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Abstract

Financial institutions are currently required to meet neiringent capital require-
ments than they were before the recent financial crisis;ritiqodar, the capital require-
ment for a large bank’s trading book under the Basel 2.5 Atooore than doubles
that under the Basel Il Accord. The significant increase pitalrequirements renders
it necessary for banks to take into account the constrainapital requirement when
they make asset allocation decisions. In this paper, weogep new asset allocation
model that incorporates the regulatory capital requirdmeander both the Basel 2.5
Accord, which is currently in effect, and the Basel Ill Acdpwhich was recently
proposed and is currently under discussion. We proposeiiedualgorithm based on
the alternating direction augmented Lagrangian methoalieeshe model; we also
establish the first-order optimality of the limit points betsequence generated by the
algorithm under some mild conditions. The algorithm is dan@nd easy to imple-
ment; each step of the algorithm consists of solving convadeatic programming or
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one-dimensional subproblems. Numerical experiments ronlaied and real market
data show that the algorithm compares favorably with othlestiag methods, espe-
cially in cases in which the model is non-convex.

Keywords Asset Allocation, Basel Accords, Capital Requirementdu¥g-at-Risk,
Conditional Value-at-Risk, Expected Shortfall, Alteringt Direction Augmented La-
grangian Methods

1 Introduction

One of the major consequences of the financial crisis thaarbég 2007 is that finan-
cial institutions are now required to meet more stringemitah requirements than they
were before the crisis. The considerable increase in dapgairements has been imposed
through the Basel Accords, which have undergone substaeNiaion since the inception
of the financial crisis. The framework of the latest versidbthe Basel Accord, the Basel
lIl Accord (Basel Committee on Banking Supervisj@10, was announced in December
2010 and is soon to be implemented in many leading nationkiding the United States
(Board of Governors of the Federal Reserve Sysi@ds2).

In particular, the capital requirements for banks’ tradibopks, which are calculated
by the Basel Accord risk measure for the trading book, haen liecreased substantially.
Before the 2007 financial crisis, the Basel Il risk meas@asgel Committee on Banking
Supervision2006 was used in the calculation. During the crisis, it was fotiad the Basel
Il risk measure had serious drawbacks, such as being proalyahd not being conservative
enough. In response to the financial crisis, the Basel coteerievised the Basel Il market
risk framework and imposed the “Basel 2.5” risk measiasgl Committee on Banking
Supervision2009 in July 2009. It has been estimated that the capital requard for a
large bank’s trading book under the Basel 2.5 risk measu@eraganore than doubles
that under the Basel Il risk measu@asel Committee on Banking Supervisj@d12 p.
11).

The substantial increase in the capital requirements ftrdding book makes it more
important for banks to take into account the constraint gitearequirements when they
construct investment portfolios. In this paper, we addtBssissue by proposing a new
asset allocation model that incorporates the capital rement imposed by the Basal Ac-
cords. More precisely, we propose timean-p-Basel” asset allocation model, in whigh
denotes the risk measure used for measuring the risk of estiment portfolio, such as
variance, value-at-risk (VaR), or conditional value-gkr(CVaR); p can be freely chosen
by the portfolio manager; and “Basel” denotes the congtthagat the regulatory capital of
the portfolio calculated by the Basel Accord risk measunaihnot exceed a certain upper
limit.

The complexity of the Basel Accord risk measures for calouggthe capital require-
ments poses a challenge to solving the proposed “meBasel” asset allocation model.
The Basel Accords use VaR or CVaR wabenario analysigas the risk measure to calcu-



late the capital requirements for a bank’s trading bookn&de analysis is used to analyze
the behavior of random losses under different scenarice@esio refers to a specific eco-
nomic regime such as an economic boom and a financial crits.Basel Il risk measure
involves the calculation of VaR under 60 different scermaridhe Basel 2.5 risk measure
involves the calculation of VaR under 120 scenarios, incg®0 stressed scenarios. Most
recently, in May 2012, the Basel Committee released a ctatsd documentBasel Com-
mittee on Banking SupervisioR012 that presents the initial policy proposal of a new risk
measure to replace the Basel 2.5 risk measure for the trhdioky; the new risk measure
involves the calculation of CVaR under stressed scena@astently, this new proposal is
under discussion and has not been finalized. It is beyonddbyesof this paper to dis-
cuss whether the newly proposed risk measure is superitiet8asel 2.5 risk measure;
hence, we will consider both the Basel 2.5 and the newly megdasel risk measure
in the mearp-Basel model. See Secti¢h2 for details regarding the Basel Accord risk
measures.

Numerous studies have examined the single-period asseatitn model ofmean-
p”, in which p is a measure of portfolio risk such as variance, VaR, or C\@Rrecent
developments in the mean-variance asset allocation maddlassociated algorithms, see
e.g.,Chairawongse et a(2012. lyengar and Mg2013 propose a fast iterative gradient
descent algorithm capable of handling large-scale problemthe mean-CVaR problem.
Lim, Shanthikumar, and Vah(2011) evaluate CVaR as the risk measure in data-driven
portfolio optimization and show that portfolios obtainegddmlving mean-CVaR problems
are unreliable due to estimation errors of CVaR and/or thamaesset returns. To ad-
dress the issue of estimation rigd@roui, Lim, and Vahr{(2011) introduce a new approach,
called performance-based regularization, to the dateedmean-CVaR portfolio optimiza-
tion problem.Rockafellar and Uryasef2002 develop a method to reduce the data-driven
mean-CVaR asset allocation problem to a linear programiiiRy problem. The mean-
VaR problem is more difficult than the mean-CVaR due to the camvexity of VaR. Soft-
ware packages such as CPLEX can be used to solve small-tosmedzed problems of
this type. RecentlyCui et al.(2013 propose a second-order cone programming method to
solve a mean-VaR model when VaR is estimated by its firstravdeecond-order approx-
imations. Bai et al.(2012 propose a penalty decomposition method for probabié#itic
constrained programs including the mean-VaR problem.

It appears to be more challenging to solve the me&asel model than the mean-
model due to the complexity of the Basel Accord risk meastirasinvolve multiple VaRs
or CVaRs under various scenarios and the non-convexity Bf \fathis paper, we develop
an unified and computationally efficient method to solve tleanp-Basel problem. This
method is based on thaternating direction augmented Lagrangian met{@ddM) (see,
e.g.,Wen, Goldfarb, and Yin 20tMe and Yuan 201;2Hong and Luo 2012nd the refer-
ences therein). The method is very simple and easy to implerneeduces the original
problem to one-dimensional optimization or convex quadmatogramming subproblems
that may even have closed-form solutions; hence, the mashocapable of solving large
scale problems. When the meafBasel problem is convex for some specjiiand Basel



constraint (e.g.p is variance and the Basel constraint is specified by the nprdgosed
Basel Accord risk measure), the method is guaranteed tcecgevo the globally optimal
solution; when the problem is non-convex, we show that timét lpoints of the sequence
generated by the method satisfy the first-order optimabtydition. See Sectios.

The proposed method also applies to megroblems such as the mean-VaR, mean-
CVaR, and“mean-Basel” problem, in which the Basel Accord risk measures are used
to quantify the risk of the portfolio. The Basel Accord riskeasures involve multiple
VaR or CVaR under different scenarios, which essentiallyespond to different models
or distributions of asset returns. Hence, using the Basebstrisk measures, or, more
generally, VaR or CVaR with scenario analysis, as the plotiisk measure provides a
way to address the problem of model uncertainty.

In summary, the main contribution of the paper is two-folpg\We formulate a new asset
allocation model, the meamBasel model, which takes into account the regulatory e&pit
constraint specified by the Basel Accord risk measure fdirigabooks. We also formulate
and study the related mean-Basel model. To the best of owlkdge, there has been no
literature on asset allocation involving the Basel Accasé measures. (ii) We propose an
efficient alternating direction augmented Lagrangian mefor solving the meap-Basel
and mearp models. For non-convex cases of these models, we estabésfirst-order
optimality of the limit points of iterative sequence genedaby the method under mild
conditions. Although there is no theoretical guaranteettitemethod will converge to the
global solution in non-convex cases of these models, nwalegkperiments on simulated
and real market data show that the method can identify subapsolutions that can often
be superior to the approximate solutions of the mixed-etggogramming formulation
computed by CPLEX within one hour.

The remainder of the paper is organized as follows. In Se&jave review the defi-
nition and properties of the Basel Accord risk measuresréatihg books as well as some
other relevant risk measures. In Sect®nve formulate the meap-Basel asset allocation
model in which the Basel Accord risk measures are used féinged regulatory capi-
tal constraint. In Sectiod, we propose the alternating direction augmented Lagrangia
method for solving the meam-Basel and the meanmproblems; we also provide conver-
gence analysis of the method. Sectioprovides the numerical results, which demonstrate
the accuracy and efficiency of the proposed method.

2 Review of Relevant Risk Measures

Variance is probably the best-known risk measure; in agitlith variance, there is a vast lit-
erature on theoretical frameworks and concrete exampleskoineasures. As it is beyond
the scope of this paper to discuss and compare differenimedsures, we review only the
risk measures that are used in the asset allocation proldenssdered in this paper.



