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Abstract. In this paper we investigate the convergence behavior of a primal-dual
splitting method for solving monotone inclusions involving mixtures of composite, Lip-
schitzian and parallel sum type operators proposed by Combettes and Pesquet in [7].
Firstly, in the particular case of convex minimization problems, we derive convergence
rates for the sequence of objective function values by making use of conjugate duality
techniques. Secondly, we propose for the general monotone inclusion problem two new
schemes which accelerate the sequences of primal and/or dual iterates, provided strong
monotonicity assumptions for some of the involved operators are fulfilled. Finally, we
apply the theoretical achievements in the context of different types of image restoration
problems solved via total variation regularization.
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1 Introduction and preliminaries

The last few years have shown a rising interest in solving structured nondifferentiable
convex optimization problems within the framework of the theory of conjugate functions.
Applications in fields like signal and image processing, location theory and supervised
machine learning motivate these efforts.

In this article we investigate and improve the convergence behavior of the primal-
dual monotone + skew splitting method for solving monotone inclusions which was
proposed by Combettes and Pesquet in [7], itself being an extension of the algorithmic
scheme from [4] obtained by allowing also Lipschitzian monotone operators and parallel
sums in the problem formulation. In the mentioned works, by means of a product space
approach, the problem is reduced to the one of finding the zeros of the sum of a Lips-
chitzian monotone operator with a maximally monotone operator. The latter is solved
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by using an error-tolerant version of Tseng’s algorithm which has forward-backward-
forward characteristics and allows to access the monotone Lipschitzian operators via
explicit forward steps, while set-valued maximally monotone operators are processed
via their resolvents. A notable advantage of this method is given by both its highly
parallelizable character, most of its steps could be executed independently, and by the
fact that allows to process maximal monotone operators and linear bounded opera-
tors separately, whenever they occur in the form of precompositions in the problem
formulation.

Before coming to the description of the problem formulation and of the algorithm
from [7], we introduce some preliminary notions and results which are needed throughout
the paper.

We are considering the real Hilbert spaces H and G;, ¢ = 1,...,m, endowed with
the inner product (-,-) and associated norm |[|-|| = \/(:,-), for which we use the same
notation, respectively, as there is no risk of confusion. The symbols — and — denote
weak and strong convergence, respectively. By R, we denote the set of strictly positive
real numbers, while the indicator function of a set C C H is 6c : H — R := RU{+o0},
defined by d¢(z) = 0 for # € C and d¢(z) = 400, otherwise. For a function f: H — R
we denote by dom f := {z € H : f(z) < 400} its effective domain and call f proper if
dom f # @ and f(x) > —oo for all x € H. Let be

['(H):={f:H — R: f is proper, convex and lower semicontinuous}.

The conjugate function of fis f* : H — R, f*(p) = sup{(p,z) — f(z): x € H} for
all p € H and, if f € I'(H), then f* € I'(H), as well. The (convez) subdifferential of
f:H—>RatxzeHistheset Of(x) ={peH: fly)— f(z) > (p,y—x) Vy € H}, if
f(z) € R, and is taken to be the empty set, otherwise. For a linear continuous operator
L; : H — G, the operator L} : G; — H, defined via (L;x,y) = (x, L}y) for all z € H
and all y € G;, denotes its adjoint operator, for i € {1,...,m}.

Having two functions f, g : H — R, their infimal convolution is defined by fOg :
H— R, (fOg)(x) = infyen {f(y) + g(z —y)} for all z € H, being a convex function
when f and g are convex.

Let M : H — 27 be a set-valued operator. We denote by gra M = {(x,u) € H x H :
u € Mz} its graph and by ran M = {u € H : 3z € H, u € M=z} its range. The inverse
operator of M is defined as M~' : H — 2", M~ (u) = {x € H : u € Mx}. The operator
M is called monotone if (x —y,u —v) > 0 for all (x,u), (y,v) € graM and it is called
maximally monotone if there exists no monotone operator M’ : H — 2 such that
gra M’ properly contains gra M . The operator M is called p-strongly monotone, for
p € Ry, if M — pld is monotone, i.e. (x —y,u —v) > pllx — y||? for all (z,u), (y,v) €
gra M, where Id denotes the identity on H. The operator M : H — H is called v-
Lipschitzian for v € R if it is single-valued and it fulfills | Mz — My|| < v||z — y|| for
all z,y € H.

The resolvent of a set-valued operator M : H — 2" is Jy : H — 2%, Jy =
(Id+ M )_1. When M is maximally monotone, the resolvent is a single-valued,
1-Lipschitzian and maximal monotone operator. Moreover, when f € I'(H) and
v € Ryq, O(vf) is maximally monotone (cf. [9, Theorem 3.2.8]) and it holds J,g5 =
(Id + 'y@f)fl = Proxys. Here, Prox,¢(z) denotes the prozimal point of parameter v of



f at x € H and it represents the unique optimal solution of the optimization problem

it { 1) + ;Yuy—ﬂr?}. (1.1)

yeEH

For a nonempty, convex and closed set C' C H and v € Ry we have Prox,s, = Pc,
where Po : H — C, Po(z) = argmin, . ||z — z||, denotes the projection operator on C.
Finally, the parallel sum of two set-valued operators My, My : H — 2™ is defined as

-1
MiOM, - H — 2%, MyOM, = (M + M)

We can formulate now the monotone inclusion problem which we investigate in this
paper (see [7]).

Problem 1.1. Consider the real Hilbert spaces H and G;,i = 1,...,m, A: H — 2" a
maximally monotone operator and C : H — H a monotone and p-Lipschitzian operator
for some p € Ry;. Furthermore, let z € H and for every ¢ € {1,...,m}, let r; € G,
let B; : G; — 29 be maximally monotone operators, let D; : G; — 2% be monotone
operators such that D, is v;-Lipschitzian for some v; € Riy, and let L; : H — G; be
a nonzero linear continuous operator. The problem is to solve the primal inclusion

find 7 € H such that z € AT + ZLZ* (B;OD;)(Liz — 1)) + Cx, (1.2)
i=1

together with the dual inclusion

z—> Lty € Az + Cx

v; € (Bz DDZ)(sz — T‘Z'),i =1,...,m.
(1.3)

find 71 € G1,...,Um € Gy, such that (Jz € ’H){

Throughout this paper we denote by G := G; X ... X G,,, the Hilbert space equipped
with the inner product

m
((p17 cee 7pm)7 (q17 o 7q’m)> = Z(phq’L) v(plv CIEaE me) V(Qla ey q’m) S g
i=1
and the associated norm |[|(p1,...,pm)| = 7 pill? for all (p1,...,pm) € G. We
introduce also the nonzero linear continuous operator L : H — G, Lx = (Lqx, ..., L,x),

its adjoint being L* : G — H, L*v = >/~ Liv;.
We say that (Z,v1,...,Ty) € H X G is a primal-dual solution to Problem 1.1, if

m
z— ZL?UZ € AT+ CT and 7; € (Bz DDZ)(LZT - TZ'), 1=1,...,m. (1.4)
i=1
If (z,71,...,0m) € H X G is a primal-dual solution to Problem 1.1, then T is a solution
to (1.2) and (U1,...,Uy,) is a solution to (1.3). Notice also that

m

T solves (1.2) & z — ZL:(BZ- OD;)(Lizt — 1) € AT+ CT <
i=1

z— > Liv; € AT + C7,

3T €01, -, Um € G such that { v € (B;OD)(Lix —1), i =1,...,m.



