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Abstract

Financial institutions are currently required to meet morestringent capital require-
ments than they were before the recent financial crisis; in particular, the capital require-
ment for a large bank’s trading book under the Basel 2.5 Accord more than doubles
that under the Basel II Accord. The significant increase in capital requirements renders
it necessary for banks to take into account the constraint ofcapital requirement when
they make asset allocation decisions. In this paper, we propose a new asset allocation
model that incorporates the regulatory capital requirements under both the Basel 2.5
Accord, which is currently in effect, and the Basel III Accord, which was recently
proposed and is currently under discussion. We propose an unified algorithm based on
the alternating direction augmented Lagrangian method to solve the model; we also
establish the first-order optimality of the limit points of the sequence generated by the
algorithm under some mild conditions. The algorithm is simple and easy to imple-
ment; each step of the algorithm consists of solving convex quadratic programming or
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one-dimensional subproblems. Numerical experiments on simulated and real market
data show that the algorithm compares favorably with other existing methods, espe-
cially in cases in which the model is non-convex.

Keywords: Asset Allocation, Basel Accords, Capital Requirements, Value-at-Risk,
Conditional Value-at-Risk, Expected Shortfall, Alternating Direction Augmented La-
grangian Methods

1 Introduction

One of the major consequences of the financial crisis that began in 2007 is that finan-
cial institutions are now required to meet more stringent capital requirements than they
were before the crisis. The considerable increase in capital requirements has been imposed
through the Basel Accords, which have undergone substantial revision since the inception
of the financial crisis. The framework of the latest version of the Basel Accord, the Basel
III Accord (Basel Committee on Banking Supervision, 2010), was announced in December
2010 and is soon to be implemented in many leading nations, including the United States
(Board of Governors of the Federal Reserve Systems, 2012).

In particular, the capital requirements for banks’ tradingbooks, which are calculated
by the Basel Accord risk measure for the trading book, have been increased substantially.
Before the 2007 financial crisis, the Basel II risk measure (Basel Committee on Banking
Supervision, 2006) was used in the calculation. During the crisis, it was foundthat the Basel
II risk measure had serious drawbacks, such as being procyclical and not being conservative
enough. In response to the financial crisis, the Basel committee revised the Basel II market
risk framework and imposed the “Basel 2.5” risk measure (Basel Committee on Banking
Supervision, 2009) in July 2009. It has been estimated that the capital requirement for a
large bank’s trading book under the Basel 2.5 risk measure onaveragemore than doubles
that under the Basel II risk measure (Basel Committee on Banking Supervision, 2012, p.
11).

The substantial increase in the capital requirements for the trading book makes it more
important for banks to take into account the constraint of capital requirements when they
construct investment portfolios. In this paper, we addressthis issue by proposing a new
asset allocation model that incorporates the capital requirement imposed by the Basal Ac-
cords. More precisely, we propose the“mean-ρ-Basel” asset allocation model, in whichρ
denotes the risk measure used for measuring the risk of the investment portfolio, such as
variance, value-at-risk (VaR), or conditional value-at-risk (CVaR);ρ can be freely chosen
by the portfolio manager; and “Basel” denotes the constraint that the regulatory capital of
the portfolio calculated by the Basel Accord risk measure should not exceed a certain upper
limit.

The complexity of the Basel Accord risk measures for calculating the capital require-
ments poses a challenge to solving the proposed “mean-ρ-Basel” asset allocation model.
The Basel Accords use VaR or CVaR withscenario analysisas the risk measure to calcu-
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late the capital requirements for a bank’s trading book. Scenario analysis is used to analyze
the behavior of random losses under different scenarios; a scenario refers to a specific eco-
nomic regime such as an economic boom and a financial crisis. The Basel II risk measure
involves the calculation of VaR under 60 different scenarios. The Basel 2.5 risk measure
involves the calculation of VaR under 120 scenarios, including 60 stressed scenarios. Most
recently, in May 2012, the Basel Committee released a consultative document (Basel Com-
mittee on Banking Supervision, 2012) that presents the initial policy proposal of a new risk
measure to replace the Basel 2.5 risk measure for the tradingbook; the new risk measure
involves the calculation of CVaR under stressed scenarios.Currently, this new proposal is
under discussion and has not been finalized. It is beyond the scope of this paper to dis-
cuss whether the newly proposed risk measure is superior to the Basel 2.5 risk measure;
hence, we will consider both the Basel 2.5 and the newly proposed Basel risk measure
in the mean-ρ-Basel model. See Section2.2 for details regarding the Basel Accord risk
measures.

Numerous studies have examined the single-period asset allocation model of“mean-
ρ” , in which ρ is a measure of portfolio risk such as variance, VaR, or CVaR.On recent
developments in the mean-variance asset allocation modelsand associated algorithms, see
e.g.,Chairawongse et al.(2012). Iyengar and Ma(2013) propose a fast iterative gradient
descent algorithm capable of handling large-scale problems for the mean-CVaR problem.
Lim, Shanthikumar, and Vahn(2011) evaluate CVaR as the risk measure in data-driven
portfolio optimization and show that portfolios obtained by solving mean-CVaR problems
are unreliable due to estimation errors of CVaR and/or the mean asset returns. To ad-
dress the issue of estimation risk,Karoui, Lim, and Vahn(2011) introduce a new approach,
called performance-based regularization, to the data-driven mean-CVaR portfolio optimiza-
tion problem.Rockafellar and Uryasev(2002) develop a method to reduce the data-driven
mean-CVaR asset allocation problem to a linear programming(LP) problem. The mean-
VaR problem is more difficult than the mean-CVaR due to the non-convexity of VaR. Soft-
ware packages such as CPLEX can be used to solve small-to-medium sized problems of
this type. Recently,Cui et al.(2013) propose a second-order cone programming method to
solve a mean-VaR model when VaR is estimated by its first-order or second-order approx-
imations. Bai et al.(2012) propose a penalty decomposition method for probabilistically
constrained programs including the mean-VaR problem.

