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Abstract. This paper presents a systematic study of partial second-order subdifferentials for
extended-real-valued functions, which have already been applied to important issues of variational
analysis and constrained optimization in finite-dimensional spaces. The main results concern de-
veloping extended calculus rules for these second-order constructions in both finite-dimensional and
infinite-dimensional frameworks. We also provide new applications of partial second-order subdiffer-
entials to Lipschitzian stability of stationary point mappings in parametric constrained optimization
and discuss some other applications.
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1 Introduction

This paper is devoted to the development and applications of second-order variational analy-
sis based on appropriate constructions of second-order generalized differentiation. Although
the recent years have witnessed a rapidly growing interest in these areas, there are still more
questions than answers in the second-order variational theory and its applications.

Several different approaches to second-order variational analysis and generalized differ-
entiation have been recognized in the literature; see, e.g., the books [1, 21, 38] with the
commentaries and references therein. In this paper we develop the dual “derivative-of-
derivative” approach initiated in [20], which treats a second-order subdifferential 9%¢ of an
extended-real-valued function ¢: X — IR := (—o00,00] as a dual-space generalized deriva-
tive/coderivative D*0¢ of a (set-valued) first-order subdifferential mapping dp: X =% X*;
see [21] and Section 2 below for more details. There are numerous applications of the basic
second-order subdifferential construction from [20], as well as its modifications and par-
tial versions, to important issues of variational analysis and optimization largely related to
optimality and stability conditions in problems of constrained and multiobjective optimiza-
tion, systems control, and mechanics. They mainly concern nonlinear and conic program-
ming, mathematical and equilibrium problems with equilibrium constraints and hierarchi-
cal/bilevel structures, stochastic programming with applications to electricity spot market
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modeling, parameterized variational inequalities and complementarity systems, trust-region
methods in numerical optimization, optimal control of the sweeping process and generalized
gradient systems, contact and shape design problems of continuum mechanics, etc.; see, e.g.,
[3,5,7,8,9,10, 11, 12, 13, 15, 16, 20, 21, 24, 25, 26, 27, 28, 29, 30, 32, 33, 34, 36, 38, 41]
for more details and references. We specifically mention a remarkable result of [34], which
provides a complete characterization of the so-called tilt-stable local minimizers of extended-
real-valued functions in finite dimensions as the positive-definiteness of their second-order
subdifferential (or generalized Hessian) mappings from [20].

Our major attention in this paper is paid to the study and applications of partial second-
order subdifferentials of extended-real-valued functions ¢: X x Y — IR of two variables
defined by the scheme 02¢ = D*0,¢ via coderivatives of first-order partial subdifferential
mappings. To the best of our knowledge, such a partial version of the second-order subdiffer-
ential from [20] was first used in [15] to characterize full stability (a significant generalization
of tilt stability) of local minimizers for extended-real-valued functions on finite-dimensional
spaces. In contrast to the (total, full) second-order subdifferential of [20] for which various
calculus rules have been widely available (see, e.g., [14, 21, 25, 26, 33] and the references
therein), it is not the case for its more involved partial counterparts in finite and infinite
dimensions. Some results in this direction have been recently obtained in [29, 30] for special
classes of functions on finite-dimensional spaces, being mainly motivated by applications to
full stability of optimal solutions for various classes of problems in constrained optimization.

The primary goals of this paper are to develop new calculus rules for the aforementioned
partial second-order subdifferential and its infinite-dimensional extensions, providing then
their applications to some important issues in parametric constrained optimization. Most
of the results obtained are new even in finite dimensions, and some of the crucial calculus
rules have never been derived before for the full second-order subdifferential constructions.

The rest of the paper is organized as follows. In Section 2 we define and discuss the
two basic partial second-order subdifferentials of our study (called the normal and mized
one depending on the respected coderivative), which both reduce to the aforementioned
second-order construction 6%90 in finite dimensions. We also present some preliminaries
from variational analysis and generalized differentiation widely used below.

Section 3 is devoted to second-order subdifferential calculus in general Banach spaces.
The main result here establishes ezact/equality type second-order chain rules for both mixed
and normal partial second-order subdifferential constructions under a certain reduction con-
dition for extended-real-valued functions in the vein of that [1] for set and an appropriate
nondegeneracy condition for mappings. These second-order chain rule are further elaborated
in Section 4 in the case of Asplund spaces, i.e., such Banach spaces where every separable
subspace has a separable dual; this is automatic when the space in question is reflexive. The
chain rules obtained in this direction are new even for the full second-order subdifferential
in finite-dimensional spaces extending in this case the corresponding result of [33] given for
special compositions. Furthermore, it significantly generalizes the recent chain rule of [29]
for partial second-order subdifferentials in finite dimensions obtained under the full rank
condition on the partial derivative of the inner mapping.

In Section 4 we derive, besides the aforementioned exact second-order chain rules under



nondegeneracy, several other sum and chain rules for the second-order partial subdifferen-
tials of extended-real-valued functions in the Asplund space setting. The results obtained
in this section hold for significantly broader classes of mappings in comparison with those
from Section 3, while they generally ensure only the “right” inclusions/upper estimates in
contrast to the equalities in the preceding section. Note, in particular, that the partial
second-order chain rule derived here in Asplund spaces for strongly amenable compositions
sharpens the corresponding result of [29] even in finite dimensions.

In Section 5 we specify the calculus rules obtained in Section 3 and Section 4 to deriving
efficient representations of the second-order partial subdifferential constructions generated
by coderivatives of perturbed normal cone mappings of the type

F(z,y) := N(2;G(y)) with G(y) := {z € X| g(x,y) € O}.

The results obtained are shown to be useful for complete calculations of these second-order
constructions for mappings appearing in trust-region methods of numerical optimization.

Section 6 concerns applications of the partial second-order subdifferentials to the study
of the so-called stationary point mapping/multifunction S:Y = X given by

S(y) = {x € X| 0 € do(x,y) + 0utb(z,y)}, yeY,

and associated with the stationary condition 0 € 0,(¢¢ + ¥)(z,y) for the following con-
strained parametric optimization problem:

minimize o(z,y) +¢¥(z,y) over z € X. (1.1)

Note that the functions 1y and 1 play essentially different role in (1.1). The former one 1)y,
called the cost function, is usually nice (often smooth) while the latter constraint function v
is extended-real-valued and thus allows us to incorporate various constraints in the formally
unconstrained format (1.1); see, e.g., [14] for more details and discussions. The above
multifunction S is the solution map of a generalized equation (in the sense of Robinson
[37]), where the second term is always set-valued and depends on the parameter y. Invoking
coderivative characterizations of Lipschitzian behavior of such multifunctions [21], we derive
efficient conditions ensuring robust Lipschitzian stability of stationary point mappings via
the partial second-order subdifferentials of their initial data.

Section 7 contains some concluding remarks on further developments and applications.

Our notation is basically standard in variational analysis and generalized differentiation;
see, e.g., [21, 38]. Unless otherwise stated, all the spaces in question are Banach space with
the norm || - || and the canonical pairing (-, -) between, say, X and its topological dual X*.
Given a set-valued mapping/multifunction F': X = X*, the symbol

Limsup F(x) := {:z:* € X*| 3 sequences zj — 7, x} = x* with

T—T

(1.2)
x* € F(xy) forall ke N := {1,2,...}}

signifies the sequential Painlevé-Kuratowski outer/upper limit of F' as © — Z, where w*

stands for the weak* topology on X*. Recall also that the notation x L Fandz B 7 for
QC X and ¢: X — IR means that z — Z with z € Q and with ¢(z) — ¢(Z), respectively.



Throughout the paper we deal with mappings on product spaces and use the sum norm
|(z,y)]| := ||lz|]| + |ly|]| on the product X x Y. By L(X XY, Z) we denote the Banach space
of linear bounded operators from X X Y to Z and observe that A € L(X x Y,Z) can be
uniquely represented as A(u,v) = Aj(u) + A2(v) with A; € L(X,Z) and Ay € L(Y, Z).
This allows us to treat £L(X x Y, Z) as L(X,Z) x L(Y,Z) and write A*z* = (A]z*, A%z*)
for z* € Z*. Applying this to the Fréchet derivative of f: X XY — Z, we get that
V(2 5)(1,0) = Vo (&) () + Vy /(& 5) (0).

2 Basic Constructions and Preliminary Results

We mainly follow here the two-volume monograph [21] referring the reader also to the books
[1, 2, 38, 39] for related material, more discussions, alternative notation and terminology.

In the vein of the dual-space geometric approach to variational analysis and generalized
differentiation, define first generalized normals to nonempty sets. Given 2 C X and € > 0,
the set of e-normals to Q at = € Q is

N.(%;Q) = {:U* e X" limsupm < 6} (2.1)
"o a3l

with No(z;Q) := 0 for £ ¢ Q. If & = 0, the set (2.1) is a convex cone denoted by N (Z; Q)
and known as the prenormal cone or the regular /Fréchet normal cone to  at . Reducing
to normal cone of convex analysis for convex sets {2, the cone N (z;2) may be empty at
boundary points of simple nonconvex sets in JR? and does not possess a reasonable calculus.
The situation dramatically changes when we apply the sequential limiting procedure (1.2)
to N-(;€2) and define the (basic, limiting, Mordukhovich) normal cone

N(Z;9Q) := Limsup N (; Q) (2.2)
T—T
el0

to Q at z €  first introduced in [18] in finite dimensions. Note that ¢ can be omitted in
(2.2) if X is Asplund and if the set 2 is locally closed around Z. Observe furthermore that
the normal cone (2.2) can be nonconvexr for simple nonconvex sets ) in IR?, while it is not
the case if Q is normally reqular at z, i.e., N(z;Q) = N(z;Q).