Thus, if T is a solution to (1.2), then there exists (v1,...,7m,) € G such that
(Z,v1,...,Um) is a primal-dual solution to Problem 1.1 and if (vy,...,7,,) is a solu-
tion to (1.3), then there exists T € H such that (Z,71,...,Tp) is a primal-dual solution
to Problem 1.1.

The next result provides the error-free variant of the primal-dual algorithm in [7]
and the corresponding convergence statements, as given in [7, Theorem 3.1].

Theorem 1.1. For Problem 1.1 suppose that

z € ran <A+ ZL;k (B;OD;) (L - —r;) + C) .
i=1

Let xg € H and (vi0,...,Um0) € G, set

m
B =max{p,vy...,Un}t+ Z 1L4][2,
i=1

choose € € (0, ﬁ) and (Yn)n>0 @ sequence in [5, 5} and set

Pin = Jy,A (T =y (Cxpy + ity Liviy — z))

Fori=1,...,m
(Vn >0) { P2in =J, g1 (Ui,n + Yo (Lizn — Dy i — m)) (1.5)
Vimt1 = YaLi(P1n — 2n) + W (Dy i — D pain) + p2in

Tnt1 = Tn 2oje1 L (Vi — D2,in) + 1 (Cxn — Cp1p) + Dip-
Then the following statements are true:

(1) CnenllTn — Pl < 400 and Vi € {1,...,m} Ypen vin — p2inll® < +oo.
(ii) There exists a primal-dual solution (Z,v1,...,Uy) € H X G to Problem 1.1 such
that the following hold:

(a) x, =T and p1, — 7.
(b) (Vie{l,...,m}) vin, = U; and pa;n — U;.

In this paper we consider first Problem 1.1 in its particular formulation as a primal-
dual pair of convex minimization problems, approach which relies on the fact that
the subdifferential of a proper, convex and lower semicontinuous function is maximally
monotone, and show that the convergence rate of the sequence of objective function
values on the iterates generated by (1.5) is of O(2), where n € N is the number of
passed iterations. Further, in Section 3, we provide for the general monotone inclusion
problem, as given in Problem 1.1, two new acceleration schemes which generate un-
der strong monotonicity assumptions sequences of primal and/or dual iterates converge
with improved convergence properties. The feasibility of the proposed methods is ex-
plicitly shown in Section 4 by means of numerical experiments in the context of solving
image denoising, image deblurring and image inpainting problems via total variation
regularization.



One of the iterative schemes to which we compare our algorithms is a primal-dual
splitting method for solving highly structured monotone inclusions, as well, and it was
provided by Vi in [8]. Here, instead of monotone Lipschitzian operators, cocoercive op-
erators were used and, consequently, instead of Tseng’s splitting, the forward-backward
splitting method has been used. The primal-dual method due to Chambolle and Pock
described in [6, Algorithm 1] is a particular instance of Vu's algorithm.

2 Convex minimization problems

The aim of this section is to provide a rate of convergence for the sequence of the values
of the objective function at the iterates generated by the algorithm (1.5) when solving
a convex minimization problem and its conjugate dual. The primal-dual pair under
investigation is described in the following.

Problem 2.1. Consider the real Hilbert spaces H and G;,i = 1,...,m, f € I'(H) and
h :H — R a convex and differentiable function with p-Lipschitzian gradient for some
p € Ry . Furthermore, let z € H and for every i € {1,...,m}, let r; € G;, g;,1; € T'(G;)
such that [; is v, 1—Strongly convex for some v; € Ry 4, and let L; : H — G; be a nonzero
linear continuous operator. We consider the convex minimization problem

(P) 1nf { )+ Z 9:00L)(Liz — r;) + h(z) — (x, z>} (2.1)

and its dual problem

(D) sup {—(f*Dh*) <z—ZL?vi> > (g5 (wi) + I (vi) + <vi,n>)}-
i=1 =1

(ViyereyUm ) EG1 X ... X Gy
(2.2)

In order to investigate the primal-dual pair (2.1)-(2.2) in the context of Problem
2.1, one has to take

A=0f, C=Vh, and, fori=1,...,m, B; = dg; and D; = 9JI;.

Then A and B;,i = 1,...,m are maximal monotone, C is monotone, by [1, Proposition
17.10], and D;l = VI} is monotone and v;-Lipschitz continuous for ¢ = 1,...,m,
according to [1, Proposition 17.10, Theorem 18.15 and Corollary 16.24]. One can easily
see that (see, for instance, [7, Theorem 4.2]) whenever (Z,v1,...,70,) € H X G is a
primal-dual solution to Problem 1.1, with the above choice of the involved operators, T
is an optimal solution to (P), (v1,...,Uy,) is an optimal solution to (D) and for (P)-(D)
strong duality holds, thus the optimal objective values of the two problems coincide.

The primal-dual pair in Problem 2.1 captures various different types of optimization
problems. Omne such particular instance is formulated as follows and we refer for more
examples to [7].

Example 2.1. In Problem 2.1 take z = 0, let ; : G; — R, [; = 5{0} and r; = 0 for
i=1,...,m,and set h: H — R, h(z) =0 for all z € H. Then (2.1) reduces to

(P) 1nf{ —i—ZgZLx}
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while the dual problem (2.2) becomes
(D) sup {—f* (—ZM%) —ng(vz’)}-
(ViyersUm)E€GL X ... X G, i=1 i=1

In order to simplify the upcoming formulations and calculations we introduce the
following more compact notations. With respect to Problem 2.1, let F: H — R, F(z) =
f(x) + h(z) — (z,z). Then dom F = dom f and its conjugate F* : H — R is given by
F*(p)=(f+h)"(z+p) = (f*Oh*)(z + p), since dom h = H. Further, we set

V= (vh'"avm); v = (517"'76711)) p2,n: (p?,l,na-"7p2,m,n)a T:(le"arm)'

We define the function G : G — R, G(y) = Y",(9;00;)(y;) and observe that its
conjugate G* : G — R is given by G*(v) = Y7, (¢: 0L)*(vi) = S (g + 1) (vs)-
Notice that, as [,i = 1,...,m, has full domain (cf. [I, Theorem 18.15]), we get

dom G* = (dom g7 Ndom!]) X ... x (domg,, Ndom!;,) =domgj X ... x domg,,,
(2.3)

The primal and the dual optimization problems given in Problem 2.1 can be equiv-
alently represented as

(P)  inf {F(z)+G(Lz—r)},
and, respectively,

(D) ilelrg){—F*(—L*v) -G (v) = (v,7)}.

Then T € H solves (P), v € G solves (D) and for (P)-(D) strong duality holds if and
only if (cf. [2,3])

—L*v € OF (T) and LT — r € 0G* (V). (2.4)
Let us mention also that for 7 € H and v € G fulfilling (2.4) it holds

(Lz —r,®) + F(z) — G*(®)] — (LT — r,v) + F(T) — G*(v)] > 0 V2 € H Vv € G.

For given sets By C ‘H and By C G we introduce the so-called primal-dual gap
function

gBl><Bz(x7'U) = f)sélg {<L$ - rvi}> + F(J}) - G*(f))}

— inf {{LZ —7r,v)+ F(z) — G*(v)}. (2.5)
TeB;
We consider the following algorithm for solving (P)-(D), which differs from the one
given in Theorem 1.1 by the fact that we are asking the sequence (vy)n>0 C R4y to be
nondecreasing.