It appears to be more challenging to solve the mean-ρ-Basel model than the mean-ρ
model due to the complexity of the Basel Accord risk measuresthat involve multiple VaRs
or CVaRs under various scenarios and the non-convexity of VaR. In this paper, we develop
an unified and computationally efficient method to solve the mean-ρ-Basel problem. This
method is based on thealternating direction augmented Lagrangian method(ADM) (see,
e.g.,Wen, Goldfarb, and Yin 2010; He and Yuan 2012; Hong and Luo 2012and the refer-
ences therein). The method is very simple and easy to implement; it reduces the original
problem to one-dimensional optimization or convex quadratic programming subproblems
that may even have closed-form solutions; hence, the methodis capable of solving large
scale problems. When the mean-ρ-Basel problem is convex for some specificρ and Basel
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constraint (e.g.,ρ is variance and the Basel constraint is specified by the newlyproposed
Basel Accord risk measure), the method is guaranteed to converge to the globally optimal
solution; when the problem is non-convex, we show that the limit points of the sequence
generated by the method satisfy the first-order optimality condition. See Section4.

The proposed method also applies to mean-ρ problems such as the mean-VaR, mean-
CVaR, and“mean-Basel” problem, in which the Basel Accord risk measures are used
to quantify the risk of the portfolio. The Basel Accord risk measures involve multiple
VaR or CVaR under different scenarios, which essentially correspond to different models
or distributions of asset returns. Hence, using the Basel Accord risk measures, or, more
generally, VaR or CVaR with scenario analysis, as the portfolio risk measure provides a
way to address the problem of model uncertainty.

In summary, the main contribution of the paper is two-fold. (i) We formulate a new asset
allocation model, the mean-ρ-Basel model, which takes into account the regulatory capital
constraint specified by the Basel Accord risk measure for trading books. We also formulate
and study the related mean-Basel model. To the best of our knowledge, there has been no
literature on asset allocation involving the Basel Accord risk measures. (ii) We propose an
efficient alternating direction augmented Lagrangian method for solving the mean-ρ-Basel
and mean-ρ models. For non-convex cases of these models, we establish the first-order
optimality of the limit points of iterative sequence generated by the method under mild
conditions. Although there is no theoretical guarantee that the method will converge to the
global solution in non-convex cases of these models, numerical experiments on simulated
and real market data show that the method can identify suboptimal solutions that can often
be superior to the approximate solutions of the mixed-integer programming formulation
computed by CPLEX within one hour.

The remainder of the paper is organized as follows. In Section 2, we review the defi-
nition and properties of the Basel Accord risk measures for trading books as well as some
other relevant risk measures. In Section3, we formulate the mean-ρ-Basel asset allocation
model in which the Basel Accord risk measures are used for setting a regulatory capi-
tal constraint. In Section4, we propose the alternating direction augmented Lagrangian
method for solving the mean-ρ-Basel and the mean-ρ problems; we also provide conver-
gence analysis of the method. Section5 provides the numerical results, which demonstrate
the accuracy and efficiency of the proposed method.

2 Review of Relevant Risk Measures

Variance is probably the best-known risk measure; in addition to variance, there is a vast lit-
erature on theoretical frameworks and concrete examples ofrisk measures. As it is beyond
the scope of this paper to discuss and compare different riskmeasures, we review only the
risk measures that are used in the asset allocation problemsconsidered in this paper.
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2.1 Value-at-Risk and Conditional Value-at-Risk (Expected Shortfall)

Value-at-Risk(VaR) is one of the most widely used risk measures in risk management. VaR
is a quantile of the loss distribution at some pre-defined probability level. More precisely,
let FX(·) be the distribution function of the random lossX, then, for a givenα ∈ (0, 1),
VaR ofX at levelα is defined as

VaRα(X) := inf{x | FX(x) ≥ α} = F−1
X (α). (1)

Jorion(2007) provides a comprehensive discussion of VaR and risk management.
Conditional Value-at-Risk(CVaR), proposed byRockafellar and Uryasev(2002), is

another prominent and widely used risk measure. For the random lossX, theα-tail distri-
bution function ofX is defined as

Fα,X(x) :=

{

0, for x < VaRα(X),
FX(x)−α

1−α
, for x ≥ VaRα(X).

(2)

Then, the CVaR at levelα of X is defined as

CVaRα(X) := mean of theα-tail distribution ofX =

∫ ∞

−∞

xdFα,X(x). (3)

Expected shortfall (ES)is a risk measure that is equivalent to CVaR and that was introduced
independently inAcerbi and Tasche(2002). CVaR and ES have the subadditivity property
and belong to the class of coherent risk measures (Artzner et al., 1999); VaR may not satisfy
subadditivity and belongs to another class of risk measurescalled insurance risk measures
(Wang, Young, and Panjer, 1997).

2.2 Basel Accord Risk Measures for Trading Books

The Basel Accords use VaR or CVaR with scenario analysis as the risk measure for calculat-
ing capital requirements for banks’ trading books. A scenario refers to a specific economic
regime, such as an economic boom or a financial crisis. Scenario analysis is necessary be-
cause studies have shown that the behavior of economic variables is substantially different
under different economic regimes (see, e.g.,Hamilton, 1989). In particular, many econom-
ic variables exhibit dramatic changes in their behavior during financial crises (Hamilton,
2005) or when government monetary or fiscal policies undergo sudden changes (Sims and
Zha, 2006). There is also evidence that the volatility and correlation among asset returns
increase in economic downturns (see, e.g.,Dai, Singleton, and Yang, 2007).

