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Abstract

In this paper, we consider the network loading problem under demand uncertainties with static
routing, i.e, a single routing scheme based on the fraction of the demands has to be determined.
We generalize the class of metric inequalities to the I'-robust setting and show that they yield a
formulation in the capacity space. We describe a polynomial time exact algorithm to separate vi-
olated robust metric inequalities as model constraints. Moreover, rounded and tight robust metric
inequalities describing the convex hull of integer solutions are presented and separated in a cut-
and-branch approach. Computational results using real-life telecommunication data demonstrate
the major potential of (tight) robust metric inequalities by considering the integrality gaps at the
root node and the overall optimality gaps. Speed-up factors between 2 and 5 for the compact flow
and between 3 and 25 for the capacity formulation have been achieved by exploiting robust metric
inequalities in the solving process.
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1 Introduction

In a variety of applications (telecommunications, railways, logistics), a network has to be designed by
means of installing capacities on the edges/links of a potential network topology. A solution to the
Network Design Problem (NDP) is feasible if the constructed network is actually capable of (simul-
taneously) transporting the entire traffic requirements (demands) between all node pairs. The goal is
to select among all feasible solutions one that minimizes the network cost: the sum of link capacity
installation costs. The special case of the network design problem when only integer capacities are
available is called the Network Loading Problem (NLP). This problem has been investigated intensely
in the literature, see [2, 3, 4, 5, 12, 14, 15] to name just some references. Different specifications of
the NLP such as static (a single traffic matrix is considered) or dynamic (several traffic matrices are
considered) routing, splittable or unsplittable flows can be considered. In this paper, we focus on a
variant of static routing and splittable flows.

The NLP is NP-hard which raised the question of finding valid inequalities to improve the bounds.
Hence, a branch-and-cut approach with problem specific valid inequalities is essential to achieve op-
timal solutions. Therefore, many types of valid inequalities have been investigated. The first well-
known valid inequalities are the cut inequalities; they ensure that every cut is covered by sufficient
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capacity. Multicut inequalities have been presented by Barahona [5] and aim at ensuring the connec-
tivity of the network. Arc-residual capacity inequalities and 3-partition inequalities have been intro-
duced by Magnanti et al. [14]. Extending this work, Agarwal [3] studied the 4-partition inequalities;
he concluded that the development of efficient algorithms/heuristics to separate these valid inequali-
ties has to be investigated to fully exploit their potential. A further extension of partition inequalities
are the so-called mixed partition inequalities introduced by Giinliik [8]. Finally, an important class of
valid inequalities are the metric inequalities since they do not only generalize other valid inequalities
such as cut inequalities and partition inequalities but they also describe the network design polytope
in the capacity space completely [4] providing an alternative formulation for the NLP; we will present
them briefly in Section 2.

As traffic (bandwidth) requirements are non-deterministic in real world applications, the consid-
eration of a single traffic matrix is in general too restrictive or leads to problems such as delays during
the runtime of the network. One possibility to take uncertain traffic requirements into account is to
examine dynamic routing allowing for several traffic matrices. This approach can be regarded as a
two stage concept where the capacities are computed in the first stage and the routing is determined
in a second stage based on the traffic matrix, see e.g. Mattia [15]. On the other hand, a static routing,
one stage concept such as we are considering in this paper, which takes several traffic matrices into
account, is more practical. A NLP that considers uncertainties is also known as the Robust Network
Loading Problem (RNLP). Recently, Koster et al. [12] have studied the RNLP deriving cutset-based
valid inequalities.

Our contribution In this paper, we consider the I'-robust NLP with static routing and splittable
flows. We first generalize the class of metric inequalities to robust metric inequalities (RMIs). Ana-
logue to the deterministic case, we show that these inequalities provide a formulation for the I'-robust
network loading problem in the capacity space. Further, we prove that the tight RMIs together with
nonnegativity completely describe the convex hull of all integer capacity vectors. We present three
separation routines: A polynomial time exact algorithm to separate RMIs as model constraints, an
exact integer program for rounded RMIs, and a heuristic algorithm to separate tight RMIs. Using test
instances based on real-life telecommunication data, we analyze the performance of RMIs in both the
compact flow and the capacity formulation. To this end, rounded and tight RMIs as well as robust
cutset inequalities are separated at the root node. Our computational results demonstrate that the in-
tegrality gap can be closed significantly yielding an overall speed-up, in particular, for the capacity
formulation.

The remainder of this paper is organized as follows. In Section 2, we present the model of the
classical NLP and give the state of the art of metric inequalities. In Section 3, we incorporate traffic
demand uncertainties via the I'-robustness approach to obtain the RNLP. Further, we introduce the
RMIs and show that every non-dominated valid inequality of the robust network loading polytope
and its relaxation is a RMI (or a nonnegativity constraint). Afterwards, we investigate the separation
of RMIs as model inequalities and the separation of rounded and of tight RMIs in a cut-and-branch
approach in Section 4. In Section 5, we study the performance of the RMIs and compare the capacity
formulation to the compact flow formulation presented in Koster et al. [12] by computational results
obtained for realistic communication network topologies. We conclude this paper by Section 6.



2 The Network Loading Problem

Let G = (V, E) be a simple undirected graph. A set of commodities (traffic requests) & have to be
routed between the nodes of G. Every commodity consists of an ordered source-target pair (s*, t¥)
and a demand value d* € R. We denote the set of simple paths in G’ between s* and t* by P* and
their union by P, i.e., P = Upcx P*.

The NDP consists of installing capacities on edges of G and finding a feasible routing for all
demands respecting those capacities. In the NLP, only integer capacities can be installed on the edges
with a unit cost k. for e € E. The number of capacity units installed at edge e € E is variable and
denoted by x. € Z.

Given (& and K, arouting can be described by means of fractional flow variables. For a commodity
k € K and for a path p € P¥, f*(p) represents the fraction of demand value d* routed along path p,
ie., f&: P* — [0,1]. The set of these variables constitutes a multi(-commodity) flow. A formulation
of the classical NLP is the following.

min Z KeZe (Ta)
eclR
st. > ffp) =1 Vk e K (1b)
pEPk
YA Y )| < Vee E (I¢)
keK pePk:ecp
*(p) € 0,1] Vke K, pe P* (1d)
Te € Loy Vee E (le)

We refer to the convex hull of a set X by conv{X}. Let
P(G,d) = conv {(f,ac) e [0,1)"! x ZIP! - (f,x) is feasible for (1b) and (1c)}
be the Network Loading Polytope in the flow and capacity space and
P(G,d) = conv {x € Z‘f‘ :3f €[0,1]"! so that (f,z) € P(G, d)}
be the Network Loading Polytope in the capacity space.