Algorithm 2.1. Let zp € H and (vi0,...,Um0) € G, set

n
l@:max{lu,ljl,...,l/m}-i- ZHL”&H27
=1

choose ¢ € (0, ﬁ) and (v, )n>0 a nondecreasing sequence in {5, %] and set

P = Proxy, ¢ (xn — v (Vh(zn) + 2000 Livin — 2))
Fori=1,....m
(Vn > 0) P2in = Prox’yng;-k (Ui,n + 7n<Li$n - vz;(vi,n) - rz))
{ Vint1 = YnLi(Prn — 2n) + Y (VI (vin) — VI (D2,im)) + D2,in
Tnt1 = Yo 2o Li (Vi — p2,in) + ¥ (VA(2n) — VA(P1,4)) + P1a

Theorem 2.1. For Problem 2.1 suppose that

z € ran <3f + ZL: (0g; D0L;) (L; - —r;) + Vh) .

i=1

(2.6)

Then there exists an optimal solution T € H to (P) and an optimal solution

(61)"'7

Um) € G to (D), such that the following holds for the sequences generated by

Algorithm 2.1:

(a) z—>" LIv; € 0f () + Vh(T) and L;T —r; € dg;(v;) + VIi(v;) Vi € {1,...,m}.

(b) xp =T, p1n =T and v;p — Ui, P2in — U; Vi € {1,...,m}.
(¢) Forn >0 it holds

lzn =712 | = vin = Till® _ Jlzo —7* | G~ [lvio = i?
2 < 2 :
2% = 2m 270 = 2%

1 C an 9 C are bounded, then for x*' = + _0 P1n ond v;' =
d) If B C H and By C G are bounded, then for N = £ SNy, and oM

% Zfl\f;ol D2in, © =1,...,m, the primal-dual gap has the upper bound

C(B1,B
gleBg(xN)U{Va ... 77)%) S M;
N
where
— 2 m |2
CBLBY) =  sup lzo — ol | g~ llvso — wil]
(z,v1,...,vm)EB1 X B> 270 i—1 270
e e sequence (x*°,v7 ,...,V converges weakty to (T,v1,...,0m).
Th N oo N kly t

(2.7)

Proof. Theorem 4.2 in [7] guarantees the existence of an optimal solution Z € H to
(2.1) and of an optimal solution (v1,...,7,) € G to (2.2) such that strong duality holds,
Ty =T, p1n — T,as wellas v;,, — U; and pa;,, — v; fori = 1,...,m, when n converges
to +oo. Hence (a) and (b) are true. Thus, the solutions T and ¥ = (v1,...,Ty,) fulfill

(2.4).



Regarding the sequences (p1.)n>0 and (p2,in)n>0, ¢ = 1,...,m, generated in Algo-
rithm 2.1 we have for every n > 0
Pin = (Id + ’Ynaf)_l (J;n — Tn (Vh(xn) + L*Un - 2))

& P Gh,) — Lo, + 2 € Of (p1n)

n
and, for i = 1,...,m,

D2in = (Id + ’Ynag;k)_l (Ui,n + ’Yn(szn - vzr(vz,n) - 7’7,))

Vi — .
= M + Limn — Vl;k (Ui,n) —Tr; € 892‘(1)2’@‘7”).

Tn

In other words, it holds for every n > 0

f(z) > f(p1n) + <$n;pln — Vh(zyp) — L vy + 2,2 — p17n> Vo € H (2.8)

and, fori=1,...,m,

Vin — P2in

9; (vi) > g5 (P2,in) + < + Lixy, — VI (vig) — 73,0 — pz,z',n> Yo, € Gi. (2.9)

Tn

In addition to that, using that h and [7,¢ = 1,...,m, are convex and differentiable, it
holds for every n > 0

h(z) > h(p1n) + (VA(p1n), 2 — p1n) VY €H (2.10)
and, for i =1,...,m,
i (vi) 2 I (p2,in) + (VI (D2,in) Vi — P2,in) VUi € Gi. (2.11)

Consider arbitrary z € H and v = (v1,...,v,) € G. Since

(20in ) < n ol o= pial?_ e el

Tn 27 27 27
<Ui,n ~Pin p2,i,n> _ Nvin — p2inl? n [vi = p2inll®  llvin —vill? G=1...m,
Tn 27n 27 27n

we obtain for every n > 0, by using the more compact notation of the elements in G
and by summing up the inequalities (2.8)—(2.11),

Hxn - $H2 4 an - U||2 > ||xn —Pin ‘2 + HJJ —Pin ‘2 + an *p2,n||2 + ||'U *p2,n||2
29 27n 27n 27, 29, 2Yn
m m
+Y ALiwn + VI (p2im) — VI (Vi) — 73,0 — p2im) — (g7 + 1) (vi) + (f + 1) (prn)
i=1 i=1
m
+(Vh(p1n) = Vh(zn) = Loy + 2,2 — pra) — | Y — (g7 + 1) (p2im) + (f + R)(2) ] .
1=1



Further, using again the update rules in Algorithm 2.1 and the equations

<p1,n — Tn+l > . Tt — x”Q | Tni1 — B _pl,nH2
T = Pin) = - -
gl 29n 2%n 2%n

n

and, fori =1, ..., m,

)

<p2,i,n — Vin+1 > i —will* vings — painll® v — paial?
Vi —D2in ) = - -
Yn 27 27 27

we obtain for every n > 0

|y — ]2 n v, — v S [#ni1 —z)* | Jongr —o|? n [2n — p1all® n [vn — Panll®
29 29 27n 2vn 29n 2%

wng — _long — Paal + [(Lp1n — 7,0) — G*(v) + F(p1a)]
2Yn 2Yn o "

- [{ze=ripan) = G pon) + F@)]. (2.12)

Further, we equip the Hilbert space H = H x G with the inner product

(y,p), (z,@)) = (y,2) + (P, @) V(y,p),(2,9) e H X G (2.13)

and the associated norm ||(y, p)|| = /||yl|* + ||p||? for every (y,p) € H x G. For every
n > 0 it holds

Hxn+1 _pl,nH2 + ||'Un+1 _p2,n||2 _ ||(xn+17'vn+1) - (pl,n7p2,n)||2
29 27 2n

and, consequently, by making use of the Lipschitz continuity of Vh and VI, i =
1,...,m, it shows that

H(ﬂﬂn+1, Un+1) - (pl,n7p2,n)”
= Yl [(L*(vn — p2,n)7 Li(pin — Tn), -, Lin(P1n — 7n))
+ (Vh(zn) = Vh(p1,n), Vi (v1,0) = VIE(P2,10), - - Vi (Vimn) — VI (p2,m0) |
< l(L* (v — pQ,n)v Ly (pl,n —Tp)y. .., Lm(pl,n — )|
+ Wll(VA(zn) = Vh(p1a), VIT(v10) = VI (D2,00)5 - -5 Vi (vnn) = VI (p2,mn)) |

N

m

Z L (Uz n p2,i,n)

2 m
+ D ILi(p1n — o)l
i=1

IVA(@n) = VApLa)lI2 + Y IVE (vin) = VI (p2i0) |12
i=1

=1 =

+ Z V2 ||vin — p2,inll?
i=1

1% ||$n

J (i L H2> > i = P2l + (Z I Li H2> lp1,n — @l



m
S Tn ( Z ||L74H2 + max{,u, Viyeony Vm}) ||(xn7,vn) - (pl,n>p2,n)|“ (214)
\ i=1

Hence, by taking into consideration the way in which (7y,),>0 is chosen, we have for
every n > ()
1

5o [z = prall® + flon
n

2
1 m

> o 1— 2 (« D L2 + max{p, v, .. -,vm}) (2, 91) = (P10 P2.) I” > 0.
n i=1

and, consequently, (2.12) reduces to

~ @nt1 = prall* = [[ons1 = Poall?]