2.1 Value-at-Risk and Conditional Value-at-Risk (Expecte Shortfall)

Value-at-RisKVaR) is one of the most widely used risk measures in risk mament. VaR
is a quantile of the loss distribution at some pre-definedaldity level. More precisely,
let F'x(-) be the distribution function of the random lo&s then, for a givern € (0, 1),
VaR of X at levela is defined as

VaR,(X) :=inf{z | Fx(z) > a} = Fy'(a). (1)

Jorion(2007) provides a comprehensive discussion of VaR and risk maneage

Conditional Value-at-RiskCVaR), proposed byrockafellar and Uryase{2002), is
another prominent and widely used risk measure. For theoraridssX, the a-tail distri-
bution function ofX is defined as

0, for x < VaR,(X),
F, = 2
x(2) {Ll(f)a_a, for z > VaR,(X). @
Then, the CVaR at level of X is defined as
CVaR, (X) := mean of thex-tail distribution of X' = / xdF, x(x). 3

Expected shortfall (ES$ a risk measure that is equivalent to CVaR and that wasdotred
independently irAcerbi and Tasch€002. CVaR and ES have the subadditivity property
and belong to the class of coherent risk measukezifer et al, 1999; VaR may not satisfy
subadditivity and belongs to another class of risk meastaksd insurance risk measures
(Wang, Young, and Panjet997).

2.2 Basel Accord Risk Measures for Trading Books

The Basel Accords use VaR or CVaR with scenario analysissasskmeasure for calculat-
ing capital requirements for banks’ trading books. A scienaafers to a specific economic
regime, such as an economic boom or a financial crisis. Scemaalysis is necessary be-
cause studies have shown that the behavior of economidlesiss substantially different
under different economic regimes (see, étamilton 1989. In particular, many econom-
ic variables exhibit dramatic changes in their behavioirdufinancial crisesHamilton,
2005 or when government monetary or fiscal policies undergo saathiangesSims and
Zha 2006. There is also evidence that the volatility and correlatmnong asset returns
increase in economic downturns (see, égi, Singleton, and Yan@007).

The Basel Il Accord Basel Committee on Banking Supervisj@D06 specifies that
the capital charge for the trading book on any particularidi@y banks using the internal
models approach should be calculated by the formula

j 80
¢; = max {VaRa,t_1(X), 50 Z VaRa,t—s(X)} ; (4)
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where X is the loss of the bank’s trading book;is a constant that is no less than 3;
VaR, ;—s(X) is the 10-day VaR o ata = 99% confidence level calculated on day- s,
s=1,...,60. VaR,;_s(X) is calculated under the scenario corresponding to infdonat
available on day — s. For example, VaR;_s(X) of a portfolio of equity options is calcu-
lated conditional on the value of the equity prices, equdiatilities, yield curves, etc., on
dayt — s. Therefore, the Basel Il risk measure is a VaR with scenaratyais that involves
60 scenarios.

Since the 2007 financial crisis, the Basel Il risk measdjeh@s been criticized for
two reasons: (i) This risk measure is based on contempouar@aservations and hence is
procyclical i.e., risk measurement obtained by it tend to be low in boanushigh in crises,
which is exactly opposite to the goal of effective regulati{ddrian and Brunnermeier
2008. (ii) This risk measure is not conservative enough. In,féenks’ actual losses
during the financial crisis were significantly higher thae tdapital requirements calculated
by the risk measure.

In response to the financial crisis, the Basel Committeeseglihe Basel || market risk
framework and replaced the Basel Il risk measure with thes&Ba.5” risk measure in July
2009 Basel Committee on Banking Supervisi@d09. The Basel 2.5 risk measure for
calculating capital requirements for trading books is afiby

k 60
¢, =max {VaFe(%,f_1 (X), o5 > VaR,_(X) }
s=1

60
+ max {sVa&,t_l(X), —> sVa&,t_s(X)} : (5)

where VaR ;_,(X) is the same as that i), £ and/ are constants no less than 3; and
sVaR, ;_s(X) is called thestressedv/aR of X on dayt — s at confidence levek = 99%,
which is calculated under a scenario in which the financiatketais under significant
stress, such as the one that happened during the period 60mt@ 2008. The additional
capital requirements based on stressed VaR help to rede@edbyclicality of the Basel I
risk measure4) and significantly increase the capital requirements.

In May 2012, the Basel Committee released a consultativerdeat Basel Committee
on Banking Supervisiqr2012 that presents the initial policy proposal regarding thed3a
Committee’s fundamental review of the trading book capéglirements. In particular, the
Committee proposed a new risk measure to replace the B&as@tR measure; the new risk
measure uses CVaR (or, equivalently, ES) instead of VaRItolede capital requirements.
More precisely, under the new risk measure, the capitalirespent for a group of trading
desks that share similar major risk factors, such as equidyit, interest rate, and currency,
is defined as the CVaR of the loss that may be incurred by thepgob trading desks;
the CVaR should be calculated under stressed scenarias thdn under current market
conditions. For example, an equity trading desk and an yapition trading desk would
be grouped together for the purpose of calculating regujatapital. This proposed risk
measure is currently under discussion, and it is not yet eldsther it is going to be the
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final version of the Basel Il risk measure. In addition, tmegmsal has not clearly stated

if the capital charge for th&h day will depend solely on the stressed CVaR calculated on
dayt — 1 or on the CVaR calculated on day- s for s = 1,2,...,60, as in Basel 2.5. To

be more consistent with Basel 2.5, we consider the followBasel 111" risk measure:

/ 60
Cy = ImMmax {chaRl7t_1, @ SZ:; chaRy,t—S} ) (6)

where sCVaR,_; is thestressedCVaR at levelx calculated on day — s. The proposal
suggests specifying to be a level smaller than 99% due to the difficulty of estimgti
CVaR at high confidence levels, but the exact value tifas not been determined. In the
numerical examples of Sectidnwe chooser = 98%.

3 A New Asset Allocation Model Incorporating the Basel
Accord Capital Constraint

Consider a portfolio composed dfassets and let = (u;,us,...,uq)" € R? denote
the portfolio weights of these assets, which are the peagenof initial wealth invested
in the assets. LeR = (R, Ry,..., Ry)" € R? be the random vector of simple returns
of these assets over a specified time horizon, e.g., one dwn the simple return of the
portfolio is R "« and—R "« is the loss of the portfolio (per $1 of investment). et R?
be the (estimated) expected returns ofdtessets. Thep ' is the expected return of the
portfolio.

The risk of the portfolio is measured by—R"u), wherep is a properly chosen risk
measure. There are generally two approaches to the congoubdp(— R u): (i) one first
assumes and estimates a (parametric) probability modéhéojoint distribution ofk and
then computep(— R "u); (ii) one estimates the risk(— R ") directly from the historical
observations of? without assuming any hypothetical model f@r

As discussed in SectioR.2, the return vectoiR is usually observed under different
scenarios, such as economic booms and financial crises.oSeipipere aren scenarios.
For eachs = 1,...,m, let Rl¥ € R"*d pe the collection of., observations of? under
the sth scenario, where each row Bf*! represents one observation®f. Then, we define
the matrixR and the observations of portfolio loséu) as follows:

R _ Rl 211 ()
- R N — Ry @ (u "
e | emt awym —mu= | T 2 [T ert =Y
~ - ) s=1
RIm — Ry, xm (u)
. (7)
wherezr®l(u) := —RIly € R denotes the observations of portfolio loss under dthe
scenarios =1,2,...,m.



In this paper, we estimate(—R ') directly from the return observatiors, as this
approach does not require a subjective modelH@nd hence greatly reduces model mis-
specification error.

3.1 Sample Versions of Measures of Portfolio Risk

In the following, we usé-| to denote the ceiling function. Fer= (x,,z,,...,7,)" € R,
let (iy, 4o, .. .,4,) be a permutation ofl, 2, ..., n) such thate;, < z;, <--- <ux; . Then,
we definer(;) == z;,j=1,...,n; hence,x denotes thgth smallest component of

Given the observatiorh%si, the empincal distribution function of—R"u) under sce-
narios is given by

[s]
Juny o Z; Vet iy (8)
Then, for each risk measupediscussed in Sectioztz p(—R"u) can be estimated from the

return observation& by substitutingF ) for the distribution function of —R " u)
under each scenario Thus, we obtain the Rollowmg sample versions of risk measu

Variance: Suppose there is one scenario, ire.= 1. Then the sample variance of portfo-
lio return is

PVariance (T (1)) = —x(u)Tx(u)—ix( )711 72z (u), wherel := (1,1,...,1)" € R™.

n n?
9)

VaR: Suppose that: = 1. For a giver € (0,1), letp = [an]. Then the sample VaR at
level o of the portfolio is

pvar., ((w)) = (1)) = (—Ru) ). (10)

CVaR: Suppose that, = 1. For a givem € (0, 1), letp = [an]. Then the sample CVaR
at levela of the portfolio is

n

PCvaRr, (T(u)) = wx(u)(m + % Z x(w)(). (11)

(I —-a)n 1—a)n )

By Theorem 10 irRockafellar and Uryasef2002), pcvar, (z(u)) can also be repre-
sented by

n

pevan, (#(u)) = min t+ﬁ > (el =) wherey, = max(y.0). (12)