Given next a set-valued mapping F': X = Y with the graph

gph F == {(z,y) € X x Y|y € F(z)},
we define the normal coderivative of F at (Z,y) € gph F by
DyF(z,9)(y") == {z* € X*| (¢*, —y*) € N((z,9);eph F) }, y" €Y, (2:3)

introduced in [19] for mappings between finite-dimensional spaces. As we know from [21],
yet another limiting coderivative construction

h F _

Dy F(z,9)(y") == {a:* e X*| Tep L0, (zp,yn) 5 (2,9), f AN x*, and

lvi =y*l =0 with (e}, —yi) € Noy (e m)igph F) - (2.4)

4



called the mized coderivative of F' at (z,y) € gph F, has been proved to be very instrumental
in infinite dimensions. We can omit €}, in (2.4) when both spaces X and Y are Asplund and
when the graph of F is locally closed around (Z, 7). As follows from the definitions above,
D}, F(z,9)(y*) = DyF(z,9)(y*) if dimY < oo while in general we have the inclusions

Dy F(Z,9)(y") € DNF(z,9)(y") forall y* e Y™

When F' = f: X — Y is single-valued at &, we drop y = f(Z) in the coderivative notation
and observe that both coderivatives (2.3) and (2.4) reduce to the adjoint derivative operator

Dy f(@)(y") = DN f(@)(y") = {Vf(@)y"}, y €Y, (2.5)
provided that f is strictly differentiable at T in the sense that
L f@) = f@) = (V@) — )

z,x' % H.CC — ZL”H

=0,

which is automatic when f is C! around this point. Note also that, being nonconvex, the
normal and mixed coderivatives are not dual to any tangentially generated derivatives of F’
in primal spaces. Nevertheless both these coderivatives and related normal and (first-order)
subdifferential constructions enjoy full calculi based on the extremal/variational principles
of variational analysis; see [21].

Before considering the first-order and second-order subdifferential constructions associ-
ated with the above coderivatives, recall some “normal compactness” properties of sets and
set-valued mappings used in this paper. These properties are automatic in finite-dimensions
while playing a crucial role in infinite-dimensional variational analysis.

A set Q C X is sequentially normally compact (SNC) at & € Q if for any sequences
er 40, xg 8 z, and xj, “3 0 with xy € Nak(xk;Q) for k € IN it follows that ||z}| — 0 as
k — oo. A set-valued mapping F': X = Y is SNC at (Z,y) € gph F' if its graph is SNC
at this point. We also need the following two partial modifications of the SNC property
for mappings. Namely, F' is partially SNC (PSNC) at (z,y) if if for any sequences ¢ | 0,
(xk, yr) = (Z,7) with (zx,yx) € gph F, (x},y5) € ]Vak,((a:k,yk);gph F') we have

(2750, |lyill = 0] = ||z}]| = 0 as k — oo (2.6)
Furthermore F' is said to be strongly PSNC at (z,y) if implication (2.6) is replaced by
[x;ﬂo, yzqi*)()] = ||z}|| = 0 as k — oc.

As always, we can equivalently remove ¢, from the above definitions for closed sets and
closed-graph mappings in Asplund spaces. Note that, besides finite-dimensional settings,
these properties hold for sets and mappings with some Lipschitzian structures and also are
preserved under various operations; see [21] for precise results. Here we only mention that
F is PSNC at (z,y) if it is Lipschitz-like (or satisfies the Aubin property) around this point
if there exist neighborhoods U of z and V of 4 as well as a constant ¢ > 0 such that

Fu)NnV C F(v)+{||lu —v||IB whenever u,v € U, (2.7)



where IB stands as usual for closed unit ball of the space in question.

Next we consider an extended-real-valued functions ¢: X — IR finite at  and associate
with it the epigraphical multifunction E,: X =% IR defined by

Ey(z):={acR|a>p(x)} with epip:=gphE,.

For brevity of the presentation we provide just geometric definitions of the first-order subd-
ifferential constructions used in this paper, referring the reader to [2, 21, 38, 39] for analytic
descriptions. In fact, we need below only the following two limiting subdifferential con-
structions generated by the normal cone (2.2) to the epigraph of ¢ or, equivalently, by
the corresponding coderivative (2.3) of the epigraphical multifunction. Namely, the basic
subdifferential 0p(Z) and the singular subdifferential 0°p(Z) of ¢ at T are defined by

Op(z) := D*E, (:E,ga(i))(l) = {x* € X*| (z*,—-1) € N((i",cp(i));epi gp)}, (2.8)

0°¢(z) == D*E,(Z,(2))(0) = {z* € X*| (z*,0) € N((z, o(Z));epi¢p) }, (2.9)
respectively. Observe that, since the mapping E, takes values in IR, there is no difference
between its normal and mixed coderivatives; so we use the common coderivative symbol D*
in (2.8) and (2.9) as everywhere in the paper. Note also that

00 () = 0%q(z) = N(z;Q), T €,

for the indicator function dq(z) of the set @ C X equal to 0 for = € € to oo otherwise.

It is well known that 0°¢(z) = {0} if ¢ is locally Lipschitzian around z. In what
follows we employ the singular subdifferential (2.9) only for formulations of qualification
conditions, which thus hold automatically for Lipschitz continuous functions. Recall also
that p: X — IR is sequentially normally epi-compact (SNEC) at T if E, is SNC at (Z, ¢()),
which is surely the case of locally Lipschitzian functions.

Now we are ready to define the second-order subdifferentials of extended-real-valued
functions, which are the main constructions of our study. By the scheme described in
Section 1 they are obtained by applying coderivatives to first-order subdifferential mappings.
The following definition, employing the normal (2.3) and mixed (2.4) coderivatives of the
basic subdifferential mapping (2.8), concerns partial subdifferentials for functions of two
variables, which of course contain full subdifferentials as a special case. We use the notation

dup(z,y) := { set of subgradients u € X* of ¢, :=¢(-,y) at z} = dpy(x)
for the partial first-order subdifferential mapping d,p: X XY = X*.

Definition 2.1 (partial second-order subdifferentials). Let ¢: X x Y — IR be finite
at (z,y) € X xY, and let u € O,p(Z,y). Then the NORMAL PARTIAL SECOND-ORDER
SUBDIFFERENTIAL 8]2\,733@(5:, g,u): X = X*xY™ and the MIXED PARTIAL SECOND-ORDER
SUBDIFFERENTIAL 8%47Ig0(:i,§,11): X* =3 X* x Y* of ¢ with respect to x at (Z,y) relative
to u are defined, respectively, by

O 0(Z,7,1)(w) == (DNOp) (2,7, 1) (w), weE X™, (2.10)

*

N1, 7, 0)(w) == (D30:0) (T, 7, 0)(w), we X*™. (2.11)



It follows from Definition 2.1 that the normal and mixed second-order constructions
(2.10) and (2.11) agree when dim X < oo; if in addition dimY < oo, they both reduce to
the “extended” partial second-order subdifferential studied in [15, 29]. However, we do not
use the “tilde” notation for (2.10) and (2.11), since we do not consider their “standard”
versions similar to [15, 29] in finite dimensions; see the discussions therein.

The next proposition shows that for C? (and a bit more general) functions the par-
tial second-order subdifferential constructions (2.10) and (2.11) go back to the the partial
Hessians involving both variables of (.

Proposition 2.2 (partial second-order subdifferentials of C?> type functions). Let
@ € C' around (Z,7), and let its partial derivative operator Vypo: X x Y — X* be strictly
differentiable at (Z,7) with the partial derivatives denoted by V3,o(Z,7) and Vi, o(Z,7).
Then for all w € X™* we have the representation

R a(@,5)(w) = Ry o0(@,5) (w) = { (V2ep(@,9) 0, Viyp(@,5) w) }.
Proof. It follows from (2.5) that there is a neighborhood U of (Z,y) such that

Orp(x,y) = {ngo(x,y)} for all (x,y) € U.

Taking this into account and applying [21, Theorem 1.38] to mapping V,p: X x Y — X*
strictly differentiable at (z,7), we get

026 (2,9)(w) = (D*Vap) (@,9)(w) = { (Viop(@,9) 0, VE,0(@,5)w) |
for all w € X**, where D* stands for either normal or mixed coderivative. A

Note that in general the second-order constructions of Definition 2.1 are positively ho-
mogeneous mappings from X** to X* x Y*; we use the common notation d2p(z, 3, u) for
them when they agree with each other as in finite dimensions. The following example il-
lustrates the calculation of partial second-order subdifferentials for nonsmooth functions
directly based on the definition. Much more in this direction comes from the second-order
calculus rules developed in the subsequent sections.

Example 2.3 (calculation of partial second-order subdifferentials for nonsmooth
functions). Consider the function o(z,y) := |z| + |y| on IR? for which we easily get that

{1} if >0,
8x(p($7y) = [_1, 1] if z=0,
{-1} if z<0.

Fix (z,y) = (0,0) with u = 1 € 0,¢(0,0) and have for (x,y,u) € gph dz¢ near (0,0, 1) that

{(0,0)} x R if >0, u=1,
N((z,y,u);gph 8z¢) = { (—00,0] x {0} x [0,00) if =0, u=1,
IR x {(0,0)} if =0, u<1.
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Then applying (2.2) with € = 0 to the set gph 0,p gives us the normal cone expression
N((0,0,1);gph 8,0) = [(—00,0] x {0} x [0,00)] U [{(0,0)} x (—00,0)] U [(0,00) x {(0,0)}].
Thus we arrive by Definition 2.1 at the complete calculation

{(0,0)} if w>0,

93¢(0,0,1)(w) = § (—00,00) x {0} if w=0,
(00,0l x {0} if w<0,

which illustrates a typical shape of 02 for this kind of nonsmooth functions.

Next we provide convenient representations of both second-order constructions 0]2\/[736@(:?, g, u)
and 8]2\771,@(@, y,u) for special classes of smooth mappings.

Proposition 2.4 (partial second-order subdifferentials for smooth functions with
Lipschitzian derivatives). Let ¢: X x Y — IR be C' around (Z,%), and let its partial
derivative V4o be Lipschitz continuous around (z,y). Then we have

8%47xg0(i,gj)(w) = Nw, V) (Z,y) for all we X™.