The Basel II Accord (Basel Committee on Banking Supervision, 2006) specifies that
the capital charge for the trading book on any particular dayt for banks using the internal
models approach should be calculated by the formula

ct = max

{

VaRα,t−1(X),
k

60

60
∑

s=1

VaRα,t−s(X)

}

, (4)
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whereX is the loss of the bank’s trading book;k is a constant that is no less than 3;
VaRα,t−s(X) is the 10-day VaR ofX atα = 99% confidence level calculated on dayt− s,
s = 1, . . . , 60. VaRα,t−s(X) is calculated under the scenario corresponding to information
available on dayt− s. For example, VaRα,t−s(X) of a portfolio of equity options is calcu-
lated conditional on the value of the equity prices, equity volatilities, yield curves, etc., on
dayt−s. Therefore, the Basel II risk measure is a VaR with scenario analysis that involves
60 scenarios.

Since the 2007 financial crisis, the Basel II risk measure (4) has been criticized for
two reasons: (i) This risk measure is based on contemporaneous observations and hence is
procyclical, i.e., risk measurement obtained by it tend to be low in boomsand high in crises,
which is exactly opposite to the goal of effective regulation (Adrian and Brunnermeier,
2008). (ii) This risk measure is not conservative enough. In fact, banks’ actual losses
during the financial crisis were significantly higher than the capital requirements calculated
by the risk measure.

In response to the financial crisis, the Basel Committee revised the Basel II market risk
framework and replaced the Basel II risk measure with the “Basel 2.5” risk measure in July
2009 (Basel Committee on Banking Supervision, 2009). The Basel 2.5 risk measure for
calculating capital requirements for trading books is defined by

ct =max

{

VaRα,t−1(X),
k

60

60
∑

s=1

VaRα,t−s(X)

}

+max

{

sVaRα,t−1(X),
ℓ

60

60
∑

s=1

sVaRα,t−s(X)

}

, (5)

where VaRα,t−s(X) is the same as that in (4); k andℓ are constants no less than 3; and
sVaRα,t−s(X) is called thestressedVaR ofX on dayt − s at confidence levelα = 99%,
which is calculated under a scenario in which the financial market is under significant
stress, such as the one that happened during the period from 2007 to 2008. The additional
capital requirements based on stressed VaR help to reduce the procyclicality of the Basel II
risk measure (4) and significantly increase the capital requirements.

In May 2012, the Basel Committee released a consultative document (Basel Committee
on Banking Supervision, 2012) that presents the initial policy proposal regarding the Basel
Committee’s fundamental review of the trading book capitalrequirements. In particular, the
Committee proposed a new risk measure to replace the Basel 2.5 risk measure; the new risk
measure uses CVaR (or, equivalently, ES) instead of VaR to calculate capital requirements.
More precisely, under the new risk measure, the capital requirement for a group of trading
desks that share similar major risk factors, such as equity,credit, interest rate, and currency,
is defined as the CVaR of the loss that may be incurred by the group of trading desks;
the CVaR should be calculated under stressed scenarios rather than under current market
conditions. For example, an equity trading desk and an equity option trading desk would
be grouped together for the purpose of calculating regulatory capital. This proposed risk
measure is currently under discussion, and it is not yet clear whether it is going to be the
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final version of the Basel III risk measure. In addition, the proposal has not clearly stated
if the capital charge for thetth day will depend solely on the stressed CVaR calculated on
dayt− 1 or on the CVaR calculated on dayt − s for s = 1, 2, . . . , 60, as in Basel 2.5. To
be more consistent with Basel 2.5, we consider the following“Basel III” risk measure:

ct = max

{

sCVaRα,t−1,
ℓ

60

60
∑

s=1

sCVaRα,t−s

}

, (6)

where sCVaRα,t−s is thestressedCVaR at levelα calculated on dayt − s. The proposal
suggests specifyingα to be a level smaller than 99% due to the difficulty of estimating
CVaR at high confidence levels, but the exact value ofα has not been determined. In the
numerical examples of Section5, we chooseα = 98%.

3 A New Asset Allocation Model Incorporating the Basel
Accord Capital Constraint

Consider a portfolio composed ofd assets and letu = (u1, u2, . . . , ud)
⊤ ∈ R

d denote
the portfolio weights of these assets, which are the percentage of initial wealth invested
in the assets. LetR = (R1, R2, . . . , Rd)

⊤ ∈ R
d be the random vector of simple returns

of these assets over a specified time horizon, e.g., one day. Then the simple return of the
portfolio isR⊤u and−R⊤u is the loss of the portfolio (per $1 of investment). Letµ ∈ R

d

be the (estimated) expected returns of thed assets. Thenµ⊤u is the expected return of the
portfolio.

The risk of the portfolio is measured byρ(−R⊤u), whereρ is a properly chosen risk
measure. There are generally two approaches to the computation of ρ(−R⊤u): (i) one first
assumes and estimates a (parametric) probability model forthe joint distribution ofR and
then computesρ(−R⊤u); (ii) one estimates the riskρ(−R⊤u) directly from the historical
observations ofR without assuming any hypothetical model forR.

As discussed in Section2.2, the return vectorR is usually observed under different
scenarios, such as economic booms and financial crises. Suppose there arem scenarios.
For eachs = 1, . . . , m, let R̃[s] ∈ R

ns×d be the collection ofns observations ofR under
thesth scenario, where each row ofR̃[s] represents one observation ofR⊤. Then, we define
the matrixR̃ and the observations of portfolio lossx(u) as follows:

R̃ :=











R̃[1]

R̃[2]

...
R̃[m]











∈ R
n×d, x(u) := −R̃u =











−R̃[1]u

−R̃[2]u
...