Basel 2.5:For a givena € (0,1), letp, = [an,], s = 1,...,m. Thenzl(u),, is
the sample VaR at level of the portfolio estimated from the data set!. Let
my = my = 60 andm = 120. Suppose the first; scenarios correspond to current
market conditions and the last, scenarios correspond to stressed scenarios. Then,
the sample version of the Basel 2.5 Accord risk measure engay

ma

k&
pBasel?.EJ(‘T(u)) ‘=max {xm (U) (p1)y Z x[s} (u) (ps) }

s=1

m
2 s=mi+

g m
+maX{x[m1+”(U)(pml+l>7— > xM(U)(ps)} (13)
1

Basel lll: Let o andp, be defined previously. Then
() e D5~ O g 1 ey 14
PCVaRa (ZE’ (U)) . (1 — a)nsx (u)(ps) + (1 — a)ns i:pZ—i_lx (u)(l) ( )

is the sample CVaR at level of the portfolio estimated from the data g&t!. Sup-
pose the firsin; = 60 scenarios correspond to current market conditions anchtte |
mo = 60 scenarios correspond to stressed scenarios. Then theesaangion of the
Basel-lll risk measure is

PBasets(2(1)) := max {pCVaRa(x[ml-i_H(u))v miz Z povar,, (2 (U))} - (15)

s=m1+1

3.2 The “Mean-p-Basel” Asset Allocation Model

Suppose a portfolio manager in a financial institution aftesto construct a portfolio com-
posed of thel assets and to choose the portfolio weights R? to optimize the portfolio
performance. The manager can freely choose a risk meadoreneasure the risk of the
portfolio, such as variance, VaR, or CVaR; in addition, hslog has the freedom to choose
a model for the asset returisor a data seY’” € R™*?, which has a similar structure to that
of R defined in {) and contains observations of the asset returns, to estitmaportfolio
risk. Hence, the portfolio risk will be given y(y(u)), wherey(u) := —Y u. Furthermore,
the manager can specify that the expected portfolio retuonilsl be no less than a target
returnry, namely, the portfolio weights should satisfy

u €U, ={uecR| p'u>rg, 1 u=1u>0}

Here, it is assumed that the portfolio is long only; this aggtion can be relaxed or re-
moved without incurring additional technical difficulty solving the asset allocation prob-
lem specified below.



At the same time, the manager has to meet the constrainthatgulatory capital for
his or her portfolio should not exceed an upper lidit which is allocated to him or her
by the financial institution’s senior management. The @péaquirement for the portfolio
is calculated by the Basel Accord risk measpisg,.;, which is specified by the regulators;
in addition, the data sdt used for calculating the capital requirements should adsisfy
certain criteria and cannot be freely chosen by the podfolanager. For example, the
Basel 2.5 risk measure requires tfiashould include 60 normal scenarios and 60 stressed
scenarios. Hence, the data getmay be different from the data s&t, and the capital
requirement for the portfolio iBpase (#(1)), Wherez(u) = — Ru.

To address the concerns of the portfolio manager, we prapesi®llowing “mean-p-
Basel” asset allocation problem:

min p(y(u))
uelrg (16)
S.t. pBasel(x(u)) S 007

wherex(u) = — Ru; y(u) = —Yu; prasel IS the Basel Accord risk measure for calculating
regulatory capital, i.€.pp.se2.5 OF pBaseiz; Co IS the upper bound of the available capital;
andp is the risk measure that the manager chooses for gaugingsthefrthe portfolio,
such as variance, VaR, or CVaR.

The mearp-Basel problem16) with p = pyar,, OF PBasel = PBasel2.5 IS NON-convex and
is usually difficult to solve, as it can be formulated as a rdikg&eger programming (MIP)
problem. For example, by introducing < {0,1}" andz € {0,1}" for1 < s < m, the
mean-VaR-Basel2.5 problem can be formulated as the fatigMIP problem:

min [y
u,z, B,y

st. —Yu<Bol+n, 172 <n' —p, 2 €0, 1}"/,
— Ry < 81 4+ 2l 1720 <y — p,, 219 € {0,1}", s=1,...,m,

b1 <m, iiﬁs <75 B < 72 L zm: Bs < 72, ¢
m s=1 2 s=m1+1

1+ 72 < Co,

u € U,

wherep’ := [an'], p, := [an,], n is a large constant. For instanegcan be chosen to be
1 = MaXyey,, MaX=1,__n(—Yu);.
Similarly, by (12), the mean-VaR-Basel3 problem can be formulated as thewoly
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MIP problem:

u,zr’I,lﬁl(?t,r 50
st. —Yu<fol+n, 172 <n —9p/, 2 €0, 1}"/,
1 NMmq+1
et W <G
SmAL im (18)
e Lo
- Tz < CO)
e mZ1 (1- ozg)ns i=1 )
H >0, [S] > —}?Z[s}u—ts,i: 1,...,ng,s=my+1,...,m,
u € U,.

On the other hand, the mearBasel problem withpg...; being pp.sa3 @and with p being
Pvariance OF Povar,, 1S CcONvex. More precisely, the mean-variance-Basel3 arahr@/aR-
Basel3 problems can be formulated as a quadratic progragni@iR) problem and a linear
programming (LP) problem, respectively, thanks to the Lifnigdation of CVaR given in
(12).

We develop a unified method for solving the meaBasel problem in Sectiof.1and
provide convergence analysis of the method in Seeti@nThe method can also be applied
to solve the classicdimean-p” problem:

min p(z(u)), (19)
wherep can be any risk measure chosen by the portfolio manager,asucariance, VaR,
CVaR, andppasel- If p = prase, Problem @9) is the “mean-Basel” problem, in which
the Basel Accord risk measures are used to quantify the fistkeoportfolio. The Basel
Accord risk measures involve multiple VaR or CVaR undereat#ht scenarios, which es-
sentially correspond to different models or distributiofgsset returns. Hence, using the
Basel Accord risk measures, or, more generally, VaR or CV#R scenario analysis, as
the portfolio risk measure provides a way to address thel@nobf model uncertainty. Al-
ternatively, the portfolio manager can construct the ptidfoy maximizing the expected
return of portfolio subject to the constraint that the palitf risk, measured by, does not
exceed a pre-specified risk bud@gt The corresponding asset allocation problem is

min — p'u
uel (20)
s.t.p(x(u)) < by,

whereld = {u € R? | 1Tu = 1,u > 0}. The mearp problems 19) and @0) with

p € {pvaRr., PBasci2.5  are also MIP problems which are difficult to solve. The dstaflthe
method for solving these problems are given in Secfi@
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4 The Alternating Direction Augmented Lagrangian Method

In this section, we propose a unified algorithm adapted floaakernating direction aug-
mented Lagrangiamethod (ADM) to solve the meamBasel and the meanmproblem.
Although the ADM approach has been used in convex optinungsee, e.g\Wen, Gold-
farb, and Yin 2010He and Yuan 2012andHong and Luo 201g, it appears that its use
for solving non-convex problems involving VaR or Basel Amt®orisk measures is new. In
particular, the proposed method is different from the pgrdécomposition methods pro-
posed irBai et al.(2012), in which the division of blocks of variables leads to suligems
that are more expensive to solve.

4.1 The ADM Algorithm for Solving the Mean- p-Basel Problem(16)

The problem 16) is equivalent to

L
S.t. pBase~l(x) < Co, (21)
x+ Ru =0,
Y+ Yu=0.

We then define the augmented Lagrangian functionZay &s follows:
Lla,y,u A7) = p(y) +AT (@ Ru)+ 5 ot Rul* 47 (y+Vu)+ 5y + V. (22)

whereo,, 0, > 0 is the penalty parameter ande R* andw € R™ are the Lagrangian
multipliers associated with the equality constraints Ru = 0 andy + Yu = 0, respec-
tively.

We propose an ADM algorithm that minimize22j with respect tar, y, andw in an
alternating fashion while updatingandr in the iteration. More precisely, let?), yU), and
uY9) be the values af, y, andu at the beginning of thgth iteration of the algorithm; then
the algorithm updates the valuesxgfy, andu by solving the following three subproblems
sequentially:

l’(j+1) =arg mﬁ{n L(gj‘, y(j), u(j), )\(j), 7T(j)>, S.t. pBascl(x) S CO? (23)
-’L’e n

YUt —arg min L9y ) A\ 70, (24)
yerR™

u(jH) =arg Il’lZ}{Il E(l’(j—’_l)u y(j+1)7 U, )‘(j)a ﬂ-(j))' (25)
uelr,

Then, it updates the the Lagrangian multipliers by
AU = \O) 4 B0y (2UFD 4 RuU+Y), (26)
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70D = 700 4 8,00 (40D 4 Y U+D), 27)
wheregy, B2 > 0 are appropriately chosen step lengths.

The solutions to problem28) and @4) are given in the lemmas at the end of this
subsection; these solutions are obtained either in clazed, by solving QP problems, or
by minimizing a single variable function on a closed intérvss for problem g5), simple
algebra shows that it is equivalent to the following QP peobi29):

w9 = arg min 1uT(alﬁ’Tﬁ’ + oY 'Y )u + bl u, where (28)

u€ly
be = RT(AD) 4+ 6120tD)) 4 YT (70) 4 goylitD),
The complete ADM algorithm is given as follows.