Classical metric inequalities Let the function ¢/ : £ — R, define (artificial) lengths on the
edges. For simplicity, we denote the length of a path p € P as {(p) = >_ ., {(e). Further, for
every u,v € V we denote the length of the shortest path in G regarding ¢ by ¢(u,v). Notice that
0(sk,tF) = min,c p £(p). Function ¢ defines a metric if £(uv) < £(u,v) for every edge uv € E. We
use Met(G) to refer to the cone defined by all metrics on G.

In Iri [10], Lomonosov [13], Onaga and Kakusho [17], the feasibility of multiflows was studied
stating equivalent conditions based on (metric) length functions. In fact, considering metric length
functions is sufficient. This results in a reformulation of the NLP in the capacity space by metric
inequalities and integrality constraints only. In the following, we state these key results more formally.



Theorem 2.1 (Iri [10], Lomonosov [13], Onaga and Kakusho [17]). The vector x € Z‘f‘ isin P(G,d)
if and only if for all length functions £ : E — R holds

D le)we =D dRe(sh tF). )

eeE keK

The necessary condition for the existence of a feasible multiflow can be restricted to the cone of
metric length functions.

Theorem 2.2 (Iri [10], Lomonosov [13], Onaga and Kakusho [17]). The vector x € Z‘f‘ isin P(G,d)
if and only if for all metric functions €y : E — Ry in Met(G) holds

ZEM(e)xe > deEM(sk,tk). 3)

eeE keK

Note, we may assume that length functions have only fractional values, or even integer values. By
Theorem 2.2, the NLP can be formulated in the capacity space by using only the metric inequalities
and integrality constraints.

Corollary 2.3 (Avella et al. [4]).

P(G,d) = conv {m € Z'f' : x satisfies (3) for all {yy € Met(G)}

3 The I'-Robust Network Loading Problem

In practice, the demand values considered in the NLP (1) are fluctuating over time. To tackle these
uncertainties, we apply the robust optimization approach by Bertsimas and Sim [6], see also [12].
Hence, the demand values are now modelled as symmetric and bounded random variables taking val-
ues in [d* — d*, d* + d¥), where d* denotes the nominal value and d* its highest deviation. The peak
demand is thus denoted by d* +d*. We introduce a robustness parameter I' € {0, ... , | K|} which lim-
its the number of commodities whose demands deviate from their nominal demands simultaneously.
For the formulation of the I"-robust NLP based on [6], the capacity constraints (1c) are replaced by

YA Y )+ leﬁ%g%ﬁ Y ffp) | <z Veek. 4)

keK pePk:eep pePk:eep

Due to the maximum, these constraints are non-linear. An intuitive linearization is to compute all pos-
sible subsets () C K. However, there exist exponentially many of such subsets. Computations have
shown that the exponential-sized formulation is outperformed by the following approach, see [12]. We
reformulate the maximum as an ILP. Since the resulting matrix is totally unimodular, we can exploit



LP duality introducing dual variables 7, and p¥. Hence, the T'-robust NLP can be described by the
following compact ILP formulation.

min Z KeZe (5a)
eck
st. Y ffp) =1 Vk e K (5b)
pEPk
Sd | > )| +Tme+ > pk < e Vee E (5¢)
keK pePk:ecp keK
phtme=d > fp) Vec E, ke K (5d)
pEPk:ecp
e, pF >0 Vee E, ke K (5e)
F*(p) € [0,1] Vke K,peP* (5
Te € Ly Vec E (5g)

Constraints (5b)-(5d) togethfir with (5e) and (5f) define a feasible robust multiflow.
Similar to P(G, d) and P(G,d), let

Pr(G,d,d) = conv{(f,x,ﬂ',p) 0,1) PIx ZIEX RIFCRIFIET . (7.2 7. p) i feasible for (Sb)- (5d)}
be the Robust Network Loading Polytope in the flow, capacity and dual variables and let
Pr(G,d,d) = conv {x € Z‘f‘:ﬂ (f,m p) €0, 1]‘P|XR|_E|XR|_5HK‘ so that (f, =, p) € Pr(G,d, cf)}

be the Robust Network Loading Polytope in the capacity space.

In contrast to Corollary 2.3, Pr(G,d, cf) cannot be completely described by a straightforward
generalization of the metric inequalities. First, consider the complete graph G with nodes V :=
{1,2,3}, edges E := {12,13,23}, commodities K (with |K| = 3), demand values d'* = d'* =
d¥ =2andd?2 =1, d® =4, d® = 2,and T = 1. The dominating metric inequalities for the
classical NLP (considering only nominal demands) on the complete graph with three nodes are

T2 + 713 > 4 (6a)
T13 + To3 > 4 (6b)
T12 + To3 > 4 (6¢)
T12 + T13 + w23 > 6, (6d)

describing P(G, d) together with the nonnegativity constraints completely.
Based on the robust counterpart of the capacity constraints (4), an intuitive way to extend these
metric inequalities in the robust case is to increase the right hand side as follows

¢ >N dk e (sh dR 0 (sF, 9.
Z M(G)l’e - Z M(S 9 ) + QQIII(I,‘&Z;‘SF M(S 9 )
ecE keK keQ



Then, we get the right hand sides 8, 8, 6, and 10. However, for the corresponding RNLP the complete
description is

T12 +x13 > 8 (7a)

r13+ 223 > 8 (7b)

T12 + T3 > 6 (7c)

T12 + T13 + w23 > 13 (7d)
2219 + 2213 + 3293 > 28 (7e)
419 + 3x13 + 3r93 > 42 (71)
6x12 + 4213 + dx23 > 62. (72)

Thus, we see that not only more inequalities are needed than for the classical NLP but, in particular,
that the straightforward way of generalizing them yields inequalities with too weak right hand sides
(13 vs. 10 in (7d), 28 vs. 22 in (7e), 42 vs. 32 in (7f), and 62 vs. 46 in (7g)). In fact, the right hand
side of a RMI can be determined by the following lemma.

Lemma 3.1. Given & € Zlfl, there exists a flow satisfying (5b)—(5f) if and only if for all lengths
functions ¢

> Eelle) = by ®)

ecE
holds, where by is defined by the following LP.

bpi= max » b* (9a)
keK
5.t bF — Zcikmk(e) < d*i(p) Vke K, pe P* (9b)
ecp
Z m*(e) < TY(e) Vee E (9¢)
keK
m*(e) < £(e) Vke K,e€ FE (9d)
bk, mFe) >0 Vke K, ec FE (9e)

We call (8) the Robust Length Inequality (RLI), and if £ is metric, (8) is called a RMI.