−R̃[m]u











=











x[1](u)
x[2](u)

...
x[m](u)











∈ R
n, n :=

m
∑

s=1

ns,

(7)
wherex[s](u) := −R̃[s]u ∈ R

ns denotes the observations of portfolio loss under thesth
scenario,s = 1, 2, . . . , m.
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In this paper, we estimateρ(−R⊤u) directly from the return observations̃R, as this
approach does not require a subjective model forR and hence greatly reduces model mis-
specification error.

3.1 Sample Versions of Measures of Portfolio Risk

In the following, we use⌈·⌉ to denote the ceiling function. Forx = (x1, x2, . . . , xn)
⊤ ∈ R

n,
let (i1, i2, . . . , in) be a permutation of(1, 2, . . . , n) such thatxi1 ≤ xi2 ≤ · · · ≤ xin . Then,
we definex(j) := xij , j = 1, . . . , n; hence,x(j) denotes thejth smallest component ofx.

Given the observatioñR[s], the empirical distribution function of(−R⊤u) under sce-
narios is given by

F̂
[s]

(−R⊤u)
(y) :=

1

ns

ns
∑

i=1

1{x[s](u)i≤y}. (8)

Then, for each risk measureρ discussed in Section2.2, ρ(−R⊤u) can be estimated from the
return observations̃R by substitutingF̂ [s]

(−R⊤u)
(·) for the distribution function of(−R⊤u)

under each scenarios. Thus, we obtain the following sample versions of risk measures.

Variance: Suppose there is one scenario, i.e.,m = 1. Then the sample variance of portfo-
lio return is

ρVariance(x(u)) =
1

n
x(u)⊤x(u)−

1

n2
x(u)⊤11⊤x(u), where1 := (1, 1, . . . , 1)⊤ ∈ R

n.

(9)

VaR: Suppose thatm = 1. For a givenα ∈ (0, 1), let p = ⌈αn⌉. Then the sample VaR at
levelα of the portfolio is

ρVaRα
(x(u)) := x(u)(p) = (−R̃u)(p). (10)

CVaR: Suppose thatm = 1. For a givenα ∈ (0, 1), let p = ⌈αn⌉. Then the sample CVaR
at levelα of the portfolio is

ρCVaRα
(x(u)) :=

p− αn

(1− α)n
x(u)(p) +

1

(1− α)n

n
∑

i=p+1

x(u)(i). (11)

By Theorem 10 inRockafellar and Uryasev(2002), ρCVaRα
(x(u)) can also be repre-

sented by

ρCVaRα
(x(u)) = min

t∈R
t+

1

(1− α)n

n
∑

i=1

(x(u)i−t)+, wherey+ := max(y, 0). (12)
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Basel 2.5: For a givenα ∈ (0, 1), let ps = ⌈αns⌉, s = 1, . . . , m. Thenx[s](u)(ps) is
the sample VaR at levelα of the portfolio estimated from the data setR̃[s]. Let
m1 = m2 = 60 andm = 120. Suppose the firstm1 scenarios correspond to current
market conditions and the lastm2 scenarios correspond to stressed scenarios. Then,
the sample version of the Basel 2.5 Accord risk measure is given by

ρBasel2.5(x(u)) :=max

{

x[1](u)(p1),
k

m1

m1
∑

s=1

x[s](u)(ps)

}

+max

{

x[m1+1](u)(pm1+1),
ℓ

m2

m
∑

s=m1+1

x[s](u)(ps)

}

. (13)

Basel III: Let α andps be defined previously. Then

ρCVaRα
(x[s](u)) :=

ps − αns

(1− α)ns
x[s](u)(ps) +

1

(1− α)ns

ns
∑

i=ps+1

x[s](u)(i) (14)

is the sample CVaR at levelα of the portfolio estimated from the data setR̃[s]. Sup-
pose the firstm1 = 60 scenarios correspond to current market conditions and the last
m2 = 60 scenarios correspond to stressed scenarios. Then the sample version of the
Basel-III risk measure is

ρBasel3(x(u)) := max

{

ρCVaRα
(x[m1+1](u)),

ℓ

m2

m
∑

s=m1+1

ρCVaRα
(x[s](u))

}

. (15)

3.2 The “Mean-ρ-Basel” Asset Allocation Model

Suppose a portfolio manager in a financial institution attempts to construct a portfolio com-
posed of thed assets and to choose the portfolio weightsu ∈ R

d to optimize the portfolio
performance. The manager can freely choose a risk measureρ to measure the risk of the
portfolio, such as variance, VaR, or CVaR; in addition, he orshe has the freedom to choose
a model for the asset returnsR or a data set̃Y ∈ R

n′×d, which has a similar structure to that
of R̃ defined in (7) and contains observations of the asset returns, to estimate the portfolio
risk. Hence, the portfolio risk will be given byρ(y(u)), wherey(u) := −Ỹ u. Furthermore,
the manager can specify that the expected portfolio return should be no less than a target
returnr0, namely, the portfolio weightsu should satisfy

u ∈ Ur0 := {u ∈ R
d | µ⊤u ≥ r0, 1

⊤u = 1, u ≥ 0}.

Here, it is assumed that the portfolio is long only; this assumption can be relaxed or re-
moved without incurring additional technical difficulty insolving the asset allocation prob-
lem specified below.
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At the same time, the manager has to meet the constraint that the regulatory capital for
his or her portfolio should not exceed an upper limitC0, which is allocated to him or her
by the financial institution’s senior management. The capital requirement for the portfolio
is calculated by the Basel Accord risk measureρBasel, which is specified by the regulators;
in addition, the data set̃R used for calculating the capital requirements should also satisfy
certain criteria and cannot be freely chosen by the portfolio manager. For example, the
Basel 2.5 risk measure requires thatR̃ should include 60 normal scenarios and 60 stressed
scenarios. Hence, the data setR̃ may be different from the data set̃Y , and the capital
requirement for the portfolio isρBasel(x(u)), wherex(u) = −R̃u.