Algorithm 1 ADM algorithm for solving the meamp-Basel problemX6)
1: Choose parametet; > 0,09 >0, 5, >0, 83 > 0
2: Setj = 0: initialize y© € R, v e R?, \© := 0, andn©® := 0
3: while {u()} has not convergedo
4:  updatezU+Y) to be the solution to problen28); the solution is given in Lemmé.1
and Lemmat.2for PBasel = PBasel2.5 andeascl = PBasel3» respeCtively
5: updateyY*Y to be the solution to problen®4); the solution is given in Lemma
4.3, Lemma4.4, and Lemmad.5for p = pvariances £ = Pvar,, @Ndp = pcevar.,
respectively
updatew¥*Y by solving the QP problen?g)
update\v*+Y and7U+Y by (26) and @7), respectively
. increaseg by one and continue.
. end while

© o N

The algorithm is very simple and easy to implement. Stan@#Pdsolvers, such as
CPLEX, can be used to solve the QP problems in Step 4, 5, andi&adlgorithm. In
step 5 for the case gf = pcvar,, , the solution is obtained by minimizing a single-variable
function on a closed interval, which can be solved by goldsiign search and parabolic
interpolation (e.g., the function “fminbnd” in Matlab).

One particular implementation of the ADM algorithm inclodithe specification of the
parameters; andj; and the convergence test is given in Sectd

The lemmas for solving the subproblems in the algorithm ar@kows.

Lemma 4.1. Consider problen{23) with ppase = PBaselzs. Letv := — <Ru(j) + U%)J”)
and denotey = ((v!")T, (W, ... (0™)T)T, wherevl® € R™, s = 1,2,...,m. Let
(ksa, ks, - .., ksyn,) be the permutation ofL, 2, ..., ny) such thatv,[js]y1 < v,E;jQ < ... <
U,i]n., s=1,...,m. Letp, := [an,] andhls .= (U,[js]l,v,&i, o ,U,[i]p.)T, s=1,...,m.
The optimal solutiom: to (23) is given by
S :
S L If 1<i< Sy .
il =0y P12, (29)
U s otherwise

13



where (21, 2121 2Im]) is the optimal solution to the following QP problem:

min Z |21 — plel||?

2571572

7

s.t. zﬁgzgs]g---gzg, s=1,-.

(30)
1 mi1+1
1+ 72 < Co, ZI[H} <7, I[;miil] <72,

k‘ mi g m

v [s] « - [s] «

z25 < v, z2r < Ya.

m s=1 . 71 ma s:%;+1 " i

Proof. See AppendipA.1. O

Lemma 4.2. Consider problen(23) with pp.ei = ppases. Letv andvl®! be defined as
in Lemmad.1 Letzl), s = m; + 1,..., m be the optimal solution to the following QP
problem:

; [s] _ pls])2
min - Y [t — oM,
s=mi+1
1 Nmq+1 : .
st tp41 +——— At < o
1+1 (l_a)nmﬁ-l ; ' - (31)
12 - [s
- ts <C
= Y et Z 0
s=mi1+1
Zi[S] 207’21[ Z'IE} _t87i: 17"'7n878:m1+17"'7m'

Then the optimal solution t23) is given by

z= (WM @) T @) T (b2 T @) DT
Proof. See AppendipA.2. O
Lemma 4.3. The optimal solution to problel{24) with p = pvariance IS

: 2 2 - 2\ ! , 1T @)
S0 — g, <<02 + 2y ) wl) — (0.2 N ﬁ) <U2wm N 2L1> |

(n')? (n')?
32)
wherew) = <Yu(J =l >)
Proof. See AppendipA.3. O
Lemma 4.4. Consider problen{24) with p = py,g,. Definew := —(Yul) + Lz0)) €

R™ andp’ := [an']. Let(ky, ks, ..., k,) be the permutation ofl,2,...,n’) such that
wy, < wy, <--- <wy . Then the optimal solutionto (24) with p = pvar,, is given by

o, IF <a <y,
Yk; = ! ' _Z_p 7':1727"'7”/7 (33)
wy,, Otherwise

14



where

-k

. . / 02 Zplzz Wg; — 1
i r=max{i |1 <i<p, wy_, <y <wyg}, wy, = —00, andvy; := j/ , .
oo(pf —i+1)
(34)

Proof. See AppendirA.4. O

Lemma 4.5. Consider problen24) with p = pcvar,, . Letw be defined as in Lemn¥a4.
Define

n/

1 o
WZ(yz—thﬂLéHy—wH?, (35)
=1

wherex, := max(x,0). Lett* be the optimal solution to

o(t,y) =t+

i 1. i —c<t< ;
min o(t,y(t)), s 12’2@' w; —ec<t< 122;};, w;, (36)

wherec = m y(t) = (y1(t), y2 (), ..., yw ()75 wi(t),i = 1,...,n are defined by

w; —ec, fw;,—c>t,
yi(t) = < t, if w, >t>w; —c, (37)
w;, otherwise.

Theny(t*) is the optimal solution t§24) with p = pcovar,, -
Proof. See AppendipA.5. O

4.2 Convergence Analysis

If piS pvariance OF Pevar,, ANAPBasel IS PBaseis, Problem (L6) is convex and the ADM method
is ensured to converge to the global solutions theoreyi¢albng and Lug2012. On the
other hand, ifp iS pyar,, OF If pBasel IS PBasel2.5, the convergence of the ADM algorithm to
a global optimal solution is not guaranteed due to the noweaty of pyar,, OF pPBasel2.5;
however, we will show in the following that the limit point ¢tfie sequence generated by
the ADM algorithm satisfies the first-order optimality coiains of problem {6) under
some mild conditions. In addition, numerical experimeniggest that the ADM algorithm
seems to converge from any starting point.

We first recall the definition of locally Lipschitz functions

Definition 4.1. A function f(z) : domf C R"™ — R is Lipschitz near a point, €
int(domf) if there exist’ > 0 andd > 0 such thatf(z) — f(2')| < K|z — 2’| for all
x,x' € Bs(xg), whereBs(xg) := {z € R" : ||z — x¢|| < 6} C domf. A function is locally
Lipschitz if it is Lipschitz near every point iR™. A function is globally Lipschitz oR™ if
there exists a constaif > 0 such that f(z) — f(2/)| < K||lx — /|| for all z, 2" € R™.
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We have the following result on the Lipschitz property oknseasures.

Proposition 4.1. The functiongv.r,, (), pevar, (), PBase1z.s (), @Ndppasas(2) defined in
Section3.1are all globally Lipschitz orR™.

Proof. See AppendiB. O

We have the following theorem regarding the optimality of thutput of the ADM
algorithm.

Theorem 4.1. Suppose that(z) is locally Lipschitz anhp.ser € {pBasei2.5, PBasels > then
the following statements hold.
() (KKT conditions) Ifu is a local minimizer of(16), then there exitg > 0, such that

0e —Y "dp(y(u)) —nR Oppasa ((u)) + Ny, (w), (38)
n(pBasel(x(u)) - CO) =0, (39)
whereNy,, (u) is the normal cone té/,, at u anddf(-) denotes the Clarke’s generalized
gradient of f(-).

(i) Let {(zV), W) w0) \0) 7))} be a sequence generated by schgB®8-(27) and
assume tha} 2% [[AUTD) — \D||2 4 |z0+D) — 70)||2 < oo and { (AW, 717))} is bounded.
Then, the sequende:”)} is bounded and any limit pointof {u()} satisfies the first-order
optimality conditiong38)-(39).

Proof. See AppendixC. O

By Propositiord.1, Theoremd.1applies to the ADM algorithm with being pvariances
PVaRe» OF PCVaR,, -

4.3 The ADM Algorithm for Solving the Mean-p Problems (19) and
(20)

The ADM algorithm for solving the meap{problems including the mean-VaR and mean-
Basel problems is as follows.

ADM for Solving Problem (19): The augmented Lagrangian function fa®y is defined
as
Llw,u,N) = pla) + N (x + Ru) + 2 [l + Rl (40)

whereo > 0 is the penalty parameter ande R” is the Lagrangian multiplier. The
ADM method is

2Ut) = argmin p(z) + 2|z — o2, (41)
TER™? 2
. 1 -1~
WUt — arg min “u'R"Ru+ bTu, (42)
UGZ/{TO 2
ATFD = AD 4 Bo(2UFY 4 RuUTY), (43)

16



wherev) = — <Ru(j> + %A(”), b= RT(I\D 4 20Dy andB > 0. Forp =
PVariances PvaR.» @Ndpevar,,, the subproblem4) is the same a2@) and hence its

solution is given by Lemmd.3, 4.4, and4.5, respectively; forp = ppasa, problem
(41) is equivalent to

i Tl — @2 <
i T +3 |z — oY%, st ppasa(z) < 7, (44)
whose solution can be obtained in a way similar to that in Lexs¥nl and4.2 ex-
cept thatCy in (30) and @1) should be replaced by andr should be added to the
objective functions and should be included as an additional optimization variable
in the minimization. The subproblem?) can be solved by a standard QP solver.

ADM for Solving Problem (20): The augmented Lagrangian function f@0dy is defined
as

,CC(.Z’,U, )\) = —MTU—F)\T(J}—'—Ru)—|—%Hx+RuH27 (45)

wheres > 0 is the penalty parameter ande R” is the Lagrangian multiplier. The
ADM method is

20D — arg m]%n |z — U(j)Hza s.t.p(z) < bo, (46)
TER™
_ 1 -7+~
uIt) = arg mibl} §uTRTRU + b u, (47)
ue
AUTD = A0 4 Bo(zUHD 4 RultD), (48)
wherevl) — — (Bul) 4+ %)\(j)>’ b, — RT(%)\U) + 2UtD) — £ andB > 0. For

P = Pvariance, (46) is @ QP problem; fop = pcvar,,, (46) can be formulated as a
QP problem by usingl@); for p = pvar,, by an argument similar to the proof of
Lemma4.4, the closed-form solution o#g) is given by @3) with ~;. being replaced
by by; for p = ppasel, the solution to 46) can be obtained by Lemmdsl and4.2
The subproblem4?7) is a standard QP problem.