Proof. By setting x = T in (5), the problem is turned into an LP. We introduce dual variables
(V¥ eer, {l(e)}ecr, {mF(e)}eck, kex for constraints (5b), (5c) and (5d), respectively, and apply
Farkas’ lemma yielding (9b)—(9¢) and ¢(e) > 0. Thus, a solution to (5b)—(5f) exists if and only if

> del(e) = D B (10)

eeE keK

is valid for all v*, l(e), mF(e) > 0 satisfying (9b)—(9d). Therefore, for a given length func-
tion {¢(e)}ecr inequality (10) is valid for the linear relaxation of Pr(G,d,d) if constraints (9b)—
(9e) are fulfilled. To determine the strongest valid inequality for ¢, we maximize the sum over bk

for k € K. This can be formulated as LP (9), where ¢ = ¢, completing the proof. O

The LP (9) to compute the right hand side of a RLI is comparable to the problem (subsep,,,.)
of Mattia [15]. However, we specified the general constraint Ad < b according to the compact



formulation of the T'-robust NLP, which implies further constraints. Compared to (2), b* is the length
of the shortest path with respect to ¢ adjusted by values m”(e) for which additional constraints (9c)
and (9d) hold.

By Lemma 3.1, Pr(G, d, ci) can be described by linear constraints:

Pr(G,d, ci) = conv {x € Z'f' : Zf(e)xe > by, VI € R|E|} .
ecE

Further, let Qr (G, d, d) be the linear relaxation of Pr(G, d, d), i..,

Qr(G,d, ci) = {x € ]R'f' : Zé(e)xe > by, VU € R|E|} .
eck

In the following theorem, we show that the left hand side of any valid inequality for Qr(G, d),
which is not dominated by any other valid inequality, defines a metric. We present a constructive
proof which is specific to the I'-robust NLP with static routing and splittable flows. If we proved the
theorem analogously to [4], we could not state anything on the right hand side b.

Theorem 3.2. Let {x > by be any valid inequality for Qr(G,d). Then there exists a metric £y €
Met(G) with

o Iyx > by is valid,

o Up(if) < £(ig).
Proof. Let { be a non-metric length function and b; the corresponding optimal solution of (9). The
length function ¢ is transformed to a metric by setting ¢y, (ij) := £(i,j) for all ij € E. Since only
values are changed that are not already the shortest path value, all changes can be done simultaneously
and the resulting function is a metric. To prove that the right hand sides b; and by,, are the same, we
however assume that the lengths are adapted one at a time. Hence, without loss of generality we
assume that there exists only one edge uv with £(uv) > {(u,v).

Let p1 = (u,v) be the direct path from w to v. Since ¢(uv) > £(u, v), there must exist a path py #

p1 such that ¢(p2) = ¢(u,v) and

Cr(pr) = L (p2) = Ly (wv) = £(u,v).

Given a length function /¢, the dual of (9) reads as follows.

min Z d* Z ((p)puF(p) +T Z v(e)l(e) + Z Z 2k (e)l(e) (11a)

keK  pcPk eceF kEK e€E
s.t. Z wF(p) >1 Vk e K (11b)
pePk
vie) + 2F(e) — d*e(e) Z pF(p) >0 Vke K,ec E (11c)
pEPk:ecp
1F(p), v(e), 2F(e) >0 Vke K,pe P*, ec E,

(11d)



where {11*(p) ek peprs {v(€)}eer and {2¥(€) } ke cc are the dual variables for (9b), (9¢), and (9d),
respectively. Let (fi, 7, Z) be the optimal solution of this dual LP (11) with ¢ = ¢,;. Hence, {y;z >
bg,, is a valid inequality. If we show b,,, > by, then £j;x > bj is valid and the proof is completed.

Therefore, we construct a feasible as well as optimal solution (u, v, z) of the dual LP (11) with £ =
11, prove that (u, v, 2) is also feasible for the dual LP (11) with ¢ = £ and that the objective values
coincide. Given (fi, 7, Z), define

vie)+v(uv) e € py
v(e) =40 e =uv
v(e) otherwise,

Z(e) + ZF(uv) e € po
Fe) =140 e=uv

Z(e) otherwise.

For the definition of 1, we first define two specific subsets of paths P¥ := {p € P* : uv € p} C P*
and PIZ ={pe P¥:p=pyu \{ww}Ups, pu € PF} C P*, where PIZ is the set of paths which
use po instead of the edge uv. Hence, for each p € PIZ exists exactly one path p,, € Pffv. We can
now define y as follows.

i*(p) + i*(pw) p € PY
i (p) = {0 p € Py,
i (p) otherwise.

Thus, we shift the value /i*(p,,) for every path using edge uw to the corresponding path using p; in-
stead of uv. It is easy to see that the objective values for (fi, 7, Z) and (u, v, z) are equal regarding £;.
Furthermore, (11b) is fulfilled for all £ € K. If e = uv then (11c¢) is valid since

v(uv) + 2F(uv) = 040 > d*ep(uv) Z 1k (p) = 0.
PEP,

Ifeecpwithp e PIZ, then (11c) is equivalent to

v(e) + 2" (e) — d*Car(e)u* (p)
= ole) + v(uww) + F(e) + 2F (ww) — czkﬁM(e) <ﬂk(puy) + ﬂk(p)>
v(e) + 2*(e) — d*tpr(e)i* (p) +0(uv) + 2 (uv) — d* ly(e) i (puw)
——
>0 <l (p2)=€nrs (uv)
0 + o(uv) + 2F(uv) — d*0ar (uv) i (puy)
0,

>
>

thus, also fulfilled. So (u, v, z) is feasible (and also optimal) for (11) with £ = £,;. Moreover, u*(p) =
0 for all p € P* with uv € p. Therefore, the objective value does not change for £ and (u, v, 2) is also
feasible for (11) with £ = £ since £(e) = £y (e) forall e € E \ {uv}. Thus, b,, > by and the proof is
completed. Note that we even have by,, = by since by,, < bz holds as £ys(e) < £(e) Ve € E. O



Corollary 3.3. RMIs together with the nonnegativity completely describe Qr (G, d, ci), ie.,

Qr(G,d,d) = {x erIP: > lle)ze > by, VL € Met(G)} .

eck

Based on the preceding result, we can now introduce a complete description of the RNLP in the
capacity space.

min (5a)
st > yle)re > b Vin € Met(G) (12a)

eck
Te>0 Vec E (12b)

Due to the fact that Farkas’ lemma can only be applied to LPs, Theorem 3.2 cannot be directly
transferred to the integer case since we do not always have a good characterization of the right hand
side b and Pr(G, d, ci) itself. Therefore, the following theorem extends Theorem 3.2 to integer capac-
ity variables. (Here, b, is not necessarily defined by (9).)

Theorem 3.4. Let {z > b be any valid inequality for Pr(G,d, cf) Then there exists a metric £y; €
Met(G) with

o /yx > bvalid,
o Urr(ig) < L(ij).