If in addition X is Asplund and the partial derivative V@ is w*-strictly Lipschitzian at
(z,y) in the sense of [21, Definition 3.25], then

aﬁv’x@(af,g)(w) = 0(w, V) (Z,5) Z 0 for all we X*.
Proof. Since ¢ is C! around (z,%), there exists a neighborhood U of (z, ) such that
Orp(x,y) = Vep(z,y) forall (z,y) e U.

Then using [21, Theorem 1.90] on scalarizing the mixed coderivative of local Lipschitzian
mappings gives us the representation

(DX/[vng) (Z,9)(w) = Hw, Vo) (Z,y) forall we X,

which justifies the formula for 8%4,9090(57:37) by definition (2.11). To justify the claimed
formula for 612\,@4,0(57, y), we employ the scalarization result from [21, Theorem 3.28], which
also ensures that 8]2\,73:@(:6, 7)(w) # 0 for all w € X** in the Asplund space X. A

3 Second-Order Calculus in Banach Spaces

In this section we derive calculus rules for both partial second-order subdifferentials (2.10)
and (2.11) held in general Banach spaces. To derive sum and chain rules for these con-
structions, we proceed via Definition 2.1 applying calculus rules for the normal and mixed
coderivatives to the set-valued mapping generated by the basic first-order partial subdiffer-
ential. In this way we have to restrict ourselves to favorable classes of functions for which
the corresponding first-order partial subdifferential calculus rules hold as equalities, since



neither normal nor mixed coderivative enjoys monotonicity properties that may allow us to
use well-developed partial first-order subdifferential calculus rules of the inclusion type.

We begin with simple while useful second-order sum rules identical for (2.10) and (2.11).
Note that considering partial smoothness for functions and mappings in what follows we
use the standard notation C' and C? having in mind just the variable in question.

Proposition 3.1 (partial second-order sum rules with smooth additions). Let
U € Ou(p1 + ©2)(T,7), where @1 is Ct around (Z,7) with V1 strictly differentiable at
(Z,y) while pa is finite at (T,y) with tg = u — Vz1(Z,7) € 0z2(ZT,y). Then we have

82(901'}_902)(57’ Y, a)(w) = (vir(pl(j7 g)*wv vg (pl(j’ Y, ﬂ)*w> +8§‘102 (ja Y, ﬁg)(w), w e X**7
]
for both normal (02 = 3]2Vw) and mized (0% = 8]2\4$) partial second-order subdifferentials.

Proof. Let U be a neighborhood of (Z,7) on which ¢ is C'. Applying [21, Proposi-
tion 1.107] gives us the first-order subdifferential sum rule in the equality form

Oz (01 + @2)(x,y) = Va1 (2,y) + Oppa(x,y) for all (z,y) € U.

Since Vg is strictly differentiable at (z,7), it follows from the coderivative sum rules of
[21, Therem 1.62(ii)] that

(D*02(1 + 92)) (2,5, 0) (w) = (D" Vo) (7, ) (w) + (D*0p2) (7,7, i) (w), w € X,

for both normal (D* = D}/) and mixed (D* = Dj,) coderivatives. The obtained repre-
sentation implies the claimed sum rules for both normal and mixed partial second-order
subdifferentials due to their definitions and Proposition 2.2. A

The next theorem establishes important chain rules for the mixed and normal partial
second-order subdifferentials under the surjectivity assumption on partial derivatives of
inner mappings in compositions. On one hand, it extends to partial constructions the chain
rules from [21, Theorem 1.127] obtained for the full second-order subdifferential; see also the
references therein for the previous results in this direction concerning the latter construction
under the surjectivity condition in finite and infinite dimensions. On the other hand, the
theorem below extends to general Banach spaces the recent finite-dimensional result of [29,
Theorem 3.1] for the partial second-order subdifferential of compositions under the full rank
condition imposed on the partial Jacobian matrix.

In this theorem we obtain the ezact (equality type) chain rule for the mixed construction
(2.11) in arbitrary Banach spaces, while the corresponding result for the normal one (2.10)
requires the weak™ extensibility of the range of inner mapping derivative V,¢(z,9)* C X*
in the sense of [21, Definition 1.122], which holds automatically when either V,g(z,7)* is
complemented in X* (in particular, when the kernel of V,¢(Z, ) is complemented in X),
or the closed unit ball of X** is weak® sequentially compact, which if the case if either X
is reflexive or X* is separable; see [21, Proposition 1.123].

Theorem 3.2 (partial second-order chain rules with surjective derivatives). Let
U € 0p(pog)(x,y) withg: X xY — Z and ¢ : Z — IR. Assume that g is C' around (Z,7)



with the surjective partial derivative V,g(Z,y) : X — Z and that the derivative mapping
Vig: X XY — L(X,Z) is strictly differentiable at (Z,7). Denoting by p € Z* a unique
element satisfying the relationships

u=Vy9(2,9)"p and p € 0p(z) with z:= g(z,y),
we have the following chain rules for all w € X**:

a0 9) @7, u)(w) = (Vi.(p,9)(T,7) w, V3, (p, >(

) )
V9(E.5) 00z 5) (Vag (7. 5)" (3.1)

\_/*'
v

R e(pog)(@,g,u)(w) C (Vi.(p,9)(Z,9) w, V3, (D, 9)(Z, ) ) (3.2)
+Vg(Z,9)* 03 ¢(2, D) (Vay (T, 1) w '

Furthermore, inclusion (3.2) holds as equality provided that the range of the operator V ,g(Z, y)
18 weak”™ extensible in the space X*.

*

Proof. It follows from the first-order calculus rule in [21, Proposition 1.112] that

du(p o g)(@,y) = Vag(z,y)*0p(g(z,y))

for all (x,y) around (Z,y). This allows us to represent 0,(¢ o g) as the composition

O(pog)(x,y) = (foG)(x,y) = f(x,y,G(x,y)) (3.3)

with the mappings f: X XY x Z* - X* and G: X x Y = Z* defined by

f(x,y,p) == Vag(z,y)*p and G(z,y) = (0p o g)(z,y).

Let us check that the assumptions of [21, Lemma 1.126] are satisfied in our framework (3.3)
under those imposed in the theorem. Actually the only one from [21, Lemma 1.126] that
needs to be to verified is the injectivity of the operator V,g(Z,4)*: Z* — X*, which readily
follows from the assumed surjectivity of V,¢(Z,y) due to [21, Lemma 1.18]. Employing now
the coderivative chain rules from [21, Lemma 1.126] gives us

Diy(f o G) (&, 9, 0)(w) = (Vaf (2,9,D) w, Vy f(2,9,p)w) + Dy G(Z,9,p)(f(Z,7,-) w),

Dx(f o G)(@,75,0)(w) C (Vaf (2,5,0)"w, Vy f(Z,7,5)"w) + DNG(%,7,D) (f(Z,7, ) w),
for all w € X*™*, where the second inclusion holds as equality under the additional assump-

tion on the weak* extensibility of the range of the operator V,g(Z,7)* in X*. On the other
hand, it follows from the constructions of f and G that

(Vo f (2,9, 0)w, Vy f (2,5, 0) w) = (Va,(p, 9)(Z, §) w, V3, (D, 9)(Z,7) w),

D*G(z,9,p)(f (2,7, ')*U)) (590 ° 9)( U ﬁ)(ng(fazi)**
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where the latter equality holds due to the coderivative chain rule from [21, Theorem 1.66]
valid under the assumed surjectivity of V,g(Z, §), which implies the surjectivity of Vg(z, 7),
for both coderivatives D* = Dj,, D}, and the corresponding second-order subdifferentials
0% = 8%4, 8]2\,. Combining all the above completes the proof of the theorem. A

Now we employ Theorem 3.2 to derive new and more general chain rules for both
partial second-order subdifferentials and their full counterparts under certain reduction and
nondegeneracy conditions in the vein of [1]. In what follows we proceed in the framework of
two-variable mappings in the definition below and derive calculus rules for partial second-
order subdifferentials while the constructions and results obtained seem to be equally new
even in one-variable/full subdifferential settings in finite dimensions.

Definition 3.3 (C2-reduction condition). Let p: Z — IR be an extended-real-valued
function finite at 2. We say that ¢ is C2--REDUCIBLE at Z to an extended-real-valued function
Y: W — IR if there exists a C*> mapping h: Z — W with the surjective derivative Vh(Z)
such that p(z) = (Y o h)(z) for all z € Z around Z.

When ¢ = dg and ¥ = 4= are the indicator functions of convex sets, the reduction
condition of Definition 3.3 amounts to saying that the set © is C?-reducible to the set = at
Z € © in the sense of [1, Definition 3.135].

The next definition is a partial version of the nondegeneracy condition for mappings
from [1, Definition 4.70] with respect to sets formulated now via another smooth mapping.

Definition 3.4 (nondegeneracy condition). Let g: X XY — Z be Fréchet differentiable
inx at (Z,7), and let h: Z — W be Fréchet differentiable at z := g(z,y). We say that (Z,7)
is a PARTIAL NONDEGENERATE POINT of g in x relative to h if

V.9(Z,7)X + ker Vh(Z) = Z. (3.4)

Before deriving the main result of this section, we present the following special second-
order chain rule involving smooth mappings, which is used in the proof of the main result.

Lemma 3.5 (special second-order chain rule for compositions of smooth map-
pings). Let g: X — Y and h : Y — Z be C?> mappings, and let v € Z*, & € X, and
g := g(Z). Denoting p := Vh(y)*v, we have

V2(5, h o g)(3)*u = V2(p, g) ()" u + Vg(2) ' V2(0, h)(5) Vg(z)"u, weX™.  (3.5)
Proof. Define 1(y) := (7, h(y)) and observe that V(7)) = VA(7)*7 = p and that
(¥ 09)(x) = ¥(g()) = (3, h(g(x))) = (0. h o g)(x).
Then it follows from [21, Theorem 1.128] that
O2(1 0 9)(®)(w) = V2(, g)(7)"u + Vg(&) V2(5) V(@)™ u, ue X*,

which readily implies (3.5) and completes the proof. A

Now we are ready to establish the second-order chain rules for (2.11) and (2.10) under
the coordinated combination of the reduction and nondegeneracy conditions.
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Theorem 3.6 (second-order chain rules under reduction and nondegeneracy con-
ditions). Consider the composition pog of an extended-real-value function ¢: Z — IR and
a locally C*> mapping g: X x Y — Z, and let u € 9,(p o 9)(Z,7). Assume that ¢ satisfies
the C?-reduction condition at z := g(z, 1) with some 1: W — IR and h: Z — W from Defi-
nition 3.3 and that (z,y) is a partially nondegenerate point of g in x relative to h. Suppose
furthermore that u admits the first-order subdifferential representation:

u=V,9(Z,y)"p with some p € dp(Z). (3.6)

Then for all w € X** we have the partial second-order chain rule (3.1). We also have
the partial second-order chain rule (3.2) if the closed unit ball of Z** is weak® sequentially
compact, which holds in particular when either Z is reflexive or Z* is separable. The partial
second-order chain rule (3.2) is fulfilled as equality if we assume additionally that the closed
unit ball of X** is weak® sequentially compact.

