VARIATIONAL PROPERTIES OF VALUE FUNCTIONS
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Abstract. Regularization plays a key role in a variety of optimization formulations of inverse
problems. A recurring question in regularization approaches is the selection of regularization pa-
rameters, and its effect on the solution and on the optimal value of the optimization problem. The
sensitivity of the value function to the regularization parameter can be linked directly to the Lagrange
multipliers. In this paper, we fully characterize the variational properties of the value functions for
a broad class of convex formulations, which are not all covered by standard Lagrange multiplier
theory. We also present an inverse function theorem that links the value functions of different
regularization formulations (not necessarily convex). These results have implications for the selection
of regularization parameters, and the development of specialized algorithms. We give numerical
examples that illustrate the theoretical results.

1. Introduction. It is well known that there is a close connection between the
sensitivity of the optimal value of a parametric optimization problem and its Lagrange
multipliers. Consider the family of convex optimization problems

P(b,T) minimize p(r)
subggct to Az+7r="b : u,
pla) <7 ¢ op,
parameterized by 7 > inf¢ and b € R™, where A € R™"", and the functions
¢ : R" - R := (—oo,00] and p : R™ — R are closed, proper and convex, and

continuous relative to their domains. The value function
v(b,7) = inf P(b,T)

gives the optimal objective value of P(b, ) for fixed parameters b and 7. If P(b,7) is a
feasible ordinary convex program (cf. [28 Section 28]), then under standard hypotheses
the subdifferential of v is

Ov(b,7) = {(u, p)}, (L.1)

where v € R™ and g € R are the Lagrange multipliers of P(b,7), shown next to
their constraints. This connection is extensively explored in Rockafeller’s 1993 survey
paper [27].

If we allow ¢ to take on infinite values on the domain of the objective—which can
occur, for example, if ¢ is an arbitrary gauge—then P(b,7) is no longer an ordinary
convex program, and the standard Lagrange multiplier theory does not apply. While in
some cases the problem can be remodeled to overcome this difficulty, we are interested
in developing an extended Lagrange multiplier theory that avoids the need for such
reformulation, and captures a wide range of data-fitting applications. Remarkably,
even in this general setting, it is also possible to obtain explicit formulas of the
subdifferential of the value function of P(b, 7), useful in many applications.
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1.1. Examples. We give two simple examples illustrating the need for the ex-
tended Lagrange multiplier theory. Both are of the form

minimize 1 ||z — ng subject to v (z |U) <1, (1.2)
where
(| U):=inf{A>0|ze AU}

is the gauge function for the closed nonempty convex set U C R"™, which contains 0.
Let A=1and b= (0,—1)".
For our first example, we consider the set

U:{xERQ‘%x?SxQ},

defined in [28] Section 10]. The gauge for this set is an example of a closed proper and
convex function that is not continuous at a boundary point of its effective domain. It
is straightforward to show that

o]

2250 XTo > 0

Y(z |U) =10, T =0=1mx

400, otherwise.

The constraint region for is the set U and the unique global solution is the point
2 = 0. However, since 0 = v (0| U) < 1, the classical Lagrange multiplier theory fails:
the solution is on the boundary of the feasible region, and yet no Lagrange multiplier
exists. The problem is that the constraint is active at the solution, but not active in
the functional sense, i.e., v (0 | U) < 1. In contrast, the extended multiplier theory of
Theorem succeeds with the multiplier choice of 0.

For the second example, take U = B, N K, where B, is the unit ball associated with
the Euclidean norm on R?, and set K = { (z1,25) | 2o > 0}. Then v (z | By N K) =
l|lz|ly + 9 (z | K), and the constraint region for is the set By N K. Again, the
origin is the unique global solution to this optimization problem, and no classical
Lagrange multiplier for this problem exists. The multiplier theory of Theorem
succeeds, again with the multiplier choice of 0.

1.2. Formulations. Appropriate definitions of the functions p and ¢ can be used
to represent a range of practical problems. Choosing p to be the 2-norm and ¢ to be
any norm yields the canonical regularized least-squares problem

minimize ||r||; subject to Az +r =0, |z| <7, (1.3)
xT

which optimizes the misfit between the data b and the forward model Ax, subject to
keeping x appropriately bounded in some norm. Interestingly, when the optimal resid-
ual 7 is nonzero, the value function for this family of problems is always differentiable
in both b and 7—i.e., the subdifferential in is a singleton. In particular,

Vo(b, 1) = ( r HATTH*) , (1.4)

Iz el

where || - ||, is the norm dual to || - ||. The 2-norm constraint on z yields a Tikhonov
regularization, popular in many inversion applications. A 1-norm constraint on x yields
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Fic. 1.1. The masfit p(r) (solid line) and its derivative (dashed line) as a function of the
regularization parameter for a 1-norm regularized example. The left panel shows the constrained
Sformulation P (b, T), which varies smoothly with 7; the right panel shows that the penalized formulation
does mot vary smoothly with A (note the reversed axis).

the Lasso problem [33], often used in sparse recovery and model-selection applications.
The gradient is derived by van den Berg and Friedlander [6]. The analysis of the
sensitivity in 7 of the value function for the Lasso problem led to the development of the
SPGLI solver [5], currently used in a variety of sparse inverse problems, with particular
success in large-scale sparse inverse problems [21]. A subsequent analysis [8] that
allows ¢(z) to be a gauge paved the way for other applications, such as group-sparsity
promotion |7].
An alternative to P(b,T) is the class of penalized formulations

P, (b, \) minimize p(b — Azx) + Ao (z)

where the nonnegative parameter A is used to control the tradeoff between the data
misfit p and a convex regularization term ¢. For example, talking p(r) = ||r||» and
¢(x) = ||z yields a formulation analogous to (L.3). This penalized formulation is
commonly used in applications of Bayesian parametric regression [24}25,(30,/34}36],
inference problems on dynamic linear systems [1,[11], feature selection, selective
shrinkage, and compressed sensing [141/15(19], robust formulations [2}/17/18/23], support
vector regression [20}35], classification [164[26,[32], and functional reconstruction [41[12
31).

From an algorithmic point of view, either formulation P(b,7) or P_(b, \) may be
preferable. However, a key feature of P(b, 7) that sets it apart from P, (b, ) and allows
our comprehensive analysis is that its objective is a convex function of (b, 7). This
fact gives the convexity of the value function v(b,7) (see section [1.3)). In contrast, the
optimal value of the penalized formulation P, (b, A) is not in general a convex function
of its parameters. The following example

plr) = 313 o) =Nl A=[1 1], and o= ],

illustrates this situation. The optimal value of p in the two formulations, as functions
of 7 and A, respectively, are given by

(r—3)? for 7 € [0,1) A? for X € [0,1)
p(r;) =< L+ 1 -2 forre[L,3) p(ry) =14 3+ 3N for A€ [1,2)
0 otherwise; 5/2 otherwise.
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The optimal values and their derivatives are shown in Figure [I.I} where it is clear that
p(r,) is convex (and in this case also smooth) in 7, but p(ry) is not convex in .

The admissibility of variational analysis and convexity of the value function may
convince some practitioners to explore formulations of type P (b, 7) rather than P, (b, ).
In fact, we give an example (in section [7)) of how this variational information might be
used for algorithm design in the context of large-scale inverse problems.

1.3. Approach. For many practical inverse problems, the formulation of primary
interest is

P, (b,0) minimize ¢(x) subject to p(b— Azx) <o,

in part because estimates of a tolerance level o on a data fitting error p(b — Ax) are
more easily available then estimates of a bound on the regularization penalty ¢(x).
However, the formulation P(b,7) can sometimes be easier to solve. The underlying
numerical theme is to develop methods for solving Py (b, o) using solutions to P(b, 7).