Proof. Let £ be a non-metric length function and b the corresponding right hand side of the valid
inequality. We define the metric £ as €37 (i) := £(i, ). Now assume there exists an z € Pp(G, d, d)
with £z > bbut £, < b. Thus, there must exist an edge ij € E with £p/(ij) < £(ij) and Z;; > 0.
Let b, be the optimal solution of (9) regarding £. Then £z > by is a valid inequality for Qr (G, d, cZ)
and by Theorem 3.2, {y;x > by is also valid for Qr(G, d, CZ) We determine a feasible solution ¢
of Qr(G,d, ci) with . < Z. Ve € E based on a feasible flow f € [0, 1]/¥| computed as follows.
By definition of Qr(G, d, d), there exist (f, 7, p) such that (z, f, 7, p) satisfies (5b)—(5f). We set

foralle €¢ £ o
o= d"fH(e)+ T+ > pt,
keK keK

the left hand side of the capacity constraint (5c). Hence, 3 € Qr (G, d, cZ) and ¢y > by is valid. Now
replace the objective of (5) by the all zero function and exploit LP duality. Compared to (9), the

objective now reads
max — Z T l(e) + Z b
eeE keK

This value constitutes the violation of the inequality ¢ > b, and, by the strong duality, is equal
to 0. Hence, £Z = by. Since {y > by and T > g, it follows £y = by. Since £prx > by is valid for
allz € Qr(G, d, d), it follows that yi; = Oforall ij € E with £p/(ij) < £(ij). Set &, = [y ]| Ve € E.
Clearly, # € Pr(G,d, ci) but (& = (T < Ly T < b, which implies that fx > b is not valid

A

for Z € Pr(G,d,d), a contradiction. m



It is possible to prove Theorem 3.4 analogously to [4] or [15]. However, we have chosen this
proof since it is constructive and makes an explicit use of the compact formulation of the I'-robust
NLP with static routing and splittable flows. A further way to prove Theorem 3.4 is by Chvatal-
Gomory derivations as follows. By Theorem 3.2, Qr (G, d, ci) can be completely described by RMIs.
Additionally, Pp(G,d,d) C Qr(G,d,d) holds. All facet-defining inequalities defining Pr(G, d, d)
can be derived by a sequence of Chvétal-Gomory derivations from the facet-defining inequalities
of Qr(G, d,d). Since Met(G) is a cone, these derived inequalities are also RMIs. Thus, Pr(G, d, d)
can be completely described by RMIs.

The right hand side of valid inequalities £3;x > b in Theorem 3.4 cannot be derived by (9) or a
similar procedure. A first step can be done by Chvatal-Gomory rounding. For a RMI (12a), we can
assume {); € Z‘f‘. (If ¢pr(e) ¢ Zy for e € E, the metric can be scaled such that all lengths are
integer.) Since x € Z, the rounded robust metric inequality (rounded RMI)

ZEM(e):Ue > [by,, | (13)

ecE

is also a valid inequality for Pp(G, d, d).
The strongest RMI is defined as follows.

Definition 3.5. Let /), € Met(G) and let p(¢ys, G, d, d) be the optimal solution of the I'-robust NLP
where the cost vector « in the objective function (5a) is replaced by ¢ys. Thus, p(lar, G, d, d) =
min{lyx : © € Zy, x € Pr(G,d,d)}. Obviously, any valid RMI (yz > b for Pr(G,d,d)

d

is
dominated by /32 > p(¢ar, G, d,d). Hence, any inequality of the form £z > p(4yr, G, d,d) is
denoted as tight robust metric inequality (tight RMI).

Corollary 3.6. Tight RMIs (x> p(Cyr, G, d,d) with {3y € Met(G) completely describe Pr(G, d, d).

The right hand side value p(¢5, G, d, cZ) of a tight RMI can be determined easily without solving
a minimization problem over Pr(G, d, cZ) if the metric £;7 is an extreme ray of the metric cone. This
result is known for the classical NLP [4] and can be generalized to the RNLP with static routing and
splittable flows as follows.

Theorem 3.7. If {p; : E — Z, is an extreme ray of the metric cone Met(G) such that the greatest
common divisor of Uy is 1, then p({yr, G, d,d) = [bg,, ]

Proof. We recall that Qr (G, d, CZ) can be completely described by RMIs due to Theorem 3.2 and the
subset correlation Pr (G, d,d) € Qr(G,d,d). All valid inequalities defining P (G, d, d) can be de-
rived by a sequence of Chvital-Gomory derivations from the facet-defining inequalities of Qr (G, d, a?)
Consider a metric length function ¢, that satisfies the conditions of the theorem and suppose that, for
all z € Pr(G,d, af) Oy satisfies the inequality £y > « with o > [by,,]. This inequality cannot
be derived by a Chvital-Gomory procedure from the single RMI £,z > by,,. Thus, it can only be
derived by combining two or more inequalities in at least one step of the sequence of Chvatal-Gomory
derivations. But this contradicts the assumption that ¢/ is an extreme ray of Met(G). O

Note, following a two-stage approach to solve the RNLP, an analogous proof has been done by
Mattia [15] in the context of the RNLP with dynamic routing.
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4 Separation

In this section, we investigate the separation of RMIs. First, we present a polynomial time exact
separation algorithm to separate RMIs as model inequalities. Second, we present an exact separation
procedure to determine violated rounded RMIs in a cut-and-branch approach for solving the RNLP.
Third, we address tight RMIs pointing out the differences to the non-robust setting.

The separation algorithms presented in this section separate violated RLIs in a first step. If the
length function £ is not metric, a metric £5; and hence a corresponding violated metric inequality can
be constructed by ¢ys(e) := min{{(e),{(u,v)} for all e = uv € E (cf. Theorem 3.2). Note, the
right hand side of the RLI does not change and the violation of the RMI is at least the violation of the
previous RLIL

Separation of robust metric inequalities. In the following, we describe the exact separation of
violated RMIs analogously to the non-robust case considered by Avella et al. [4] and analogously to
the RNLP with dynamic routing by Mattia [15]. Therefore, we define f* := Zpe Pkecp f¥(p) as the

flow on edge e € FE for commodity £ € K. Given a capacity vector T € R‘E‘, the feasibility problem
can be formulated as

max « (14a)
(0] u = Sk
sty (fh,—fi)={—a u=tk VueV, ke K (14b)
wek 0 otherwise
ST A FETro+ Y ok < de Vec E (14c)
keK keK
d*fF — e —pF <0 Vee B, ke K (14d)
fuv,we, p’;, a>0 Ve=uv € E, k € K. (14e)

The value of an optimal solution (o, 7, p*) of (14) is at least 1 if and only if the point (Z, f,m*, %)
is feasible for Qr(G, d, d). The dual of (14) reads

min Z:Eef(e) (15a)
ecFE

s.t. B8 — gF < d¥e(e) + d*mF(e) Ve=uv e E k€K (15b)
> mF(e) <Ti(e) Vee E (15¢)
keK
m*(e) < l(e) Vec B, ke K (15d)
> (B —ph) =1 (15¢)
keK
BE t(e), mF(e) >0 VueV,e€ E, k€ K. (15f)

By strong duality, 7 is feasible for Qr (G, d, af) if and only if the optimal value of (15) is at least 1. If
the objective value of a solution (8*, £*,m*) is strictly less than 1, constraint (15¢) implies the RLI

dor(e)ze =Y (8% — (16)

eeE keK
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to be violated for .
Corollary 4.1. Violated RMIs can be separated in polynomial time.