To address the concerns of the portfolio manager, we proposethe following“mean-ρ-
Basel” asset allocation problem:

min
u∈Ur0

ρ(y(u))

s.t. ρBasel(x(u)) ≤ C0,
(16)

wherex(u) = −R̃u; y(u) = −Ỹ u; ρBasel is the Basel Accord risk measure for calculating
regulatory capital, i.e.,ρBasel2.5 or ρBasel3; C0 is the upper bound of the available capital;
andρ is the risk measure that the manager chooses for gauging the risk of the portfolio,
such as variance, VaR, or CVaR.

The mean-ρ-Basel problem (16) with ρ = ρVaRα
or ρBasel = ρBasel2.5 is non-convex and

is usually difficult to solve, as it can be formulated as a mixed-integer programming (MIP)
problem. For example, by introducingz′ ∈ {0, 1}n

′

andz[s] ∈ {0, 1}ns for 1 ≤ s ≤ m, the
mean-VaR-Basel2.5 problem can be formulated as the following MIP problem:

min
u,z,β,γ

β0

s.t. − Ỹ u ≤ β01+ ηz′, 1⊤z′ ≤ n′ − p′, z′ ∈ {0, 1}n
′

,

− R̃[s]u ≤ βs1+ ηz[s], 1⊤z[s] ≤ ns − ps, z
[s] ∈ {0, 1}ns, s = 1, . . . , m,

β1 ≤ γ1,
k

m1

m1
∑

s=1

βs ≤ γ1, βm1+1 ≤ γ2,
ℓ

m2

m
∑

s=m1+1

βs ≤ γ2,

γ1 + γ2 ≤ C0,

u ∈ Ur0 ,

(17)

wherep′ := ⌈αn′⌉, ps := ⌈αns⌉, η is a large constant. For instance,η can be chosen to be
η = maxu∈Ur0

maxj=1,...,n(−Ỹ u)j.
Similarly, by (12), the mean-VaR-Basel3 problem can be formulated as the following
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MIP problem:

min
u,z′,β0,t,r

β0

s.t. − Ỹ u ≤ β01 + ηz′, 1⊤z′ ≤ n′ − p′, z′ ∈ {0, 1}n
′

,

tm1+1 +
1

(1− α3)nm1+1

nm1+1
∑

i=1

r
[m1+1]
i ≤ C0,

ℓ

m2

m
∑

s=m1+1

(ts +
1

(1− α3)ns

ns
∑

i=1

r
[s]
i ) ≤ C0,

r
[s]
i ≥ 0, r

[s]
i ≥ −R̃[s]

i u− ts, i = 1, . . . , ns, s = m1 + 1, . . . , m,

u ∈ Ur0 .

(18)

On the other hand, the mean-ρ-Basel problem withρBasel beingρBasel3 and withρ being
ρVariance or ρCVaRα

is convex. More precisely, the mean-variance-Basel3 and mean-CVaR-
Basel3 problems can be formulated as a quadratic programming (QP) problem and a linear
programming (LP) problem, respectively, thanks to the LP formulation of CVaR given in
(12).

We develop a unified method for solving the mean-ρ-Basel problem in Section4.1and
provide convergence analysis of the method in Section4.2. The method can also be applied
to solve the classical“mean-ρ” problem:

min
u∈Ur0

ρ(x(u)), (19)

whereρ can be any risk measure chosen by the portfolio manager, suchas variance, VaR,
CVaR, andρBasel. If ρ = ρBasel, problem (19) is the “mean-Basel” problem, in which
the Basel Accord risk measures are used to quantify the risk of the portfolio. The Basel
Accord risk measures involve multiple VaR or CVaR under different scenarios, which es-
sentially correspond to different models or distributionsof asset returns. Hence, using the
Basel Accord risk measures, or, more generally, VaR or CVaR with scenario analysis, as
the portfolio risk measure provides a way to address the problem of model uncertainty. Al-
ternatively, the portfolio manager can construct the portfolio by maximizing the expected
return of portfolio subject to the constraint that the portfolio risk, measured byρ, does not
exceed a pre-specified risk budgetb0. The corresponding asset allocation problem is

min
u∈U

− µ⊤u

s.t.ρ(x(u)) ≤ b0,
(20)

whereU = {u ∈ R
d | 1

⊤u = 1, u ≥ 0}. The mean-ρ problems (19) and (20) with
ρ ∈ {ρVaRα

, ρBasel2.5} are also MIP problems which are difficult to solve. The details of the
method for solving these problems are given in Section4.3.
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4 The Alternating Direction Augmented Lagrangian Method

In this section, we propose a unified algorithm adapted from thealternating direction aug-
mented Lagrangianmethod (ADM) to solve the mean-ρ-Basel and the mean-ρ problem.
Although the ADM approach has been used in convex optimization (see, e.g.,Wen, Gold-
farb, and Yin 2010; He and Yuan 2012; andHong and Luo 2012), it appears that its use
for solving non-convex problems involving VaR or Basel Accords risk measures is new. In
particular, the proposed method is different from the penalty decomposition methods pro-
posed inBai et al.(2012), in which the division of blocks of variables leads to subproblems
that are more expensive to solve.

4.1 The ADM Algorithm for Solving the Mean-ρ-Basel Problem(16)

The problem (16) is equivalent to

min
u∈Ur0 ,x∈R

n,y∈Rn′

ρ(y)

s.t. ρBasel(x) ≤ C0,

x+ R̃u = 0,

y + Ỹ u = 0.

(21)

We then define the augmented Lagrangian function for (21) as follows:

L(x, y, u, λ, π) := ρ(y)+λ⊤(x+R̃u)+
σ1
2
‖x+R̃u‖2+π⊤(y+Ỹ u)+

σ2
2
‖y+Ỹ u‖2, (22)

whereσ1, σ2 > 0 is the penalty parameter andλ ∈ R
n andπ ∈ R

n′

are the Lagrangian
multipliers associated with the equality constraintsx + R̃u = 0 andy + Ỹ u = 0, respec-
tively.