Ynt1 |Tng1 — )

lzn —2]?  lon —v|”

> + [(Lpip —7,v) — G*(v)+ F P
27” 2’)/71 Tn 2’}/”_;’_1 [< 1,n > ( ) ( 17”)]
Yrr1 |vns1 — v|? .
— |(Lx — ye F(2)|.
+ fyn 2f)/n+1 |:< T rap2,n> (p27n) + ($):|

Let N > 1 be an arbitrary natural number. Summing the above inequality up from
n =0 to N — 1 and using the fact that (v,)n,>0 is nondecreasing, it follows that

lwo = 2|® | Jlvo— vl _ llzy —2f® | (= .
+ > + > [{Lpip — 7, 0) = G*(v) + F(pin)]
270 270 27N o
low ol 2 :
=Y [(Le 1)~ G (po) + F@)].
IN n=0

(2.15)

Replacing = 7 and v = U in the above estimate, since they fulfill (2.4), we obtain

N— N-1
Z (Lpn = 7,0) = G*(®) + Fp1,0)] = Y. [(LT = 7, pay) = G (o) + F(@)] > 0.
— n=0
Consequently,
lzo =2 llvo =%)° _ Jlex —ZI* , Jlow — 2]
270 20 T 2w 29N

and statement (c) follows. On the other hand d1v1d1ng ( ) by N, usmg the convexity
of F and G*, and denoting = N Z an and v} N Zn 0 P2ins t=1,...,m,
we obtain

% <||$02;0$||2 . Hvo;mvHQ) > [(La® = 7,v) - G*(v) + Fa™)]
- [<Lm - T,UN> -G (o) + F(x)} :

which shows (2.7) when passing to the supremum over x € By and v € By. In this way
statement (d) is verified. The weak convergence of (zV,v") to (Z, ) when N converges
to 400 is an easy consequence of the Stolz—Cesaro Theorem, fact which shows (e). O
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Remark 2.1. In the situation when the functions g; are Lipschitz continuous on G;,i =
1,...,m, inequality (2.7) provides for the sequence of the values of the objective of (P)
taken at (z™V)n>1 a convergence rate of O(%;), namely, it holds

FaM)+GLaN —r) - F(@) - G(LT —7) < C(B1, By)

YN > 1. (2.16)
Indeed, due to statement (b) of the previous theorem, the sequence (p1n)n>0 € H is
bounded and one can take By C H being a bounded, convex and closed set containing
this sequence. Obviously, £ € Bj. On the other hand, we take By = dom g} x ... X
dom g, which is in this situation a bounded set. Then it holds, using the Fenchel-
Moreau Theorem and the Young-Fenchel inequality, that

Gp,xp, (2N, oY) = F™) + G(LaN —7) + G* (o) — nf {<Lm —r vN> + F(g:«)}

> P(a) + GLaY = 7) + G*(vV) = (Lz —r,0V) - F(7)
> F(zN) + G(La™ —r) — F(T) — G(LT — 7).

Hence, (2.16) follows by statement (d)in Theorem 2.1.

In a similar way, one can show that, whenever f is Lipschitz continuous, (2.7)
provides for the sequence of the values of the objective of (D) taken at (vV¥)y>1 a
convergence rate of ().

Remark 2.2. If G;, i = 1,...,m, are finite-dimensional real Hilbert spaces, then (2.16)
is true, even under the weaker assumption that the convex functions g;,i = 1,...,m,
have full domain, without necessarily being Lipschitz continuous. The set B; C H can
be chosen as in Remark 2.1, but this time we take By = X" U,,>0 99i (Lip1,n) C G, by
noticing also that the functions g;,7 = 1, ..., m, are everywhere subdifferentiable.

The set By is bounded, as for every i = 1,...,m the set U,,~q 0gi (Lip1,,) is bounded.
Let be i € {1,...,m} fixed. Indeed, as p;, — T, it follows that Lip1n, — Lz for
¢t = 1,...,m. Using the fact that the subdifferential of g; is a locally bounded operator
at L;x, the boundedness of J,,;~¢ 99 (Lip1,n) follows automatically.

For this choice of the sets By and Bs, by using the same arguments as in the previous
remark, it follows that (2.16) is true.

3 Zeros of sums of monotone operators

In this section we turn our attention to the primal-dual monotone inclusion problems
formulated in Problem 1.1 with the aim to provide accelerations of the iterative method
described in Theorem 1.1 under the additional strong monotonicity assumptions.

3.1 The case when A + (' is strongly monotone

We focus first on the case when A + C' is p-strongly monotone for some p € R4 and
investigate the impact of this assumption on the convergence rate of the sequence of
primal iterates. The condition A + C is p-strongly monotone is fulfilled when either
A:H — 2" or C: H — H is p-strongly monotone. In case that A is p;-monotone and
C' is pa-monotone, the sum A 4+ C is p-monotone with p = p1 + pa.
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Remark 3.1. The situation when B, Ty D; 1'is 74-strongly monotone with 7; € R,
for i = 1,...,m, which improves the convergence rate of the sequence of dual iterates,
can be handled with appropriate modifications.

Due to technical reasons we assume in the following that the operators D, Uin

Problem 1.1 are zero for ¢ = 1,...,m, thus, D;(0) = G; and D;(z) = 0 for x # 0, for
1 = 1,...,m. In Remark 3.2 we show how the results given in this particular context
can be employed when treating the primal-dual pair of monotone inclusions (1.2)-(1.3).
Consequently, the problem we deal with in this subsection is as follows.

Problem 3.1. Consider the real Hilbert spaces H and G;,i = 1,....,m, A: H — 2" a
maximally monotone operator and C' : H — H a monotone and p-Lipschitzian operator
for some p € Ryy. Furthermore, let z € H and for every ¢ € {1,...,m}, let r; € G;,
let B; : G; — 29 be maximally monotone operators and let L; : H — G; be a nonzero
linear continuous operator. The problem is to solve the primal inclusion

m
find 7 € H such that z € AT+ »  LiB;(LZ — ;) + C7, (3.1)
i=1
together with the dual inclusion
z— it Liv, € Az + Cx
v; € Bi(LZ’{L‘ —Ti), 1=1,...,m.
(3.2)

The subsequent algorithm represents an accelerated version of the one given in
Theorem 1.1 and relies on the fruitful idea of using a second sequence of variable step
length parameters (oy,)n>0 € R4, which, together with the sequence of parameters
(Yn)n>0 € Ry, play an important role in the convergence analysis.