Proof. It follows from the classical chain rule that
V. (hog)(2,5)X = Vh(2) [Vag(z,§)X] = VA(2) [Vag(, §) X+ker VA(2)] = Vh(2)(Z) = W,

i.e., the simultaneous validity of the nondegeneracy condition (3.4) and the surjectivity of
Vh(Z) implies the surjectivity of V,(ho g)(Z, 7). Denote f := hog and by the C-reduction
condition of Definition 3.3 find a neighborhood U of (Z,y) such that

(Yo f)(z,y) = (pog)(x,y) forall (z,y)cU. (3.7)

Since u € 0z(p o g)(Z,y) = 0x(¢Y o f)(Z,y) and V, f(Z,y) is surjective, we find, by applying
the first-order subdifferential chain rule from [21, Proposition 1.112] to the composition
1 o f, a unique (by [21, Lemma 1.18]) subgradient v € 09 (Z) satisfying the relationships

U=V, f(T,§)0 = Va.g(Z,5)"Vh(2)"D, (3.8)

where the latter is due to the classical chain rule. Apply further the second-order subdif-
ferential chain rules from Theorem 3.2 to the composition % o f with the surjective partial
derivative V, f(Z,y). For brevity we consider here and in the rest of the proof of this theo-
rem only the case of the mixed second-order subdifferential in (3.1) by taking into account
that the other case (with the equality therein) is completely similar. Thus we get

Ry (Vo )@, g, a)(w) = (Vi (v, f) (@, 5) w, V3, (0, [)(Z,9) w)
+V(2,9) 030 (M(z),0) (Vo f (2,5)"w)
for all w € X**. Having p € 0d¢(Z) = 0(¢ o h)(Z) from (3.6) and using the assumed

surjectivity of Vh(Z), we find by [21, Proposition 1.112] a unique element ¢ € 0 (h(2))
such that Vh(z)*q = p. Applying the operator V,g(Z,y)* to both parts of this equality

(3.9)

and employing the chain rule from (3.8) shows that

by (3.6). Combining it with the first equality in (3.8) yields V. f(z,9)*¢ = V. f(Z,y)*,
which ensures that § = v due to the surjectivity of V, f(Z,y) in the reduction condition.
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Now let us apply the full subdifferential version of Theorem 3.2 to the composition o h
with taking into account that § = v. This gives us the representation

(4 0 h)(2,)(s) = V{0, h)(2)"s + Vh(2) 03¢ (h(2),0) (Vh(2)"s) (3.10)

for all s € Z*. Substituting s = V,g(Z, y)**w into (3.10) with an arbitrary element w € X**
and then employing the operator Vg(z, 7)* in the both sides of (3.10), we arrive by (3.8) at

Vy(Z,9)*0%¢(2.5)(Vag(@,5) w) = Vg(z,5) V0, h)(2)*Vag(z, §) " w
+V (&, 5) 039 (1(2),7) (Vo f (7, 7))
for all w € X**. Combining the latter with (3.7) and (3.9) shows that
9100 9) (7, 7,3)(w) = (Vi (0, £)(Z,9) w, VZ,(0, f)(Z,§) w)
+V9(2,9)" 03¢0(2,9) (Vag(z,§) " w) — Vg(z,5) V0, h) (2)*Vag(z, §) " w

whenever w € X**. Furthermore, the first term on the right-hand side of (3.11) with
f = h o g admits the representation

(V2a (0, hog)(,5) w, V3,(7, h09>($,y) w)
= (V2:(p.9)(@,9)"w, V2,(p.g w) + Vg(@,5) V0, h)(2)*Vag(z, §) " w

(3.11)

(3.12)

which is is a partial version of Lemma 3.5; see also Theorem 3.8(ii). Substituting (3.12) into
(3.11), we arrive at the chain rule (3.1) for the mixed partial second-order subdifferential
under the assumptions made. To complete the proof of the theorem in the normal second-
order subdifferential case, it remains to observe that the weak* extensibility of the ranges
of both Vf(Z)* and Vh(zZ)* holds under the assumption that the closed units balls of X**
and Z** are weak™ sequentially compact. A

Note that Theorem 3.6 reduces to Theorem 3.2 if the operator V,¢(Z, §) is surjective. In
Section 4 we develop further elaborations of the second-order chain rules from Theorem 3.6
in the case of Asplund spaces, giving verifiable conditions for the validity of the first-order
subdifferential representation (3.6) and also for the surjectivity of V(hog)(Z,y) in the rela-
tive reduction condition of Definition 3.3. The latter relates to the notion of nondegeneracy
explored in [1, 33] in finite dimensions.

Finally in this section, we derive yet another chain rules for both normal and mixed
partial second-order subdifferentials in general Banach spaces for compositions ¢ o g, where
the outer functions ¢ but not the inner mappings g are twice differentiable. To proceed,
we first define the following notions of normal and mixed partial second-order coderivatives,
which are partial counterparts of those given in [21, (1.69)].

Definition 3.7 (partial second-order coderivatives). Given a Lipschitzian mapping
g: X XY — Z between Banach spaces, the NORMAL and MIXED PARTIAL SECOND-ORDER
CODERIVATIVES of g in x at (Z,y,p,u) € X XY x Z* x X* with u € 0,(p, g)(T,y) are

D2g(z,5,p,u)(w) = (D*0,(-, 9)) (Z, 7, D, u)(w), w e X™,
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where D* stands for the normal (D* = DY) and mized (D* = D},) coderivatives of the
mapping (x,y,p) = Ox(p, 9)(x,y), respectively. If g is strictly differentiable at (Z,7y), then
and we omit @ in the arguments for D2g.

Now we are ready to establish the aforementioned second-order chain rules of the equality
type one of which has been already used in the proof of Theorem 3.6.

Theorem 3.8 (partial second-order chain rules with twice differentiable outer

mappings). Let g be strictly differentiable at (Z,9), let o € Ct around z := g(Z,y) with

Ve strictly differentiable at this point, and let p:= V(2Z). The following assertions hold.
(i) Assume that the operator V2@ (2)Vg(z,y): X x Y — Z* is surjective. Then

02(p 0 9)(Z,9)(w) = U (", y") + Vg(Z,5)"V?0(2)"q] (3.13)
(z*,y*,9)€DZ9(7,,p)(w)
for all w € X**, where 02 and D? stand for the corresponding normal and mized partial
second-order constructions.

(ii) Assume that the partial derivative operator Vg is strictly differentiable at (z,7y).
Then the chain rules in (3.13) are identical for 812\,@@0 0g)(Z,y) and 8]2\/[@(90 0 g)(Z,y) with

D3g(%,5,p)(w) = (V2. (P 9) (%, 5) w, V2, (b, 9) (3, 5) w, Vag(3,5) "w), w e X™,
for both partial second-order coderivatives D? = D?Vw and D2 = D12\4,x'

Proof. Since ¢ is C! around z and g is Lipschitz continuous around (Z, ) due to its strict
differentiability at this point, it implies by [21, Theorem 1.110] that there is a neighborhood
U of (z,y) such that for all (z,y) € U we have

(@ o g)(z,y) = 0.(Ve(9(z,y)),9)(x,y) =t (Foh)(z,y)
for F: X xY x Z* = X* and h: X x Y — X x Y x Z* defined by

F(z,y,p) = 0:(p, 9)(x,y), and h(z,y):= (%y,VsO(g(x,y)))-

To proceed further with the proof of (i), observe that the surjectivity of V2p(2)Vg(z, %)
implies that of VA(Z,y). Thus it follows from [21, Theorem 1.66] that

D*(F o h)(z,5,p)(w) = Vh(z,5)" D*F(Z,y,p,u)(w), weX™,

for both normal and mixed coderivatives with @ € 0, (p, 9)(Z,y) = {Vz9(Z,y)*p}. On the
other hand, the construction of F' and Definition 3.7 give us

which ensures by the construction of A that
D*(F o h)(Z, 7, p)(w) = U [(z*,y") + Vg(z,9) V2p(2)"q]
(z*,y*,9)€DZ9(Z,9,p)(w)
for all w € X** and thus justifies (i). Assertion (ii) is proved in the same way by employing

the chain rule from [21, Theorem 1.65(iii)] under the assumed strict differentiability of Vg
instead of using [21, Theorem 1.66] in the case of surjectivity in (i). A
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4 Second-Order Calculus in Asplund Spaces

In this section we continue developing the second-order partial subdifferential calculus
started in the preceding section in the framework of general Banach spaces. Here we follow
the same scheme in Asplund space settings that leads us to second-order partial subdif-
ferential sum and chain rules by using coderivative calculus applied to equality-type sum
and chain rule for first-order partial subgradient mappings. The results obtained below are
generally independent from those derived in Section 3 while being addressed to broader
classes of sums and compositions. Except the second-order chain rules of Theorems 4.2 and
4.3 derived by the reduction approach, which are new even in finite dimensions for both full
and partial second-order constructions (see the discussion below), the other calculus rules
obtained in this section are appropriate partial extensions of those results established in [21,
Subsection 3.2.5] and the references therein for full second-order subdifferential mappings.
Note that in some results below we use the notion of lower regularity of extended-real-valued
functions from [21, Definition 1.91] and its obvious partial subdifferential counterpart.