In section [2] we present an inverse function theorem for value functions that
characterizes the relationship between P(b,7) and P,(b,0), and for more general
nonconvex problems. One application of this result is to establish conditions under
which it is possible to implement a root-finding approach for the nonlinear equation

find 7 such that v(b, 7) = o, (1.5)

where Pg(b,0) can be solved via a sequence of approximate solutions of P(b, 7).
This generalizes the approach used by van den Berg and Friedlander [6}8] for large-
scale sparse optimization applications. The convex case is especially convenient,
because both value functions are decreasing and convex. When the value function
is differentiable, Newton’s method is globally monotonic and locally quadratic. In
section [5| we establish the variational properties (including conditions necessary for
differentiability) of P(b, 7).

In sectionwe derive dual representations of P(b, 7) and their optimality conditions.
These are used in section [f] to characterize the variational properties of the value
function v. The conjugate, horizon, and perspective functions arise naturally as part
of the analysis, and we present a calculus (section [3|) for these functions that allows
explicit computation of the subdifferential of v for large classes of misfit functions p
and regularization functions ¢ (see section [6).

One of the motivating problems for the general analysis and methods we present
is the treatment of a robust misfit function p (such as the popular Huber norm) in
the context of sparsity promotion, which typically involves a nonsmooth regularizer
¢. We demonstrate (section [7)) how the sensitivity analysis can be applied to solve a
sparse nonnegative denoising problem with robust misfit measures—both convex and
nonconvex.

The proofs of all of the results are relegated to the appendix (section .

1.4. Notation. For a matrix A € R"™*", the image and inverse image of the sets
FE and F, respectively, are given by the sets

AE={y|ly=Az,2cE} and A 'F={z|AzecF}.

For a convex function p, its epigraph is denoted epi p, and the level set is denoted
lev, (1) = { # | p(z) < 7 }. The function ¢ (z | X) is the indicator to a convex set X.
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2. An inverse function theorem for optimal value functions. Let v, :

X CR" — R, i € {1,2}, be arbitrary scalar-valued functions, and consider the
following pair of related problems, and their associated value functions:

vy(0) = Zlg( Yy (x) +6 ((z,0) | epi ¥q), P12(0)
ta(r) = int o) + 5 (0.7 | epi ). Paa(r)

This pair corresponds to the problems P, (b,c) and P(b, 1), defined in section [1| with
the identifications

U1(z) = p(b— Az) and  Py(z) = o().

Our goal in this section is to establish general conditions under which the value
functions v; and vy satisfy the inverse-function relationship

V] 0 Vg = id,

and for which the the pair of problems [P, 5(c)| and [P, (7)[ have the same solution
sets. The pair of problems P(b,7) and Py, (b,0) always satisfy the conditions of the
next theorem, which applies to functions that are not necessarily convex.

THEOREM 2.1. Let¢; : X CR" = R, i € {1,2}, be as defined in Py 5(c), and define
Sip={0ceR|0#argminP, y(0c) C{z € X |h(x)=0}}.

Let S5 1 be defined symmetrically to S, 5 by interchanging the roles of the indices.
Then, for every o € S o,
(a) vz(vi(0)) =0, and
(b) argmin Py 5(c) = argmin Py , (1, () C {2 € X | 1y (2) = v,(0) }.
Moreover, Sy 1 = {vl(a) | og€S, }, and so

{ (U,vl(a)) ’ oge€S o } = { (UQ(T),T) ’ TE S, }

3. Convex analysis. In order to present the duality results of section {4l we
require a few basic tools from convex analysis. There are many excellent references for
the necessary background material in convex analysis, with several appearing within
the past 10 years. In this study we make use of Rockafellar [28] and Rockafellar and
Wets [29], although similar results can be found elsewhere [9,[10,[22]. We review the
necessary results here.

3.1. Functional operations. The convex function h : R™ — R generates the
following convex functions:
1. Legendre-Fenchel conjugate of h:

h*(y) = sup [(y, =) — h(2)].
2. Horizon function of h:

h(z) ;== sup [h(z+2)— h(z)].

zrxedom h
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3. Perspective function of h:

M(ATT2) i A >0,
h(z,A\) =<6 (x|0) if A=0,
400 if A<0.

4. Closure of the perspective function of h:

M(Atz) i A >0,
h™(z,A) :== ¢ h™(2) it A=0,
400 it A<O.

If & is additionally closed and proper, then so are h* (Theorem 12.2), h°° (Theorem
8.5), and h" (p.35, Corollaries 8.5.2 and 13.5.1), where the results are all from
Rockafellar [28]. Note that these functions can also be defined by considering the
epigraphical perspective and properties of convex sets. The conjugate function can
be derived from the support function of the epigraph. The epigraph of the horizon
function of h is the recession cone of the epigraph of h. The perspective function of h
is the positively homogeneous function generated by the convex function ﬁ(m, A) =
h(xz) + 0 (N| {1}) |28 pp. 35 and 67].

Note that for every closed proper and convex function h, the associated horizon and
perspective function, h°° and h”™, are positively homogeneous and so can be represented
as the support functional for some convex set [28, Theorem 13.2]. Moreover, if h is a
support functional, then h°° = A" = h.

3.2. Cones. We associate the following cones with a convex set C' and a convex
function h.
1. Polar cone: The polar cone of C' is denoted by C°:

C°={a"|(a",2) <0 VzeC}.
2. Recession cone: The recession cone of C is denoted by C'™:
C*={z|C+zxcCl={z|y+ xeC YA>0,VyeC}.
3. Barrier cone: The barrier cone of C' is denoted by bar (C):
bar (C) := { 2" | for some B € R, (z, 2") < B Vo € C }.
4. Horizon cone: The horizon cone |28, Theorem 8.7] of h is denoted by
hzn (h) == {y | h®(y) <0} = [lev,(7)]™° V7 > infh.

3.3. Calculus rules. The conjugate, horizon, and perspective transformations
in section [3.1| posses a rich calculus. We use this calculus to obtain explicit expressions
for the functions p*, ¢*, (¢")° and (¢*)" that play a crucial role in the applications
of section [6] The calculus for conjugates and horizons is developed in many refer-
ences, including [28]. We extend these results to the perspective transformation in a
straightforward way. Below we review three convex operations and give the associated
calculus rules.
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Affine composition. Let p : R™ — R be a closed proper and convex function,
AeR™" and b € R™, such that (Ran (A) — b) Nri(domp) # 0. Let

h(z) := p(Az — b).

Then
h*(z) = p™(Az),
W)= iof [{bu)+p(w),

hw(xa A) = pﬂ—(Ax — b, M),
where, for A =0,
p"(Az,0) = p™(Ax).

All three functions are closed proper and convex. -
Inverse linear image. (Proof is in section ) Let p: R™ — R be closed proper
and convex, and let A € R™*". Define the inverse linear image of p under A to be

h(w) = inf p(z).
Then h*(y) = p*(A"y), and if (A")"'1i (domp") # 0, then
h™(z) = Ain_f p(z) and A"(w,\)= inf p"(z,N),

rx=

where all of the functions h, h*, h™, and h™ are closed proper and convex.

Addition. Let h; : R" — R, for i = 1,...,m, be closed proper convex functions.
If h:=hy+---+ h,, is not identically +oo, then

K =h+---+hy and A" =h]+---+h,

where both are closed proper and convex. Moreover,

if

IDE

ri(domh;) #0, then h"=hivV---Vh,,

Il
_

i
is closed proper and convex, where V denotes infimal-convolution.

Infimal convolution. Let h, : R™ — R, for i = 1,...,m, be closed proper and
convex functions. Set h = hyV ---Vh,,. Then h* = h] +--- + h,,, and

m
if (ri(domh;) #0, then A% =hFV-. Vhy,
i=1
and
2121 ;=T
All three functions are closed proper and convex.