Algorithm 3.1. Let 9 € H, (v1,0,..-,Um0) € G,

. v1+4p 1
Y € | O,min {1, ———— and set og = .
< { 2(1+2p)p 270(1 + 2p) 3572 || Lall?
Consider the following updates:
P = Jypa (Tn — Y (Cop + 372 Livip — 2))
For:=1,...,m
(Vn > 0) DP2in = JO'nBi_l (Ui,n + O'n(Lixn - Tz))
Vimt+1 = onLi(P1.n — Tn) + P2,im
Tn+l = Tn Z;L L;k ('Ui,n - p2,i,n) + Vn(an - Cpl,n) + Pin

L 0, = 1/\/1 + 2p’)/n(1 - ’Yn)a Ynt1 = OnYns On+1 = Un/en
Theorem 3.1. In Problem 3.1 suppose that A4+C' is p-strongly monotone with p € Ry 4

and let (Z,01,...,0m) € HXG be a primal-dual solution to Problem 3.1. Then for every
n > 0 it holds

find v1 € G1,...,Up € Gy, such that (Jx € H){

(3.3)

E _jHQ + i H'Ui,n _iiH2 < 72 on _EHQ + i H'Ui,O _EiH2 (3.4)
! n’i:l On - 7(2) i=1 Y000 ’
where Yy, 0p € Ry, xp € H and (Vip,...,0mn) € G are the iterates generated by

Algorithm 3.1.
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Proof. Taking into account the definitions of the resolvents occurring in Algorithm 3.1
we obtain

m
Tn — P1,
T Pin g N Lo+ 2 € Apiy
and Tn i=1
Vin — P2in

-1 .
. + Lixy, —1; € B, "poin,i=1,...,m,
n

which, in the light of the updating rules in (3.3), furnishes for every n > 0

m
Tp — .
n ntl Z LiPZi,n +z € (A + C)plyn
and Tn i=1 (3.5)

Vin — Vint1 1 .
I Lipip—1i€ B "pain,i=1,...,m.
n

The primal-dual solution (Z,v1,...,7,) € H X G to Problem 3.1 fulfills (see (1.4), where
D;l are taken to be zero for i = 1,...,m)

m
Z—ZL:@Z' € Az + CT and 7; EBi(Lif—Ti),i: 1,....,m.
=1

Since the sum A + C is p-strongly monotone, we have for every n > 0
Ty — Tyl m m
i SRR (5 o) EVVRE S
Tn i=1 i=1
while, due to the monotonicity of B; L. G — 29 we obtain for every n > 0
_ Vin — Vin+1 — .
<p2,i,n — U;, 0_7 + Lipl,n —T; — (Ll.T — ’I“z)> >0,:=1,...,m. (37)
n

Further, we set
U= (U1,.-,0m), Vn= Vins--rVmn); Pon = (P2,1m5 - - > P2,mn)-
Summing up the inequalities (3.6) and (3.7), it follows that

I — 1 _ vp,— 0 1 _ ./

n n
+(Pon = 8. L1 = 7)) = pllprn — 7. (3.8)

and, from here,
_ Tp — Tp+1 _ Up — Upyi _
<p1,n — T, ""+> + <p27n -7, ""+> > pllpin —Z|> ¥n>0.  (3.9)
Tn On
In the light of the equations
_ Ty — Tpyl Ty — Tptl _ Ty — Tyl
Tn Tn Tn
_Nznsr —pral® - llzn —p1al? | Nz =71 flongs — 7))
= — + .
2%n 2%n 2%n 2%n

)
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and

_ Up — Un41 Un — Un+1 _ Unp — VUn+1
<p2,n -, > = <p2,n — Un+1, + (Vn+1 — 7,

On n On

_ ||vﬂ+1 _p2,n |2 B an _p2,n||2 + ||Un _ﬁHQ _ H'Un—l—l _§||2

20, 20, 20, 20,

inequality (3.9) reads for every n >0
—112 =112 —112 =112 2
Ty — T UV, — U T -7 v - Ty —

lzn =] | lvn — ] > pllpin — 7 + l#ns =2l | ones =37 flzn = pral

29, 200, 2% 20p 29
+ ||Un _p2,nH2 . Hxn-‘rl _pl,n”2 . ||UTL+1 _pQ,nH2 (3 10)

20, 2%n 20, T

Using that 2ab < aa?® + 2 for all a,b e R, a € Ry, we obtain for a := ~y,,
o ++

pllpLn =217 > p (lensr = 212 = 20|21 = |21 = pral + 12011 = pral?)

207 (1 — vn) 2p(1 — )
29 2%

v

‘ 2

[ 2041 = P1n

)

which, in combination with (3.10), yields for every n > 0

2 — || o on = ol o (L4207 (1 — ) [ng — 7 o Mon = 9|
”mn _pl,nH2 + an _p2,n”2 B (1 + 20(1 B ’Yn))”xn-l—l _pl,n”2 . ||UTL+1 - p2,nH2

+ 2%n 20, 27 20,

(3.11)

Investigating the last two terms in the right-hand side of the above estimate it shows
for every n > 0 that

(14 2p(1 — v)) |70 41 —pl,n||2

27
2
1+2 =
> _% Z L’L (’[}Ln — p2,i’n) + (an - Cpl,n)
=1

2(1+ 2p)y =
> =P (S L? ) on = Pl + #2len = pral? )

i=1

and

HUTH‘I _p2,n||2 On u 2 On i 2 2
e = Y ILilprn — )| ) = 5 S OLilP ) lprn — zall.
=1 =1

20,

14



Hence, for every n > 0 it holds

Hxn _pl,n”2 + ||Un - p2,nH2 _ (1 + 2P(1 - ’Yn))”xn—l—l _pl,nHQ _ an-i-l _p2,n||2

29 20, 29 200,
S A= mon i IZill? = 2(1 + 2p)vap®) P10 — n|?
> 27 n n
m 2
+ (1 —29mon(1 ‘gjnp) >im 1Lall%) 00 — Do ‘2
>0

The nonnegativity of the expression in the above relation follows because of the sequence
(Yn)n>0 is nonincreasing, v,0, = Y00 for every n > 0 and

v1+4 1
Yo € | 0, min 1,# and oy = - 5
2(1 4 2p)p 270(1 +2p) 22521 || Ll

Consequently, inequality (3.11) becomes

lzn =27 Jon =912 (142091 = yu))lZnes =27 Jonss =2 >0.
2vn, 20, 2n 20m
(3.12)

Notice that we have v,4+1 < Y, On+1 > 0n and Yp410n41 = Ynon for every n > 0.
Dividing (3.12) by ~,, and making use of

1 On
SV 7 ey H LG
we obtain
lzn —Z|?  |lvn — 3| - [#ny1 — T | [longs — o] Vn > 0.
R TR R e

Let be N > 1. Summing this inequalities from n = 0 to N — 1, we finally get

lzo =2l | llvo =) _ Jlax =7 | [low — 3|2 (3.13)
278 2v%000 2% 2ynoN
In conclusion,
lzn — 7| [vn =3 _ 5 (llzo —z[* | [lvo —3?
< Vn > 0, 3.14
2 + 20, - 278 27000 "= (3.14)
which completes the proof. O

Next we show that pvy, converges like % as n — 4o00.

Proposition 3.2. Let v € (0,1) and consider the sequence (yn)n>0 C Ryy, where

Tn
Vn > 0. (3.15)
\/1 + 2p7n(1 - ’Yn)

Tn+1l =

Then limy, s 400 npyn = 1.
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Proof. Since the sequence (v5)n>0 € (0,1) is bounded and decreasing, it converges
towards some [ € [0,1) as n — +o00. We let n — +o0 in (3.15) and obtain

PA+2pl(1-1) =1 2pl*(1 1) =0,

which shows that [ =0, i.e. 'yn — 0 (n = 400). On the other hand, (3.15) implies that
%+1 — 1(n — 400). As ( ~)n>0 is a strictly increasing and unbounded sequence, by
applying the Stolz—Cesaro T “heorem it shows that

. n . n+l—-n . YnVYn+1
A= A o= e = s T
n v e n Yn+1
— lim 'Yn’Yn-i-l(’Yn + 7n+lx3 15) lim TnYn+1 ('Yn + ’Yn-i-l)
notoo g2 =2 n=+o0 2077 1Y (1 — n)
— lim Tn + Yn+1 — lim ’Yn+1 + 1 _ z _ 1’

n=to0 201 (1 =) notoo2p(l—m)  2p p
which completes the proof. O
Hence, we have shown the following result.

