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Abstract One main objective of research in the area of mixed-integer pro-
gramming is developing cutting plane techniques to improve the solvability of
mixed-integer programs (MIPs). Various cutting plane separators are typically
available in MIP solvers. The large number of cutting planes generated by
these separators, however, can pose a computational problem. Therefore, a
sophisticated cut management is indispensable. In this paper, we discuss cut
quality measures and detail the architecture of the cut pool and the cut selec-
tion algorithm in the Mops (Mathematical OPtimization System) MIP solver.
Furthermore, we analyze the impact that our algorithm has on the overall
performance of the solver based on computational experiments. These experi-
ments show that our algorithm succeeds in reducing the running times and the
number of cutting planes added to the linear programming (LP) relaxation.

Keywords integer programming - cutting planes

1 Introduction

Cutting planes play a central role in solving mixed-integer programs (MIPs).
Closely related to cut generation is the problem of reducing the number of cuts
that are added to the linear programming (LP) relaxation. This problem in
particular has become increasingly important since there are numerous cutting
planes available in MIP solvers like CPLEX, XPRESS, GUROBI or MOPS [30].
If the number of generated cuts is large, adding all of them represents a
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computational burden for the LP solver, possibly leading to longer (node)
solution times. Thus finding cut quality measures and developing cut selection
algorithms are central issues in the study of cutting plane algorithms.

In this paper we address the problem of selecting only a subset of the
generated cuts. To this end we discuss the reliability of different cut selection
rules or cut quality measures respectively and point out their merits and
demerits. We also describe a cut selection algorithm and highlight important
implementation details. Finally, we present computational results to emphasize
the importance of cut selection algorithms and study the impact of different
cut quality measures on the overall performance of an MIP solver.

The Mops MIP solver is a high performance system for solving large-scale
LP and MIP problems. The current version of MoPs features state-of-the-
art primal simplex, dual simplex and interior point algorithms to solve LP
problems. Moreover, the system uses sophisticated heuristics, branch-and-bound
(branch-and-cut) algorithms and cutting plane techniques to tackle MIPs.

2 Cut Selection

Crucial to solving MIPs is a strong LP relaxation. There are a number of
techniques such as bound and coefficient reduction to improve the strength of
the LP relaxation. However, cutting planes like Gomory mixed-integer cuts,
cover cuts, flow cover cuts, mixed-integer rounding cuts, etc. are very important
to obtaining a tight LP relaxation.

The primary aim of cutting plane selection is to choose the “right” cuts
which help to solve an MIP problem more rapidly. The essential question is
how to select such a subset of cuts. To answer this question reliable cut quality
measures are needed. An additional aim of cutting plane selection is to keep
the number of cuts that are added to the LP relaxation small.

2.1 Literature Review

Padberg and Rinaldi [29] emphasize that “finding a reasonable quality measure
is one of the central issues in the area of polyhedral cutting-plane algorithms that
is - as of today - not yet investigated satisfactorily” [29, p. 79]. Although this
statement was made over fifteen years ago, the situation has not fundamentally
changed. Several contributions on cutting plane theory address measuring
cut quality as a secondary problem. Balas et al. [9] point out that using the
improvement of the objective function as a cut quality measure has certain
drawbacks (e.g. zero gap problems) and suggest calculating the Euclidean
distance between a given LP solution and the cutting plane instead. Christof
and Reinelt [12] propose preference be given to cutting planes that are as parallel
as possible to the objective function and try to estimate the improvement of the
objective function. A different proposal put forward by Ferris et al. [17] is called
“cut selection by usage”. Here the policy is to add all generated cuts tentatively
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and then track the pivots performed by the dual simplex method. If a cut is used,
meaning that is was pivoted on, it is marked and later on only marked cuts are
added. Andreello et al. [6] discuss a cut selection algorithm for {0, 4 }-Chvital-
Gomory cuts. To increase the diversity of cuts, they check cuts pairwise for
parallelism (see also [17]). Achterberg [2] proposes a sophisticated cut selection
algorithm which makes use of several cut quality measures. Fischetti and
Salvagnin [18] discuss a framework where cuts are generated and then relaxed
in a Lagrangian fashion. Amaldi et al. [4] propose a lexicographic multi-objective
cutting plane generation scheme. They concentrate on generating cuts which
are undominated and maximally diverse with respect to previously found cuts.

2.2 Cut Quality Measures

Assume that a mixed-integer linear program is given in the form

max{ch:Awgb,Dm:d,ZSxSu,mjEZ,VjENI} (1)
where ¢, z,l,u € R, Ae¢ R™*" be R™, D e RP*", d € RP, and N; C N =
{1,...,n}. Let * be an optimal solution to the corresponding LP relaxation.
Suppose that cut separation algorithms generated a number of cutting planes

(o/)Tx = Z oz;:cj < B Viel, (2)
JEN

where o' € R” and ¢ € R and L is an arbitrary index set. To simplify the
notation we omit the index ¢ whenever possible and denote a single cut by

oTe = Z ajr; <. (3)

JEN

Some quality measures for cutting planes are the following.

Violation The simplest quality measure for cutting planes is violation which
is defined as

v(a, B,2%) =alz* — B. (4)
Using violation to measure the quality of cutting planes has several drawbacks.
For example, violation is not invariant under scaling. Given any integer k € Z,
the cut kaTz < k@ is k times more violated than a”z < . Observe that the
value of v(«, 8, x*) is positive for violated cuts with this definition.

Relative Violation A straightforward approach to overcome issues related to
scaling is to divide the violation value by the absolute value of the right-hand
side, i.e. normalizing the right-hand side. The resulting quality measure is
called relative violation (cf. Linderoth [24]) and is defined as follows:

v (o, B, 2*)
B ®)

However, it is not possible to compute the relative violation if the right-hand
side of the cut is zero. In this case we instead use the violation.

rv (o, B,x") =
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Distance A third possibility to measure the cut quality is to determine the
FBuclidean distance between an LP solution 2* and the hyperplane o’z = 3. In
other words, we consider the distance between x* and its orthogonal projection
on this hyperplane:

v (o, B,27)

[lee]

d(a,B,z%) = (6)

This quantity is also well-known as the distance cut off by a cut. Using the
Euclidean distance can be seen as an improvement of relative violation and
overcomes some of its drawbacks. Like relative violation, the Euclidean distance
is independent of scaling. In addition it can also be calculated for cuts whose
right-hand sides take arbitrary values.

A problem of the Euclidean distance is that it does not work properly with
a system of equations (cf. Cook et al. [13]). Specifically, a polyhedron whose
inequality description contains equations is not full-dimensional. Measuring
cut quality by the Euclidean distance thus does not take into account that
a feasible solution must lie at the intersection of the hyperplanes defined by
these equations.