The results for both the horizon and conjugation transformations can be found
in many references [9,22}28,29]. Properties for the perspective transformation are
less well documented. Since addition is a special case of affine composition, and
infimal convolution is a special case of inverse linear image, we need only establish the
perspective calculus formulas for affine composition and the inverse linear image. The
affine-composition formula follows from [28, Theorem 9.5] and the definition of the
perspective transformation, and the inverse linear image is established in section
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4. The dual problem. For our analysis, it is convenient to consider the (equiv-
alent) epigraphical formulation

v(b,7) = minixmize flx,b,7) (P)
of P(b,T), where
f(a,b,7) = p(b— Ax) + 6 ((z,7) | epi ¢) .

Because the functions p and ¢ are convex, it immediately follows that f is also convex.
This fact gives the convexity of the value function v, since it is the inf-projection of
the objective function in x [28, Theorem 5.3].

We make use the duality framework described by Rockafellar and Wets [29, Chapter
11, Section H], and associate [P| with its dual problem and its corresponding value
function

0(b,7) = maximize (b, u) +7u — f7(0,u, ). (D)

This dual problem is the key to understanding the variational behavior of the value
function. To access these results we must compute the conjugate of f. For this it is
useful to have an alternative representation for the support function of the epigraph,
which is the conjugate of the indicator function appearing in f.

4.1. Reduced dual problem. In Theorem of this section, we derive an
equivalent representation of the dual problem [D] in terms of u alone. This is the
reduced dual problem for [P| We first present a result about conjugates for epigraphs
and lower level sets.

LEMMA 4.1 (Conjugates for epigraphs and lower level sets). Let h: R™ — R be be
closed proper and convex. Then

8" ((y, 1) | epi k) = (h*)" (y, —p), (4.1)

5"y ltewn(r)) = ot jnf [+ ()] ). (42)

Expressions and are established in |28} Theorem 13.5] and |28, Corollary
13.5.1], respectively, where it is shown that is a consequence of . In section
we provide a different proof where it is shown that follows from (4.1)). The
arguments provided in this proof are instructive for later computations.

The conjugate f*(y,u, ) of the perturbation function f(x,b,7) defined in [P|is
now easily computed:

@y u,p) = sup [(y, @) + (u, b) + pr — p(b — Az) — 0 ((2,7) | epi ¢)]

x,b, T

= sup [y, z) + (u, w+ Az) + p7 — p(w) = 6 ((z,7) | epi §)]

= sup [<y + AT, x> +pur =6 ((z,7) | epi ¢)} + sup [(u, w) — p(w)]
= (@) (y+ A u, —p) + 0" (w), (4.3)

where the final equality follows from (4.1]). With this representation of the conjugate
of f, we obtain the following equivalent representations for the dual problem [D}
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THEOREM 4.2 (Dual representations). For pmblem define the functions
g (u) i= p*(u) + 8" (47| lev,(9) )
pr(s, 1) =T+ (67)" (s, ).
Then the value function for[D] has the following equivalent characterizations:
()= () = 1, (A7)
n>0

= sup [(b, u) — p*(u) — 8" (ATU ‘ lev¢(7'))} (D,)
)
(

where the closure operation in the (4.4b) refers to the lower semi-continuous hull of
the conver function b — v(b, 7). In particular, this implies the weak duality inequality
0(b,7) < w(b, 7). Moreover, if the function p is differentiable, the solution u to is
unique.

One implication of these characterizations is that a solution (@, f) to the full
dual @ can be obtained in two stages: solve for w, then solve inf,~q p, (ATu, 1)
for pi. Indeed, in some cases there is a closed form expression for the solution. This
is the case in the examples of section [6] This motivates the following result, which
provides the basis for the extended Lagrange multiplier theory.

LEMMA 4.3. Let ¢ be as in with 7 > inf ¢ and T € levy(7) N dom d¢.

1. For every s, we have

* < . . .
) (S ‘ 16V¢(T)) = ;rzlf(.)pT(sa :U/) (4 5)
2. Let (z,3) satisfy s € N (T|levy(r)) and define

Sy =argmin p, (5,u) and S, = { >0
n=>0

where, for x € dom ¢,

{pz|z€dp(x)} if p>0 and x € dom dg,

+ o
H'09(e) = {N(x| dom ¢) if u=0.

If either Sy or Sy is non-empty, then S; = Sy and equality holds in (4.5)).

The second part of the definition for ,u+8q5(x) is motivated by two observations.
First, by [28, Theorem 8.2], for any non-empty closed convex set C' we have lim,, o uC' =
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C™. Second, it is easily shown that if d¢(z) # 0, then d¢(x)> = N (z | dom ¢ ).

LEMMA 4.4 (Coercivity of primal and dual objectives).
1. The objective function f(-,b,T) of is coercive if and only if

hzn (¢) N [-A "hzn (p)] = {0}. (4.6)
2. The objective function of the reduced dual[D,] is coercive if and only if

b € int (dom p + Alevy(7)) . (4.7)

5. Variational properties of the value function. With[D]and representation
of the conjugate of the objective of [P] (cf. (4.3)), we can specialize [29, Theorem 11.39)]
to obtain a characterization of the subdifferential of the value function, as well as
sufficient conditions for strong duality.

THEOREM 5.1 (Strong duality and subgradient of the value function). Let v and ©
be as in[P] and D}, respectively. It is always the case that

v(b,T) > (b, T) (weak duality).
If (b,7) € int (domw), then

v(b, ) = 0(b,T) (strong duality)

and Ov(b, ) # 0 with

du(b, 7) 1= argmax [{b, u) — p*(u) — p, (A"
u, >0

U, 7/1’)] :
Furthermore, for fized (b,7) € R™ x R,

dom f(-,b,7) #0 <= b e domp + A(lev,(7)).
In particular, this implies that

(b,7) € int (domv) <= b € int (dom p + A(lev4(7))) .

We now derive a characterization of the subdifferential dv(b,7) based on the
solutions of the reduced dual [D,]

THEOREM 5.2 (Value function subdifferential). Suppose that

b € ri (dom p) + Ari (levy(7)) (5.1a)
ri (dom p*) N [A~Tr (bar (levy4(7)))] # 0. (5.1b)
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1. If the pair (T,w) satisfies
T € levy(T), W€ dp(b— AT) and ATuenN (T |levy(r)), (5.1c)

then T solves[P| and u solves [D,}
2. If T solves[P] and (5.1a) holds, there ewists u such that (T, u) satisfies (5.1d).
3. If u solves[D,] and (5.1b) holds, there exists T such that (Z,u) satisfies (5.1d).

4. If either (4.6) and (5.1d) holds, or ([£.7) and (5.10) holds, then dv(b,T) # 0 and
arg min,,> v, (ATT, 1) # 0 for all (Z,7) € R™ x R™ satisfying (5.1d) with

{ < ) ‘ (T, ) eER™ xR™ satisfy and } (5.1d)

— . T
B € argmin,~q pr(A T, 1)

37 € levy(r) s.t. 06 —AT T+ T 9(T)
) where T € Op(b — AT), . (5.1e)

The representation ([5.1€)) expresses the elements of duv(b, 7) in terms of classical
Lagran:le multipliers when f > 0, and extends the classical theory when 7t = 0. (See

Ov(b, T)

= <

=l <

r =0, and u(¢(x) —7) =0
Lemma [4.3 for the definition of " d¢(x).) Because v is convex, it is subdifferentially
regular, and so for fixed b, we can obtain the subdifferential of v with respect to 7
alone [29, Corollary 10.11], i.e.,

d,v(b,7) = {w ’ (Zj) € du(b, 7) }

6. Applications. In this section we apply the calculus rules of section [3.3]in
conjunction with Theorem to evaluate the subdifferential of the value function in
three important special cases: where ¢ is a gauge-plus-indicator, a restricted quadratic
penalty (RQP) function, and an affine composition with an RQP function. In all cases
we allow p to be an arbitrary convex function.