Convergence results similar to Theorehi can be established for the ADM for
models (9) and 0).

5 Numerical Results

In this section, we conduct computational experiments toatestrate the effectiveness of
the ADM method for solving the megmBasel model using both simulated and real market
data. In particular, we compare the performance of ADM methith that of MIP/QP/LP
solvers in CPLEX 12.4. The numerical results suggest tteABM method is promising

in generating solutions of high quality to the model in resdde computational time.
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5.1 Data Description
In our experiments, the real market data and simulated étdaase generated as follows.

e S&P 500 Data Set.The S&P 500 data set comprises the daily returns of 359 stocks
that have ever been included in the S&P 500 index and do netméssing data dur-
ing the following specified time periods. L&t = 03/01/2012. Fors = 1, ..., 60,
RE}) denotes the trailing five-year daily returns of the stockdayr,—s+1 (i.e., the
daily returns of the stocks during the period from day s — 2058 to dayt, — s+ 1).
Let! = 06/01/2007 andu = 06,/01/2009. Fors = 61, ...,120, R, is defined as
the daily returns of the stocks during the stressed permd fitay! + 120 — s to day
u— s + 61. Then the S&P data matriRsp is defined fromiL},, s = 1,...,120 by

Eqg. (1.

e Simulated Data. We simulate the prices of 350 stocks based on a multi-dimeasi
version of the double-exponential jump diffusion mod&by, 2002):

dsi(t) R
B2 = pdt + oy dWi(t) + d Vik _ 1) ) Li=1, ... 4
Sty Pt odWi®) | D (e =) o= n - (49)

whereW;(t), ..., W,(t) aren correlated Brownian motions wittiV;(¢)dW;(t) =
pi;dt; N;(t) is a Poisson process with intensity, N;(t) is independent ofV;(¢)

for i # j; {Vi1,Via,...} are i.i.d. log jump sizes with a double-exponential proba-
bility density functionf;(z) = piniue” " 1z>0p + (1 — pi)nia€”** 1zcoy; Vie @and

V; are independent for # j; and the Brownian motions, Poisson processes, and
jump sizes are mutually independent. The stock returnsrg&tein the above mod-

el have the same tail heaviness as those generated by thi&veeggonential tail
model considered iim, Shanthikumar, and Vah(2011). Two sets of parame-
ters{ v, oi, \i, Pi, Miu, Mid» pi; } are used to simulate stock returns under normal and
stressed market conditions, respectively; these parasreaieestimated from the his-
torical data of some large-cap stocks during normal andstcemarket conditions,
respectivelyAt is set to bel /252 (one day).

5.2 Parameter Settings of the ADM and MIP

Our method is implemented in MATLAB. All the experiments wegrerformed on a Del-
| Precision Workstation T5500 with Intel Xeon CPU E5620 at0&Hz and 12GB of
memory running Ubuntu 12.04 and MATLAB 2011b. All the quadrgrogramming
subproblems in the ADM method are solved using the QP soime@PLEX 12.4 with
Matlab interface; and the mixed integer programming (MI&prmulations of the as-
set allocation models are solved using the MIP solvers inEOPIL2.4. In our test, the
parametersr and 3 in (23)-(26) are set to bel0~® and 0.1, respectively. The initial
Lagrangian multipliers area(® = 0 and7(® = 0. The method is terminated if either
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Table 1: The number of binary variables, continuous vaesfdnd linear constraints in the
MIP/QP formulation of the mean-variance-Basel problems.

pBasol2.5(x<u>> < CO PBasel3 (.T(U)) < CO

d binary continuous constraints binary continuous constsai
100 58020 4601 62526 — 32319 32163
150 58020 4651 62526 — 32369 32163
200 58020 4701 62526 — 32419 32163
250 58020 4751 62526 - 32469 32163
300 58020 4801 62526 - 32519 32163
350 58020 4851 62526 — 32569 32163

[20+D) 4+ RuG+D|2 4 [|yU+D) 4 yui+D|2 < 1078, W =uDl < 19-1 or the number

max(L, [u0])

of iterations has reached an upper bound of 2000. The defeitiihg of the MIP solver in
CPLEX 12.4 is used. The maximum CPU time limit for all solvisrset to 3600 seconds.

5.3 Comparing ADM with MIP/QP on the Mean-Variance-Basel Mad-
el

In this subsection, we evaluate the performance of the ADMhenmean-variance-Basel
problems:

min pVariance(y(u)) min pVarlance(y(u))
UGZ/ITO and UGZ/{TO (50)
S.t. pBascl2.5(x<u)) < CO7 s.t. pBascl?;(x(u)) < C’0-

The mean-variance-Basel2.5 problem can be solved usinglthenethod, and the mean-
variance-Basel3 problem is a QP problem that can be solved tiee QP solver in CPLEX
12.4.

We compare the ADM with the MIP/QP methods for the two protdenespectively,
for different numbers of stocksé € {100, 150, 200, 250, 300, 350} using real market and
simulated data. For the real market dakais defined to be a submatrix éfsp consisting
of d columns ofRgp that are randomly selected. The mgansed for defining/,, is set
as the sample mean & The prescribed return leve} is set to be the 80% quantile of the
cross-sectional expected returns of thetocks.Y is obtained by deleting the duplicated
rows in R. The parameters irl@) are set atv = 0.99, k¥ = 3, and/ = 3; those in (5)
are set atv = 0.98 and/ = 6. Cj is set at0.2. Tablel reports the numbers of binary
variables, continuous variables, and linear constrad@spted by “binary,” “continuous,”
and “constraints,” respectively, of the two problems50)(

The optimal objective valu@y.ianc.(y(u)) obtained and the CPU time used by the
ADM and MIP/QP methods for the simulated and real market deggresented in Figures
1 and2, respectively. These values, as welpgagio.5(z(u)) andppasas(z(u)), are reported
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Table 2: The numerical results of solving the mean-varigBasel problems with simulated
data using the ADM and the MIP/QP methods.

stocks  ADMgasei2.5<cy

d

MIPBasol2.5§Co

ADMBaSOBSCo

QPBascl?;SCo

PVariance tlme PBasel2.5 PVariance tlme PBasel2.5 PVariance timepBascl?; PVariance tlme PBasel3

100

0.4020

108

0.146

0.6399 3600

0.158

0.4088

266 0.200

0.8803 0.144

150

0.4538

120

0.164

0.5029 3631

0.171

0.4701

268 0.200

D.4/@ 0.200

200

0.4054

117

0.164

0.4664 3605

0.147

0.4087

267 0.200

.48y 0.200

250

0.4090

127

0.161

0.4895 3630

0.153

0.4226

268 0.200

D.4653 0.200

300

0.3437

128

0.151

0.4356 3613

0.154

0.3561

288 0.200

.34 0.200

350

0.3428

132

0.156

0.4169 3605

0.163

0.3543

296 0.200

9.3834 0.200

in Tables2 and3. We can observe that the ADM obtains a better objective V@il ye,,;ance
and is faster than the MIP/QP methods.

Basel 2.5 constraint Basel 2.5 constraint

o
©

4500

2 ——ADM|| £ 2500
5 0.6 —O— MIP ;’
3 £ 500
3 3
= 0.4 g
< S
0.2 50
100 150 200 250 300 350 100 150 200 250 300 350
Number of stocks Number of stocks
Basel 3 constraint Basel 3 constraint
o 4500
= 08 —*— ADM |{ € 2500
= —— QP o
Ty 0.6 £ g
g S 500
£ 04 g
< S
0.2 100
100 150 200 250 300 350 100 150 200 250 300 350

Number of stocks Number of stocks

Figure 1. Comparing the ADM with the MIP for the mean-variesi@asel2.5 problem
and comparing the ADM with the QP for the mean-variance-Bagmblem for different
numbers of stocks using simulated data. CPU time is explésseconds.

5.4 Comparing ADM with MIP/LP on the Mean-CVaR-Basel Model

In this subsection, we evaluate the performance of the ADMhenmean-CVaR-Basel
problems:

min pova, (y(u))

S.t. pBascl2.5(x<u>> S CO7

and

20

min povar, (¥(u))

ueu'r‘o

S.t. pBascl?;(x(u)) < C’0-

(51)
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Figure 2: Comparing the ADM with the MIP for the mean-variesigasel2.5 problem
and comparing the ADM with the QP for the mean-variance-Bagmblem for different

numbers of stocks using real market data. CPU time is exgadasseconds.