Example 1 Consider the simple integer program
max {2x; + 2z :x € X} (7)

where X = X% NZ? and X® = {z € R : 61 + 4z2 = 20}. The optimal
solution to the LP relaxation is z* = (3%7 0). The two inequalities 3z1 + x2 < 8
and x; < 2 are valid for X and cut off *. The hyperplanes geometrically

violation rel. violation distance

3x1+ax2 <8 2

$1§2 %

VIS
ﬁ‘m
Wik ©

Table 1 Cut quality measures

representing the two cuts have different Euclidean distances from z*, meaning
that one of them is more favorable (see Table 1). But this is actually not true.
When individually adding each cut to the formulation, the LP relaxation has
an optimal integral solution x* = (2,2) after reoptimization in both cases.

Rotated Distance Cook et al. [13] propose to explicitly take into account a
given system of equations when computing the Euclidean distance. Specifically,
they consider the distance between an LP solution z* and a “rotated” version
of the cut hyperplane which is orthogonal to the affine space formed by
the solutions of the system of equations. This rotated hyperplane has the
characteristic that the orthogonal projection of any feasible LP solution on it
satisfies the equality constraints, thus the distance between an LP solution and
a point which is feasible with respect to the equality constraints is computed.
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Given that aTz < 3 is a valid inequality for the MIP (1), the inequal-
ity a’ez < f with @ = o+ DT\ and B8 = B+ d" )\ is valid for the set
{z: Dz =d, oz < B} for any A € R? and consequently for (1).

Cook et al. [13] propose to select A such that the hyperplane a’z = 3 is
orthogonal to the set of feasible solutions {z : Dz = d}. If we require & to

satisfy Da = 0, we obtain A = —(DDT)~'Da and thus
a=a—D" (DD")" Da. 8)

We assume D to have full rank, because then the p x p square matrix DD is
symmetric positive definite and therefore its inverse exists. Consider the n x n
square matrix C = DT(DDT)~1D and observe that @ = 0 if Ca = a. If ax < 3
is a valid inequality for (1) which is satisfied by all solutions {z : Dz = d},
then the vector o can then be written as a linear combination of the rows of D,
i.e. « = D71 with 7 € RP, and we have & = 0. Since we consider cutting planes
with respect to an LP solution x*, we assume that & # 0 in what follows.

For any LP solution z* we have Dz* = d and consequently a’z* — 3 =
aTz* — B+ (DTAN)Tz* — d¥'\) = oTz* — B, i.e. the original cut and its
rotated version are violated by the same amount. The orthogonal projec-
tion of an LP solution z* on the rotated hyperplane a’z = 3 is given by
& =a* —a(a’z* — B)/||al|?>. As noted above, we have a’s =  and Di = d
indicating that the point Z lies at the intersection of the equality constraints
and the cut hyperplane.

The rotated distance of a cut is thus given by

v (a, B, %)
Ha _pr (DDT)_lDaH

rd(a, f,z") = 9)

Ezample 2 (continued) We next compute the rotated distances for the cuts

3z1 + xo < 8 and 27 < 2. For the first cut we obtain \ = —% and the rotated

6 9 6 ; _ _3
cut reads {371 — 1372 < —q3. Concerning the second cut we get A = —5¢

which translates into the rotated cut %xl — %J}g < —%. According to the

violation distance rot. distance

2 2 __ _26

STtz 58 2 Vo VI T i
4

4 4 4 _ 9%

I1S2 3 3 52 /117
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o)
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Table 2 Cut quality measures (continued)

rotated distances both cuts are of the same quality (see Table 2).
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Distance with Bounds The orthogonal projection of an LP solution on a cut
hyperplane is not necessarily respecting the bound constraints on the variables.
Cook et al. [13] propose to compute the point which is nearest to the LP
solution in terms of the Euclidean distance and satisfies the cut inequality and
the bound constraints. The Euclidean distance between the LP solution and
this point is then used to evaluate the quality of a cut. More formally, the
distance with bounds is given by

db(a, B,2%) =min {||z —z*[| : a’x < Bl <z <u}. (10)

Let & be a solution to (10). Since an optimal LP solution x* has to satisfy
I < z* < wu, any point on the line segment between 2* and & also satisfies the
bound constraints, i.e. | < z* 4+ t(& — ™) < u with 0 < ¢ < 1. If the solution &
does not lie on the cut hyperplane, i.e. a”2 < 3, then there is a point p on the
line segment which is nearer to z* and satisfies a”’p = 8 and [ < p < u. Thus
any solution # to (10) with a”# < B cannot be optimal.

Ezample 8 (continued) In our example both variables are required to be non-

negative, i.e. z1, 2 > 0. The orthogonal projection of * = (33,0) on the first
cut hyperplane 3z; + 22 =8 is & = (2%, f%) Since & < 0 this point does not
satisfy the bound constraints. The optimal solution to (10) is & = (22,0) and
the distance between z* and T is % (see Table 3). The orthogonal projection
of z* on the cut hyperplane z; = 2 is & = (2,0). Since this point satisfies the

bound constraints, the distance with bounds is equal to the plain distance.

distance distance with bounds

3r1 +x9 <8

ﬁ‘w
Wk ©
SISV

I1S2

Table 3 Cut quality measures (continued)

Rotated Distance with Bounds Concerning the rotated distance, the or-
thogonal projection of an LP solution on the rotated cut hyperplane satisfies
the equality constraints Dx = d. This projected point, however, may in turn
not comply with the bound constraints | < x < u. To cope with this issue, we
compute the rotated cut @’z < 3 with @ as defined in Equation (8) and impose
this inequality as a constraint when solving (10) instead of the original cut
inequality. We call the resulting quality measure rotated distance with bounds

rdb(a, 8,2*) = db (d,ﬁ,x*) ) (11)
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Adjusted Distance An index j € N satistying a; > 0 and 27 = 0 does not
affect the violation of the cut. However, it increases the norm of the coefficient
vector «.

Ezample 4 Consider two cuts (of)Tx < % and (a*)Tx < p* with 3¢ = B*. Let
(N1, N2) be a partition of N satisfying

ol =ak >0, VjeN, (12)
af >al >0, Vje N, (13)

Suppose that the LP solution z* to the underlying problem fulfills the con-
dition 27 = 0,Vj € N3 and violates both cuts specified above. Clearly, cut ¢
mathematically dominates cut k. However, identical (relative) violations are
assigned to both cuts. Moreover, it follows from the assumed relations between
o' and o* that ||af|| > ||aF|| and thus d(a*, 8%, 2*) > d(a?, B¢, x*).