Proof. Since (15) is a pure linear program with polynomial size and ¢j; is constructible from ¢ in
polynomial time, violated RMIs can be exactly separated in polynomial time. U

Despite this result, experiments have shown that the separation of these inequalities can be very
time consuming in practice; cf. Section 5.3.

Separation of rounded robust metric inequalities. To cut-off a fractional solution of the LP re-
laxation of (5), the right hand side of a corresponding RLI (with integer lengths) has to be rounded up
to yield a violation; cf. derivation of (13). Hence, formulation (15) has to be modified to take the in-
tegrality of £ and the rounding into account. The exact separation of rounded RLIs can be formulated
as the following ILP.

max R — Z Zel(e) (17a)
eclE
s.t. (15b) — (15d)

B - +R<1—¢ (17b)
keK
ReZ (17¢)
Ue) € Zy Ve e E (17d)
Bk mk(e) >0 VueV,ec E, kK, (17¢)

where, given a small constant € > 0, constraint (17b) determines the rounded up right hand side value
R of the resulting RLI. The objective value of (17) equals the violation of the rounded RLI. Hence, a
non-positive objective value gives a proof that no such inequality exists.

Given a violated rounded RLI, a corresponding violated rounded RMI (13) can be constructed as
described above.

Separation of tight robust metric inequalities. The strongest RMIs are those with a tight right
hand side; cf. Corollary 3.6. By definition, a minimization problem over the I'-robust network load-
ing polytope has to be solved to determine the best right hand side p(¢ys, G, d, cf) to obtain a tight
RMI. Clearly, this is as hard as solving the original I'-robust NLP. In this paragraph, we present a
preprocessing method to speed up the computation of p(¢ys, G, d, cf) in practice.

Avella et al. [4] suggest a shrinking heuristic to reduce the network size before determining the
best right hand side p(¢5, G, d, ci) given a £ in the non-robust setting. In the following, we describe
a version of this shrinking that can be used in the robust setting.

Theorem 4.2. Let {3y € Met(G) and {i,j} € E with {p(ij) = 0. Define the shrunken graph
Gh = (V" E") by

V=V \{i,j}u{n}
E'" .= E\{weE|uec{i,j}Ave{ij}}U{uh|uic EAujcE}.

Then p(f%,Gh,Jh,czh) = p(ly, G, d, CZ)

12



Proof. The proof is analog to the proof of Theorem 3.3 in [4].

Suppose p(far, G, d,d) < p(h,, G", d" d"). Let x satisfy £yrz = p(£ar, G, d,d) and " be the
mapping of z on G". Then p(¢%,, G", d%,dh) < th ol =tyx = p(ly,G,d,d ) p(lh, G d", th)
holds; a contradiction.

Suppose p(ar, G, d,d) > p(£h,,G", d", d"). Let 2" satisty ¢,z = p(¢h,, G", d",d"). Define
x as follows.

— gk ¥ gk ¢k
e lceZK e +Qgrfr<17?c}2clsr Je

ah =2y + my; forallu € V\ {4,5}, and 2" := 2, forall wv € E,u,v € V '\ {i,5}. Then x is
feasible for Pr(G, d, af) and {px = E%mh holds by construction. Further, it holds £3;x = Eﬁﬂch =
p(th, G" d" d") < p(fyr, G, d,d); a contradiction to the minimality of p(¢yr, G, d, d). O

In contrast to the non-robust setting [4], commodities cannot be aggregated in the shrinking pro-
cedure for the robust setting. Instead, the shrunken graph may have “parallel” commodities with same
source and destination nodes corresponding to different nodes in the original graph. The following
example illustrates the difference to the non-robust setting.

Consider the complete graph G with nodes V' := {ny,ng,n3}, edges E := {ning, ning,nans},
commodities K (with |K| = 2), and I" = 1. Further, let £;(n1n2) = 0, £ys(nin3) = €pr(nang) =1
be a metric. In the robust setting, I' many commodities may deviate on each edge in this network.
Applying the shrinking heuristic of [4] results in the reduced graph G" with nodes V" := {h, n3},
edges F := {hn3}, and new metric ¢%,(hns) = 1. In contrast to the non-robust setting, the commodi-
ties cannot be aggregated since the deviations of a single aggregated commodity from h to nz cannot
reflect the independent demand deviations on the two edges n1ns and nons. Furthermore, this cannot
be overcome by increasing the I" for G” as the resulting solution might violate the limit of I' = 1 on
the original edges n1ns and nans.

Selected subclasses of robust metric inequalities Some well-known classes of valid inequalities
for the RNLP are generalized by RMIs. In the following we point out selected subclasses of RMIs
that are considered in the computations in Section 5.

We define (L-)bounded RMIs as the subclass of RMIs consisting of all rounded RMIs obtained
from metrics with integer link lengths bounded by L € Z , i.e., Met(G) := {{ys € Met(G) : lpr €
{0,1, .., L}‘E | }. Bounded RMISs can be separated by solving formulation (17), where constraint (17d)
is replaced by

l(e) € {0,1,..,L}, (17d’)

and strengthening the obtained RLI to a RMI as before.

The class of 1-bounded RMIs consists of all robust partition inequalities, i.e., the robust counter-
parts of partition inequalities (see Agarwal [3] and the references therein). A well-known subclass of
robust partition inequalities are the robust 2-partition inequalities, the so-called robust cutset inequal-
ities. Koster et al. [12] have considered the separation of violated robust cutset inequalities presenting
exact as well as efficient heuristic separation approaches.

5 Computations

In this section, we present the results of two computational studies. First, we investigate the strength-
ening of the robust network loading formulation by RMIs. Second, we evaluate the speed-up by sep-

13



Network Abilene GEANT germanyl7 germany50
# nodes 12 22 17 50
# links 15 36 26 89
# demands 66 231 136 1044
available traffic period 6 months 4 months 1 day 1 day
traffic granularity 5 min 15 min 5 min 5 min
# traffic matrices used 2 x 2016 2 X 672 288 288
instances abilenel geantl germanyl17 germany50
abilene2 geant?2

Table 1: Network and traffic properties of considered data sets; cf. Koster et al. [12]

arating RMIs in a cut-and-branch approach. In addition, we compare the capacity formulation (12)
of the RNLP with the compact flow formulation presented in Koster et al. [12] (objective (5a) with
constraints (14b)—(14e), (5g) with o = 1) computationally. All our computational experiments are
carried out using the same instances from real-life traffic measurements as in [12].