Recall [21, Definition 1.63] that a mapping S: X = Z is inner semicontinuous at
(z,z) € gph S if for every sequence xy — T with S(zx) # 0 there is a sequence z; € S(zy)
converging to z. The mapping S is inner semicompact at T if for every sequence xp — &
with S(zy) # 0 there is a sequence z; € S(xy), which contains a convergent subsequence.

The latter property is clearly less restrictive than the former and holds, in particular, for
locally bounded mappings with values in finite-dimensional spaces. On the other hand, the
results obtained in [21, Subsection 3.2.5] for full second-order subdifferentials are completely
parallel under the inner semicontinuity and inner semicompactness assumptions on the
corresponding mappings while those under inner semicontinuity admit simpler formulations.
We have the same situation for partial second-order subdifferentials.

Let us begin with sum rules for partial second-order subdifferentials restricting ourselves,
for brevity and simplicity, just to the case of inner semicontinuity.

Theorem 4.1 (sum rules for partial second-order subdifferentials). Consider the
functions @1, pa: X XY — IR with 4 € 0.(p1+ ¢2)(Z, ), where the spaces X, Y, X*,Y* are
Asplund. The following assertions hold for both normal (9% = 8]2\,:5) and mized (02 = (9]2\/[790)
partial second-order subdifferentials.

(i) Let p1 € Ct around (z,%) with @y := Vp1(Z,7), and let the graph of Opp2 be norm-
closed around (T, 1, us) with te := u — uy. Assume that either YV p1 is locally Lipschitzian
around (Z,7), or Ozpa is PSNC at (Z,y,u2) and

O3r.201(2,9, @) (0) N (= IRy ap2(, 5, u2)(0)) = {0}, (4.1)

Then for all w € X** we have the inclusion
07 (o1 + 92)(2, 5, W) (w) C Oppr(2, 5, ) (w) + Pep2(2, §, w2) (w). (4.2)
(ii) Let both @; be l.s.c. around (Z,7y), and let S: X XY x X* = X* x X* defined by

S(x,y,u) = {(ul,uQ) c X" x X*’ u; € Oppi(x,y), 1 =1,2, and uy + ug = u}
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be inner semicontinuous at (Z,y,u,u1,us) for a given (uy,u2) € S(z,y,u). Assume that
the graph of each Oyp; is norm-closed around (Z,y,u;), that one of Oyp; is PSNC at the
corresponding (T, 7, u;), and that the qualification condition (4.1) is satisfied. Suppose also
that there is a neighborhood U of (Z,y) such that

820901(‘%'7:1/) m(_agOSOQ(xvy)) = {0}

for all (x,y) € U, that one of ; is SNEC at every (x,y) € U (both assumptions are fulfilled
when one of @; is Lipschitz continuous around (Z,y)), and that each p; are partially lower
reqular in x at every (z,y) € U. Then the sum rule (4.2) holds for all w € X**.

Proof. Since ¢; is C! around (z,%), we get from [21, Proposition 1.107] that there is a
neighborhood U of (Z,y) such that

81(901 + ¢2)(j7gaﬂ)(w) = Vz@l(xay) + 8x902(x7y) for all (xay) eU.

Apply then to this equality the coderivative sum rule in Asplund spaces from [21, Theo-
rem 3.10(1)] with F} := V1 and Fj := 0,¢2. It yields

(D*0: (1 + #2)) (&7, ) (w) C (D*Vaepr) (&, 7, @) (w) + (D*pipa) (F, 7, U2) (w)

for all w € X** and thus justifies assertion (i). We prove (ii) in the same way by applying
[21, Theorem 3.10(i)] to the first-order subdifferential equality

8$<§01 + @2)($7y) = 8m§01(.%',y) + 61‘902<‘r7y)7 (xvy) € Ua

which follows from [21, Theorem 3.36] under the assumptions imposed in (ii). A

Next we proceed with deriving various chain rules for partial second-order subdifferen-
tials (2.10) and (2.11) and consider first the following Asplund space version of Theorem 3.6
that provides verifiable conditions for the validity the first-order subdifferential representa-
tion (3.6) and thus leads us to advanced second-order results via the reduction approach.

Theorem 4.2 (refined second-order chain rules under reduction and nondegen-
eracy conditions). Let all the assumptions of Theorem 3.6 be satisfied, except that on the
first-order subdifferential representation (3.6). Suppose in addition that the spaces X,Y,
and Z are Asplund, that the qualification condition

ker Vig(z,9)" N 9% ¢(2) = {0} (4.3)

is fulfilled, and that either ¢ is SNEC at z or g~1(-,4) is PSNC at (2,%). Given now
u € 0z(pog)(Z,y), then the conclusions of Theorem 3.6 hold with p from (3.6). The equality
holds in (3.2) if the closed unit ball of X** is weak* sequentially compact; in particular when
either X is reflexive or X* is separable.

Proof. To justify the conclusions of the theorem, it is sufficient to show that the additional
assumptions ensure the fulfillment of the first-order representation (3.6) in Theorem 3.6. But
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this follows from the partial counterpart of the first-order chain rule in [21, Theorem 3.41(i)]
applied to 4 € 9,(¢ o g)(Z, ), which holds under the assumptions made. VAN

As mentioned above, that the SNEC property of ¢ and the qualification condition (4.3)
are automatic if ¢ is locally Lipschitzian around z. Likewise, (4.3) and the PSNC property of
g~ (-, ) in Theorem 4.2 hold if the mapping V,g(Z,¥) is surjective (see [21, Corollary 1.69])
while the latter case has been covered by Theorem 3.2 in more generality.

Observe further that in the case of the set indicator functions ¢(z) := dg(z) and ¥ (w) :=
d=(w) for © C Z and = C W the reduction representation ¢ = 1 o h in Definition 3.3 reads
as ©NO = h~Y(Z)N O for some neighborhood O of z € O with h(z) € Z. The qualification
condition (4.3) reduces in this case to

ker V,g(z,9)* N N(z;0©) = {0}. (4.4)

The chain rules obtained in Theorems 3.6 and 4.2 readily apply to the reduction setting for
sets, where the second-order subdifferential of the indicator functions are the corresponding
coderivatives of the normal cone mappings under the assumptions imposed in these theo-
rems. However, the next theorem provides more information in this direction: it describes
a rather broad setting when the qualification condition (4.4) and hence the first-order subd-
ifferential representation (3.6) follow directly from nondegeneracy (3.4). For the notational
simplicity we formulate this theorem just in the case of g = g(x) in the above composition
and denote by Nq(z) := N(z;Q) the normal cone mapping (2.2).

Theorem 4.3 (second-order rules for inverse images under nondegeneracy). Let
© C Z be a closed set that is normally regular at 2 € © and C?-reducible at this point to
some closed set = C W by a mapping h: Z — W with h(z) := 9 € Z, and let g: X — Z
be a C?> mapping with g(T) = z. Assume that T is a nondegenerate point of g relative to h,
that the spaces X and Z are Asplund, and that either © is SNC at Z or g~' is PSNC at
(z,z). Then given a normal 4 € N(%; g~ 1(0)), we have for all w € X** the relationship

DNy 16y (@ @)(w) = V2(5, 0)(2)"w + Vo) DyeNo(,5) (Vo(@)™w),  (45)
where p € N(2;0) is any element satisfying the equation u = Vg(Z)*p. We also have the
inclusion

Dy Ny-1(e) (&, @) (w) C V(p, 9)(Z)*w + Vg(2)* Dy Ne(2,0) (Vg () w), (4.6)

where p € N(z;0) is any element satisfying the equation u = Vg(Z)*p if the closed unit
ball of Z** is weak® sequentially compact. The inclusion becomes equality if we assume
additionally that the closed unit ball of X** is weak® sequentially compact.

Proof. To derive the results of this theorem from those in Theorem 4.2, it remains to show
that the normal regularity of the set © in the structure under consideration implies, together
with the other assumptions of the theorem, the validity of the qualification condition

ker Vg(z)* N N(z;0) = {0}, (4.7)
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which obviously yields the existence of p € N(z;©) satisfying u = Vg(z)*p. To proceed, we
deduce from [23, Proposition 4.3] that

ker Vh(2) = T(z; L~ (9)) € T(%;©), (4.8)

for the (Bouligand-Severi) contingent cone T', where the inclusion holds due to h~1()NO C
©. Take now any z* € ker Vg(z)*NN(z;0) and fix z € Z. By the nondegeneracy condition
(3.4) we find v € X and y € ker Vi(Z) such that z = Vg(z)v + y. Therefore

(%, 2) = (2", Vg(@)o + y) = (", Vg(z)v) + (", y).

Since z* € N(2;0) and y € ker Vh(Z) C T(z;0) by (4.8), it follows from the assumed
normal regularity of © at z and the duality between 7'(Z; ©) and N(Z;©) in this case that
(z*,y) < 0. By 2* € ker Vg(z)*, we get furthermore that

(2", Vg(z)v) = (Vg(2)*2",v) = 0,

and thus (z*,z) < 0. Since z € Z was chosen arbitrarily, it gives us that z* = 0, which
justifies (4.7) and completes the proof of the theorem. A

Note that if the qualification condition (4.9) is replaced by
ker Vog(z,y)" Nspan N(z;0) = {0}, (4.9)

the element p in Theorem 4.3 is unique. Moreover, when all the spaces in questions are
finite-dimensional, Theorem 4.3 extends the result of [33, Theorem 7], where both sets ©

and = are assumed to be convex and the tangent cone T'(h(z); Z) is assumed to be pointed.

Our next step is to establish chain rules for partial second-order subdifferentials of com-
positions gog = p(g(x,y)) without imposing the surjectivity or nondegeneracy assumptions
on inner mappings g as before. The results obtained below concern lower regular outer func-
tions ¢ and hold as inclusions even in finite dimensions. For brevity we present the results
only under the inner semicompactness assumption on the corresponding mapping.