Theorem 3.3. In Problem 3.1 suppose that A + C is p-strongly monotone and let
(Z,701,...,Um) € H X G be a primal-dual solution to Problem 3.1. Then, for any e > 0,
there exists some ng € N (depending on € and pyy) such that for any n > ng

1 2
o, - < 152 (Il S g —B0%) (3.10

n =1 P*Y000

where Y, o € Ryy, , € H and (Vip,...,0mn) € G are the iterates generated by
Algorithm 3.1.

Remark 3.2. In Algorithm 3.1 and Theorem 3.3 we assumed that D, L—0fori=
1,...,m, however, similar statements can be also provided for Problem 1.1 under the
additional assumption that the operators D; : G; — 2% are such that D; ! is v; -
cocoercive with v; € Ry for i = 1,...,m. This assumption is in general stronger than
assuming that D; is monotone and D, 1is v;-Lipschitzian for i = 1, ..., m. However, it
guarantees that D; is v;” L_strongly monotone and maximally monotone for i =1, ...,m
(see [1, Example 20.28, Proposition 20.22 and Example 22.6]). We introduce the Hilbert
space H = H x G, the element z = (z,0,...,0) € H and the maximally monotone
operator A : H — 2%, A(z,y1,...,ym) = (Az, D1y1, ..., Dyym) and the monotone and
Lipschitzian operator C : H — H, C(z,y1,...,ym) = (Cx,0,...,0). Notice also that
A+ C is strongly monotone. Furthermore, we introduce the element r» = (ry,...,7ry,) €
G, the maximally monotone operator B : G — 29, B(y1,...,ym) = (Biy1,-- ., BmYm),
and the linear continuous operator L : H — G, L(x,y1 ..., ym) = (L1ix—y1, ..., Lz —
Ym), having as adjoint L* : G — H, L*(q1,...,qm) = Oty Ligi, —q1, ..., —Gm). We
consider the primal problem

find € = (Z,p; ...P,,) € H such that z € Az + L*B (Lx —r) + C7=, (3.17)
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together with the dual inclusion problem

z—L'vec Ax +Cx

7€ B(Lx—7) (3.18)

find ¥ € G such that (3 € H) {

We notice that Algorithm 3.1 can be employed for solving this primal-dual pair of
monotone inclusion problems and, by separately involving the resolvents of A, B; and
D;,i=1,...,m,as fory € R,y

JWA(x7y17 st 7ym) = (J’YAxv‘]’YD1y17 . -7Jmeym) v(q}aylv < 7ym) 6 H
J’YB(QIa <o ,Qm) = (JWB1QI7 SRR Jvqum) V(QIa cee ,Qm) €g.

Having (Z,v) € H x G a primal-dual solution to the primal-dual pair of monotone
inclusion problems (3.17)-(3.18), Algorithm 3.1 generates a sequence of primal iterates
fulfilling (3.16) in ‘H. Moreover, (Z, ) is a a primal-dual solution to (3.17)-(3.18) if and
only if

z—L've A+ CzT and v € B(LT — )

m
@Z—ZL;‘Q € Az + C7 and v; € D;p;,v; € B; (LiTt —p; — 1) ,i=1,...,m
=1

m
©z—) Liv;€ AT+ CTand v; € Dip;, LiZ —r; € By '+ P i=1,...,m.

i=1
Thus, if (Z,v) is a primal-dual solution to (3.17)-(3.18), then (z,?) is a primal-dual
solution to Problem 1.1. Viceversa, if (Z,) is a primal-dual solution to Problem 1.1,
then, choosing p; € Di_lm,i =1,...m,and T = (T,P;...D,,), it yields that (Z,v) is a
primal-dual solution to (3.17)-(3.18). In conclusion, the first component of every primal
iterate in ‘H generated by Algorithm 3.1 for finding the primal-dual solution (%, ) to
(3.17)-(3.18) will furnish a sequence of iterates verifying (3.16) in # for the primal-dual
solution (Z,v) to Problem 1.1.

3.2 The case when A+ C and B;' + D;!, i = 1,...,m, are strongly
monotone

Within this subsection we consider the case when A+C' is p-strongly monotone with p €
R4+ and Bi_l—i—Di_1 is 7;-strongly monotone with 7; € R, fori = 1,..., m, and provide
an accelerated version of the algorithm in Theorem 1.1 which generates sequences of
primal and dual iterates that converge to the primal-dual solution to Problem 1.1 with
an improved rate of convergence.

Algorithm 3.2. Let 29 € H, (v10,-..,9m0) € G, and v € (0,1) such that

< : .
V1+2min{p,71,...,7m} (\/Z?;l | Li]|? —I—max{u,ul,...,l/m})
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Consider the following updates:

Pin = Jya (@n =7 (Con + 3% Livin — 2))

For:=1,...,m
(Vn > 0) { P2,in = J’yB;1 (vi,n +v(Lixn — D;lvm — rz)> (3.19)
Vint1 = YLi(p1n — Tn) + YDy 0in — D; 'p2im) + p2in

Tnt1 =7 iy L (Vi — p2in) +7(Cxry — Cpig) + Pin-

Theorem 3.4. In Problem 1.1 suppose that A + C is p-strongly monotone with p €
Ry, Bl-_1 + Di_1 is Ti-strongly monotone with 7, € Ryy fori = 1,...,m, and let
(Z,701,...,Um) € HXG be a primal-dual solution to Problem 1.1. Then for everyn >0
it holds

2N |2 < 1 ! 2 N 2
20 =212 + > vin —5il* < =) lzo —Z)* + > llvio —will* ),
=1

1 + 2pmin7 i=1

where pmin = min{p, 71,..., 7} and x, € H and (vip,...,vmn) € G are the iterates
generated by Algorithm 3.2.

Proof. Taking into account the definitions of the resolvents occurring in Algorithm 3.2
we obtain for every n >0

m

Ty — T

LG > Lipzin+2€(A+C)pin
v i=1

and

Vin — Uint1 1 1 .
——————+Lipin—ri€(B; +D; )prin, t=1,...,m.

The primal-dual solution (Z,71,...,7,) € H X G to Problem 1.1 fulfills (see (1.4))
z— ZL?@Z' c Az +C7 and 7; € (BZ'DDZ')(LiE—Ti), 1=1,....,m.
i=1

By the strong monotonicity of A+ C and BZ-_1 + Dz-_l, i=1,...,m, we obtain for every
n>0

m m
_ Ty — Tpyl . e _
<P1,n -7, nfm - ZLipzi,n +z- (Z - ZLz’ Uz>> > pllpin — z|* (3.20)

i=1 i=1

and, respectively,
_ Vip — Vintl _ 2
<p2,i,n — v, % + Lip1n — 1 — (LiT — Ti)> > 7illp2in — Till% i = 1,...,m.
(3.21)

Consider the Hilbert space H = H x G, equipped with the inner product defined in
(2.13) and associated norm, and set

T = (x7ll)1)"'7ﬁm)7 Ty = (‘Tnuvl,na”'uvm,n)) Dy = (pl,n7p2,1,n7~'ap2,m,n)-
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Summing up the inequalities (3.20) and (3.21) and using

)

<p e —mn+1> B e % e % ) g 7SS
Ty 2 2y 2y 2y

we obtain for every n > 0

|z, — 2| 2 Nz —ZP | lzn —pall® a1 —pull?
> Dmi — — . (3.22
2y T puin [P = 2"+ 2y * 2y 2y (3.22)

Further, using the estimate 2ab < va® + % for all a,b € R, we obtain

_ 2pminy(1 — 7 - 2pmin(1 —7
prnllpy — 2 L= oy g2 2= D g 2
20minY(1 — _ 20mi
> 2mn 00 2 2, 2 v > 0
gl 2y

Hence, (3.22) reduces to

lzn =) _ (14 2pminy(1 = ¥)|®ni1 — 2|2
2 - 27y

B A _ (1 + 2pmin) | Zn+1 — Pul®
27y 2

+ Vn > 0.