6.1. Gauge-plus-indicator. The case where p is a linear least-squares objective
and ¢ is a gauge function is studied in [8]. We generalize this case by allowing p to be
a possibly non-smooth and non-finite-valued convex function, and take

¢(x) = (x| U)+6 (x| X), (6.1)

where U is a nonempty closed convex set containing the origin. Note that ¢ is a gauge
if and only if X is a convex cone.

Observe that the requirement that x € X is unaffected by varying 7 in the
constraint ¢(z) < 7. Indeed, the problem [P|is unchanged if we replace p and ¢ by

ply,x) = py) +0(x | X) and  d(x):=7(x|U), (6.2)

with A and b replaced by
- b - A
b:= (O) and A:= {—I] .

Hence, the generalization of [§] discussed here only concerns the application to more
general convex functions p.
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There are two ways one can proceed with this application. One can use ¢ as given
in or use p and (;AS as defined in . We choose the former in order to highlight
the presence of the abstract constraint € X. But we emphasize—regardless of the
formulation chosen—that the end result is the same.

LEMMA 6.1. Let ¢ be as given in . The following formulas hold:
(\U7§(|U) (6.3a)
dom~ (- | U) = cone (U) = bar (U°), (6.3b)
dom ¢ = cone (U) N X, (6.3¢)
levy(r) = (TU) N X, (6.3d)
hzn (¢) = U N X, and (6.3¢)
cl (bar (levy(7))) = cl (bar (U)) + cl (bar (X)) (6.3f)
If it is further assumed that
ri(7U) Nri(X) # 0, (6.4)
then we also have
" (2) :msin[é*(z—s|X)+5(s | U], (6.5a)
o) =l (s a1 X) 8|0 (6.5b)
(z]levy(r)) = minfru + (6")"(z, )] (6.5¢)
= msln[é (z—s|X)+7y(s|U°)], and (6.5d)
N (z|levg(r)) =N (z|rU)+ N (z| X). (6.5e)
If s minimizes , then =y (§ | UO) minimizes .

By Theorem the subdifferential of v(b, 7) is obtained by solving the dual
problem (8.4)) or the reduced dual When ¢ is given by (6.1]), the results of Lemma
[6-1] show that the dual and the reduced dual take the form

sup [ (b, u) + 70 = (6")"(ATu, —p) = " (w)] (6.6)

= sup [(b, u) — p*(u) — 8" (ATu ’ lev,(7) )]
= sup [(b, u) —p*(u) — msin[é* (ATu - ‘ X) + 77 (s | Uo)]}

= sup {(b, u) —p*(u) — 8" (ATu - ‘ X) — 5" (s| TU)} . (6.7)

Moreover, if (u,3) solves (6.7]), then (@, 1) solve with 1 = —v (E | U o), and
(w,—v (5| U°)) € dv(b, 7).

We have the following version of Theorem when ¢ is given by (6.1]).
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THEOREM 6.2. Let ¢ be given by (6.1) under the assumption that holds, and
consider the following two conditions:

b € ri(dom p + A[rU N X]) = ri (dom p) + A[ri (7U) Nri (X)] (6.8)
and
34 €ri(domp”) such that A" e ri (bar (U)) + ri (bar (X)) . (6.9)
1. If the triple (Z,u,s) satisfies
u € Op(b — A7), TeXnN(rU),
SeN(@|tU), and ATu—-35€ N (z|X),

then T solves P(b,7) and (u,s) solves (6.7).

2. If T solves P(b, ) and holds, then there exists a pair (u,s) such that (T, u,s)
satisfies .

3. If (u,s) solves and holds, then there exists T such that (T,u,3s) satis-
fies .

4. If either
U®NX*N[-A"hzn (p)] = {0} and holds, (6.11)
or
b € int (dom p + A[rU N X]) and holds, (6.12)

then Ov(b, T) and is given by

re1om)

”
3% e XN(7U) s.
0e ATu+N(x|X)+u+87(f
u € dp(b— Ax), 0 <7 and fi(y (7 |

Au(b, ) =

(Z,7u,5) € R" x R™ x R" satisfy (6.10)) } (6.13)

| U) where
U)—7)=0

6.1.1. Gauge penalties. In [8], the authors study the case where p is a linear
least-squares objective, ¢ is a gauge functional, and X = R". In this case, [8, Lemma
2.1] and [8, Corollary 2.2(b)] can be deduced from and (6.13), respectively.
Another application is to the case where p is finite-valued and smooth, ¢ is a norm,
and X is a generalized box. In this case, all of the conditions of Theorems and
are satisfied, solutions to both P(b,7) and exist, and v is differentiable. In
particular, consider the non-negative 1-norm-constrained inversion, where

¢(x) = [zl + 6 (= | RY)
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and p is any differentiable convex function. The subdifferential characterization given
in Theorem can be explicitly computed via Theorem In the notation of (6.1)),

U={z||zll, <1},

the dual ball B, and X in (6.1) is R’. Since the function p is differentiable, the
solution @ to the dual (6.7) is unique [28, Theorem 26.3]. Therefore, Theorem
gives the existence of a unique gradient

Vyo(b, 1) = —ATVp(b — Az),

where Z is any solution that achieves the optimal value. The derivative with respect
to 7 is immediately given by Theorem [6.2] as

V,v(b,7) = — (ATvp(b — Az) | UO) = —|ATVp(b — AZ)||.. - (6.14)
6.2. Restricted quadratic penalty functions. We now consider the case
P(x) = sup [{z, w) — 5 (w, Bw)], (6.15)
we

nxn

where U C R" is nonempty closed and convex with 0 € U, and B € R is positive
semi-definite. We call this class of functions restricted quadratic penalty (RQP)
functions since their conjugates are given by

¢"(w) =% (w, Bw) +6 (w | U). (6.16)

If the set U is polyhedral convex, then the function ¢ is called a piecewise linear-
quadratic penalty function [29, Example 11.18]. Since B is positive semi-definite there
is a matrix L € R"** such that B = LL” where k is the rank of B. Using L, the
calculus rules in section [3.3] give the following alternative representation for ¢:

¢(z) = sup [(w, @) = 3 LT wl3 =& (w | U)]

. * . 1 2
- i [Seio)+ e isig]

T +To=x
= inf [1]}s]3 +6"(z — Ls | U)]
= inf [ )%+ (« — Ls | U%)] . (6.17)

where the final equality follows from |28, Theorem 14.5] since 0 € U. Note that the
function class (6.15) includes all gauge functionals for sets containing the origin. By

(6.16)), it easily follows that
o lwlls + 6 (w | nU) if p >0,
(&) (w, 1) = {6 (w | U NNul(B)) if p=0,

+00 if p <0,
where || - || g denotes the seminorm induced by B, i.e.,
|w||p = Vw" Bw .

The next result catalogues important properties of the function ¢ given in (6.15)).
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LEMMA 6.3. Let ¢ be given by (6.15) with 7 > 0. Then

dom ¢ = cone (U°) + Ran (B)  and
hzn (¢) = cone (U)°,

in particular, ¢ is coercive if and only if 0 € int (U). Moreover,

8 (w|levy(r)) = rAn>1%1 [TA 4+ (") (w, \)] (6.18)
_ {m (| U)+oily iy (0] U) > lwll/ Ve, o
V27wl 5 ify(w|U) < lwlls/v2r,
where the minimizing A in (6.18) is given by
/\:max{’y(w|U), ”\l/UQ”%_B} (6.20)

In particular, the formula (6.19) implies that

bar (lev(7)) = dom (6™ (- ‘ levy(r))) = dom(y (- | U)) = cone (U).

We now apply Theorem to the case where ¢ is given by (6.15)).