Instances. Since the considered problem instances are described in detail by Koster et al. [12] and
are publicly available at SNDIib [18], we just give a brief summary here. The live traffic data, given as
a set of measured traffic matrices, is taken from the Abilene network [1], the GEANT network, and the
network operated by the German DFN-Verein [7] which is mapped on the network germany17 [16],
and in addition mapped on a larger network (germany50) [18]. The granularity of the traffic matrices is
either 5 (Abilene, germany17, germany50) or 15 minutes (GEANT). By considering two time periods
of one week for Abilene and GEANT and one day for germany17 as well as for germany50, we create
six problem instances which are summarized in Table 1. For each, we consider I" € {0,...,10}
which yields 66 instances in total.

For each data set, let 7" denote the considered time period and let dl&) be the demand value for
commodity k € K at time step t € T'. First, we scale the traffic data such that the sum of all peak
demands maxteT(dé“t)) over all commodities k£ € K amounts to 1 Tbps. To determine the nominal

value d* and the peak value d* +d*, respectively, we calculate the arithmetic mean and 95%-percentile
of each commodity k € K using the scaled measurements. Thus, we set d* := 1/|T| >, 1 dl&) and

d¥ 4 dF corresponds to the largest deviation from the nominal value in period 7}, where T}, is obtained
from T" by removing the 5% largest demands (arguments for this setting can be found in [11]).

General settings [12]. We implemented the formulation (5) of the I'-robust NLP in C++ using
IBM ILOG CPLEX 12.4 [9] as branch-and-cut framework. For the separation methods, we used the
CONCERT framework of CPLEX and callbacks. We ran the computations single-threaded on a Linux
machine with a 3.40 GHz Intel Core 17-2600 CPU and 16 GB RAM. A time limit of 12 hours was set
for solving each problem instance. Default settings were used if not stated differently.

5.1 Strengthening the compact flow formulation

In our first computational study, we investigate the strengthening of the linear relaxation of the com-
pact flow formulation of RNLP (objective (5a) with constraints (14b)—(14e), (5g) with o = 1) at the
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Figure 2: Gap closed at the root node by RCIs, 1-bounded RMIs , RMIs, and tight RMIs, for I' =
0,...,10

root node by different subclasses of RMIs. We consider the exact separation of the following four
subclasses of RMIs: robust cutset inequalities, 1-bounded RMIs (i.e. robust partition inequalities),
rounded RMIs, and tight RMIs.

Using the callback functionality of CPLEX, we add an exact separation algorithm solving (17)
including the option to separate bounded RMIs or tighten the right hand side. Furthermore, we use
the ILP-based separation algorithm presented in [12] to separate robust cutset inequalities exactly. In
this study, only the root node is solved, all CPLEX cuts are turned off, and the gap closed at the end of
the root node is evaluated. By this the added value of the RMIs for the compact flow formulation can
be determined.

The gap closed is the ratio (DB;oo — DBpp)/(PBpest — DBLp) Where DB denotes the dual bound
after solving the root node before branching, DBy p the objective value of the LP relaxation at the end
of the root node, and PBy.y the (overall) best known primal bound. A gap closed of 100% is observed
if the instance could be solved to optimality at the root node.

Figures 1 and 2 show the (average) gap closed for each network (except germany50), value of
I', and considered subclasses of RMIs. For germany50, the root node could not be solved within the
time limit in any setting. This is due to the fact that the standard cuts of CPLEX were turned off in
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Figure 3: Speed-up factors of algorithms IIs, IIIs, IIc-IVc in a cut-and-branch approach to solve the
compact flow formulation of the RNLP. All factors are normalized to solution times of CPLEX as
stand-alone solver.

this study. A further evaluation of germany50 in a full cut-and-branch approach is presented later (see
Section 5.3).

Figure 1 shows the average gap closed by separating robust cutset inequalities (RCIs), 1-bounded
RMISs, rounded RMISs, or tight RMIs exactly. We observe that already RClIs close the gap on average at
least by 48.8 % (geant1). This concurs with the conclusion of the effectiveness of RCIs in [12]. When
considering more general RMIs, the average gap can be closed by additional 7.7 % by 1-bounded
RMISs, further 1.3 % by rounded RMIs, and even further 4.2 % by tight RMIs. In this way, the gap can
be closed in total by additional 13.3 % by tight RMIs compared to RCIs. Furthermore, the total gap
closed by tight RMIs is 100 % for both Abilene instances and I' = 0, . .., 10, solving these instances
optimally at the root node.

Figure 2 provides a break down of the gap closed by individual subclasses of RMIs per instance
and value of I'. Here we also observe that RCI contribute most to the gap closed. Nevertheless, more
general RMIs as (1-bounded) RMIs are needed to completely close the gap at the root node for all
Abilene instances. In addition, tight RMIs are needed for abilene2 and I' = 2 to achieve 100 % gap
closed.

The results of our first computational study show that separating violated RMIs closes the gap
significantly at the root node.

5.2 Speeding-up the compact flow formulation

In our second computational study, we investigate the speed-up by integrating the separation of vi-
olated RMIs in a cut-and-branch approach to solve the compact flow formulation of the RNLP, i.e.,
objective (5a) with constraints (14b)—(14e), (5g) with & = 1. We consider several heuristic algorithms
summarized in Table 2. Note that algorithm IIs corresponds to the cut-and-branch using RCIs pro-
posed in [12]. Figure 3 shows the average speed-up factors obtained by the individual algorithms.
The factors are normalized to the solution time of CPLEX as stand-alone solver (algorithm I). For
example, a solution time of 60 seconds compared to a corresponding solution time of 120 seconds of
CPLEX yields a speed-up factor of 2. For the Abilene network, we observe that all average speed-up
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Algorithm Description

I CPLEX CPLEX as stand-alone solver; no additional separation of
RMIs.
IIs RCl/s Heuristic separation of violated RCIs using the shrinking

heuristic described in [12]. The network is shrunken with
respect to the slack values of inequalities (5c) and (5d). If
no violated cut is found heuristically, an ILP-based exact
separation algorithm is run.

IIc RCl/c Same as algorithm IIs, but the network is shrunken with
respect to the LP value of the capacity variables x.

IIIs 1. RCI/s, 2. rounded RMI/s First, algorithm IIs is run. Second, if no cut has been found,
the network is shrunken with respect to the slack values
of (5¢) and (5d). Then violated RMIs are separated by solv-
ing the ILP (17) for the shrunken network.

IIIc 1. RCI/c, 2. rounded RMI/c Same as algorithm Ills, but all network shrinkings are done
with respect to the LP value of the capacity variables x.

IVc 1. RClI/c, 2. tight RMI/c Same as algorithm Illc. If a violated RMI is found, its best
right hand side p(¢ps, G, d, d) is determined by solving an
ILP. Only the resulting tight RMI is separated.