Using the same arguments as in (2.14), it is easy to check that for every n > 0

|zn — P, (I 4 2pmin)[[@n41 — P,
27y

2y
2
2 [ % 2 [Zn — Pyl
> 1—(1+2pmin)’7 ZHLzH —{—maX{M,I/l,...,l/m} T
=1
>0,

whereby the nonnegativity of this term is ensured by the assumption that

1

\/1+2pmin(\/ 71'7;1 ||L1'H2—|—max{,u,y1,,.,,ym}>

Therefore, we obtain

S

lzn = 2[* > (1 + 2ominy(1 = ))l|Jzns1 — Z|* Vn >0,

which leads to

1
1+ 2pminy

|z, — || < ( = 7)) o — Z|% ¥n > 0.
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4 Numerical experiments in imaging

In this section we test the feasibility of Algorithm 2.1 and of its accelerated version
Algorithm 3.1 in the context of different problem formulations occurring in imaging and
compare their performances to the ones of two other popular primal-dual algorithms
introduced in [6]. For all applications discussed in this section the images have been
normalized, in order to make their pixels range in the closed interval from 0 (pure black)
to 1 (pure white).

4.1 TV-based image denoising

Our first numerical experiment aims the solving of an image denoising problem via total
variation regularization. More precisely, we deal with the convex optimization problem

$i€ann{ATV(x)+;ux—b\|2}, (A1)
where A € Ry, is the regularization parameter, TV : R® — R is a discrete total
variation functional and b € R™ is the observed noisy image.

In this context, x € R™ represents the vectorized image X € RM*N where n = M-N
and z; ; denotes the normalized value of the pixel located in the i-th row and the j-th
column, for i =1,...,M and j = 1,...,N. Two popular choices for the discrete total
variation functional are the isotropic total variation TVig, : R — R,

M-1N-1
TVio(z) = > > \/(wiﬂ,j — 2 j)? + (Tijy1 — i j)?
=1 j=1
M1 N-1
+ Z |Ziv1,N — ZiN| + Z a1 — ol
i=1 j=1

and the anisotropic total variation TVyniso : R™ — R,

M—-1N-1
TVaniso() = D D |ig1j — @ijl + |21 — @i
i=1 j=1
M-1 N-1
+ Z [Tiv1,v — Ti,N| + Z @041 — Tag] s
i=1 j=1

where in both cases reflexive (Neumann) boundary conditions are assumed.
We denote Y = R" x R" and define the linear operator L : R" — Y, x;;
(Llcl?i,j, LQ(L‘Z'J‘), where

S Tit1,j — Lij, ifi< M o Tij+1 — Tij, lfj <N
Luaig = { 0, if = p And Lezig = if j =N

The operator L represents a discretization of the gradient using reflexive (Neumann)

boundary conditions and standard finite differences. One can easily check that ||L||? < 8
and that its adjoint L* : ) — R" is as easy to implement as the operator itself (cf. [5]).
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o =0.12, A = 0.07 o =0.06, A = 0.035
e=10"" Je=10"° e=10"" [e=10"°
ALGI || 350 (7.03 ) | 2989 (59.82 s) 184 (3.69 s) | 1454 (29.07 s)
ALG2 || 101 (2.28 s) | 442 (9.91 s) 72 (1.62's) | 298 (6.68 s)
PD1 || 342 (3.59 s) | 3133 (32.68 s) 180 (1.91 s) | 1427 (14.87 s)
PD2 || 96 (1.02's) | 442 (4.67 s) 69 (0.76 s) | 319 (3.39 )

Table 4.1: Performance evaluation for the images in Figure 4.1. The entries represent to the
number of iterations and the CPU times in seconds, respectively, needed in order to attain a
root mean squared error for the iterates below the tolerance €.

Within this example we will focus on the anisotropic total variation function which
is nothing else than the composition of the [;-norm in ) with the linear operator L.
Due to the full splitting characteristics of the iterative methods presented in this paper,
we need only to compute the proximal point of the conjugate of the /1-norm, the latter
being the indicator function of the dual unit ball. Thus, the calculation of the proximal
point will result in the computation of a projection, which has an easy implementation.
The more challenging isotropic total variation functional is employed in the forthcoming
subsection in the context of an image deblurring problem.

Thus, problem (4.1) reads equivalently

inf {h(z) +g(Lo)}

where h : R" — R, h(z) = %||z — b||?, is 1-strongly monotone and differentiable with
1-Lipschitzian gradient and g : ¥ — R is defined as g(y1,y2) = Al[(y1,y2)[1. Then its
conjugate g* : ) — R is nothing else than

6" (p1,p2) = (Al 11" (1, 2) H(” pQ) = 55(p1, p2),

where S = [-\, \]" x [-\, A]". Taking z¢ € H, vg € )V,

1+4 1
’YO c 07m1n ]_7 @ and og = m 2
2(1+2p)p 270(1 + 2p) 22320 || Li

Algorithm 3.1 looks for this particular problem like

Pin = Tn — In (xn, — b+ L*vy)
P2.n = PS (Un + Uann)
(VTL > 0) Un+1 = UnL(pl,n - xn) + D2
Tn4+1 = ’YnL* (U'rL - p2,n) + 'Yn(xn - pl,n) +p1,n
On = 1/\/1 + 2P'7n(1 - 7”)7 Tn+1 = en’)/n, On+1 = Un/en

However, we solved the regularized image denoising problem with Algorithm 2.1, the
primal-dual iterative scheme from [6] (see, also, [8]) and the accelerated version of the
latter presented in [6, Theorem 2|, as well, and refer the reader to Table 4.1 for a
comparison of the obtained results:
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(a) Noisy image, o = 0.06 (b) Noisy image, o = 0.12 Figure 4.1: TV-ly image
T denoising. The noisy im-
age in (a) was obtained af-
ter adding white Gaussian
noise with standard devia-
tion ¢ = 0.06 to the orig-
inal 256 x 256 lichtenstein
test image, while the out-
put of Algorithm 3.1, for
A = 0.035, after 100 itera-
tions is shown in (c). Like-
wise, the noise image when
choosing 0 = 0.12 and the
(c) Denoised image, A = 0.035 (d) Denoised image, A = 0.07 output of the same algo-
rithm, for A = 0.07, after
100 iterations are shown in
(b) and (d), respectively.

e ALGI1: Algorithm 2.1 with v = 1;\/3:, small € > 0 and by taking the last iterate
instead of the averaged sequence.
e ALG2: Algorithm 3.1 with p=0.3, u =1 and v = f(%.

e PDI1: Algorithm 1 in [6] with 7 = \/Lg, 708 = 1 and by taking the last iterate

instead of the averaged sequence.
e PD2: Algorithm 2 in [6] with p = 0.3, 79 = \/Lg, ToooS = 1.