A simple variation of the Euclidean distance can be obtained by modifying the
norm for variables with index j satisfying 7 = 0. Define the vector a € R"

with
Cf
ay =40 1 70 (19
0  otherwise,
for 7 € N. The adjusted distance is given by
v(a,B,2%)
ad (o, ,27) = ————. (15)
el +1

In order to avoid division by zero, we increase the denominator by one.

Distance Variant We now consider the deviation of the LP solution z* from
a given cut hyperplane in each variable direction and multiply them. In other
words, given the LP solution x*, let the point ps be the intersection of the ray
starting in * in coordinate direction k with the cut hyperplane o’z = 8. The
vectors z* and py only differ in the k' component by the amount Az} which
can be obtained by calculating

aTz* —

A7, = |k

(16)
where k € N = {j € N : |o| > 0}. To simplify the notation we assume that
N ={1,...,r} in the following. B

Multiplying the deviations Axj, for all k € N yields

T,.x _ r
[[ 20; = Ax} - Ay - Axt = G (17)

Pt |a1.a2...ar|

In two-dimensional space, the product of the deviations computed in Equa-
tion (17) is twice the area of the triangle described by x* and its projections
pr on the cut hyperplane o'z = f.
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Typically, not all generated cutting planes have non-zero coefficients on the
same number of variables. In order to improve the comparability we extract the
r*" root and raise the resulting expression to the power of £ > 1. We obtain

v(a,ﬁ,x*)k

(la - az-- o)

dv (e, B, 2", k) = . (18)

Sl

Note that we assume that z* violates the inequality o’z < 8. Otherwise even
values of k would change the sign of the numerator of Equation (18). It is easy
to show that (18) is invariant to scaling.

Objective Function Parallelism Suppose that ¢ and « are linearly depen-
dent, for example o = k¢, k € R and k > 0. After substitution of « the cut (3)
reads (kc¢)”x < B which is equivalent to ¢’z < % This means that % is an
upper bound on the value of the objective function. Therefore cutting planes
with « as parallel as possible to the objective function are preferable. Parallelism
is measured by inspecting the cosine of the angle between ¢ and a:

OzTC

o(e) (19)

el lel

If o(a) = 1, the cutting plane is parallel to the objective function.

Ezxpected Improvement An intuitive method for measuring the quality of
a cut is to inspect the improvement of the value of the objective function
after the cut has been added and the LP has been reoptimized. Due to its
computational cost (add cut, reoptimize, remove cut) this approach is normally
not practicable. Although the exact improvement of the value of the objective
function is therefore unknown, the improvement can be estimated under certain
assumptions. Let z?,, be the expected next LP solution (cf. Christof and
Reinelt [12]). As we are maximizing, we expect the value of the objective
function to decrease (or remain the same) after a violated cut has been added,
T, .% T, %

ie. ¢c'z* — c'wy,, > 0. Taking —a as the direction of reoptimization, e.g.

Ty, =" — 0, and assuming that aszxp = [3 gives
5 afa* —a'al,,  aTz* -5 wv(a,B,a%) (20)
[lex]? [lex][? x|
The value of the objective function for z7,, takes the form
T * T
T % T % OéC'U(Oé,ﬁ,%) T % a”c *
cart, =crt - ——mm——"——=c 2" — — d(a, 5,2"), (21)
o [lev]|® [lee]
and the quality of a cut can, for instance, be measured by calculating
T
a'c
ela,B,z*)=cla* — o, = —-d(a,p,z%),
el (22)

= llell-o(a) - d(a, B,27).
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It is quite easy to see from Equation (22) that the expected improvement
is a combination of other previously defined quality measures. Not only is the
prediction of the improvement of the objective function highly dependent on the
assumptions, measuring cut quality this way is problematic when the objective
gap between the optimal solution of the LP relaxation and the optimal MIP
solution is zero.

Parallelism Let (of)Tz < * and (a*)Tx < % be two cuts generated by
some cut separation routine. If their defining hyperplanes are parallel, one
of the two cuts is dominated by the other and should consequently not be
added to the LP relaxation. Again, the absolute value of the cosine of the angle
between the two hyperplanes (or vectors) is used to detect parallelism:

()" o

lla [ o]

p(a’,a")

If p(af, &*) = 1, the hyperplanes which correspond to the two given cuts are
parallel. In contrast, p(a’, o) = 0 indicates that the two cuts are orthogonal.

Support The support of the coefficient vector « is the set of its non-zero
positions N = {j € N : |a;| > 0}. One can compute the percentage of all
variables that is present in the cut

_ v

s(a) = N (24)

Cutting planes which have a coefficient vector a which has a large value of
s(a) are called dense. Dense cuts are likely to slow down computations in the
simplex algorithm (e.g. the LU factorization) and can possibly cause numerical
difficulties. Since adding these cuts is thus not desirable, we select cuts with
minimal support, i.e. we use the quality measure 1 — s(«).

Integral Support Let the set N be defined as in the previous paragraph. The
set N; = N N Ny consists of those non-zero positions of o which correspond to
integer-constrained variables. Using this information it is possible to calculate
the ratio between the number of integer-constrained variables and the total
number of variables present in a cut

i(a) = iR (25)

One may argue that a cut having non-zero coefficients on many (possibly
fractional) integer variables is preferable to a cut which consists mostly of
continuous variables.
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3 Cut Pool and Cut Selection Algorithm

The term cut pool (cf. Padberg and Rinaldi [29]) is used for a data structure
which is designed to offer an intermediate storage area for generated cutting
planes. In our implementation the cut pool uses a packed storage, meaning
that only non-zero entries and their indices are stored. All cuts are stored as
less-or-equal inequalities, i.e. a”x < 3.

Several cutting plane techniques are available in MoOPS. So far, all generated
cuts which are violated by the current solution are added to the LP relaxation.
That this policy dramatically increases the problem size motivated the idea of
studying and implementing cut management and selection techniques.

The Moprs MIP solver generates cuts at the root node of the branch-and-
bound tree (cut-and-branch). Prior to the branch-and-bound algorithm the
so-called supernode processing (cf. Suhl [30]) or IP preprocessing is performed.
Mops separates clique [15], bound implication [30], cover [20], flow cover [32],
mixed-integer rounding [26], Gomory mixed-integer [19], lift-and-project [7, 8,
10], reduce-and-split [5, 14]*, pivot-and-reduce [35], strong Chvétal-Gomory [23],
{0, $}-Chvéatal-Gomory cuts [22] and two-row cuts [34] with the objective of
tightening the LP relaxation. The cut generation process is iteratively continued
until there is no improvement in the dual bound or a maximum number of rounds
(typically twenty) is reached. There is no additional scheme for deactivating
specific cut separators. Cut pool and cut selection are at the moment only
used at root node. However, it should not take too much effort to adapt the
implementation in such a way that it can be used at any branching node.