Theorem 4.4 (second-order chain rules without nondegeneracy). Consider the
composition ¢ o g, where g: X x Y — Z is C' around some point (Z,y) with the partial
derivative Vg strictly differentiable at this point, and where ¢: Z — IR is l.s.c. and lower
reqular around Z := g(z,7). Suppose that the inverse mapping g~ is PSNC at (Z,Z,7),
that ¢ is SNEC around z, that the first-order qualification condition

9%¢(9(z,y)) Nker Vog(z,y)* = {0} (4.10)

is satisfied around (Z,y), and that the spaces X,Y,Z, and Z* are Asplund. Define the
set-valued mapping S : X XY x X* = Z* by

S(z,y,u) :={pe Z*] p € dp(9(z,y)), Vag(z,y)'p=u} (4.11)
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and, given 4 € 0,(p o g)(Z,y), assume that it is inner semicontinuous at (T,y,u), that the
graph of the subdifferential mapping Op is norm-closed in Z x Z* for all z is near z, and
that the following mized second-order qualification condition

Orp(2,9)(0) Nker Vg(z,9)* = {0} for all p € S(z,7, 1) (4.12)
holds. Then for all w € X** we have the inclusion

0 (pog)@g.a)w) c | {(V§x<ﬁ,9>(f,ﬂ)*wv Viy (P, 9)(Z,5) w)
pES(7,5,a) (4.13)

+Vg(7,5) O (z 5) (Vg(2)"w) |
for both normal (02 = 8]2\,90) and mized (0% = 8%41) partial second-order subdifferentials.

Proof. Observe first that it suffices to prove (4.13) for the normal second-order subdiffer-
ential of ¢ o g, since the other one is smaller. To proceed, let us begin with using the exact
first-order chain rule from [21, Theorem 3.41(iii)]. Since g is C! around (z, %), we have

D29 " (z,2,9)(0) = ker Vag(z, y)*

for all (z,y) from some neighborhood U of (z,y) and z := g(x,y). Thus the assumed first-
order qualification condition (4.10) is equivalent to the one needed for the partial version
of [21, Theorem 3.41(iii)], which implies therefore (under the lower regularity and SNC
assumptions imposed here) that

Ox(pog)(z,y) = U Vag(x,y)*p whenever (z,y) € U.
pedp(9(z,y))

This can be rewritten in the composition form d;(¢ o g)(z,y) = (f o G)(x,y) on U with
G(z,y) = (:vy &p(g(fﬂ,y))) and f(z,y,p) := Vag(z,y)’p as pe Z*.

Since f is smooth and G o f~! is inner semicompact at (Z,#, ) under the assumptions
made, we get from the construction of §2(p o g) = 8]2\,@(@ o g) and the coderivative chain
rule of [21, Theorem 1.65(ii)] that

Rlpogi@paw c ) (DVG@ 5P e V@.5.5)") (W)
PEG(@,y)Nf~1 (1)
for all w € X**. On the other hand, it is easy to observe from the structure of G that
DNG(z,5,p)(x%, 5", q) = (%, y) + Dy (9¢ 0 9)(Z,9,P)(q)

for all (z*,y*,q) € X* x Y* x Z**. Substituting this formula into the above formula for
92(p o g)(Z,y,u), applying Proposition 2.2 to f, and using the construction of S give us

Rpoo@pmw) c | { (Vo)) w Vi, b0 9) )

pES(%,9,4)

+Di (99 0 9)(#,5,5)(Vag(2,5)"w) }.
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To arrive from here at (4.13), it remains to calculate D} (¢ o g). For this we employ the
coderivative chain rule from [21, Theorem 3.13(i)] ensuring that

Dy (9p 0 g)(,5,p)(q) C (Dyg(Z,7) o (DyOv)(%,D))(q)
:Vg(jag)*al%/(lo(g?p)(Q)? QEZ**,

1

under the PSNC assumption on ¢~ and the mixed qualification condition

(Dy0¢)(2,p)(0) Nker Vg(z,9)" = {0}, peS(z,7,0),

which is exactly the second-order qualification condition (4.12) of the theorem. A

The result of in Theorem 4.4 can be significantly simplified when the intermediate space
Z in the composition is finite dimensional while X and Y may be not.

Corollary 4.5 (partial second-order chain rules for compositions with finite-
dimensional intermediate spaces). Let @ € 0.(¢ o g)(Z,9), where ¢ : IR™ — IR and
g: X x Y — IR™ with Asplund spaces X,Y . Assume that g € C* around some (Z,y) with
the partial derivative Vg strictly differentiable at this point, that ¢ is l.s.c. and lower reg-
ular around z := g(&,y) with closed graphs of dp and 0>°¢ near zZ. Suppose also that the
first-order qualification condition (4.10) is satisfied at (T,y) and that the second-order one
(4.12) also holds with mapping (4.11) inner semicompact at (z,y,u). Then we have the
partial second-order partial chain rule (4.13) for both partial second-order subdifferentials.

Proof. It is similar to that of [21, Corollary 3.75] for full second-order subdifferentials.
Notice that the additional assumption on the closedness of the graph of 9°°¢ near z along
with other assumptions made allow us to prove that the first-order qualification condition
(4.10) in fact holds around the reference point. A

The next corollary justifies the partial second-order subdifferential chain rules for an
important class of extended-real-valued functions that automatically satisfy all the first-
order assumptions in Corollary 4.5. Recall that 1: X xY — IR is strongly amenable in = at
Z with compatible parameterization in y at g if there is a neighborhood U of (Z, ) on which
1 is represented in the composite form 1) = ¢ o g with a C? mapping g: U — IR™ and a
proper l.s.c. convex function ¢: IR™ — IR such that the first-order qualification condition
(4.10) holds at (z,y). It has been well recognized that amenable functions play a major
role in second-order variational analysis and optimization; see, e.g., [38] and more recent
publications [14, 15, 16, 29, 30, 32, 33] with the references therein.

Corollary 4.6 (partial second-order chain rules for strongly amenable functions).
Let ¢ : X x Y — IR be strongly amenable in x at T with compatible parameterization in
y at g, let ¢ : R™ — IR and g : U — IR™ be taken from its composite representation,
and let 4 € 0,0(Z, 7). Assume that X and Y are Asplund spaces and that the second-order
qualification condition (4.12) holds with z = g(z,y). Then for all w € X** we have the
second-order chain rule (4.13) for both partial subdifferentials 9> = 8]2\,’3: = 8%4,90'
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Proof. It follows from Corollary 4.5, since the lower regularity of ¢, and the closedness of
the graphs of dp and 0°°¢ are implied by the convexity of . A

Note that Corollary 4.6 extends, with a completely different proof, the recent result of
[29, Theorem 3.3] not only to the infinite-dimensional setting of X and Y, but also replaces
the second-order qualification condition

9%¢(2,p)(0) Nker V,g(z,5)* = {0} for all p € S(z,7, 1)

of [29, Theorem 3.3] by the less restrictive one (4.12). It is worth mentioning that there
are ezact chain rules for full and partial second-order subdifferentials derived in [29, 30] for
some classes of fully amenable functions that seem to be essentially finite-dimensional.

We conclude this section with chain rules for both normal and mixed partial second-order
subdifferentials involving Lipschitzian inner mappings between Asplund spaces with the
usage of the partial second-order coderivatives from Definition 3.7. The following theorem
is in the direction of Theorem 3.8 with avoiding the smoothness and surjectivity assumptions
therein while providing only upper estimates instead of equalities. Recall that the notation
CH! stands for C! functions with Lipschitzian derivatives.

Theorem 4.7 (partial second-order chain rules with Lipschitzian inner map-
pings). 4 € V(¢ o g)(Z,y), where g : X XY — Z is Lipschitz continuous around (Z,7y),
where ¢ : Z — IR is CY' around z := g(z,7y) with p := V(2), and where the spaces
XY, Z, X*Y*, and Z* are Asplund. Assume also that the graph of the set-valued mapping
(z,y,p) = 0x(p,g)(x,y) is norm-closed in X XY x Z* x X* whenever (x,y,p) are near
(Z,9,p). Then we have the second-order partial chain rule

(pog)(z,5,u)(w) C U [(u,v) + Dig(,9) 0 0% (2)(q)] (4.14)
(u,0,q)€D2g(2,9,p,a)(w)

for all w € X**, where 0* and D? stand for the corresponding normal and mized partial
second-order constructions. Furthermore, both second-order inclusions in (4.14) hold for an
arbitrary Banach space X of Vi is strictly differentiable at Z.

Proof. Similarly to the proof of Theorem 3.8 we find a neighborhood U of (Z, §) such that
0z(pog)(x,y) = (Foh)(x,y) forall (z,y) € U, (4.15)
where the mappings F': X XY x Z* =z X*and h: X XY — X XY x Z* are defined by
F(z,y,5) i= 0, (s,9)(x,y) and h(z,y) = (.9, Veo(g(2.1)) ).
Applying to (4.15) the coderivative chain rule from [21, Theorem 3.13(i)] gives us
D*(F o h)(z,y,p,u)(w) C Dyh(Z,y) o D*F(z,5,p, u)(w), weX™,

for both normal and mixed coderivatives under the assumptions made. We also have

Dy (Vo g)(z,9)(q) C Dyg(z,9) 0 950(2)(q), q€Z™, (4.16)
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from the same chain rule of [21, Theorem 3.13(i)] with the assumption that V¢ is Lipschitz
around z. Combining these two inclusions and taking into account the that D*F(z, g, p, u) =
D2g(z,9,p,u) in the notation above, we arrive at (4.14). Observe finally that (4.16) holds
as equality in any Banach space Z provides that Vi is strictly differentiable at Zz; see [21,
Theorem 1.65(iii)]. This justifies the last statement of the theorem. A

5 Coderivatives of Perturbed Normal Cone Mappings

This section is devoted to some applications of second-order calculus results obtained in
Sections 3 and 4 to calculating and estimating the normal and mixed coderivatives of the
(limiting) normal cone mappings defined by

N(z,y) := N(z;G(y)) with G(y):={z € X| g(z,y) € O}, (5.1)

where g: X XY — Z and ) # © C Z. Set-valued mappings of the normal cone type
(5.1) as well as their specifications and subdifferential counterparts are of strong interest for
numerous aspects of variational analysis and optimization, since they describe, in particu-
lar, perturbed KKT systems in optimization, solutions maps to parameterized variational
inequalities and equilibrium problems, dynamics of the sweeping and other mechanical
processes, etc. Due to a well-recognized role of coderivatives in characterizing quantita-
tive/Lipschitzian stability and optimality conditions in variational systems of this type
(see, e.g., [21, 38]), it is appealing to express the coderivatives of (5.1) in terms of the ini-
tial data of problems under consideration. A number of results in this direction with their
various applications can be found in [3, 6, 9, 10, 11, 12, 13, 21, 26, 31, 32, 33, 35, 36, 40, 41]
and the references therein for particular systems of type (5.1), mostly in finite dimensions.
Furthermore, the vast majority of these papers concern the normal cone mappings (5.1)
with G independent of the parameter vector y while special cases of parameter-dependent
mappings G(y) have been considered in [26] and more recent developments [3, 9, 31, 35, 36].