THEOREM 6.4. Let ¢ be given by (6.15), and consider the following two conditions:
3z eri(dom¢) such that ¢(&) <7 and b — A% € ri(dom p) (6.21)
and

3 @ €ri(domp”)  such that A" € 1i (cone (U)) . (6.22)

1. If the pair (T,u) satisfy
T €levy(r), we dp(b— AZ) and ATue N (T|levy(7)), (6.23)

then T solves P(b,T) and u solves[D,]

2. If T solves P(b,T) and holds, then there exists u such that holds.
3. Ifu solves and holds, then there exists T such that holds.

4. If either

cone (U)° N [—A""hzn (p)] = {0} and holds, (6.24)

or

b € int (dom p + Alevy (7)) and (6.22) holds, (6.25)
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F1G. 6.1. Huber (left) and Vapnik (right) penalties

then Ov(b,7) # 0 and is given by

= 37 s.t. (T,u) satisfy and
2B = { (—u) i =max{y (ATa | U) | ATa] 5/var } }

_ { ( a ) ‘ 37 € levy(r) s.t. 0€ —ATu+ ut0g(z) where } . (6.26)

—7 u € Op(b— Az), 0 <7 and [i(¢(T) —7) = 0

In the following corollary we exploit the structure of ¢ to refine the multiplier
description of the duv(b, ) given in (6.26).

COROLLARY 6.5. Consider the problem P(b,T) with ¢ given by (6.15)). A pair (T,w)
satisfies (6.23) if and only if T € levy(7), T € dp(b — AT), and either

A"u e N (z| domo), or (6.27a)
3a>0, welU suchthat T€ Bu+N@W|U) and ATu=pw.  (6.27b)

6.2.1. Huber penalty. A popular function in the PLQ class is the Huber
penalty [23]:
n 2 .
x;, if x; <=k,
o) = swp [l w)—dwli] = 36w b ::{
i=1

WwE[—k, k] klx;| — k% /2, otherwise.

The Huber function is of form (6.15)), with B = I and U = [—k,«]". In this case,
U N Nul (B) = {0} so that the conditions of Corollary |6.5| hold.

A graph of the scalar component function ¢; is shown in Figure [6.1] The Huber
penalty is robust to outliers, since it increases linearly rather than quadratically. For
any misfit function p, Theorem can be used to easily compute the subgradient
Ov(b, T) of the value function. If the regularity condition is satisfied (e.g., if p is
finite valued), then Theorem implies that

I T,u) satisfy (6.23)) and
ov(b,7) = { (—M) ) y }

i = max { ]| A7, | A"/ V27 }
In particular, if p is differentiable finite-valued, @ = Vp(b — AZ) is unique and

Vo(b, 1) = (_Z) .
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6.3. Affine composition with RQP functions. Next consider the case where
¢ takes the form

o(x) ==y (Hx +¢), where (y):= ilég[(y, w) — % (w, Bw)], (6.28)

H ¢ R"*" is injective, ¢ € R, U C R” is nonempty closed and convex with 0 € U
and B € R”*" is symmetric and positive semi-definite. We assume that

& such that HZ + ¢ € ri (dom ),

where dom ¢ = cone (U°) + Ran (B) (Lemma . We show that the function ¢ in
(6.28)) is an instance of the piecewise linear quadratic function considered in section
To see this we make the following definitions:

()62 )5 () 0010

i=(2). A= 9] 5=[0 B o (Y)=ew o1 on,

5 () €) ) 5w

With these definitions, the two problems P(b, 7) and
minimize p(b— AZ) subject to ¢(Z) < T

are equivalent. In addition, we have the relationships

r

7 (4) =rweaeion, @ (L) =se o+,

v\ |~ v X
1 ((2)18) =50 1o+ vwiv), ma |(2)] =6 wio)+ ol
B
Moreover, the reduced dual [D,] becomes

sup  [(b, u) + (¢, ) — p"(u) — 6" (r | lev, (7))] - (6.29)

H ' r=A"u

Using standard methods of convex analysis, we obtain the following result as a direct
consequence of Theorem and [29, Corollary 10.11].
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THEOREM 6.6. Let ¢ be given by (6.28), and consider the following two conditions:

3 & such that Hi+c¢ € ri (dom)) , Y(Hi+c) <7, and b— A% € ri(dom p) (6.30)

) < ([_f;{} ) (63

and

<

34 €ri(domp”) and 7 € ri(cone (U)) such that <

1. If the triple (Z,u,T) satisfies
T €levy(r), U € Op(b— AT), T € N (HT +c|levy(r)) and ATu=H"r, (6.32)

then T solves P(b,7) and (u,T) solves (6.29).
2. If T solves P(b,7) and (6.30) holds, there exists (u,T) such that (6.32]) holds.

3. If (u,T) solves (6.29) and (6.31) holds, there exists T such that (6.32)) holds.
4. If either

H ™ cone (U)°] N [—~A" 'hzn (p)] = {0} and holds,

or

(i) € int <domp x lev,, (7) + Ran ({f}{} )) and holds,

then Ov(b,7) # 0 and is given by
(b, c,7) = ' A7 e R" s.t. (T,u,7) satisfy (6.32) and
Y _ fi=max{y(|U),|7llz/v2r}
7€ Op(b— AZ), 7€ T Op(c+ HT), T >0,

3Z € R" s.t. ¢+ HT € lev, (1),
pu— 7 S 1 Ti Ti )
G a(W(c+ Hz)—7)=0, and A u=H'T

=gl

=

=1l

COROLLARY 6.7. Consider the problem P(b,T) with ¢ given by (6.28). Then (Z,u,T)
satisfies (6.32) if and only if

HT +cclevy(r), medpb—Az), A'u=H'F,
and either 7€ N (HZ + c| dom), or
I3n>0, weU suchthat Hr+ce€ Bw+ N (w|U) and 7 = fw.
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6.3.1. Vapnik penalty. The Vapnik penalty

w= s {57 =r-our oo,

is an important example in the extended PLQ class which cannot represent using the
PLQ class of the previous section. The scalar version is shown in the right panel of
Figure In this case,

_ I _ €l _ 2nX2n _ 2n
H—[_I},C——LJ,B—OER , and U =[0,1]"" .
In order to satisfy (6.32)), we need to find a triple (Z,7, ) with @ = [w; w,]" € [0,1]*"
so that @ € dp(b — AZ) and ATy = H"w = w, — w,. We claim that either w, (1))=0
or Wy(i) = 0 for all i. To see this, observe that W € N (HT + ¢|lev, (7)), so

(oo [

whenever 9(y) < 7. Taking y first with —e as the only non-zero in the ith coordinate,
and then with —e in the only nonzero in the (n + )th coordinate, we get

wy () (—z(1)) <0 and  wWy(i)(z(i)) < 0.

If z(i) < 0, from the first equation we get w; (i) = 0, while if 2(7) > 0, we get Wy (i) =0
from the second equation. If (i) = 0, then taking y = 0 gives

El ('L)E S 0 and @2(2)6 S 0,

s0 W (i) = Wa(i) = 0. Since AT =W, — Wy, and W, (i) or Wy(i) is 0 for each i, we get
pw=~(w]0,1]*") = ||A"%| .. Hence, the subdifferential Qv is computed in precisely

the same way for the Vapnik regularization as for the 1-norm.

7. Numerical example: robust nonnegative BPDN. In this example, we
recover a non-negative undersampled sparse signal from a set of very noisy measure-
ments using several formulations of [Pl We compare the performance of three different
penalty functions p: least-squares, Huber (see section , and a nonconvex penalty
arising from the Student’s t distribution (see e.g., [3]). The regularizing function ¢ in
all of the examples is the sum of the 1-norm and the indicator of the positive orthant
(see section [6.1.1)).