In the following we discuss the details of our implementation.

— In order to minimize work related to changes in the existing implementation
of supernode processing, we changed the cut separation routines in such a
way that they optionally add violated cuts to the cut pool instead of adding
them directly to the LP relaxation. If possible, coefficients are scaled to
integer values whenever a cut is added to the cut pool to avoid numerical
problems.

— Quality measures which can be computed independently of the LP solution
are computed and stored when a cut is added to the cut pool, i.e. support,
integral support and objection function parallelism. We also compute the
norm of the cut coefficient vector, the norm of the rotated cut coefficient
vector (see Equation (8)) and the absolute value of the product of the cut
coefficients (see Equation (18)).

— Quality measures whose values depend on the solution of the LP relaxation
need to be updated after each LP resolve. In our implementation we recom-
pute the violation (see Equation (4)), the adjusted norm (see Equation (15))

1 Andersen et al. [5] and Cornuéjols and Nannicini [14] propose different variants of the
reduce-and-split cut separator. To distinguish between these two, we call the original separator
proposed by Andersen the reduce-and-split separator and the one proposed by Cornuéjols
and Nannicini the reduce-and-split2 separator.
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and the (rotated) distance with bounds (see Equations (10) and (11)). All
other quality measures can be calculated from these values.

— If a cut a2 < B is added to the cut pool, we compute the rotated cut
coefficient vector @ = a + DT\ as defined in Equation (8) by solving the
system

DDTX\ = —Da (26)

for A. In order to be able to do this efficiently, we initially perform an LU
decomposition of DD” and then solve each system by forward transforma-
tion.

— We apply an active set algorithm proposed by Voglis and Lagaris [33] to
compute the distance with bounds (see Equation (10)).

— After each round of cut generation, in which different cutting plane sep-
arators are executed, the cut selection is performed and the cut pool is
scanned for cutting planes which seem to be promising with respect to some
quality measure. If a cut is selected and activated, i.e. added to the problem
formulation, it still remains in the cut pool. But in order to avoid adding
this cut again, we mark it as activated. Having added the selected cuts, the
LP is reoptimized and a new round of cut generation starts.

— We use the algorithm of Tomlin and Welch [31] to identify duplicate (i.e.
exactly parallel) cuts. This algorithm is a very fast and specialized method
which was originally developed to identify duplicate rows in an LP ma-
trix in LP preprocessing. As this algorithm only works on a columnwise
representation of the cut pool, we need to perform a sparse transpose.

— Suppose [ cuts have been added to the cut pool and the cut pool has been
sorted by non-ascending quality values. Furthermore, given 6 = 1,...,1 —1,
let

(o/)T x < B', i=poolsrt[d] (27)

be the cut of 6** best quality and let
(ak)T x < pB* ke {poolsrt[d +1],...,poolsrt[l]}, (28)

be the set of cuts with smaller quality values. To reduce the size of the cut
pool and increase the diversity of cuts we perform a check for parallelism
which exploits the order of the cut pool. Thus we require all pairs (i, k) of
cuts as defined in Equations (27) and (28) to satisfy the inequality

p (o, ") < pmax. (29)

We thereby remove all cutting planes with index k which are (almost)
parallel to a better cut with index ¢ from the cut pool.

— In order to avoid removing high-quality cuts from the cut pool, we addi-
tionally check whether the quality of such a cut is relatively large. If the
quality value is larger than skip_factor times best_qual and the paral-
lelism p(a’, a*) of the two cuts is not larger than p_max ub cut & is not
removed.
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— If o = wa® with w € R, then the hyperplanes (o/)Tz = 8% and (of)Tz =
B* are parallel. This implies that p(a’,c) = p(a*, ), i.e. being immediately
parallel to the objective function is a required condition for the parallelism
of two cutting planes. This detail can be used to save computational effort
when checking for duplicate cuts.

— Whenever a cutting plane is found to be parallel to, a duplicate of or
dominated by another cut it is marked as deleted instead of being directly
removed from the cut pool. All parts of the algorithm simply ignore cuts
which are marked as deleted. If an additional cut cannot be added to the
cut pool because the maximum number of cuts in the cut pool is reached,
a compression routine is executed. This compression routine efficiently
removes all cuts which are marked as deleted from the cut pool.

— We require cuts which are inserted into the LP relaxation to have a minimum
quality. Following suggestions described in [6] we do not fix this minimum
quality min_qual a priori. At the first call of the selection routine min_qual
is set to the minimum of min_qual_ub and 50% of the quality of the best
cut in the cut pool. Whenever the cut pool does not contain cuts having the
required minimum quality, the counter fail is incremented. If fail takes
the value two, meaning that the cut pool did not contain adequate cuts
in two rounds, min_qual is reduced to allow for cuts with smaller quality
values.

— The parameters total_factor and round_factor restrict the number of
cuts added to the LP relaxation during one round of cut generation and
the whole supernode processing respectively. Our implementation does not
allow for the total number of cuts (or number of cuts per round) to be
larger than total factor (or round factor) times m, which is the number
of constraints in the initial LP formulation.

— Cutting planes are aged out of the cut pool, meaning that cuts whose quality
values were not large enough to be added to the LP relaxation in max_age
rounds are deleted.

— Non-binding constraints are removed from the LP relaxation. Additional
techniques such as aging are not used in the LP context. In particular, this
means that cuts are not transferred from the LP formulation back to the
cut pool.

4 Computational Experiments

In the preceding sections we discussed various cut quality measures and pre-
sented a cut selection algorithm. In this section we evaluate computationally
the effectiveness of these cut quality measures. We further assess the effect
that our cut selection algorithm has on the overall performance of Mops. The
computations were performed on a subset of the instances from the following
sources: ACC [28], CORAL [25], MIPLIB [3, 11, 21] and MILP [27]. Our
test set consists of the 143 instances. We imposed a maximum computation
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time of one hour per instance. In order to obtain comparable results and to
reduce the variability between test runs, we disabled the heuristics of MopPS
and provided the optimal value of the objective function as a cutoff value. The
tests runs were conducted on an Intel Core 2 Duo PC with 3.16 GHz and 8
GB of main memory.