We propose an ADM algorithm that minimizes (22) with respect tox, y, andu in an
alternating fashion while updatingλ andπ in the iteration. More precisely, letx(j), y(j), and
u(j) be the values ofx, y, andu at the beginning of thejth iteration of the algorithm; then
the algorithm updates the values ofx, y, andu by solving the following three subproblems
sequentially:

x(j+1) =arg min
x∈Rn

L(x, y(j), u(j), λ(j), π(j)), s.t.ρBasel(x) ≤ C0, (23)

y(j+1) =arg min
y∈Rn′

L(x(j+1), y, u(j), λ(j), π(j)), (24)

u(j+1) =arg min
u∈Ur0

L(x(j+1), y(j+1), u, λ(j), π(j)). (25)

Then, it updates the the Lagrangian multipliers by

λ(j+1) = λ(j) + β1σ1(x
(j+1) + R̃u(j+1)), (26)
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π(j+1) = π(j) + β2σ2(y
(j+1) + Ỹ u(j+1)), (27)

whereβ1, β2 > 0 are appropriately chosen step lengths.
The solutions to problems (23) and (24) are given in the lemmas at the end of this

subsection; these solutions are obtained either in closed form, by solving QP problems, or
by minimizing a single variable function on a closed interval. As for problem (25), simple
algebra shows that it is equivalent to the following QP problem (28):

u(j+1) =arg min
u∈Ur0

1

2
u⊤(σ1R̃

⊤R̃ + σ2Ỹ
⊤Ỹ )u+ b⊤e u, where (28)

be = R̃⊤(λ(j) + σ1x
(j+1)) + Ỹ ⊤(π(j) + σ2y

(j+1)).

The complete ADM algorithm is given as follows.

Algorithm 1 ADM algorithm for solving the mean-ρ-Basel problem (16)
1: Choose parameterσ1 > 0, σ2 > 0, β1 > 0, β2 > 0
2: Setj = 0; initialize y(0) ∈ R

n′

, u(0) ∈ R
d, λ(0) := 0, andπ(0) := 0

3: while {u(j)} has not convergeddo
4: updatex(j+1) to be the solution to problem (23); the solution is given in Lemma4.1

and Lemma4.2for ρBasel = ρBasel2.5 andρBasel = ρBasel3, respectively
5: updatey(j+1) to be the solution to problem (24); the solution is given in Lemma

4.3, Lemma4.4, and Lemma4.5 for ρ = ρVariance, ρ = ρVaRα
, andρ = ρCVaRα

,
respectively

6: updateu(j+1) by solving the QP problem (28)
7: updateλ(j+1) andπ(j+1) by (26) and (27), respectively
8: increasej by one and continue.
9: end while

The algorithm is very simple and easy to implement. StandardQP solvers, such as
CPLEX, can be used to solve the QP problems in Step 4, 5, and 6 ofthe algorithm. In
step 5 for the case ofρ = ρCVaRα

, the solution is obtained by minimizing a single-variable
function on a closed interval, which can be solved by golden section search and parabolic
interpolation (e.g., the function “fminbnd” in Matlab).

One particular implementation of the ADM algorithm including the specification of the
parametersσi andβi and the convergence test is given in Section5.2.

The lemmas for solving the subproblems in the algorithm are as follows.

Lemma 4.1. Consider problem(23) with ρBasel = ρBasel2.5. Let v := −
(

R̃u(j) + 1
σ1
λ(j)

)

and denotev = ((v[1])⊤, (v[2])⊤, . . . , (v[m])⊤)⊤, wherev[s] ∈ R
ns , s = 1, 2, . . . , m. Let

(ks,1, ks,2, . . . , ks,ns
) be the permutation of(1, 2, . . . , ns) such thatv[s]ks,1

≤ v
[s]
ks,2

≤ · · · ≤

v
[s]
ks,ns

, s = 1, . . . , m. Letps := ⌈αns⌉ andh[s] := (v
[s]
ks,1
, v

[s]
ks,2
, . . . , v

[s]
ks,ps

)⊤, s = 1, . . . , m.
The optimal solutionx to (23) is given by

x
[s]
ks,i

=

{

z
[s]
i , if 1 ≤ i ≤ ps,

v
[s]
ks,i
, otherwise,

i = 1, 2, . . . , ns, (29)
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where(z[1], z[2], . . . , z[m]) is the optimal solution to the following QP problem:

min
z,γ1,γ2

m
∑

s=1

‖z[s] − h[s]‖2

s.t. z
[s]
1 ≤ z

[s]
2 ≤ · · · ≤ z[s]ps , s = 1, · · · , m,

γ1 + γ2 ≤ C0, z[1]p1
≤ γ1, z[m1+1]

pm1+1
≤ γ2,

k

m1

m1
∑

s=1

z[s]ps ≤ γ1,
ℓ

m2

m
∑

s=m1+1

z[s]ps ≤ γ2.

(30)

Proof. See AppendixA.1.

Lemma 4.2. Consider problem(23) with ρBasel = ρBasel3. Let v and v[s] be defined as
in Lemma4.1. Let x[s], s = m1 + 1, . . . , m be the optimal solution to the following QP
problem:

min
t,x,z

m
∑

s=m1+1

‖x[s] − v[s]‖2,

s.t. tm1+1 +
1

(1− α)nm1+1

nm1+1
∑

i=1

z
[m1+1]
i ≤ C0

ℓ

m2

m
∑

s=m1+1

(ts +
1

(1− α)ns

ns
∑

i=1

z
[s]
i ) ≤ C0,

z
[s]
i ≥ 0, z

[s]
i ≥ x

[s]
i − ts, i = 1, . . . , ns, s = m1 + 1, . . . , m.