The formulations using Huber or Student’s t misfits are robust alternatives to the
nonnegative basis pursuit problem [13]. The Huber misfit agrees with the quadratic
penalty for small residuals, but is relatively insensitive to larger residuals. The
Student’s t misfit is the negative likelihood of the Student’s t distribution,

ps(x) = log(1 + z*/v), (7.1)

where v is the degrees of freedom parameter.
For each penalty p, our aim is to solve the problem

mini>ngize llz||; subject to p(b— Az) <o,
Tz
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Fic. 7.1.  Left, top to bottom: True signal, and reconstructions via least-squares, Huber, and
Student’s t. Right, top to bottom: true errors, and least-squares, Huber, and Student’s t residuals.

via a series of approximate solution of [P} The 1-norm regularizer on x encourages a
sparse solution. In particular, we solve the nonlinear equation 7 where v is the
value function of This is the approach used by the SPGL1 software package [8|;
the underlying theory, however, does not cover the Huber function. Also, ¢ is not
everywhere finite valued, which violates |8, Assumption 3.1]. Finally, the Student’s t
misfit is nonconvex; however, the inverse function relationship (cf. Theorem [2.1])
still holds, so we can achieve our goal, provided we can solve the root-finding problem.
Formula computes the derivative of the value function associated with
P(b,7) for any convex differentiable p. The derivative requires Vp, evaluated at the
optimal residual associated with P(b, 7). For the Huber case, this is given by

(Vp(b — Az)); = sign(b; — A;7) - min(|b; — A; 2], K).

The Student’s t misfit is also smooth, but nonconvex. Therefore, the formula
may still be applied—with the caveat that there is no guarantee of success. However,
in all of the numerical experiments, we are able to find the root of .

We consider a common compressive sensing example: we want to recover a 20-
sparse vector in RTQ from 120 measurements. We use a Gaussian measurement matrix
Ae R100X1024, by which we mean that each entry is sampled from the distribution
N (O7 1—10) While measurements to test the BPDN formulation are typically generated
by contaminating Az with small Gaussian noise , we generate them according to

b= Az +w+(,

where w ~ N (0, 02) with ¢ = 0.005 matches common practice, and ¢ describes a small
randomly placed set of 5 outliers, sampled from N(0,4). For each penalty p, the o
parameter is the true measure of the error in that penalty, i.e., o, = p(¢). This allows
a fair comparison between the penalties.

We expect the Huber function to out-perform the least squares penalty by bud-
geting the error level o to allow a few large outliers, which will never happen with
the quadratic. We expect the Student’s t penalty to work even better, because it
is non convex, and the grows sublinearly as outliers increase. The results in Fig-
ure demonstrate that this is indeed the case. In many instances the Huber
function is able to do just as well as the Student’s t; however, often the Student’s
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t does better (and never worse). Both robust penalties always do better than the
least squares fit. The code is implemented in SPGL1, and can be downloaded from
https://github.com/saravkin/spgll. The particular experiment presented here
can be found in tests/spgliTestNN.m.

8. Appendix: Proofs of results.

Proof of Theorem Let 0 € S;5 and set 7, = v;(0). By assumption,
argminP; 5(0) # 0. Let x, € argminP; 5(0), so that ¢, (z,) = 7, and y(z,) = 0.
In particular, z,, is feasible for Py ;(7,). Let Z be any other feasible point for Py ;(7,)
So that 4(2) < 7, = 13(0) = $1(2,). T ,(2) < 7, = v,(0), then $y(3) > 0
since otherwise we contradict the definition of v, (o). If ¢,(Z) = 7, then we claim
that ¥5(2) > 0. Indeed, if ¥y(2) < o, then & € argminP; 5(0) but ¥»(2) < o,
which contradicts the fact that o € S; 5. Hence, every feasible point for Py, (7,)
has 95(2) > o with equality only if ¢, (&) = 7,. But x, is feasible for Py ;(7,) with
Vy(x,) = 0. Therefore, x, € argminP, 1(7,) C {x € X | 91(x) = 7, }. Consequently,
vy(vq(0)) = o and

0 # argminP; 5(0) C argminPy 4 (7,) C{z € X | ¢y(x) =7, }. (8.1)

We now show that argmin P, ;(7,) C argminP; 5(0). Let € argmin Py (7).
In particular, & is feasible for P; (7, ), so, by what we have already shown, ¢5(2) > o
with equality only if ¢, (Z) = 7,. But, by our choice of &, 1, (Z) = v4(v,(c)) = g, so
V(%) = 7,, i.e., & € argmin P 5(0).

It remains to establish the final statement of the theorem. By , we already
have that { v; (o) | 0 €85} C 8,1, 50 we need only establish the reverse inclusion.
For this, let 7 € S, ; and set 0, = v5(7). By interchanging the indices and applying
the first part of the theorem, we have from that

) # argmin Py ;(7) C argmin Py 5(0,) C {z € X [ g(x) =0, }.
That is, 0, € Sy 5 and, by (a), 7 = vy (vy(7)) = vy (0,).
Proof of the inverse linear image (section [3.3)). For A > 0, observe that
R (w, \) = A inf p(x)

=\ w
= /\Ainf p(A's) (s:=Ax)
= Ain_f p" (s, A) (8.2)

=inf{p”(87C)

(-5} e

A:{AO]

where

0 1
Again by |28, Theorem 9.2] in conjunction with |28, Corollary 16.2.1], the function in
[B-3) is closed if (A")™" dom(p™)* # 0. Since, by |28, Corollary 13.5.1], dom(p™)* =
(u,m) | p"(u) < —n }, we have
(AT)y " dom(p™)* £ 0 if and only if (AT) 'domp* £0 .
Hence, by assumption, the function in (8.3) is closed proper and convex and equals

h™ (w, \) on the relative interior of its domain. Since A" (w, \) is closed, (8.2)) implies
that these functions must coincide.
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Proof of Lemma We first prove (4.1). The conjugate of & ((z,7) | epi h) is
obtained as follows:

6" ((y, p) | epi h) = sup [(y, ) + pu1 — 6 ((x,7) | epi h)]

x,T

= sup  [(y, ) +p7 =0 (h(z) —7[R_)]

xedom h,T

sup [ (y, =) + p(h(z) —w) =0 (w [R_) ] (w = h(z) =)

T,w

= sup [{y, @) + ph() + sup [~ — 6 (w | R)]]

= sup [{y, «) + ph(z) + 5 (u | R-)].
For y < 0, we obtain
0" ((y, p) [epi h) = —HSup [<*u*1y, r> - h(x)} = —ph*(—p"'y).

Since h" is necessarily a closed proper convex function, we obtain the result.
To see (4.2)), first note that the function
[Tpe+ ()™ (y, )]

q(y) == inf [Tp + ph* (y/p)] =

inf inf
n>0 u>0
is the positively homogeneous function generated by the function y — 74 h(y) |28| page
35], and so is convex in y. Next observe that the conjugate of ¢ is given by

¢ (z) = sup @, y) — mflru + ()" (y, )]
= sup (@, y) +7(=p) = ()" (y, )]
= sup [z, y) + 7 — (W")"(y, —p)]  (exchange —p for p)
= sup (2, y) + 7 — 6" ((y, 1) [epi R)]  (by (1))

=6((x,7) | epi h) =4 (x | 1ev¢(7')) .
The result now follows from the Bi-Conjugate Theorem |28, Theorem 12.2].

Proof of Theorem Combining [D] with (4.2) and (4.3) gives

0(b,7) i= sup [ (b, w) + 71 = (6") (AT u, =) = p”(u)] (8.4)

U,

= sup [<b, ) — () — inf [r(—) + (6")" (A% —mH

sup ({0, 0} = ") = fuf [0 + (6)7 (470
= sup [(b, ) — p*(u) — &* (ATu ‘ 1ev¢(7))} ,

where the final equality follows from (4.2). The equivalence (4.4a]) follows from the
definition of the conjugate and the equivalence (4.4b]) follows from [28, Theorems 16.3
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and 16.4] which tell us that
gi(t) = cl (pv [ (A7 - [1ev.(9))] ) ®)
=, it [oton)+ inf 3G lev, ()] ) 0)

W Fwo=- 2

= (¢(inf (- — Ax)) (b)

z)<T

=cl(v(-,7)) ().