Apart from choosing a reliable cut quality measure, a number of parameters
need to be set for our cut selection algorithm. In a series of preliminary experi-
ments, we tested different default settings for these parameters while keeping
the cut quality measure fixed. We first only limited the number of cutting
planes added to the LP relaxation by setting the parameters total _factor
and round_factor to the values 1.0 and 0.1 respectively. The results obtained
with this parameter setting were not satisfying. After some tuning we found the
following default setting which we used to compute all results presented in this
paper. In particular, we pursue a quite aggressive strategy to reduce the number
of cutting planes in the cut pool. Duplicate cuts are identified and even fairly
parallel cutting planes (p-max = 0.1) are not considered. We avoid removing
cuts with a relatively high quality (skip_factor = 0.9, p-max_ub = 0.5). In
addition, we try to reduce the size of the cut pool by restricting the maximum
age of a cut to three (max_age = 3). The minimum quality value we require a cut
to have is 0.01 (min_qual_ub = 0.01). It turned out to be unnecessary further
to limit the number of cuts added to the LP relaxation (total factor = oo,
round_factor = o). Note that we do not examine the effect of each single
parameter on the overall performance. These settings are therefore still first
choices likely to be improved by further experiments.

We next investigate the individual computational effectiveness of the cut
quality measures we presented. We compare the variants using a specific quality
measure with a reference setting which does not apply a cut selection algorithm.
To enhance readability we only present cumulative results in this section. In
order to compare the performance of the different configurations, we compute
the shifted geometric means (see Achterberg [2]) of the solution times, numbers
of branching nodes, amounts of integrality gap closed at the root node and
numbers of cuts added to the LP relaxations. To compute the shifted geometric
means, we set the shifting parameter s = 100 for node counts, s = 10 for
solution times, s = 0.05 (i.e. 5%) for integrality gaps and s = 1 for the number
of cutting planes added to the LP relaxations. If an instance is not solved
within the time limit, we assume a computation time of one hour and treat the
current number of computed branching nodes as the final node count in our
evaluations. For instances which do not have an integrality gap we assume a
value of 1 (i.e. 100% gap closed) in the calculation of the mean values. Table 4
shows the percentage changes in the shifted geometric means calculated for the
cut quality measures relative to the mean values obtained if no cut selection
algorithm is applied. The detailed results can be found in Tables 6 to 10 in the
appendix.

An immediate observation from Table 4 is that the performance of an
LP-based cut-and-branch MIP solver like MOPS can considerably be improved
by carefully selecting only a subset of the cutting planes generated during IP
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ACC +19 +339 -46 +356 -47 4375 4296 +296 +38 -9 -38 4379
o CORAL -8 -18 -19 -14  -22 -13  +10 -15 +3 -6 -17 -14
§ MIPLIB -29 =35 -44 -43 -39 -38 -20 27 -26 -30 -44 -33
* MILP -32 -40  -32 -37  -36 -37 -26 -51 -25 -45 -32 -40

total -16 -23 -27  -23 -28 -20 -1 -23 -8 -19 -25 -21

ACC +57 +83 -46 +40 -44 +179 464 +64 +77 +12 -33 +105
CORAL 459 444 434 438 428 441 4119 +48 +71 +68 +39 +53
MIPLIB -1 +3 -8 -24  -24 -21 464 +34 -3 -11 -19 +16
MILP +55 440 +49 +31 437 439 +91 +17 433 43 +41 441
total +45 +35 +26 +23 +16 +28 +102 +40 +48 +37 +25 +44

ACC 0 0 0 0 0 0 0 0 0 0 0 0
CORAL +5 +4 +3 +4 +4 +5 +20 +12 -4 +1 45 +7

nodes

é%o MIPLIB +7 +6 +17 +8 44 +2 429 +20 +1 +3 +6 +12
MILP +1 -9 0 -4 0 -6 +7  +11 -7 -6 +3 -1
total +4 +2  +5 +4 43 +3 419 +13 -4 0 +5 +6
ACC -5 -90 -78 -76 -74 7T -99 -99 -74 -T1 -T7 -T7

» CORAL -8 -8 -89 -8 -87 -8 -93 -91 -73 -72 -8 -90

é MIPLIB -81 -86 -87 -8 -8  -86 -91 91 -75 -78 -86  -86
MILP -90  -91 -93 -93 -93 -93 95 96 -80 -79 -92  -92
total -87 -8 -89 -89 -8 -8 93  -92 -75 -74 -88 -89

Table 4 Performance impact of using particular cut quality measures. The values represent
percentage changes in the shifted geometric mean compared with a reference setting in which
no cut selection scheme is activated. Positive values indicate a deterioration while negative
values signify an improvement.

preprocessing. Concerning the time spent on solving the instances in our test
sets to optimality, our cut selection algorithm mostly leads to performance
improvements in terms of the relative shifted geometric mean values. The ACC
instances, however, are very prone to changes in the cut selection algorithm.
For these instances the solution times can be reduced considerably if cut quality
is measured by distance (“distance”) or distance with bounds (“distance w/
bounds”). On the other hand, other quality measures lead to a dramatic
deterioration in performance with respect to solution times. Aside from the
ACC instances, the only increases in the solution times that Table 4 reports
on arise from using the objective parallelism (“obj. parallelism”) or support
(“support”) to measure cut quality for the CORAL instances. The effect of
our cut selection algorithm on the enumeration during the branch-and-bound
algorithm varies across the test sets and quality measures. The reference setting
which adds all cutting planes generated during IP preprocessing to the LP
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relaxation in many cases computes the smallest number of nodes during the
branch-and-bound search. Increases in the node counts are not surprising since
our cut selection algorithm strongly reduces the number of cutting planes added
to the LP relaxation, thereby affecting its tightness. The shifted geometric
means of the number of cutting planes added to the LP relaxation decrease at
least by about 70%. The search space the branch-and-bound algorithm needs
to explore thus increases if the MIP formulation produced by our cut selection
algorithm has a lower quality. The number of branching nodes, for example,
increases by 119% for the CORAL instances if cut quality is measured by the
objective parallelism. This increase corresponds to the increase in the running
times mentioned above. Most of the other, sometimes dramatic, increases in
the number of branching nodes do not, however, lead to increased running
times. The greater part of the branch-and-bound algorithm’s running time is
typically spent on solving LP relaxations. Cutting planes increase the size of
these LP relaxations, making them more difficult to solve. Our computational
experiments indicate that the number of constraints in the LP relaxation
is considerably increased by adding all cutting planes generated during IP
preprocessing, which repeatedly leads to higher node solution times during the
branch-and-bound process. If, on the other hand, only a careful subset of the
generated cuts is added, solving the LP relaxation becomes computationally
less expensive. Since the LP relaxation is solved for every branching node, the
performance gain in LP optimization achieved by adding only selected cuts is
likely to overcompensate the loss in the quality of the MIP formulation. This is
also shown by the results in Table 4 where the overall solution times decrease
even if the number of branching nodes increases. For instance, the configuration
“distance w/ bounds” computes on average 16% more branching nodes while the
average solution time decreases by 28%. Concerning the amounts of integrality
gap closed at the root node, our results show that most cut quality measures
produce dual bounds of good quality. Concerning the entire test set, considerable
losses in the quality of the dual bound can be observed if cut quality is measured
by the objective parallelism or expected improvement. On the other hand, some
quality measures close more integrality gap than the reference setting although
fewer cuts are added. For the MILP instances using relative violation (“rel.
violation”) increases the shifted geometric mean of the amounts of integrality
gap closed at the root node by 9%.