(31)

Then the optimal solution to(23) is given by

x = ((v[1])⊤, (v[2])⊤, . . . , (v[m1])⊤, (x[m1+1])⊤, (x[m1+2])⊤, . . . , (x[m])⊤)⊤.

Proof. See AppendixA.2.

Lemma 4.3. The optimal solution to problem(24) with ρ = ρVariance is

y(j+1) = σ2

(

(σ2 +
2

n′
)I −

2

(n′)2
11

⊤

)−1

w(j) =

(

σ2 +
2

n′

)−1(

σ2w
(j) + 2

1
⊤w(j)

(n′)2
1

)

,

(32)

wherew(j) = −
(

Ỹ u(j) + 1
σ2
π(j)

)

.

Proof. See AppendixA.3.

Lemma 4.4. Consider problem(24) with ρ = ρVaRα
. Definew := −(Ỹ u(j) + 1

σ2
π(j)) ∈

R
n′

and p′ := ⌈αn′⌉. Let (k1, k2, . . . , kn′) be the permutation of(1, 2, . . . , n′) such that
wk1 ≤ wk2 ≤ · · · ≤ wkn′

. Then the optimal solutiony to (24) with ρ = ρVaRα
is given by

yki =

{

γi∗ , if i∗ ≤ i ≤ p′,

wki, otherwise,
i = 1, 2, . . . , n′, (33)
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where

i∗ := max{i | 1 ≤ i ≤ p′, wki−1
< γi ≤ wki}, wk0 := −∞, andγi :=

σ2
∑p′

j=iwkj − 1

σ2(p′ − i+ 1)
.

(34)

Proof. See AppendixA.4.

Lemma 4.5. Consider problem(24) with ρ = ρCVaRα
. Letw be defined as in Lemma4.4.

Define

φ(t, y) := t+
1

(1− α)n′

n′

∑

i=1

(yi − t)+ +
σ2
2
‖y − w‖2, (35)

wherex+ := max(x, 0). Let t∗ be the optimal solution to

min
t

φ(t, y(t)), s.t. min
1≤i≤n′

wi − c ≤ t ≤ max
1≤i≤n′

wi, (36)

wherec = 1
σ2(1−α)n′ ; y(t) = (y1(t), y2(t), . . . , yn′(t))⊤; yi(t), i = 1, . . . , n′ are defined by

yi(t) =











wi − c, if wi − c > t,

t, if wi > t ≥ wi − c,

wi, otherwise.

(37)

Theny(t∗) is the optimal solution to(24) with ρ = ρCVaRα
.

Proof. See AppendixA.5.

4.2 Convergence Analysis

If ρ is ρVariance or ρCVaRα
andρBasel is ρBasel3, problem (16) is convex and the ADM method

is ensured to converge to the global solutions theoretically (Hong and Luo, 2012). On the
other hand, ifρ is ρVaRα

or if ρBasel is ρBasel2.5, the convergence of the ADM algorithm to
a global optimal solution is not guaranteed due to the non-convexity of ρVaRα

or ρBasel2.5;
however, we will show in the following that the limit point ofthe sequence generated by
the ADM algorithm satisfies the first-order optimality conditions of problem (16) under
some mild conditions. In addition, numerical experiments suggest that the ADM algorithm
seems to converge from any starting point.

We first recall the definition of locally Lipschitz functions.

Definition 4.1. A functionf(x) : domf ⊆ R
n → R is Lipschitz near a pointx0 ∈

int(domf) if there existK ≥ 0 andδ > 0 such that|f(x) − f(x′)| ≤ K‖x − x′‖ for all
x, x′ ∈ Bδ(x0), whereBδ(x0) := {x ∈ R

n : ‖x− x0‖ < δ} ⊆ domf . A function is locally
Lipschitz if it is Lipschitz near every point inRn. A function is globally Lipschitz onRn if
there exists a constantK ≥ 0 such that|f(x)− f(x′)| ≤ K‖x− x′‖ for all x, x′ ∈ R

n.
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We have the following result on the Lipschitz property of risk measures.

Proposition 4.1. The functionsρVaRα
(x), ρCVaRα

(x), ρBasel2.5(x), andρBasel3(x) defined in
Section3.1are all globally Lipschitz onRn.

Proof. See AppendixB.

We have the following theorem regarding the optimality of the output of the ADM
algorithm.

Theorem 4.1. Suppose thatρ(x) is locally Lipschitz andρBasel ∈ {ρBasel2.5, ρBasel3}, then
the following statements hold.

(i) (KKT conditions) Ifu is a local minimizer of(16), then there exitsη ≥ 0, such that

0 ∈ −Ỹ ⊤∂̄ρ(y(u))− ηR̃⊤∂̄ρBasel(x(u)) +NUr0
(u), (38)

η(ρBasel(x(u))− C0) = 0, (39)

whereNUr0
(u) is the normal cone toUr0 at u and ∂̄f(·) denotes the Clarke’s generalized

gradient off(·).
(ii) Let {(x(j), y(j), u(j), λ(j), π(j))} be a sequence generated by scheme(23)-(27) and

assume that
∑∞

j=1 ‖λ
(j+1) − λ(j)‖2 + ‖π(j+1) − π(j)‖2 <∞ and{(λ(j), π(j))} is bounded.

Then, the sequence{u(j)} is bounded and any limit point̄u of {u(j)} satisfies the first-order
optimality conditions(38)-(39).

Proof. See AppendixC.

By Proposition4.1, Theorem4.1applies to the ADM algorithm withρ beingρVariance,
ρVaRα

, or ρCVaRα
.

4.3 The ADM Algorithm for Solving the Mean-ρ Problems (19) and
(20)

The ADM algorithm for solving the mean-ρ problems including the mean-VaR and mean-
Basel problems is as follows.