It is easy to see from the structures of (5.1) that the normal cone mapping N is repre-
sented in the partial first-order subdifferential composite form

N(J:?y) = axd}(xvy) with ¢(l‘,y) = (59 Og)(l‘,y), (x7y) € X X Y? (52)

which yields that the (normal and mixed) coderivatives of N are partial second-order sub-
differentials (2.10) and (2.11) of the composition dg o g. This allows us to evaluate the
coderivatives of A by using the partial second-order chain obtained in Sections 3 and 4.

We begin with the following Banach space results under reduction and nondegeneracy
conditions, which are straightforward consequences of those in Theorem 3.6.

Proposition 5.1 (coderivatives of normal cone mappings under reduction and
nondegeneracy conditions). Let u € N(Z,§) for the normal cone mapping (5.1), where
g: X XY = Z is a C? mapping around (Z,7).

(i) Assume that V,9(Z,y) is surjective. Then @ admits the representation
u=V.9(2,9)'p for a unique p € N(g(z,7);0), (5:3)
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and we have the following relations:

DyN(z,g,a0)(w) =(V m<p, >(i‘,§)* xy p 9)(z,5)w) (5.4)
+Vyg(z,9)* Dy N ((9(z 10) (Vag(@,5)"w), '
DN (2,5, 0)(w) € (V3P 9)(7,5) w, V2, (P, 9)(%,)"w) (5.5)

+Vg(m)*D}‘VN((( 7). 9): 0)(V29(z,9)"*w).

The inclusion (5.5) becomes an equality if the range of V. f(Z, ) is weak™ extensible in the
space X*.

(ii) Assume that © C Z satisfies the reduction condition of Definition 3.3 at z :=
9(Z,y) € © with some mapping h: Z — W. Assume that (Z,y) is a partial nondegenerate
point of g in x relative to h and that u admits the representation

= V,g(z,7)"p with some p e N(g(z,7);0). (5.6)

Then for any w € X** we have the relations (5.4) and (5.5) provided that the closed unit
ball of Z** is weak® sequentially compact. The inclusion (5.5) if we assume additionally that
the closed unit ball of X** is weak® sequentially compact.

Proof. It follows directly from Theorem 3.2 and Theorem 3.6 for ¢ = dg by taking into
account the composite representation (5.2) and Definition 2.1 of the partial second-order
subdifferentials. A

We can see right away that both reduction and nondegeneracy conditions are satis-
fied and that representation (5.6) holds with a unique element p if the partial derivative
V29(Z,7y) is surjective. Furthermore, it follows from Theorem 4.2 and the discussion after
its proof that the first-order representation (5.6) holds automatically with a unique normal
p under the validity of the qualification condition (4.9) provided that the spaces in ques-
tion are Asplund and that the SNC assumptions of Theorem 4.2 are fulfilled. Finally, the
qualification condition (4.9) itself follows from the imposed nondegeneracy if the additional
assumptions of Theorem 4.3 are satisfied.

If the spaces X and Y are finite-dimensional and if the mapping G in (5.1) is defined by
Gly):={z € R"| gi(x,y) <0 forall i=1,...,m} (5.7)

with the linear independent partial gradient vectors V,g1(Z,9), ..., Vigm(Z,y) correspond-
ing to constraints (5.7) active at (Z, %), then the coderivative representation for the normal
cone mapping in Proposition 5.1 with D}, = D} has been recently presented in [9]. Other
recent results in this direction for the normal coderivative of (5.1) have been derived by
direct calculations in [36, Theorem 3.3] for the case of (5.7) with m =1 in general Banach
spaces X and Y. Let us show that these results of [36], and the identical ones for the mixed
coderivative, can be deduced from Proposition 5.1.

Corollary 5.2 (coderivatives of the normal cone mapping defined by a single
inequality constraint). Consider the normal cone mapping (5.1) defined by G in (5.7)
with m = 1, where g := g1 is a scalar function that is C*> around (z,%) with g(Z,y) = 0.
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Assume that V,g(Z,7) # 0 and pick any u € N(Z,y). The following assertions hold for
both coderwatives D* = D}, D4, of N at (Z,7, ).

(i) Let u # 0. Then u = pNV,g9(Z,y) for some p > 0 and, whenever w € X** with
(w,Vz9(Z,y) = 0, we have the formula

D*N(z,5,0)(w) = {(z*,y*) € X* x Y*| 2* = yV,9(2,9) + nV2,9(z,9) w
vt =yVyg(Z, ) + pVi,9(Z,§) w for some v € IR}

with = |[a] - [|Vag(z, 9)| 7. Furthermore D*N (z,y,u) = 0 if (w, Vag(2,9)) # 0.
(ii) Let u = 0. Then we have

R Vg(z,y) if (w,V.g(2,7)) >0,
D*N(z,y,u)(w) = § RVg(z,y) if (w,Vag(Z,7)) =0,
{0} if (w,Va9(z,7)) <0.

Proof. Since V,g(Z,y) # 0, we can apply Proposition 5.1 under the surjectivity assump-

tion on V,g¢(Z,y) with p denoted now by p > 0. To justify (i), it remains to calculate
D*N (0, 1)(Vog(Z,5)" w). Observe that

{0}, =z <0,
F(z)=N(x;R_)=¢ Ry, =0, (5.8)
0, x>0,
and hence, given a € F(0) with a > 0, we have
D*F(0,a)(v) = {u € IR| (u,v) € N((0,a); gph F)} = { éR’ “;8’ (5.9)
., v#0.

It follows from these calculations that (V,¢(Z, ), w) = 0 whenever (z*,y*) € D*N(Z, 3, u)(w)
and furthermore D*N (g(z,7), p)(0) = IR. Thus there exists v € IR such that

(z*,y%) = (uV2,9(Z,9) w, pV2,9(Z,9) W) +7V9(Z,7),

which justifies the coderivative representation in (i) when (V,g(Z, ), w) = 0 for both mixed
and normal coderivatives because D}, N (Z, 7, u)(w) C DAyN(Z,y, u)(w). It also follows from
(5.9) that D*N(z,7,u)(w) = 0 if (V,g(Z,7),w) # 0, which completes the proof of (i).

To prove (ii), we proceed as before and get in this case that u := p = 0. Thus it remains
to calculate D*N(0,0)(V4g(Z, )" w). It follows from (5.9) for F' defined in (5.8) that

{0}, v<O.
D*F(0,0)(v) = {u € R| (u,—v) € N((0,0);gph F)} = ¢ R, v=0,
R, v>0,
which completes the proof of the proposition. A

Finally, it is easy to observe directly from the above structures that
D*N(z,y,u)(w) = {(0,0)} C X* x Y* (5.10)
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if g(Z,y) < 0 in the frameworks of (5.1) and (5.7) with m = 1.

Let us further present an application of the obtained results to precise calculating the
coderivatives of the normal cone mapping for a particular setting frequently arising in
the theory of trust-region methods in nonlinear programming; see, e.g., [4]. The usage of
this approach in the stability analysis and numerical solution of the so-called trust-region
subproblem has been recently discovered in [13], where the reader can find the next corollary
proved by direct calculations in finite dimensions.

Corollary 5.3 (coderivatives of the normal cone mapping generated by the trust-
region subproblem). Consider the mapping (5.1) with G: Ry = X given by

G(y) := {x IS X‘ lz|| < y} (5.11)

with values in the Hilbert space X. Given u € N(Z,y) with § > 0, the following hold for
both coderivatives D* = D}, D},.

(i) Let ||z]| =9, and let w = px with pn > 0. Then for any w € X we have

{(az*,y*) € X x R‘ Tt = pyt — gy*} if (w,z) =0,
0 if (w,z) # 0.

D*N(Z, 3, u)(w) =

(ii) Let ||z|| =y, and let u = 0. Then for any w € X we have

{(z*,y") € X x R| a* =2XZ, y* = —2\j, A€ R} if (w,z) =0,
DN (z,y,u)(w) = ¢ {(z*,y") € X x R| z* =2AZ, y* = —2A\y, A€ Ry} if (w, @) >0,

Y

{(0,0)} c X* x R if (w,z) <0.
(iii) Let |z|| < y. Then u =0 and for any w € X we have
D*N(z,y,u)(w) = {(0,0)} € X* x IR.

Proof. It follows from Corollary 5.2 and formula (5.10) with the function g(x,y) := ||z||* —
y? equivalently describing (5.11). A

To conclude this section, we present the following application of Theorem 4.4 to the
normal cone mapping (5.1), where the nondegeneracy condition is not imposed while the
result is given not in the equality but in the inclusion form. For brevity and simplicity we
suppose that the space Z in (5.1) is finite-dimensional.