Concerning solution times, Table 4 shows that the three distance-based
quality measures proposed in the literature, i.e. distance, rotated distance and
distance with bounds, and their combination rotated distance with bounds
produce quite similar results in terms of the shifted geometric means. Figure 1
shows performance profiles (cf. Dolan and Moré [16]) of solver configurations
using these quality measures. Figure 1 confirms the results reported in Table 4
and indicates that there is no clear winner among these quality measures.
The configuration using distance is the fastest of the four configurations on
about 32% of the instances in the test set. Rotated distance is fastest on
about 31%, distance with bounds on about 42% and rotated distance with
bounds on about 22% of the instances. Among all four configurations, the



16 Franz Wesselmann, Uwe H. Suhl

100%

90%
e Uyt st et LT T DT
80% -‘.',,‘.-.-_.=l.. o
“ S r_.
J— Pl
g 70% =
2 &
S
% 60% s
£ R
g o
g- 50% -?:'"
i" - - - distance
40% | e rotated distance
distance with bounds
30%
— — = rotated distance with
bounds
20% T T T T T !
0 1 2 3 4 5 6

time factor (log, scale)

Fig. 1 Performance profiles of distance variants.

one using distance with bounds solves the largest percentage, namely 87%,
of the instances to optimality within the time limit. With regard to the time
needed to solve specific percentages of instances to optimality, Figure 1 shows
that distance with bounds solves 80% of the instances to optimality within
a time factor of about 2.4 of the best configuration. The configuration using
rotated distance, however, solves 62% of the instances within a time factor of
about 1.2 of the best configuration. Moreover, rotated distance with bounds
solves 85% of the instances to optimality within a time factor of about 4 of the
best configuration.

Figure 2 shows performance profiles of solver configurations measuring cut
quality by plain distance, adjusted distance (15) and the distance variant (18).
There again is no clear winner. While distance is fastest on about 47% of the
instances in the test set and solves 85% percent of the instances to optimality
within the time limit, the configuration using adjusted distance is fastest on 29%
of the instances and succeeds in solving 87% of the instances to optimality.

We next consider the performance gain that can be achieved by applying our
cut selection algorithm on a per-instance level. Figure 3 depicts performance
profiles of two solver configurations. The first configuration adds all generated
cutting planes to the LP relaxation while the second one applies our cut selection
algorithm using distance (6) as cut quality measure. The configuration which
does not use a cut selection algorithm is fastest on about 28% and solves 84%
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Fig. 2 Performance profiles of distance variants (2).

of the instances in the test set to optimality within the time limit. The
configuration applying our cut selection algorithm is fastest on 64% of the
instances in the test set. Figure 3 also shows that this configuration solves 85%
of the instances to optimality within the time limit and 78% of them within a
time factor of about 2 of the best configuration.

Achterberg [1, 2] proposes to measure cut quality by a weighted sum of
distance, objective function parallelism and relative orthogonality. Relative
orthogonality is defined as the minimal orthogonality between a given cut and
all other cuts which are of higher quality. In the following we consider a weighted
sum of distance (6), integral support (25) and objective parallelism (19) where
the first quantity is weighted with 1.0 and the latter ones with 0.1. In our
implementation orthogonality (or parallelism) does thus not have a direct
influence on the quality value, i.e. is not part of the weighted sum. We use the
parallelism condition to remove cuts a priori. Figure 4 depicts performance
profiles of two solver configurations. The first one measures cut quality based
on distance while the second one computes the weighted sum. Figure 4 shows
that distance is fastest on about 46% and solves 85% of the instances in the test
set to optimality within the time limit. The configuration using the weighted
sum, on the other hand, is fastest on about 50% and solves 89% of the instances
to optimality.
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implication 5 6 47 2 15 13 6 3 5 6 4 6 2 4
clique 1 1 315 8 1 1 2 1 1
cover 11 19 119 15 1 4 1 1 2 3
flow cover 2 1 3 32 9 2 2 3 3 2
mir 6 7 5 4 6 7 30 2 10 8 10 12 8
strong CG 2 38 9 1 1
lift & project 9 1 2 3 2 5 3 13 26 16 14 1 13 7 9
reduce & split 1 12 1 9 1 1
reduce & split2 2 1 2 9 414 3 2 2
pivot & reduce 7 2 3 3 5 3 9 210 2 11 22 12 7
zero-half 1 1 3 7 4 1 1 170 12 3
two-row 9 7 4 2 7 6 5 8 9 5 2 37 11

32 56 7 70 22 27 27 50 3 59 7 67 42 47 13 72 27 65 27 65 24 62 70 26 39 59

88

7 49 7 62 74 89 85 92 92 86 96 98

Table 5 Percentages of cutting planes removed from cut pool as duplicates (D) or due to

parallelism (P).
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The overall reduction of the number of cutting planes is remarkable, but
does not give insight into the performance of specific cutting plane separators
within the cut selection framework. Specifically, we want to answer the question
whether certain cutting planes are more sensitive to cut selection schemes
than other ones. Table 5 shows statistics about the removal of cuts violating
the maximum parallelism constraint (29) and duplicate cuts. Duplicate cuts
can, for instance, arise if a specific separator generates the same cut in several
rounds of IP preprocessing. Each column in Table 5 represents a specific cut
separation algorithm (separator). For each of these separators the percentage of
the generated cuts that is removed is shown. The corresponding rows show the
separators that cause the removal. Table 5 shows that a large fraction of the
generated cuts is removed from the cut pool, e.g. 85% of the lift-and-project cuts.
It also indicates that the parallelism checks considerably reduce the number of
cuts in the cut pool. For instance, 16% of the generated reduce-and-split cuts
are removed from the cut pool because of parallelism to lift-and-project cuts.
An interesting point is that about 30% of all generated MIR cuts are removed
due to parallelism to other MIR cuts of higher quality. In state-of-the-art MIP
solvers MIR cuts are separated heuristically using constraint aggregation. The
number of cuts produced by this heuristic is usually quite large as cuts are
generated from rows of the LP as well as from arbitrary combinations of these
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rows. Furthermore, the heuristic is likely to come up with many “similar” cuts
due to the fact that partially the same rows were aggregated. The computational
results indicate that our cut selection algorithm is especially helpful in dealing
with such a separation heuristic. An additional information provided by Table 5
is that some separation routines are more likely to generate duplicate cuts
than other ones. For instance, about 9% of all generated reduce-and-split2
cuts are removed from the cut pool due to the fact that they are duplicates of
reduce-and-split cuts. These separation algorithms use different strategies to
aggregate rows of the LP tableau. Our cut selection algorithm can reduce the
redundancies which are created by both separation algorithms.