The uniqueness of v when p is differentiable follows from the essential strict convexity
of p* [28, Theorem 26.3].

Proof of Lemma [4.3]
Part 1. The inequality follows immediately from (4.2). But it is also easily derived
from the observation that if i > 0 and z € lev,(7), then

T+ pd*(s/p) > T+ pl{z, s/u) — ¢(x)]  [Fenchel-Young inequality]
> ¢(@)p + (x, s) — po(x)

= (z, s).

Taking the sup over x € lev(7) gives the result.

Part 2. A key fact [28, Theorems 23.5 and 23.7] used repeatedly throughout our
proof is that for any non-empty closed convex set U and w € U, we have

veN@|U) < ue€ds w|U)=argmax (v, u). (8.5)
uelU

Also, from the Fenchel-Young inequality,
T+ ¢ (3) > d(T) + 0" (3) > (5, 7). (8.6)

We divide this part of the proof into two parts: (i) if S; # 0, show S; C S5, and
(i) if Sy # 0, show Sy C S; and equality holds in (4.5). Combined, these implications
establish Part 2 of the lemma.

(i) Let © € S;. We show that T € Sy. Let us first consider the case where ¢(T) < 7.
We begin by showing that 7' (Z|levy(7)) = T (z| dom ). Clearly, T (T |levy(r)) C
T (%] dom ¢). To obtain the reverse inclusion, [29, Theorem 6.9] tells us that we need
only show

U Adom ¢ —7) € [ J Mlevy(r) — 7).

A>0 A>0

Let A > 0 and 2 € dom ¢. We need to show that there is a ¢ > 0 and z € lev,,(7) such
that 0(2—Z) = A(z—7). Observe that ¢(ZT+n(z—7)) < (1—n)Pp(T)+no(x) < (1—n)T+
n(x) for all 0 < n < 1. Hence, there is an 7 > 0 such that z =7 + f(z — Z) € levy(7)
(7 =1if z € lev,(7); otherwise j = (17— ¢(%))/(d(x) — 6(T)) € (0,1)). Setting o = A/7
gives 0(z — T) = ofj(z — T) = Mz — ). Therefore, T (T|levy(r)) = T (T | dom ¢),
and consequently N (Z|levy(r)) = N (Z| dom¢). Hence, by (8.5),5 € N (z| dom¢).
Therefore, if 7 = 0, we have i € S;. On the other hand, if @ > 0, by and the
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fact that N (Z|levy(r)) = N (z| dom ¢), we have

(5,7) = 0" (5] dom )
= (¢")(s) [28, Theorem 13.3]

> [p(T) + 1" (3/7)
> ud(T) + pl(s/m, T) — &(T)]  [Fenchel-Young inequality]
= (5, 7).

Since this cannot occur, it must be the case that 7 = 0 and 7z € S,.

Now suppose that ¢(Z) = 7, and let us first consider the case where 3 = 0. Then,
for 1> 0, p,(5,11) = (T+¢7(0))pn > 0 by (8.6), and, for p = 0, p,(5, ) = (¢")*(0) = 0.
Therefore, 0 = info<, p,(5, ) with p = 0 € S;. But, in this case, it is also clear
0€Sy #10,sinces =0¢€ N(Z|dome). Thus, if & = 0 we have @ € Sy. If
B >0, then 0 = 7 + ¢"(0) since 0 = p.(0,7) = (7 + ¢"(0))zz. But then, by (8.6),
#(T) + ¢"(0) = (5,7) = 0 so that 5 = 0 € d¢(T). However, ¢(z) = 7 > inf ¢, so
0 ¢ 0¢(T) |28, Theorem 23.5(b)]. This contradiction implies that if § = 0, then we
must also have r = 0, and, in particular, we have S| C Sj.

Let us now consider the case where ¢(Z) = 7 and 5 # 0. By [28, Theorem 23.7],

N (Z|levy (7)) = cl(cone (06(T))) , (8.7)
and, by |29, Proposition 8.12],
dp(x)™ = N (x| dom ). (8.8)

By and (8.7), 5 € cl(cone (04(Z))). That is, there exists {v*} c 9¢(z) and
{u} C R such that 1xv" — 5. Because 0¢(T) is closed, we can assume with no loss
in generality that either (a) there exist v € ¢(T) such that v* — v, or (b) [[v"]| 1 0
and there exits v # 0 such that v*/||v*|| — v. Since 5 # 0, (a) implies that there is a
7 # 0 such that p;, — 7 and § = fiv € cone (0¢(T)), while (b) and implies that
$€ N (7| dom¢). In summary, we have

either (a) s € cone(9¢(T)) or (b)se N (z|dome). (8.9)

Using , let us first suppose that 5 ¢ N (Z| dom¢) so, in particular, 5§ €
cone (9¢(T)). As an immediate consequence, we have that Sy # () and the only values
of yu for which 5 € " 9¢(F) have p > 0 since 5 ¢ N (Z| dom¢). Let 0 < ji € Sy. If
7 =0, then

"(5| domg) = (¢")™(5)

= Olgflpf(&u)

|

= 1¢(T) + p[(s/r, T) — ¢(T)] [Fenchel-Young inequality]
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so that (35, 7) = §"(5| dom¢), or equivalently, 3 € N (Z | dom ¢) contradicting the
choice of 5. Hence, it must be the case that 7 > 0. Again let 0 < i € Sy. Then, by
Part 1,

8" (5 [levy(r)) < p-(5.7)
= égi br (§7 :u)
< T+ " (5/ 1)
= ap(T) + p[(3/f1, T) — ¢(T)]  [Fenchel-Young inequality]
= <§7 f>
<6 (s ’ levy(T))

so that (5, T) = u[¢(T) + ¢"(5/m)], or equivalently, 5 € wd(T). Hence, i € S,.
Finally, consider the case where 0 #35 € N (Z| dom¢). Then

inf p, (5, 1) < p,(5,0
;gopT(s,u)_pT(& )

= (¢")7(5)

=§"(5| dom o) [28] Theorem 13.3]
= (5, 7) by (-5)]

=6"(s | levy(T)) [again by (8.5)]

< inf p, (3, 1) , [Part 1]

so 0 €S, and 0 € S,. If @ > 0, then this string of equivalences also implies that
(5,7) = p,(5,m) = ulp(T) + ¢"(5/m)], or equivalently, s € ndP(T) so that 1 € S,.
Putting this all together, we get that S| C S.

(ii) Let m € Sy. If @ =0, then

P-(5,0) = (¢")7(5)
=6%(3| dom¢)  [28, Theorem 13.3]
= (5, T)
< 6" (5]levy(r))
< /igfo P (5, 1) [Part 1]

Therefore, @ = 0 € S; and equality holds in (4.5).
On the other hand, if 7 > 0, then 5/ € 0¢(T), and so

ple@) + ¢" (5/m)]
=n (%, 5/0) [Fenchel-Young inequality]

Th+(¢)" (3, /1)
= <E’ §>
< 4" (§ | lev¢(7'))

< inf [ru+ (6°)7 (5. )] [Part 1]

Hence, o € S; and equality holds in (|4.5]).
Proof of Lemma [4.4.
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Part 1. The primal coercivity equivalence follows from [28, Theorems 8.4 and 8.7]
since hzn (f(-,b,7)) = hzn (¢) N [-A™ 'hzn (p)].

Part 2. For the dual coercivity equivalence, let g(u) = g,(u) — (b, u), which is
the objective of the reduced dual. By ([.4D), " (0) = g7 (b) = cl (v(, 7)) < v(b T).
Therefore, the result follows from |28, Corollary 14 2.2] since by - dom v(-
dom p + A dom ¢.

Proof of Theorem The expression for f* is derived in . The weak
and strong duality relationships as well as the expression for dv follow immediately
from [29, Theorem 11.39].