From the point of view of the number of iterations, one can notice similarities be-
tween both the primal-dual algorithms ALG1 and PD1 and the accelerated versions
ALG2 and PD2. From this point of view they behave almost equal. When comparing
the CPU times, it shows that the methods in this paper need almost twice amount of
time. This is since ALG1 and ALG2 lead back to a forward-backward-forward split-
ting, whereas PD1 and PD2 rely on a forward-backward splitting scheme, meaning that
ALG1 and ALG2 process the double amount of forward steps than PD1 and PD2. In
this example the evaluation of forward steps (i.e. which constitute in matix-vector
multiplications involving the linear operators and their adjoints) is, compared with the
calculation of projections when computing the resolvents, the most costly step.

4.2 TV-based image deblurring

The second numerical experiment that we consider concerns the solving of an extremely
ill-conditioned linear inverse problem which arises in image deblurring and denoising.
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For a given matrix A € R™*"™ describing a blur operator and a given vector b € R"
representing the blurred and noisy image, the task is to estimate the unknown original
image T € R™ fulfilling

AT =b.

To this end we basically solve the following regularized convex nondifferentiable problem

inf {HAac - bH1 + MTViso(7) + A2 HfrHl + 5[0,1]"(*"«")}7 (4.2)
zeR?
where A1, Ao € Ry, are regularization parameters and T'Vis, : R™ — R is the discrete
isotropic total variation function. Notice that none of the functions occurring in (4.2)
is differentiable, while the regularization is done by a combination of two regularization
functionals with different properties.

The blurring operator is constructed by making use of the Matlab routines imfilter
and fspecial as follows:

H=fspecial (’gaussian’ ,9,4); % gaussian blur of size 9 times 9
% and standard deviation 4

B=imfilter (X,H, "conv’, ’symmetric’); % B=observed blurred image
% X=original image

The function fspecial returns a rotationally symmetric Gaussian lowpass filter of size
9 x 9 with standard deviation 4, the entries of H being nonnegative and their sum
adding up to 1. The function imfilter convolves the filter H with the image X
and furnishes the blurred image B. The boundary option “symmetric” corresponds to
reflexive boundary conditions. Thanks to the rotationally symmetric filter H, the linear
operator A defined via the routine imfilter is symmetric, too. By making use of the
real spectral decomposition of A, it shows that ||A|? = 1.
For (y,z), (p,q) € )V, we introduce the inner product

M N
((y,2), (p,q)) = Z Z YiiDij + 2.5

i=1j=1

and define ||(y,2)||x = M, Zé\f:l 1/yi2’j + zfj One can check that || - ||« is a norm on

Y and that for every z € R" it holds TVis(z) = ||Lx||«x, where L is the linear operator
defined in the previous section. The conjugate function (|| - [|x)* : ¥ — R of || - ||x is for
every (p,q) € Y given by (see, for instance, [3])

. _J 0 if |(p, q)|lx+ <1
(- 1" (- 9) _{ +00, otherwise

)

where

_ _ 2 2
[(p, @)lIx« = sup <(p,q)7(y72)>—lg%\/m,ﬁ%,f

<1
(w2)l1 < ikt

Therefore, the optimization problem (4.2) can be written in the form of

inf {f(2) + 91(A) + go(La))},
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(a) Original image (b) Blurred and noisy image (c) Reconstructed image

Figure 4.2: TV-l;-l; image deblurring. Figure (a) shows the clean 256 x 256 cameraman
test image, (b) shows the image obtained after multiplying it with a blur operator and adding
white Gaussian noise and (c) shows the averaged sequence generated by Algorithm 2.1 after 400
iterations.

where f : R" — R, f(z) = Xollz[li + dp1n(x), g1 : R" = R, g1(y) = lly — bll, and
g2:Y = R, g2(y,2) = M ||(y, 2)| - For every p € R" it holds gi(p) = 6j_11j»(p) + p"b
(see, for instance, [2]), while for any (p,q) € Y we have ¢5(p,q) = ds(p,q), with S =
{(p,q) €Y : [[(p,@)||x+ < A1}. We solved this problem by Algorithm 2.1 and to this

end we made use of the following formulae for the proximal points involved in the
formulation of this iterative scheme:

. 1 n n
Prox,s(z) = arg[m]l {’)/)\2”2“1 + §Hz - :1:||2} =P (z — A1) Vo € R",
z€[0,1]™

, 1
Proxyg: (p) = ar[g lflll]n {7 (z.0) + 5 ll= —pll2} = P11 (p —b) Vp € R,
ze[-1,1]"

and

1
Prox,g: (p, q) = arg min Sl 2) = Q> =Ps (p,q) Y(p,q) €V,
Y,2)€E

where v € R4, 1™ is the vector in R™ with all entries equal to 1 and the projection
operator Pg : Y — S is defined as

Dij di,j

2 2 ’ 2 2
P2+, P a2,
max {1, —”)fl = } max {1, —”)fl = }

Taking zg € H, (0170,1}2’0) ER"x Y, =V14+48=3,¢ € (0, ﬁ) and (’yn)nzo a

(Pij»ij) —
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nondecreasing sequence in {5, %}, Algorithm 2.1 looks for this particular problem like

P = P (Tn — Y (A"010 + L2 + A21"))
P21 = Pl (Vi + Mn(Azn — b))
(vn > 0) D2,2,n = PS (7)2,71 + ’Yann)
Vln+l = ')/nA(pl,n - fl:n) +DP21n
V2 n+1 = ’YnL(pl,n - xn) +Pp22n
L Znt1 = V(A (V10 — P2,1m) + L* (V20 — D2,2,0)) + D1

Figure 4.2 shows the original cameraman test image, which is part of the image process-
ing toolbox in Matlab, the image obtained after multiplying it with the blur operator
and adding after that normally distributed white Gaussian noise with standard devia-
tion 1073 and the image reconstructed by Algorithm 2.1 when taking as regularization
parameters A\; = 3e-3 and Ay = 2e-5.

4.3 TV-based image inpainting

In the last section of the paper we show how image inpainting problems, which aim
for recovering lost information, can be efficiently solved via the primal-dual methods
investigated in this work. To this end, we consider the following T'V-l; model

inf {XTVigo (@) + | Kz = b1 + Sjp.17 () (4.3)
where A € Ry, is the regularization parameter and TVi,, : R® — R is the isotropic
total variation functional and K € R™*" is the diagonal matrix, where for i = 1, ..., n,
K;; = 0, if the pixel 7 in the noisy image b € R" is lost (in our case pure black) and
K;; = 1, otherwise. The induced linear operator K : R" — R™ fulfills | K| = 1, while,
in the light of the considerations made in the previous two subsections, we have that
TViso(z) = || Lz||x for all x € R™.
Thus, problem (4.3) can be formulated as

Jnf {f(2) +g1(La) + g2(Ka)},

where f: R" = R, f(z) =g, g1: Y = R, g1(y1,92) = [[(y1,92)[|x and g2 : R* — R,
92(y) = ||y — bll1. We solve it by Algorithm 2.1, the formulae for the proximal points
involved in this iterative scheme been already given in Subsection 4.2. Figure 4.3 shows
the original fruit image, the image obtained from it after setting to pure black 80%
randomly chosen pixels and the image reconstructed by Algorithm 2.1 when taking as
regularization parameter A = 0.05.
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