Table 2: Summary of algorithms considered in Sections 5.2 and 5.3

factors are less than 1.0 except for algorithm IIs and abilenel. In fact, the solution times of abilenel
and abilene?2 instances are in the range of only a few seconds. Therefore, the overhead introduced
by all separation algorithms results in a slow-down on average. For all larger instances, there is a
significant average speed-up factor of at least 1.85 (algorithm Illc, geant2). Separating only violated
RClIs (algorithms IIs and Ilc) yields good speed-up factors for geantl, geant2, and germanyl7. Most
of the times these are better than the corresponding speed-up factors obtained by algorithms Illc and
IVc where additionally tight RMI are separated heuristically. This can be explained by the additional
computational effort to solve the ILP (17) to separate violated RMIs. Although the network has been
shrunken, the remaining integer problem may still be computationally hard reducing the speed-up fac-
tor compared to the RCI-only algorithm Ilc. A detailed table of all speed-up factors for all algorithms,
considered networks, and values of I" can be found in Table A.1 in the appendix.

In our study, we have observed a substantial speed-up in solving the compact flow formulation
of the RNLP on mid-sized instances (e.g., geantl, geant2, and germany17) by separating RMIs in a
cut-and-branch approach. Furthermore, the highest speed-up factors are achieved by separating RClIs.

5.3 Performance of the capacity formulation

In our last computational study, we compare the compact flow formulation (objective (5a) with con-
straints (14b)—(14e), (5g) with a = 1) to the capacity formulation (12) in a cut-and-branch approach.
The exponentially many robust metric model inequalities of the capacity formulation are handled im-
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Figure 4: Speed-up factors of algorithms Ilc-IVc in a cut-and-branch approach to solve the capacity
formulation of the RNLP. Algorithm I: CPLEX corresponds to solving the capacity formulation with
CPLEX as a stand-alone solver. All factors are normalized to solution times of CPLEX solving the
compact flow formulation as stand-alone-solver.

plicitly: violated RMIs (16) separated on-the-fly as lazy constraints using the callback capabilities of
CPLEX whenever an integer solution is found. We start without any RMI.

We consider algorithms I, Ilc, and IVc introduced in Section 5.2 and summarized in Table 2.
Algorithms IIs and IIls are not applicable to the incomplete capacity formulation because the slack
values of inequalities (5¢) and (5d) cannot be evaluated as these constraints do not exist.

Figure 4 shows the average speed-up factors of algorithms Ilc-IVc normalized to the solution
times of CPLEX solving the compact flow formulation as stand-alone solver. Because the solution
times of CPLEX as stand-alone solver solving the compact flow formulation and the capacity formu-
lation differ, we report also on the normalized solution times of CPLEX for the capacity formulation.
Similarly to the compact flow formulation, we observe that on the small-sized abilenel and abilene2
instances no speed-up can be achieved. The computational effort to separate RMI slows down the
instances compared to their fast solution times. For geantl, geant2, and germany17, we notice signif-
icant average speed-up factors of 2.7 (geantl), 5.9 (germany17), and 7,3 (geant2) obtained by CPLEX
solving the capacity formulation (algorithm I). Introducing the separation of RMIs yields even higher
speed-up factors on average whereas the best are achieved by algorithm Ilc: 1.5 (abilenel), 1.2 (abi-
lene2), 24.4 (geantl), 9.0 (geant2), and 8.9 (germany17). For each network, the best average speed-up
factor for the capacity formulation is higher than the corresponding one for the compact flow formu-
lation (cf. Figure 3). In particular the algorithms IIs (only compact flow formulation) and Ilc perform
well achieving the highest average speed-up factors in most cases. In summary, we conclude that the
capacity formulation is computationally more tractable than the compact flow formulation for mid-
sized instances. A significant speed-up could be observed in our computationally studies. Details of
all speed-up factors for all algorithms, considered networks, and values of I" can be found in Table A.1
in the appendix.

To evaluate the impact of RMIs in a cut-and-branch approach to larger instances such as ger-
many50 which cannot be solved within the time limit of 12 hours, we consider the optimality gap
after 12 hours. In particular, we evaluate the gap reduction factor compared to the optimality gap left
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Figure 5: Gap reduction factors of algorithms I, Ilc, and IVc in a cut-and-branch approach to solve
the capacity formulation of the RNLP for the germany50 instance. Algorithm I: CPLEX corresponds
to solving the capacity formulation with CPLEX as a stand-alone solver. All factors are normalized to
the optimality gap left by CPLEX as a stand-alone solver at the time limit of 12 hours when solving
the compact flow formulation.

by CPLEX as stand-alone solver when solving the compact flow formulation to the time limit. For
example, let CPLEX solve the germany50 instance to 60 % of optimality and let another algorithm ob-
tain a optimality gap of 40 %. Then the gap reduction factor of this other algorithm is 0.6/0.4 = 1.5
compared to CPLEX. Therefore, a gap reduction factor less than 1.0 is given if the optimality gap
after 12 hours is larger than the corresponding one by CPLEX and the compact flow formulation. The
cuts obtained by algorithm IIlc may be strengthened to tight RMIs and hence are dominated by those
obtained by algorithm IVc. Thus, we do not consider algorithm Illc in this study.

Figure 5 shows the gap reduction factor for germany50 compared to CPLEX as stand-alone solver
solving the compact flow formulation. First, we notice that algorithm I (CPLEX) for the capacity for-
mulation cannot close the optimality gap better than CPLEX for the compact flow formulation. In fact,
in most cases algorithm I finishes with optimality gaps at least twice as high. This bad performance
can be explained by the fact that during the solution process of algorithm I temporary solutions are
obtained which are in fact infeasible to the complete capacity formulation but not the current incom-
plete one. To lower the computational effort, these solutions are only separated if they are integer. In
contrast, algorithms Ilc and IVc separate violated rounded RMIs for fractional solutions in addition
to the model constraints. So both finish with smaller optimality gaps compared to CPLEX and the
compact flow formulation. The gap reduction factor ranges from 1.1 (I' = 10) to 1.5 (I' = 1). For
I' < 4 the gap reduction factor is at least 1.2. For larger values of I it decreases. The gap reduction
factors do not differ much between the algorithms Ilc and IVc except for I' = 1 and I' = 9 where
algorithm Ilc clearly outperforms the others. In summary, we observe that a cut-and-branch approach
with rounded RMIs on the capacity formulation of the RNLP significantly closes the optimality gap
of the large germany50 instance in our study.

