-concordant, similar to the proof of [10]
Theorem 4.1.14], the third term [-]5) of (A.25)) is estimated as:

(A30) V(s ts) = Vd(y, ts) = V2d(y, t)(y+ =yl < (1 - Hp||y)_1\|p||§~

Now, we apply the trlangle 1nequahty Ha —|— b+l < llall; + [oll; + llell; to
and then plugging - and ( into the resulting inequality to obtaln

IVd5 (g4 t)lly < 61+ (1= 61) 72200 = 6D Iplly + (1 = Ilplly) ~ lI2ll5-

Finally, by substituting the last inequality into (A.24) we get (A.20]).
Step 2. Next, we estimate (A.20) in terms of A; to obtain:

5\1 )2 (2(51—(52)( 5\1 ) (1 (51)(51 +5+

(A31) A< (1-04)7 [<1—§1—)\1 (1=61)2\1—=61-X/  1-61—X\
Indeed, by using with = Z3; and z = 7 and then we have:

(1= 61)*V2d5(y,t1) = VZd(y, t4) 2 (1—61) 7> V?d5(y, t4).
These inequalities together with the definition of || - ||, imply:

1/2

(1 =)llplly < lIply = [p"V2d(y, to)p] ™ < (1= 80) " liplly-

Moreover, since ||pl|, = |||Vdg(y,t+)|\|z = A\ due to ([#.12), the last inequality is
equivalent to:

(A.32) lplly < (1= d1)7 A

Note that the right-hand side of (A.20) is nondecreasing w.r.t. ||p||, in [0,1). Substi-
tuting (A.32)) into (A.20) we finally obtain (A.31)).
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Step 8. We further estimate (A.31) in terms of A and A. First, we can easily check
that the right-hand side of (A.31) is nondecreasing w.r.t. A;, 6; and 6. Now, by
using the definitions of A and ), it follows from Lemma c) that:

M <(A-A)TTA+A).
Since 0, < 1 and §; +2A + X < 1, substituting this inequality into , we obtain
< A+ A 2 (26, — &% A+ A
(A.SQ;S (1=0.)7" {(M + (1 =5, j2A - X) + ((1 - 51)12) (1 =5, j2A - x)
R
1-6—-2A-X
The right-hand side of is well-defined and nondecreasing w.r.t. all variables.

Step 4. Finally, we facilitate the right-hand side of (A.33)) to obtain (4.15). Since
A >0, we have:

(1—=6)1—-A)=[1—06 —2A =N+ (A+A)+5A
<[1—=6 —2A = A+ (1+6)A+A).

The last inequality implies:

(A.34) 511 (_1 (;1‘5_1)52__? <5 +6(1+ 51)(

A+ )
1—6—2A =)/’

Alternatively, since 0 < §; < 1, we have 1+ 61 < ﬁ. Thus:

(1—=61)7%(26, —07) + 61 (1+01) =61 [(1=6) >+ (1 —=61) " + (1 +61)]
< [(1 — 51)72 + 2(1 — 51)71] .

Substituting inequality (A.34) into (A.33) and then using the last inequality and

f = 1—(5;‘,_72AA—X’ we obtain "
Step 5. The nondecrease of the right-hand side of (4.15)) is obvious. The inequality

(4.16) follows directly from (4.15) by noting that A = A and 5 = z*. O
A.4. The proof of Theorem Proof. Let us define ¢ := % and:

@(B,0,A) == (1—=06)""{26 + & +5[(1 —0) ">+ 2(1 —6)" "¢},

By assumption that A < 3, it follows from Lemma that if ©(3,0,A) < 3 then
M. < B. This condition holds if a) 0 < & < (y/p>+4g —p)/2 = 6 and b) 0 <
§ < B/(B +2), where p and ¢ are defined by ([4.18). The condition a) is equivalent
to (1 4+ 20)A < (1 —6 — B) — 3. Because A > 0, we need § > (1 — 6§ — 3)713.
This is guaranteed if P5(8) > 0, where Pjs is defined in ([@.17). By a well-known
characteristic of a cubic polynomial, P5(3) has three real roots if 18cocicacs —4cico +
c3c? — dezcd — 27c¢kc3 > 0. By numerically checking the last condition, we can show
that if 0 < § < dpax := 0.043286 then the three roots satisfy 0 < 8, < B* < B3 and
P5(B) > 0 for all B € (B, 3*). With such values of 6 and 3 we have § > (1—-5—3)"!3

and the condition b) is also satisfied. Eventually, if we define A := % >0

and choose &, 3 and A such that 0 < 0 < dmax, 3 € (B4, %) and 0 < A < A then
A < B implies Ay < .0
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