The mean-CVaR-Basel2.5 problem can be solved using the MifRad, and the mean-
CVaR-Basel3 problem can be formulated as a LP problem aneédaising the dual sim-
plex (LP) solver in CPLEX 12.4.
We compare the ADM with the MIP/LP methods for the two probdemespectively.
The setup of the experiments is the same as in Seéti@nHence, the numbers of bi-
nary variables and linear constraints are the same as thogblel, and the number of
continuous variables is equal to that in Tablplus one.
The optimal objective valugcv.r,, (v(«)) obtained and the CPU time used by the ADM
and MIP/LP methods for the simulated and real market datprasented in Figure3and
4, respectively. These values, as well@gs2.5(z (1)) and ppasas(x(u)), are reported in

Table 3: The numerical results of solving the mean-varieBasel problems with real
market data using the ADM and the MIP/QP methods.

stocks  ADMgasei2.5<cy

MIPBasol2.5§Co

ADMBaSOBSCo

QPBascl?;SCo

d PVariance timepBasol2.5 PVariance time PBasel2.5 PVariance timepBascl?; PVariance time PBasel3
100 0.4157 104 0.145 0.5710 3627 0.148 0.4157 130 0.157 D.38&0 0.122
150 0.4393 118 0.155 0.4859 3698 0.136 0.4393 135 0.145 3.43% 0.145
200 0.3633 114 0.133 0.4662 3619 0.135 0.3633 149 0.141 ®.38%F 0.141
250 0.3678 124 0.145 0.4832 3630 0.139 0.3678 162 0.152 8.387 0.152
300 0.3608 129 0.138 0.4530 3638 0.148 0.3608 153 0.144 ®.3H 0.144
350 0.3473 137 0.137 0.4125 3649 0.138 0.3473 161 0.147 ®.347 0.147
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Table 4: The numerical results of solving the mean-CVaReBpsoblems with simulated
data using the ADM and the MIP/LP methods.
stocks ADMBascl2.5§CO MIPBasol2.5§Co ADMBasoBSCO LPBascl?;gCo
d  pcvar, IME PRasel2s Pcvar, ME PBasel2s PcvaRr, TME PBasels Povar, ME PRasess
100 0.0259 108 0.135 0.0258 583 0.134 0.0259 252 0.194 0.08580.197
150 0.0273 115 0.151 0.0272 866 0.151 0.0273 268 0.198 0.02720.194
200 0.0259 116 0.141 0.0258 1099 0.143 0.0259 252 0.170 8.025 0.172
250 0.0262 118 0.146 0.0261 1365 0.142 0.0262 264 0.184 0.026 0.185
300 0.0243 124 0.132 0.0243 1640 0.132 0.0243 276 0.180 ®.@8! 0.184
350 0.0243 133 0.134 0.0242 1981 0.131 0.0243 284 0.178 D.ax! 0.181

Tables4 and5. We can observe that (i) the ADM method is faster than the M&2hod

for the mean-CVaR-Basel2.5 problem but is slower than tharid®hod for the mean-
CVaR-Basel3 problem; (i) the optimal objective vajug.r, (v(u)) obtained by the ADM
and the MIP/LP are almost the same. In fact, the largest atesghlue of the relative
difference (“rel.dif”) of pcvar, between that obtained using the ADM and that obtained
using the MIP/LP i9).39%, where “rel.dif” is defined by rel.dif= (pcvar, (y(uapm)) —

povar, (Y (unip/Lp)))/ povar, (4 (unipLp))-

Basel 2.5 constraint Basel 2.5 constraint
0.028
—_ —¥%— ADM g 2000
= —O— MIP '*;)
>
2 0.026 g 500
[ ]
5 3 ‘
a 5 100,;———*—*—*———*———’
0.024 ©
100 150 200 250 300 350 100 150 200 250 300 350
Number of stocks Number of stocks
Basel 3 constraint Basel 3 constraint
0.028 o 2000
. —¥— ADM £ 500
= ——LP = e —————%
> 2 100
x 0.026¢ =
g 2 1 1
< 5
0.024 © g
100 150 200 250 300 350 100 150 200 250 300 350
Number of stocks Number of stocks

Figure 3: Comparing the ADM with the MIP for the mean-CVaRsBR.5 problem and
comparing the ADM with the LP for the mean-CVaR-Basel3 peobfor different numbers
of stocks using simulated data. CPU time is expressed ims&co
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Figure 4. Comparing the ADM with the MIP for the mean-CVaRsBR.5 problem and
comparing the ADM with the LP for the mean-CVaR-Basel3 peobfor different numbers
of stocks using real market data. CPU time is expressed onsisc

5.5 Comparing ADM with MIP on the Mean-VaR-Basel Model

In this subsection, we compare the performance of the ADM wiat of the MIP on the
mean-VaR-Basel models:

min pvag, (y(u min pvar, (y(u
i pran, () i e () -
S.t. pBasetzs(z(u)) < Co, S.t. ppaseis(z(u)) < Co.

The setup of the experiments is the same as that in SegiBoiable6 reports the number
of binary variables, continuous variables, and linear trangs in the MIP formulation of
the problems in%2).

Table 5: The numerical results of solving the mean-CVaReBaoblems with real market
data using the ADM and the MIP/LP methods.
stocks ADMBascl2.5§CO MIPBasol2.5§Co ADMBasoBSCO LPBascl?;gCo
d  pcvar. IME PBasel2s Pevar., ME PRasel2s Pcvar., ME PRasels Povar, ME PRasers
100 0.0331 111 0.141 0.0330 251 0.143 0.0331 153 0.156 0.03300.160
150 0.0337 107 0.133 0.0336 240 0.134 0.0337 119 0.143 0.083360.139
200 0.0310 109 0.132 0.0309 215 0.139 0.0310 147 0.141 0.30D90.147
250 0.0298 118 0.142 0.0298 289 0.145 0.0298 153 0.151 0.02980.154
300 0.0304 135 0.140 0.0303 184 0.141 0.0304 177 0.147 0.03030.153
350 0.0293 140 0.140 0.0292 200 0.142 0.0293 175 0.151 0.@220.150
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Table 6: The number of binary variables, continuous vaespand linear constraints in
the MIP formulation of the mean-VaR-Basel problems.

pBasol2.5(x<u>> < CO PBasel3 (.T(U)) < CO

d binary continuous constraints binary continuous constsai
100 62399 223 62527 4379 27941 32164
150 62399 273 62527 4379 27991 32164
200 62399 323 62527 4379 28041 32164
250 62399 373 62527 4379 28091 32164
300 62399 423 62527 4379 28141 32164
350 62399 473 62527 4379 28191 32164

Table 7: The numerical results obtained when solving thenm\@dr-Basel problems with

simulated data using the ADM and the MIP methods.

StOCkS ADMBasol2.5§C0 MIPBascl2.5§Co ADMBascl?;gCo MIPBascl?;gCo
d  pvar lIMEpascizs  pvar tIME ppaseins  Pvar M€ ppaseis  pvar  tIME ppageis
100 0.0214 174 0.151 0.0254 3602 0.158 0.0213 361 0.200 D3EM 0.200
150 0.0231 162 0.174 0.02653602 0.171 0.0233 397 0.200 D32 0.200
200 0.0219 160 0.170 0.0202 3607 0.161 0.0214 390 0.200 ®.3aWL 0.200
250 0.0210 175 0.166 0.02393604 0.151 0.0217 402 0.200 ®3aW 0.200
300 0.0195 180 0.162 0.02433611 0.153 0.0201 422 0.200 2.34@6 0.200
350 0.0197 192 0.163 0.0236 3612 0.144 0.0200 428 0.200 ©.34@0 0.200

The optimal objective valugy.r, (y(u)) obtained and the CPU time used by the ADM
and the MIP methods for the simulated and real market datarasented in Figuresand
6, respectively. These values, as well@gsc2.5(x(v)) and ppasas(z(u)), are reported in
Tables7 and8. The figures and tables show that the ADM is a very good alteto the
MIP for the mean-VaR-Basel problems because: (i) The ADMusinfaster than the MIP.
(if) For the mean-VaR-Basel2.5 problem, the optimal oliyectaluepv.r, computed by
the ADM is smaller than that computed by the MIP except in tasss; in fact, the relative
difference ofpy.r between the ADM and the MIP, which is defined @y.r (y(uapm)) —
pvar (Y(unp)))/ pvar (y(une)), 1S in the range of—19.65%, 8.07%|, which shows that the
ADM may be slightly inferior to the MIP in some cases but carslgmificantly preferable
to the MIP in other cases. (iii) For the mean-VaR-Basel3 |@mob the relative difference
of pvar between the ADM and the MIP is in the range[e£23.18%, 5.44%], which shows
that overall the ADM achieves better objective value thanNHP.

6 Conclusions

A major change in financial regulations after the recent firarcrisis is that financial
institutions are now required to meet more stringent reéguyacapital requirements than
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Figure 5: Comparing the ADM with the MIP for the mean-VaR-Blgsroblems for differ-
ent numbers of stocks using simulated data. CPU time is egpdkin seconds.