In conclusion, in our studies it turns out that the capacity formulation of the RNLP is computa-
tionally more tractable. When used in a cut-and-branch approach, it offers higher speed-up factors on
mid-sized instances and lowers the optimality gap left at the time limit for larger instances.
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6 Conclusions

In this paper, following the requirements of (telecommunication) network operators we have investi-
gated the I'-robust NLP with static routing and splittable flows focusing on RMIs, the generalization
of metric inequalities in the classical NLP to the robust setting. In particular, we have shown con-
structively that the robust network loading polytope in the capacity space is completely described by
RMIs and nonnegativity constraints.

Furthermore, we have developed (i) a polynomial time exact separation algorithm to determine vi-
olated RMIs as model inequalities and (ii) exact ILP-based separation algorithms to separate violated
rounded RMIs, bounded RMIs, and tight RMIs in a cut-and-branch approach.

To investigate the performance of the RMIs, we have carried out several tests on networks with
demands based on realistic traffic data. The computations have shown that the integrality gap at the
root node can be closed significantly by heuristic separation of tight RMIs. On mid-sized instances,
a cut-and-branch approach including the separation of rounded RMIs yields an average speed-up
factor between 2 and 5 (for the compact flow formulation) and between 3 and 25 for the capacity
formulation, respectively. Furthermore, for the larger germany50 instance the optimality gap left at
the time limit could be closed by a factor up to 1.5 using a cut-and-branch approach to solve the
capacity formulation of the RNLP. In conclusion, our computational results demonstrate the major
potential of (tight) RMIs.
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compact flow formulation capacity formulation

solution time speed-up factors

I I: CPLEX [s] 1Is IIc 1IIs 1IIc Ve I IIc IIIc IVce

0 0.9 5.00 0.63 0.56 050 0.50 0.56 2.50 1.25 0.83

1 2.1 0.44 0.44 0.05 012 0.13 0.38 1.14 0.15 0.09

2 2.4 0.56 0.71 056 071 0.77 0.42 1.25 0.08 0.08

3 2.4 0.86 0.63 086 0.63 0.63 0.50 0.80 0.32 0.23

Té 4 3.1 0.79 1.00 079 1.00 1.00 0.35 0.65 0.14 0.13
2 5 1.8 0.26 0.26 0.11  0.09 0.08 0.67 0.55 0.11 0.10
) 6 2.3 0.68 0.50 0.68 050 0.50 0.65 1.07 0.05 0.05
7 32 1.04 1.33 076 127 133 0.88 2.00 1.17 1.04

8 2.8 1.88 0.97 1.88 0.63 0.63 1.07 2.31 1.30 0.88

9 2.5 2.13 1.55 213 155 155 1.36 2.83 1.03 0.83

10 2.1 0.76 0.68 076 035 0.26 0.90 1.12 0.27 0.31

0 0.9 1.50 0.30 060 0.19 0.19 0.33 0.75 0.60 0.50

1 1.7 0.57 0.80 055 020 0.20 0.94 1.60 0.24 0.21

2 2.7 0.49 0.83 0.17  0.19 0.19 0.70 1.58 0.14 0.13

3 2.8 0.57 0.59 054 057 039 0.46 0.93 0.13 0.16

@ 4 1.7 0.39 0.35 039 033 025 0.41 0.70 0.03 0.01
2 5 3.1 0.20 0.25 0.09 0.15 0.29 0.26 0.25 0.01 0.02
S 6 33 0.47 0.70 041 070 0.67 0.42 0.78 0.08 0.05
7 32 1.33 1.60 133 1.60 1.60 0.25 0.29 0.01 0.02

8 3.5 1.50 1.80 035 028 0.28 1.29 2.14 0.14 0.21

9 52 0.97 1.43 005 032 030 0.58 1.43 0.07 0.05

10 34 1.57 1.26 057 147 147 1.29 2.75 0.07 0.06

0 1640.8 6.59 8.39 6.54 833 847 573 5726 5733  47.89

1 853.9 1.00 1.15 155 123 118 3.83 3.83 5.93 8.07

2 1053.3 3.06 2.48 3.02 274 278 1991 6853 27.15 4931

3 3517.5 4.62 1.88 286 445 446 8.85 2520 23.06 2221

= 4 2141.3 1.18 1.67 1.09 153 154 3.99  13.80 9.94 1343
§ 5 1757.7 2.02 4.12 236 336 321 298  16.05 435 9.96
°0 6 4587.1 1.33 1.84 203 232 241 6.84 19.13 1536  18.98
7 3352.6 1.30 2.72 221 216 210 496 1492 1388 1342

8 2067.1 3.44 3.49 286 294 288 7.06  15.19 9.13 1238

9 1837.3 0.97 3.22 341 283 284 4.84 9.93 7.21 5.72

10 1443.9 2.16 8.33 392 659  7.05 11.36 24.01 1556 12.53

0 2244.6 3.17 1.37 329 235 240 19.25 68.10  73.08  68.98

1 2571.1 1.95 3.28 196 3.12  3.19 3.29 9.35 6.47 9.26

2 11821.2 1.52 1.74 080 1.19 121 0.47 0.90 0.89 0.88

3 13299.4 0.62 0.49 0.60 049 0.1 0.47 0.77 0.73 0.59

QU 4 6084.4 1.42 3.17 239 327 334 0.48 1.85 2.32 0.85
§ 5 6699.6 2.43 3.56 132 156  1.54 0.58 1.07 0.79 0.69
°0 6 16436.9 1.80 1.81 228 1.82  1.86 0.45 1.42 1.43 1.47
7 8962 1.57 1.44 1.69 152 154 0.44 1.53 0.96 0.97

8 3792.4 1.27 0.52 1.27 050 052 1.31 2.23 1.53 1.98

9 18969.8 597 3.27 621  3.15  3.65 1.94 6.90 6.75 7.33

10 13286.4 5.61 1.34 555 132 133 1.26 5.26 4.54 5.05

0 6.7 22.83 470 1839 411 414 9.88 9.19 1.76 1.65

1 25.1 6.15 3.96 6.12 344 348 529 2826 1135 1071

2 322 0.93 2.25 065 053 052 1.99 2.95 0.22 0.30

~ 3 58.6 552  10.38 3.67 454 459 8.16 9.32 3.56 3.59
5 4 51.2 2.86 432 0.81 1.58 157 2.38 2.04 0.60 0.48
g 5 42.7 3.84 3.62 1.62 149 253 5.70 1.82 0.66 1.19
E) 6 53.5 4.10 5.94 201 380 2.86 3.56 7.20 1.15 1.29
7 91.8 4.86 2.30 440 276 278 526  10.87 247 3.55

8 45.8 2.06 7.31 1.24 157 1.50 5.14 5.19 1.53 1.23

9 33.6 3.13 1.36 1.13 1.00 098 6.23 5.17 1.57 1.70

10 532 3.54 4.90 268 312  3.03 10.85  16.26 3.40 5.34

Table A.1: Speed-up factors of algorithms I, IIs, IIIs, IIc-IVc compared to the solution times of CPLEX
and the compact flow formulation of the robust network loading problem.
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