5 Conclusion

In this paper, we presented a cut selection algorithm and tested cut quality
measures for their practical value. Our computational experiments showed
that using this cut selection algorithm can reduce the running times. We
also demonstrated that the reduction of the number of cutting planes is an
important part of such algorithms. Moreover, we showed that our algorithm
can be especially helpful when there are cut separators that tend to generate
“similar” cuts. The developed algorithm is at the moment only used at the root
node of the branch-and-bound tree. Future work could investigate the efficient
usage of the cut pool and cut selection algorithm within a branch-and-cut
algorithm.
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Implementing cutting plane management and selection techniques
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distance variant

distance + obj. parallelism + int. support

instance S time (sec.) # nodes gap cl. (%) # cuts S time (sec.) # nodes gap cl. (%) # cuts
30-05-100 T  >3600.0 166820 100.0 1 T  >3600.0 169141 100.0 1
30-95-100 615.6 5416 - 0 611.4 5416 - 0
30-95-98 95.4 833 100.0 1 94.8 833 100.0 1
accl 28.8 744 - 32 22.2 432 - 36
ace3 T  >3600.0 4125 - 10 486.0 5205 - 10
aflow30a 384.0 101899 44.5 206 199.8 43662 53.1 271
air04 325.2 2326 10.9 16 305.4 2459 16.2 20
air05 229.8 20121 3.5 7 126.6 13791 2.7 4
aligning 148.8 2218 22.8 25 319.8 2018 36.5 62
bienst1 189.0 45755 24.0 63 182.4 50317 13.4 29
bienst2 1239.0 329627 16.3 114 1079.4 334637 10.2 29
cap6000 48.0 3943 22.7 7 75.0 3965 18.9 16
demulti 49.2 179 71.3 221 45.6 79 82.9 303
eilB101 360.0 50505 9.4 25 301.2 47595 8.8 18
fiber 78.0 432 86.2 131 63.6 152 93.1 191
gesa2_o 119.4 31106 72.7 275 64.2 9704 96.7 346
gesa3_o 22.2 385 73.4 144 34.8 217 79.8 263
harp2 2539.2 2654366 54.5 110 1399.8 899172 61.7 344
1152lav 67.8 11248 16.2 43 55.8 11418 17.7 a1
mapl8 1918.8 2973 18.4 149 2092.8 3732 27.6 391
map20 1422.6 3261 19.0 131 2047.2 4354 29.9 287
markshare-4_0 1392.0 1750919 0.0 5 1380.6 1750919 0.0 5
mas76 554.4 1405143 4.8 3 399.6 805703 2.8 3
mitre 300.0 7442 95.4 1071 207.0 3447 92.8 2044
mod011 112.8 5591 63.0 725 118.8 2989 72.2 878
neos-1053591 2347.8 4024718 0.0 3 1861.8 3303428 0.0 16
neos-1061020 311.4 4844 4.6 23 325.8 4998 5.0 40
neos-1122047 69.6 51 - 0 69.0 51 - 0
neos-1151496 58.8 372 100.0 16 48.0 476 100.0 15
neos-1171448 29.4 152 - 1 45.0 214 - a1
neos-1171737 T  >3600.0 93362 - 2 T  >3600.0 120201 - 33
neos-1200887 308.4 184967 0.0 1 306.0 184967 0.0 1
neos-1211578 547.2 848885 0.0 3 588.0 947955 0.0 4
neos-1228986 T  >3600.0 5123244 0.0 2 2491.8 3768421 0.0 11
neos-1367061 95.4 121 100.0 40 164.4 89 100.0 92
neos-1396125 2338.2 586694 23.4 36 2353.2 458022 24.2 78
neos-1420205 1.2 2316 37.5 15 123.0 250320 45.0 35
neos-1440447 1198.2 1256872 0.0 6 690.0 843891 0.0 6
neos-1460265 1.8 444 - 163 T  >3600.0 1716175 - 200
neos-1489999 583.2 280880 9.5 39 579.6 314943 7.1 35
neos-1582420 1965.6 151674 12.4 33 1621.8 128018 41.6 46
neos-1597104 60.6 478 - 6 21.0 60 - 6
neos-430149 1988.4 2220811 0.0 40 1708.2 1857697 0.0 64
neos-480878 T  >3600.0 266197 64.1 7 T  >3600.0 269120 64.1 7
neos-503737 467.4 21224 - 19 211.8 6589 - 35
neos-504674 1450.2 958030 40.2 197 835.2 481187 42.3 304
neos-504815 349.8 212814 31.3 200 223.2 113911 35.1 268
neos-512201 881.4 538171 41.4 215 427.2 181020 42.8 323
neos-522351 T >3600.0 494796 63.8 104 T  >3600.0 439697 81.9 340
neos-525149 193.8 48680 0.0 47 243.0 66257 0.0 72
neos-530627 1647.6 3419721 45.3 3 0.2 1 100.0 5
neos-538867 246.6 270164 0.0 16 339.6 303811 0.0 54
neos-538916 373.8 362381 0.0 23 508.8 506244 0.0 23
neos-551991 1225.2 90865 31.4 57 918.6 107038 31.4 80
neos-555694 31.8 6650 0.0 28 15.6 2021 0.0 91
neos-555771 70.2 13950 0.0 69 64.2 13973 0.0 104
neos-570431 105.6 25387 25.1 35 58.2 12169 25.1 40
neos-583731 53.4 28934 - 207 540.6 293461 - 220
neos-584851 329.4 296311 0.0 75 259.2 188740 0.0 142
neos-585192 503.4 97399 60.7 97 2950.2 482160 60.7 150
neos-595905 >3600.0 854726 39.8 340 1845.0 401148 63.4 407
neos-598183 757.2 125639 37.3 355 894.0 162672 90.8 468
neos-603073 >3600.0 387687 6.6 409 T  >3600.0 269044 7.7 517
neos-611838 471.6 16885 65.2 454 197.4 6193 77.2 581
neos-612125 193.8 2155 68.1 473 139.8 1493 74.0 585
neos-612143 172.2 4855 66.9 443 157.8 3129 76.7 573
neos-612162 306.0 7811 64.7 462 149.4 3843 78.0 555
neos-686190 894.6 90416 6.5 26 814.8 86389 5.7 40
neos-709469 799.8 906893 - 20 1.2 409 - 65
neos-775946 T  >3600.0 514954 29.1 98 T  >3600.0 534903 59.7 152
neos-777800 114.0 10229 - 0 28.8 1580 - 1
neos-785914 22.8 1611 - 89 172.2 14546 - 77
neos-791021 F  >3600.0 490676 7.7 68 T  >3600.0 639014 30.8 109
neos-796608 T  >3600.0 3343092 0.0 12 T  >3600.0 3429114 0.0 12
neos-803219 79.2 54451 25.8 59 84.0 55325 35.4 56
neos-803220 69.6 81907 30.0 30 85.2 76613 30.5 46
neos-806323 64.2 15692 27.2 124 49.2 11131 35.2 147
neos-807639 59.4 26373 23.3 99 49.8 20033 29.2 148
neos-807705 45.0 10288 17.5 119 46.2 9495 24.0 144
neos-808072 150.6 455 98.6 42 58.8 647 98.6 29
neos-810286 62.4 1048 - 2 81.6 1615 - 4
neos-820879 1930.8 61876 64.5 99 2269.2 62556 59.7 109
neos-824661 T  >3600.0 3555 - 128 1726.2 2748 140
neos-824695 78.0 480 - 68 523.2 2977 - 71
neos-825075 58.2 35445 0.0 5 94.8 37798 0.0 88
neos-826224 T  >3600.0 21134 - 70 T  >3600.0 124613 - 100