Table 8: The numerical results obtained when solving thena\@dr-Basel problems with

real market data using the ADM and the MIP methods.

stocks ADMBasol2.5§C0 MIPBascl2.5§Co ADMBascl?;gCo MIPBascl?;gCo
d  pvar 1MEpPBascizs  Pvar 1IME Ppase2s  Pvar IME PBasels  pvar  HIME ppasels
100 0.0246 148 0.138 0.0238 3602 0.143 0.0245 247 0.154 DX&BL 0.178
150 0.0249 167 0.146 0.0284 3602 0.160 0.0248 244 0.153 93&BL 0.195
200 0.0228 174 0.129 0.0268 3602 0.159 0.0228 269 0.142 23X 0.154
250 0.0233 194 0.134 0.0256 3606 0.153 0.0233 300 0.164 ®3&P 0.171
300 0.0224 193 0.133 0.0265 3606 0.158 0.0224 283 0.152 D.3&® 0.193
350 0.0227 208 0.131 0.02703609 0.146 0.0228 302 0.149 3320 0.197

previously. It has been estimated that the capital requergrfor a large bank’s trading
book under the Basel 2.5 Accord on averagere than doublethat under the Basel I
Accord. The significantly higher capital requirement mateaore important for banks
to take into account the capital constraint when they canstheir investment portfolios.
In this paper, we propose a new asset allocation model dctile“means-Basel” model,
that incorporates the Basel Accord capital requirementmasof the constraints. In this
model, the capital requirement is measured using the Basealri?l Basel Il risk measures
imposed by regulators; the risk level of the portfolio is s@&d byp, such as variance,
VaR, and CVaR that can be freely chosen by the portfolio manag

The complexity of the Basel 2.5 and Basel Il risk measurdsciwinvolve risk mea-
surement under multiple scenarios, including stresseatbses, poses significant computa-
tional challenges to the proposed asset allocation proilesrio its inherent non-convexity
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Figure 6: Comparing the ADM with the MIP for the mean-VaR-Blgsroblems for differ-
ent numbers of stocks using real market data. CPU time iseegpd in seconds.

and non-smoothness. We propose an unified algorithm baseldeoalternating direc-
tion augmented Lagrangian method to solve the me8asel model and classical mean-
model. The method is very simple and easy to implement; ilced the original problem
to one-dimensional optimization or convex quadratic paogming subproblems that may
even have closed-form solutions; hence, it is capable efrsplarge-scale problems that
are difficult to solve using many other methods. For non-eamases of the meanBasel
model, we establish the first-order optimality of the limiigts of the sequence generated
by the method under some mild conditions. Extensive nurakresults suggest that our
method is promising for finding high-quality approximateiogal solutions, especially in
non-convex cases.

A Proof of Lemmas in Section4.1

A.1 Proof of Lemma4.1

Proof. Sincepp.se = PBasel2.5, Problem @3) is equivalent to

min ¢z an[s ol
(53)

m

ok 5] pat1) L (5]
St max {%n "y Z%@} + max {fC(pmH)’ . > x(pg} = Co.

s=mi+1
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Without loss of generality, assume theﬁ] < vés} < ..o <o s =1, m. Then,
(ks1 ks, ksn,) = (1,2,...,ns). Letz be an optimal solution tdb@). If xES] > xg.s}

for some: < 7, then sinca;z[s} < vj[.s}, switching the values crfgs} andxg.s] will maintain

the feasibility ofx without increasingp(z). Thus, we can obtain an optimal solutien
that satisfies::[f} < 9:[;} < .. < xf} In addition, it must hold thatl[s] < vi[s] for all 4;

otherwise, ifzl > vl for somei, then setting:!”) = v/ will maintain the feasibility of

but strictly reduce)(x). Furthermore, it must hold tha:f] = vj[.s} forall j > p,; otherwise,
if there is someg > p, such thatcg.s} < vj[.s}, setting:cg.s} = UJ[;} will maintain the feasibility
of x but strictly reduce)(x). Therefore, problemb53) is equivalent to

min ¢(z) = Y [l — o]
s=1

5]

s.t. x[l Sx[;] < -~-§$Es]a s=1,...,m,
s s (54)
T, =0, J=ps+1,...,n5, s=1,...,m,
LI Wy ] £ NS
1] s mi+1] _~ s
max § x,/, - ; Ty, ¢+ max q z" T o sszlH zy o < Co.
Hence, the optimal solutionis given by @9). O
A.2 Proof of Lemma4.2
Proof. The problem 23) with pp.se = pBaseiz IS €quivalent to
min ||zl — ol
! (55)

g m
S.t. max {pCVaRa(x[mﬁ”), o Z pCVaRa(x[S])} < Cp.

2 s=mi+1

Letz = ("7, ()T, ..., (2[™)™)T be the optimal solution ta65). Then apparently
2l =0l fors =1,2,...,my. By (12),

1 S
) — mi - [s] _
pcvar. (21) min ¢+ 1 —a)mn ;(% t)+- (56)
Then using%6), itis easy to show tha(z™ 1T (glm+2) T (z7) T T is an optimal
solution to 31), which completes the proof. 0J
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A.3 Proof of Lemma4.3
Proof. The subproblem24) is equivalent to

yt) = argmin p(y) + Zlly —w" %, wherew? = - (Yu(’) - —w(”) . (57)
y 72

The result follows by using the definition pf..i..c. given in @) and Sherman—Morrison—
Woodbury formula. O

A.4 Proof of Lemma4.4.

Proof. The problem 24) with p = pv.r, becomes

min ¥(y) =y + oy — wlP, wherep/ == [an']. (58)
Without loss of generality, assume that < wy, < ... < wy. Then(ky, ko, ..., ky) =
(1,2,...,n). Lety be an optimal solution o5g). If y; > y; for somei < j, then since
w; < w;, switching the values af; andy; will not increasey(y). Thus, we can obtain an
optimal solutiony that satisfieg;; < y, < --- < y,». In addition, the optimal solution
must satisfy thay; < w; for all i; otherwise, ify; > w; for somei, then setting; = w; will
strictly reduce)(y). Furthermore, it must hold that = w; forall j = p'+1,p'+2, ..., 7/,
otherwise, if there is somg > p’ such thaty;, < w;, settingy;, = w, will strictly reduce
¥ (y). Therefore, problem5@) is equivalent to

!

. 02
min yy + = > (yi —wi)’
i=1 (59)
Sty Syp’a =1, 7p,_17

yi=w;, j=p +1p +2,...,n.
The KKT conditions of §9) are

v < oy i=1,....p 1, (60)

oy —w)+7m = 0,i=1,....p —1, (61)

Ry =) = 0 =T, p—1, (62)
p—1

oa(yy —wy) +1 =Y 71 = 0, (63)
j=1

7> 0,i=1,...,p -1 (64)

Since problem{9) is convex, the KKT conditions are also sufficient for theiwatity
of y. The equationsgl) and ©62) imply that for eachi = 1,...,p’ — 1, eithery; = w;
(if 7 = 0) ory;, = yy (if 7, > 0). Sincey; < --- < y,, it follows that there exists
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1 < ¢ < p' suchthaty, = w; for j < ¥, y; = yy for j > i*, andw;_; < y,. Then
by (63), we havey,, = v;-, where, is defined in 84). It follows from (61) and ©4) that
y; < wj, j =1,....p. Hence, we have;- = y;» < w;~. Therefore;* should satisfy
w1 < v+ < w;«, Which completes the proof. O

A.5 Proof of Lemma4.5
Proof. With p = pcvar,,, it follows from (56) that problem 24) is equivalent to

n/

o .
D =D+ Fly—w?, (65)

=1

. 1
O =t
wherex, := max(z,0). For any fixed, the optimaly that minimizes)(t, y) is y(t) defined
in (37). Hence, the result follows. O

B Proof of Proposition 4.1

Proof. We first show that for any fixedl < p < n, f(z) := z(, is globally Lipschitz. For
any givenz € R”, define

Lx(p) = {Z | T < {L'(p)}, Ex(p) = {Z | T; = {L'(p)}, Gx(p) = {’L | T > l'(p)}. (66)

For any giveny, ~ € R", without loss of generality, assume thg}, < z,. It follows from
the definition ofL, | andE, | thatthe number of elements 6f U E, is strictly larger
thanthatof’, . Therefore, the set:= (L, UE, )N(E. UG, )isnotempty. Choose
any: € I. Theny; < Y(p) andz; > Z(p)- Hence,|y(p)—z(p)| = Z(p)~Y(p) < zi—y; < Hy—ZH,
which establishes that.r,, (x) is globally Lipschitz.

Using the inequality max(a, b) — max(c,d)| < |a — ¢| + |b — d| for Va,b,¢,d € R,
it can be shown that the maximum of two globally Lipschitz dtians is also globally
Lipschitz. SinCecvar,, » PBasei2.5, aNdppasas are all finite linear combination of (maximum

of) globally Lipschitz functions, it follows that they ard globally Lipschitz. O

C Proof of Theorem4.1

Let conv(A) denote the convex hull od. First, we prove the following two propositions.