Next, note that

Jz € levy(T)

dom f(-,b,7) # 0 < b— Ax € domp

<= bcdomp+ Alevy(r). (8.10)

Now assume that b € int (dom p + A(levy(7))). Recall from [28, Theorem 6.6 and
Corollary 6.6.2] that

int (dom p + A(levy(7))) = ri(dom p) + A(ri (levy(7))). (8.11)
Moreover, by [28, Lemma 7.3], for any convex function p,

ri(epi p) = { (z,p) | z € ri(domp) and p(z) < p }.

Since lev, (1) = P(epi pN{ (z, ) | p < 7 }), where P is the projection (z, jt) — =, |28,
Theorems 6.5 and 6.6] tells us that

ri (lev, (7)) = P(xi(epi p) Nri({ (z,p) | p < 7})) = {z €ri(domp) | p(z) < T }.
(8.12)
Since b € int (dom p + A(lev4(7))), (B.11)—(8.12)) imply the existence of w € ri (dom p)
and 7 € ri (dom ¢) with ¢(Z) < 7 such that b = w+Ax Since ¢ is relatively continuous
on the relative interior of its domain |28, Theorem 10.1], there exists § > 0 such that

(w+ dB)Ndomp C ri(domp),
(T4 6B) Ndom ¢ C ri(dom ¢),
¢(z) < 3(¢(T) + 7) Va € (T + 61B) Ndom ¢.

Set S, = (w + ¢IB) Ndom p and Sy = (T 4 6IB) Ndom ¢. Since

cone (S, + AS, — b) = cone (S, — w) + Acone (S, — T)
= span (dom p — w) + A span (dom ¢ — T)
= span (dom p + Adom ¢ — b)
D cone (dom p + Adom ¢ — b)
=R"™ (b € int (dom p + A(levy(7)))),

we have 0 € int (S + AS, — b). Therefore, there exits an € > 0 such that b+ elB C
S +AS’¢ Consequently, if b € b+€eIB and |7 —7| < 1(6(Z)+7), then dom F(b,7) £ 0
and so (b,7) € domv.

On the other hand, if (b, 7) € int (dom v), then dom f(-,b,#) # 0 for all (b, ) near
(b,7) so that dom f(-,b,7) # 0 for all b near b. Hence b € int (dom p + A(levy(7))).
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Proof of Theorem [5.2]
Part 1. First note that (5.1c|) is equivalent to the optimality condition

0€ —A"9p(b— AT) + 35 (T | levy(7)) (8.13)
for the problem [P and hence by Theorem 23.8], Z solves [P} Moreover, by
Theorem 23.5], (5.1d)) is equivalent to

b— Az € 9p*(u), 7€ 9" (ATﬂ ’ lev¢(7)) ,
or, equivalently,
b € 9p*(a) + ADS* (ATa ] lev¢(7')> : (8.14)

which by Theorem 23.8] implies that u solves the reduced dual
Part 2. If 7 solves [P then

0€d[p(b—A() +6(-|levyg(r)] (@),

which by Theorems 23.8, 23.9] and (5.1a)) is equivalent to (8.13), which in turn is

equivalent to (5.1c]).
Part 3. If w solves [D,] then

bed [p*(-) + o (AT(~) ‘ lev¢(7)>} (@),

which by Theorems 23.8, 23.9] and (5.1b)) is equivalent to (8.14)), which in turn is
equivalent to (5.1d).
Part 4. The equivalence (5.1€) follows from (5.1d)), Part 2 of Lemma [£.3] and the

fact that A"w e N (T |levy(r)) if and only if = € 6" (ATE ‘ levy(7) ).
To see (5.1d), note that (4.6)), (5.1a)), and Part 1 of Lemma [4.4] imply that the

primal objective is coercive, so a solution T exists. Hence, by Part 2, there exists u so

that (Z,w) satisfies (5.1d).

Analogously, @7 and Part 2 of Lemma imply that the solution u to
the dual exists, and so by Part 3, there exists T such that the pair (Z, ) satisfies .
In either case, the subdifferential is nonempty and is given by (5.1d).

Proof of Lemma Formula is just Theorem 14.5]. The first
equation in is obvious and the second follows from (6.3a)) and the definition of
the barrier cone. The formula is now obvious. Formu and follow
immediately from the definitions and Corollary 8.3.3]. Formula follows from
, Corollary 14.2.1], and Corollary 16.4.2].

First note that implies that ri (cone (U)) Nri (X) # (). Hence, the formula
follows from Theorem 16.4] and . To see , observe that the
expression on the RHS is again an infimal convolution for which inf = min for the
same reason as for (6.5a). The equivalence with (¢*)™(z, 1) follows from the calculus
rules in section For formula , first note that

[+ (") )] = in

=inf[0"(z —s| X) + ir;%[nrké(s | kU®)]]
E p>

,ﬁ% [TM-FII}f[(S (z—s|X)+6(s|pU°)]]

= il;lf[é*(z— s|X)+7y(s|U%).
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Again, the final infimum in this derivation is an infimal convolution for which inf = min

for the same reasons as in (6.5a)) since, by (6.3c)) and Theorem 14.5],
dom ((7v (- | U®))") = dom ((6*(-|7U))*) = domé (- | 7U) = 7U.

Therefore, an optimal 5 in this infimal convolution exists giving 7 = =y (§ | U °) as the
optimal solution to the first min in ((6.5dJ).

Formula (6.5€]) is an immediate consequence of (6.3d)), , and Corollary
23.8.1).

Proof of Theorem By (6 and the calculus rules for the relative inte-

rior | CthIl 6], (5.1al) and are equlvalent Similary, by (6.3) and [28] Theorem
-

6.3], ) and (6.9) are equlvalent

Part 1. Since holds, the formula holds and so @D and are
equivalent. Hence, the result follows from Part 1 of Theorem [5.2]

Part 2. Since and are equivalent, the result follows from Part 2 of
Theorem (.2

Part 3. Since and are equivalent, the result follows from Part 3 of
Theorem (.2

Part 4. By ) is equlvalent to and 1‘) and, by (6.3d), (6.12)
is equivalent to an . Therefore, by Theorem [5.2) M is equivalent to
(5.1d)) since T’y S | U 1nf#>0 T+ 4 (s | pU ) The ﬁnal equ1valence is identical
to that of Theorem |5_._2l

Proof of Theorem [6.3l The formula for dom ¢ follows from . Indeed,
by (6.17), * € dom¢ if and only if there exists s € R” such that x — Ls €
domy (- | UO) = cone (UO), or equivalently, x € cone (UO) + Ran (L) = cone (UO) +
Ran (B). The formula for hzn (¢) follows immediately from Theorem 14.2] and
(6.16). In particular, ¢ is coercive if and only if {0} = hzn (¢), or equivalently,
cone (U) =R", ie., 0 € int (U).

Next we show that the A\ given in solves . First observe that the
optimal A must be greater than v (w | U), and from elementary calculus, the minimizer
of the hyperbola $||w||23 +7X for A > 0 is given by ||w||g/v27. Therefore, the
minimizing A is given by . Substituting this value into gives (6.19)).

It is now easily shown that the function in @D is lower semi-continuous. There-

fore, the equivalence in (6.18)) follows from .
Proof of Theorem [6.4. By |28, Theorem 7.6],

ri (levy (7)) ={x |z €ri(dom¢), ¢(x) <T7}.
Hence, by Lemma [6.3] the equivalence between and (6.21), (6.22), (6.24)), (

respectively, is easily seen. Therefore, Parts 1-4 follow immediately from Theorem

Proof of Corollary 6.5, Condition (6.27a]) occurs when 7z = 0 since 01 9¢(Z) =
N (Z| dom¢). When 1 > 0 by [28, Theorem 23.5], d¢(x) = arg max,,c;[(x, w)

1 (w, Bw)], so that w € 8¢)(£) if and only if z € Bw+ N (w|U).
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