continued on next page
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distance variant distance + obj. parallelism + int. support
instance S time (sec.) # nodes gap cl. (%) # cuts S time (sec.) # nodes gap cl. (%) # cuts
neos-826250 300.0 3154 - 68 104.4 2678 - 179
neos-826812 75.6 269 - 48 40.2 87 - 53
neos-827175 60.0 47 - 34 59.4 a7 - 34
neos-829552 1719.6 9049 3.4 16 1776.6 8501 3.5 20
neos-839859 107.4 18550 7.4 14 132.6 13407 6.9 27
neos-860300 63.0 600 38.3 1 61.8 595 38.3 4
neos-863472 1414.8 2259330 0.0 11 1500.6 2484084 0.0 13
neos-881765 3.6 301 - 4 3.6 301 - 4
neos-885086 143.4 652 - 4 221.4 821 - 29
neos-892255 160.8 11116 0.0 4 216.6 10204 0.0 126
neos-905856 3454.2 373205 100.0 38 T  >3600.0 405660 0.0 20
neos-906865 49.2 13625 30.8 23 172.2 51543 23.7 48
neos-912015 18.6 3363 - 8 33.0 6684 - 9
neos-933638 154.2 114 - 1 347.4 249 - 2
neos-933815 T  >3600.0 607800 89.9 365 477.0 149757 98.8 454
neos-933966 1291.8 803 - 1 211.8 305 - 15
neos-934531 53.4 51 100.0 87 51.6 6 100.0 143
neos-935627 185.4 176 - 1 T  >3600.0 7562 - 1
neos-935769 543.0 1527 - 1 540.6 1527 - 1
neos-936660 T  >3600.0 3353 - 0 2902.8 6503 - 1
neos-937446 309.0 413 - 1 307.2 413 - 1
neos-937511 621.0 1475 - 1 316.2 613 - 12
neos-942323 340.8 100368 0.0 112 720.0 193393 0.0 132
neos-948268 132.6 3056 - 1 1574.4 6252 - 33
neos-955215 T  >3600.0 2237195 99.3 184 385.2 263955 99.6 317
neos-957270 T  >3600.0 271158 - 28 4.2 72 - 22
neos10 381.6 18 63.1 258 337.8 18 62.2 561
neos11 712.8 28329 0.0 2 1555.2 55449 0.0 2
neos2 354.0 129354 10.4 60 T  >3600.0 566187 17.3 146
neos20 470.4 326473 2.4 166 244.2 117230 0.0 271
neos21 105.6 27334 16.4 24 124.2 28673 37.3 25
neos22 106.8 25559 99.6 160 152.4 20621 99.6 206
neos6 2526.0 54360 - 30 T  >3600.0 88419 - 38
neos648910 F  >3600.0 3371502 0.0 100 453.6 523861 0.0 200
neos671048 106.8 4118 24.9 5 149.4 4573 36.4 54
neos8 141.0 1 100.0 7 139.2 1 98.2 72
neos897005 931.2 108 100.0 18 437.4 216 100.0 9
nw04 166.8 67 87.7 14 239.4 106 66.4 9
pg5-34 T  >3600.0 339340 91.5 1235 955.8 126937 98.8 1289
prodl 1558.2 2852684 46.4 15 T  >3600.0 4976742 46.5 24
qapl0 156.0 229 19.3 13 205.8 224 19.3 42
qiu 101.4 18195 2.6 17 118.2 27941 0.0 1
qnetl 183.0 113 33.0 80 157.8 920 35.8 165
qnetl-o 126.0 191 63.0 125 201.6 77 70.3 169
ran10x26 198.6 95558 44.8 129 183.0 57643 49.8 171
ranl12x21 641.4 322335 50.8 206 457.2 204846 53.8 238
ran13x13 172.8 141441 49.1 99 89.4 45634 62.0 160
ran16x16 T  >3600.0 1597061 53.0 229 2919.0 1091173 56.1 293
rmatr100-p10 456.6 24307 0.6 1 499.2 27207 1.8 1
rmatr100-p5 218.4 4823 0.5 1 203.4 4287 1.4 1
rout 784.2 522381 10.8 82 1088.4 618583 12.7 125
setlch T  >3600.0 1445694 77.1 415 T  >3600.0 1668067 86.6 507
sp98ir 393.0 47830 4.2 10 280.8 33381 3.8 40
swathl 63.6 12042 13.9 20 47.4 2759 14.3 73
swath2 2437.8 351729 22.8 40 638.4 48402 22.1 101
Test3 83.4 1933 91.7 136 78.0 2565 91.6 196
vpm2 66.0 73254 68.1 144 55.8 38474 81.3 262

Table 10: Detailed results (5). The columns headed “S” contain a “T” if an instance hit the time
limit or an “F” if the solver failed. The columns headed “time (sec.)” and “# nodes” show the
solution time and the number of branching nodes explored. The columns headed “gap cl. (%)”
and “# cuts” contain the amount of integrality gap closed at the root node and the number of
cutting planes which were added to the LP relaxation.