Proposition 5.4 (coderivatives of normal cone mappings without nondegener-
acy). Let u € N(Z,y) for the normal cone mapping (5.1), where g: X x Y — IR™ is
a C' mapping around (Z,y) with strict derivative Vg(Z,¥), and where ® C IR™ is locally
closed around z := g(Z,y). Assume that the spaces X andY are Asplund, that the mapping
S: X xY x X* = IR™ is inner semicompact at (Z,y,u), and that the following first-order
and second-order qualification conditions

N(z;,0) N V.g(z,7)" = {0},
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D*N(z,p)(0) Nker g(z,5)* = {0} Jor all p € S(z,5.7)

are satisfied. Then we have the inclusion

DN(@ g u)w) < |J (V0 9)(@ 9w, Vi, (P, 9)(%,5) w)
PES(Z,7,u)
+Vyg(2,5)*D*N((9(2,9),0); ©) (Vay(z,5) " w)
for all w € X** and both coderivatives D* = D}, D%, of the normal cone mapping N

Proof. It follows from the application of Corollary 4.5 to the composite representation
(5.2) of N(z,y) by taking into account the closedness of the graph of the limiting normal
cone mapping N(-;©) = ddg(-) in the finite-dimensional space Z = IR™. A

6 Lipschitzian Stability of Stationary Point Mappings

In this section we study the stationary point mapping S: Y = X whose values
S(y) :=={z € X| 0 € dptho(z,y) + Oxtb(z,y)} forall yeyY (6.12)

are stationary points of the parametric optimization problem (1.1). Our main goal here is
to establish verifiable conditions ensuring robust Lipschitzian stability of S with respect to
parameter perturbations. Developing the coderivative analysis of variational systems in the
vein of [21, Chapter 4], we first obtain an upper estimate of the normal (and hence mixed)
coderivative of S via the initial data of (6.12). Observe to this end that the generalized
equation (6.12) is different from those considered in [21] and the vast majority of publica-
tions, since its both “base” and “field” parts are set-valued and parameter-dependent. Such
models have been addressed in [22] in the general set-valued framework.

To proceed with the study the stationary point mapping (6.12) from this viewpoint, let
us introduce the following partial second-order qualification condition (PSOQC), which is
formulated in terms of the normal partial second-order subdifferential (2.10) and plays a
crucial role in the results of this section.

Definition 6.1 (partial second-order qualification condition). Let (y,z) € gph S for
the mapping S in (6.12), and let u € 0;9(Z,y) N (—0:¢(Z,y)). We say that the PARTIAL
SECOND-ORDER QUALIFICATION CONDITION (PSOQC) holds at (z,y,u) if

(ﬂf*,y*) € alz\f,mwO(jvgvﬂ)(w) ﬂ ( - 812\/'@1[)(173,@, _ﬂ)(w)):| == (x*,y*,w) = (O’O’O)

Note that for C? functions /g (i.e., for twice continuously differentiable cost functions in
parametric constrained optimization) the introduced PSOQC amounts to saying that the
partial adjoint second-order generalized equation

0 € Va10(Z,9) w + 0% o9 (%, 9, —Vatho(2,9)) (w) (6.13)
admits only the trivial solution w = 0.

Now we are ready to provide an efficient upper estimate of the normal coderivative
of (6.12) involving the normal partial second-order subdifferentials (2.10) of the functions
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19 and 1 therein under the PSOQC from Definition 6.1. This estimate follows from the
corresponding result of [22, Corollary 4.3] in the abstract generalized equation framework.
For brevity we confine ourselves to the case of inner semicompactness of the intersection
mapping d;1p N (—0,1); the case of inner semicontinuity is similar.

Proposition 6.2 (coderivative upper estimate for stationary point mappings).
Let S: X = Y be the stationary point mapping (6.12) between Asplund spaces, and let
its graph be locally closed around (y,z) € gphS. Assume that the intersection mapping
Optho N (—0z) is inner semicompact at (Z,y) and that for any u € Ox1o(Z, y) N (—0:9(Z,Y))
the following hold: the graphs of 0xv0 and 03 are locally norm-closed around (z,y,u) and
(z,y,—u), respectively; the PSOQC of Definition 6.1 is satisfied at (Z,y,u); and that either
dpthy is PSNC at (z,7,w) and (8,0) " is strongly PSNC at (—, Z,§), or (Oybo) "+ is PSNC
at (u,z,y) and Oy is strongly PSNC at (Z,y, —u), or the similar PSNC conditions hold

with changing places of ¥y and Y. Then for all * € X* we have
DyS(5,2)(=") < {y € Y*|3 € 0ut0(2,9) 0 (— (3, 9)), w € X** with

(=", ") € Bt (7,7, ) (w) + O, 6(2, 7, W) (w) .

Proof. It follows from [22, Corollary 4.3] by taking into account the first-order subd-
ifferential form of the generalized equation (6.12) and construction (2.10) of the normal
second-order partial subdifferential for 1y and . A

Observe that the PSNC assumptions of Proposition 6.2 holds automatically if the spaces
X and Y are finite-dimensional. Furthermore, in this case the imposed inner semicompact-
ness of the mapping 0,1y N (—0,1) follows from its boundedness the subdifferential closed-
graph assumptions are surely satisfied for continuous functions v, ¥ as well as broad classes
of extended-real-valued l.s.c. functions, e.g., for amenable ones; see [21, 38].

The next corollary examines the case of infinite-dimensional spaces, where the cost
function 1o in (6.12) is C? while the constraint one 1 is still extended-real-valued.

Corollary 6.3 (coderivative estimate for stationary point mappings with C? costs).
Let 1) in (6.12) be C? around (z,7) € X x Y in Asplund spaces with (7, z) € gph S, and let
: X xY — IR be such that the graph of 0, is norm-closed around (z, i, —V 0(Z,%)).
Assume that the partial adjoint second-order generalized equation (6.13) has only the triv-
ial solutions w = 0, and either dim X < oo or the mapping (0,0) " is strongly PSNC at
(=Vobo(Z,9),z,9). Then for all x* € X* we have the normal coderivative estimate

Dis@ae)c |J {yey
weX**

(— 2"~ V2to(2.9)"w.y") € Rpth(2. 5. ~Vatho(2.9)) () }.

Proof. Since the cost function v is C?, the stationary point mapping S in (6.12) becomes

S(y) = {z € X| 0 € Votoo(z,y) + t(z,9) }

and the closedness of its graph follows that of gphd,y. Furthermore, the intersection
mapping V1o N (—0,1) is single-valued around (Z, y) and hence inner semicompact at this
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point. The Lipschitz continuity of Vg ensures its PSNC property, and so the validity of
either the strong PSNC property of (9,1)~! or the finite dimensionality of X guarantees the
corresponding PSNC properties of Proposition 6.2. Recalling that the triviality of solutions
to (6.13) reduces to the PSOQC in this case completes the proof of the corollary. A

Finally in this section, we derive verifiable characterizations of the Lipschitz-like prop-
erty (2.7) for (6.12) that reduces to the classical local Lipschitz continuity in the single-
valued case and presents the most natural manifestation of robust Lipschitzian stability for
set-valued mappings. Considering for simplicity only the case of 1)y € C?, we obtain the
result in terms of the partial second-order subdifferential of the constraint function 1.

Theorem 6.4 (Lipschitz-like property of stationary point mappings). Letz € S(y)
for the stationary point mapping (6.12) between Asplund spaces, where g € C?> around
(Z,7), and where the graph of 0,1 is norm-closed around (:Z",gj, —de)o(i‘,g)) and SNC at
this point. Assume that the partial adjoint second-order generalized equation (6.13) has only
the trivial solution w = 0 and that

[(0,5%) = V240(,9)* (w,0) € 0% ,16(3, 5, ~Vatoo (2, 7)) (w) | = y* =0 (6.14)
Then the stationary point mapping S is Lipschitz-like around (y,T).

Proof. It is clear that all the assumptions of Corollary 6.3 are satisfied in the setting of
the theorem. Thus it implies by (6.14) that

D3rS(3,%)(0) € DyS(y,2)(0) = {0}

To justify the Lipschitz-like property of S around (¥, Z), it remains to verify by the coderiva-
tive criterion from [21, Theorem 4.10] that S is PSNC at (y,z). Let us show that S is
actually SNC at this point under the assumptions made. Observe that

(y,x) € gph S <= (w,y) € ker (Vtho + 0,¢0) = dom (V1o N (—0:0)).

Thus it follows from [22, Proposition 4.1] that the set gph S is SNC at (y, Z) if the intersec-
tion mapping V1o N (—0,v) is PSNC at (Z, 7). The latter means that the set

gph (V:ch() N (_83371))) = gph (Vm’l/J) N gph (_8:1:71)) CX XY xX”

is PSNC at (z,7, V,¢o(Z, 7)) with respect to X X Y’ see [21, Definition 3.3]. Since g is
C? around (Z, ), employing now the result of [21, Corollary 3.80] on the PSNC property of
set intersections in product spaces, we conclude that the mapping V1 N (—0,%) is PSNC
at (z,y) if 0x¢ is SNC around (Z,y, —Vio(Z,y)) and the pair {gphvxgbo,gph(—@xw)}
satisfies the mixed qualification condition at (Z, ¥, V.10 (Z, 7)) relative to X* in the sense
of [21, Definition 3.78]. It is easy to derive directly from the definition that this condition is
implied by the assumed solution triviality of (6.13), which this completes the proof of the
theorem. A

Note that in the case of finite-dimensional spaces X and Y the result of Theorem 6.4
improves that of [14, Corollary 2.3], where the Lipschitz-like property of S is justified under
the additional assumptions via the total second-order subdifferential of ¢ in both variables.
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7 Concluding Remarks

The paper develops general calculus rules for partial (as well as total) second-order sub-
differentials of extended-real-valued functions that are new in both finite-dimensional and
infinite-dimensional spaces. These developments constitute the main results of the paper
from the viewpoints of second-order variational analysis and generalized differentiation. Be-
sides being of undoubted interest for their own sake, the calculus rules obtained have strong
potentials for applications to various problems of nonlinear analysis and optimization. Some
of these applications are presented in the paper while more should come in the near future.
Among them we mention tilt and full stability in remarkable classes of constrained optimiza-
tion problems, where second-order calculus rules could allow us to make a bridge between
unconstrained and constrained problems; see Section 1 with the references therein.
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