Proposition C.1. Lete; be theith standard basis vector iR”. The Clarke’s generalized
gradient off(x) = x(,) is given by

Oy = conv{e; | i € Bt whereE, = {i|x; = x4} (67)
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Proof. For anyz € R™ andd € R", let f°(x;d) be the Clarke’s generalized directional
derivative atr along the directior, i.e.,

Foled) = limsup LY D= SW) (68)

y—x,t—0t 13

Definedyax(2) := max{d; | i € £, },z € R". First, we will show that
fo(z;d) = dipax(z). (69)

Indeed, suppose thdiz(p) = {i1,..., 0} andE%) = {iks1,-- 50601t Thenk +1 <
p < k + [. By the definitions in §6), there exists; > 0 such that for any(y,t) €
B(z,n) x (0,n) itholds that(y + td); < (y+td); < (y +td), andy; < y; < yi, for Vi €
Ly, Vj € By, Vk € Gy . Forany suchy,t), yp) = (Yiesrs Yig s - - - Yipt) -y @Nd
(y+td)p) = (y+td)ip.y, (Y +td)ipn, -, (Y +td)i,.,) p—r)- SUppOse without loss of
generality thaty;, ., < v;,,, < --- < ¥;,,,. Thenyy,, = y;,. Letj’ < p —k be the
index such thaty + td);,, , = max{(y + td)y,,, (v + td)i, 5., (y + td);,}. Then
(y + td)(p) = ((y + td)ikJrl? (y + td)ik+27 ) (y + td)ik+l)(p—k) < maX{(y + td)ikJrl? (y +
td)iyps -5 (Y +td)i, } = (y +td);,, ,. Furthermorej’ < p — k implies thaty;, > y;, _ .
Therefore,

flyttd) = fy) _ wHtde =y, _ WHtdi, — Y,

= dik+j/ S dmax(x)~

t t - t
(70)
Since {0) holds for any(y, t) € B(x,n) x (0,n), it follows that
fo(x;d) < dpax(). (72)
On the other hand, suppogg, . = dunax(r). Define¢ := 1 + max{[d| | i € E, }.

m):

There exists a sequengé™” — x asm — oo such that for allm it holds thaty((p)

W o e = v andmin{|y™ — | | a # b1 < ab <1} =

2-m(. Definet(™ := 2-™-2, Then

fly™ +t™d) = fy™) _
$(m) Ut
Combining 72) with (71), we obtain 69).
Second, we will show that6) holds. By definition,0f(z) := {¢ € R | ¢'d <
fe(z;d), vd € R"}. On one hand, fov¢ € conv{e; | i € E,, }, £ can be represented
by ¢ = ZZEE%) c;e;, Wwheree; > Oforalli € E andZieEz(p) ci = 1. Hence&'d <

Z(p)
dmax(2) = f°(x; d) for Vd € R", which implies thatonv{e; | i € E,, } C dz,). On the
other hand, fov ¢ ¢ conv{e; | i € E, , }, it follows from separating hyperplane theorem
that there existd € R® anda € R such thatt'd > o > SUP ueconv e i€ B )}qu =
dmax(2) = f°(x;d), which implies¢ ¢ ). Thereforedzy,) C conv{e; | i € E, }.
Hence, 67) follows. O

= dmax (), Ym. (72)
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Proposition C.2. FOr ppasa € {pBasel2.5, PBase13 |, there exists a closed and bounded set
C C R7} such thal ¢ C and0pgasai(x) C C foranyz € R™.

Proof. Lete[S be theith standard basis iR" and E | ) = {1 <i<ny| a’; = x } By
similar argument in the proof of Propositi@hl, it can be shown that

0afl) = conv{(0,...,0,el%,0,....0) | i € B} (73)
(p)

Then by Theorem 2.3.3 and Theorem 2.3.1Clarke(1990, we have
5pBasol2.5(x> - COHV( i€l (x 8f2( )) + COHV( i€lz(x 8f2( )) ) (74)

wheref (z) = z(,) , andd fy(z) = conv{(e}",0,...,0) | i B }; he) = D D
anddf(x) € 5 320 conv{(0,..,0,¢,0,...,0) | i € B } @) = {i | max{ ),
fo(@)} = filw), i € {1,2}}; fa(w) = 2 1)), andd f(a )—Conv{( 0,...,0,e™™ 0. 0)]
1€ B }fale) = oo 30, 0 andaf( )C Ly conv{(0,...,0,¢7,0,

(pm1+1)

,0) | i€ ExES]l)}; I(z) = {i | max{fg(x), fi(x)} = fi(z), © € {3,4}}. Define
Ay = conv{(el",0,...,0) |1 <i<m}, Ay = S conv{(0, .. .,0,e0,...,0) |
1 < < nb Ay = conv{(0,...,0,e™ ™ 0,...,0) | 1 € i < npr}, Ag =
ng > 1 conv{(0, ..., 0, egs}, 0,...,0) | 1 <7 < ng}, andC := conv (A; U Ay) +
conv (A3 U Ay). Then,C is compact and) ¢ C; in addition, it follows from 74) that
Oppasei2.5(z) C C foranyz € R™.

By (14) and (73), we have

Ps — &

9 e 22—

conv{( L0.e 0,0 i€ E .}
(ps)

P )

1 N ] :
4+ convy(0,...,0,¢;7,0,...,0) |2t € E 14 }.
S conv( i€ Ey)

(1 N a)ns J=ps+1

Then, we can show by similar argument that the conclusiomladds forpg.se = PBase13-
O

The proof of Theored.1is as follows.

Proof of Theorend.1 (i) Sincep(x) is locally Lipschitz anghg.s. () is globally Lipschitz
onR" (by Lemmad4.1), it follows from Proposition 2.1.2 iiClarke (1990 thatdp(z) and
Oppasel () €xist onR™. Then the first part of the theorem follows from the corollafy
Proposition 2.4.3 and Theorem 2.3.100karke (1990.
(i) To prove part (ii), we first show that
lim 2V — 20 =0, lim yU*) —y0) =0, and lim «V ) — ) = 0. (75)

j—o0 j—00 j—o0
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Sincel4,, is closed and bounded the seque{m@' } is bounded. It follows fromZ6) and
(27) that2zU+1) = (AU — \0)) /(By0y) — RuU+D andyV*) = (70D — 700)) /(By05) —
YulitY, which in comblnatlon with boundedness ff\")} and assumed boundedness of
{(AD), 7))} implies that{(z"7), )} is bounded. Thus{(z¥), 4 4@ A0 7)1 js
bounded, and then the continuity of the augmented Lagrarfgiaction @2) implies that
{L£(29) yD) 40 A0 7)) is bounded.

Note that the augmented Lagrangian functidrs strongly convex with respect to the
variableu. Therefore, it holds that for anyand A,

wherec > 0 is constant. In addition, sinag’+!) minimizes @5) andu'’) € U,,, it follows
that
D L(xUFY U+ G+ NG 70T (4,0) — U+ > 0, (77)

Combining {¥6) and (/7), we obtain
L(zU+D 0+ 00 NGO 70y — £(g0+D 40D 0D A0 7)) > ¢ — 0|2,
(78)
SincezU*Y minimizes @3) andyY*Y minimizes @4), it follows from (26), (27), and {9
that
E(x(j)’y ) ) NG 7@y = £ (gUFD U+ 1 U+D AGHD G+

IAD = AT o — ||z D — 7G| > e ul ) — a2 (79)

ﬁ 01 5202

Sincez;?il(H)\(ﬂ‘l) —\@ ||2 + Hﬂ-(j't‘l) ) H2) < 00 and{ﬁ(x(j)7 y(j)7 u(j), )\(j)7 71—(3'))} is
bounded, it follows from79) that

D Nl — w7 < oo, (80)
j=1
which implies that ' .
lim wV ) — ) = 0. (81)
J—00

Since) 22 (AU = AD |24 [|x 0+ —70)]|2) < oo, it follows thatlim;, o, AT —A0) =
0, which in combination withZ6) implies that

lim 2+ + RuU+Y = 0. (82)
J—00
By (81) and @2), we obtainlim; ., 2V — 2} = 0. By similar argument, we obtain

hmj_) y(]+1) y(] — 0
For any limit pointz of the sequencéu)}, there exists a subsequenc&) — « as
i — oo. Since{ (1), yW) 4 AW 7))} is bounded, there exists a further subsequence
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{j:} € {k;} such thatz), 40) 40 N0 7U)Y — (z 7,4, \, 7) asi — oo. Clearly, we
obtain from @81) and @2) that

T+ Ru = lim i) + Rul) = lim 20) + Rubi—1 = 0. (83)
11— 00 1— 00
A similar argument leads 9+ Yu = 0.
The first-order optimality condition oRQ) in the j;th iteration is

0 € oy (29 + RuU=D) 4 N0~ 4 00 §pp. o (2U9)), (84)
n(ji)(pBasd(x(ji)) - CO) = 07 (85)

for somen?) > 0. Since{dppas1(27?))} is bounded away from zero (by PropositiGrD)
and{zU)}, {uU)} and{\U")} are bounded, it follows fromBd) that the sequencg;V+)}

is bounded. Hencd;V"} has a subsequence that converges. For the sake of simjaificat
of notation, we still denote the subsequence{g$)} and denote as its limit. Since
lim, oo AUD — AUi=D = 0, it follows thatlim, ,., AUi~Y) = \. Then, applying Proposition
2.1.5inClarke(1990 and noting the uniform boundednessipf...i(27*)) (by Proposition
C.2 and 83), we obtain from 84) and @85) that

5\ € _nngasel(j)v (86)
N(PBaset (T) — Co) = 0. (87)

The first-order optimality condition o®d) in the j;th iteration is
= 5p<y(ji)) 4+ U= Uz(y(ji) + ?u(ji_l)). (88)

Applying Proposition 2.1.5 irClarke (1990, and taking limit on both sides o0B8), we
obtain

T € —0p(y). (89)
The first-order optimality condition oR5) in the j;th iteration leads to
RTA\U=D UlRT(x(ji) + Ru(ji)> + Y U= 4 0-2}7T(y(ji) + f/'u(ji)) + C(ji) =0, (90)

where¢U) e Ny, (uY")), which is the normal cone #,, atu"). It follows from (90)

and the convergence §fzUi), 300 ) U 7G)] that¢ := lim (U9 is well defined.
Sincel4,, is compact and convex, it follows from Propositiori_éo.o4.£0iarke(1990 that
the normal conéVy,, (u) coincides with the cone of normals. Applying Propositioh.2.
in Clarke (1990 to the cone of normals, we obtaine Nu,,(w). Taking limit on both
sides of @0) and applying §6), (87), (89) and( € Ny, (u), we obtain 88) with u being
u. This completes the proof. 0J
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