ADM for Solving Problem (19): The augmented Lagrangian function for (19) is defined
as

L(x, u, λ) := ρ(x) + λ⊤(x+ R̃u) +
σ

2
‖x+ R̃u‖2, (40)

whereσ > 0 is the penalty parameter andλ ∈ R
n is the Lagrangian multiplier. The

ADM method is

x(j+1) = arg min
x∈Rn

ρ(x) +
σ

2
‖x− v(j)‖2, (41)

u(j+1) = arg min
u∈Ur0

1

2
u⊤R̃⊤R̃u+ b⊤u, (42)

λ(j+1) = λ(j) + βσ(x(j+1) + R̃u(j+1)), (43)
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wherev(j) = −
(

R̃u(j) + 1
σ
λ(j)

)

, b = R̃⊤( 1
σ
λ(j) + x(j+1)), andβ > 0. For ρ =

ρVariance, ρVaRα
, andρCVaRα

, the subproblem (41) is the same as (24) and hence its
solution is given by Lemma4.3, 4.4, and4.5, respectively; forρ = ρBasel, problem
(41) is equivalent to

min
τ∈R,x∈Rn

τ +
σ

2
‖x− v(j)‖2, s.t.ρBasel(x) ≤ τ, (44)

whose solution can be obtained in a way similar to that in Lemmas4.1 and4.2 ex-
cept thatC0 in (30) and (31) should be replaced byτ andτ should be added to the
objective functions andτ should be included as an additional optimization variable
in the minimization. The subproblem (42) can be solved by a standard QP solver.

ADM for Solving Problem (20): The augmented Lagrangian function for (20) is defined
as

Lc(x, u, λ) := −µ⊤u+ λ⊤(x+ R̃u) +
σ

2
‖x+ R̃u‖2, (45)

whereσ > 0 is the penalty parameter andλ ∈ R
n is the Lagrangian multiplier. The

ADM method is

x(j+1) = arg min
x∈Rn

‖x− v(j)‖2, s.t.ρ(x) ≤ b0, (46)

u(j+1) = argmin
u∈U

1

2
u⊤R̃⊤R̃u+ b⊤c u, (47)

λ(j+1) = λ(j) + βσ(x(j+1) + R̃u(j+1)), (48)

wherev(j) = −
(

R̃u(j) + 1
σ
λ(j)

)

, bc = R̃⊤( 1
σ
λ(j) + x(j+1)) − µ

σ
, andβ > 0. For

ρ = ρVariance, (46) is a QP problem; forρ = ρCVaRα
, (46) can be formulated as a

QP problem by using (12); for ρ = ρVaRα
, by an argument similar to the proof of

Lemma4.4, the closed-form solution of (46) is given by (33) with γi∗ being replaced
by b0; for ρ = ρBasel, the solution to (46) can be obtained by Lemmas4.1 and4.2.
The subproblem (47) is a standard QP problem.

Convergence results similar to Theorem4.1 can be established for the ADM for
models (19) and (20).

5 Numerical Results

In this section, we conduct computational experiments to demonstrate the effectiveness of
the ADM method for solving the mean-ρ-Basel model using both simulated and real market
data. In particular, we compare the performance of ADM method with that of MIP/QP/LP
solvers in CPLEX 12.4. The numerical results suggest that the ADM method is promising
in generating solutions of high quality to the model in reasonable computational time.
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5.1 Data Description

In our experiments, the real market data and simulated data sets are generated as follows.

• S&P 500 Data Set.The S&P 500 data set comprises the daily returns of 359 stocks
that have ever been included in the S&P 500 index and do not have missing data dur-
ing the following specified time periods. Lett0 = 03/01/2012. For s = 1, . . . , 60,
R̃

[s]
SP denotes the trailing five-year daily returns of the stocks ondayt0−s+1 (i.e., the

daily returns of the stocks during the period from dayt0−s−2058 to dayt0−s+1).
Let l = 06/01/2007 andu = 06/01/2009. For s = 61, . . . , 120, R̃[s]

SP is defined as
the daily returns of the stocks during the stressed period from dayl+ 120− s to day
u− s + 61. Then the S&P data matrix̃RSP is defined fromR̃[s]

SP , s = 1, . . . , 120 by
Eq. (7).

• Simulated Data.We simulate the prices of 350 stocks based on a multi-dimensional
version of the double-exponential jump diffusion model (Kou, 2002):

dSi(t)

Si(t−)
= µidt+ σidWi(t) + d





Ni(t)
∑

k=1

(eVik − 1)



 , i = 1, . . . , n, (49)

whereW1(t), . . . ,Wn(t) aren correlated Brownian motions withdWi(t)dWj(t) =
ρijdt; Ni(t) is a Poisson process with intensityλi; Ni(t) is independent ofNj(t)
for i 6= j; {Vi1, Vi2, . . .} are i.i.d. log jump sizes with a double-exponential proba-
bility density functionfi(x) = piηiue

−ηiux1{x≥0} + (1 − pi)ηide
ηidx1{x<0}; Vik and

Vjl are independent fori 6= j; and the Brownian motions, Poisson processes, and
jump sizes are mutually independent. The stock returns generated in the above mod-
el have the same tail heaviness as those generated by the negative exponential tail
model considered inLim, Shanthikumar, and Vahn(2011). Two sets of parame-
ters{µi, σi, λi, pi, ηiu, ηid, ρij} are used to simulate stock returns under normal and
stressed market conditions, respectively; these parameters are estimated from the his-
torical data of some large-cap stocks during normal and stressed market conditions,
respectively.∆t is set to be1/252 (one day).

5.2 Parameter Settings of the ADM and MIP

Our method is implemented in MATLAB. All the experiments were performed on a Del-
l Precision Workstation T5500 with Intel Xeon CPU E5620 at 2.40GHz and 12GB of
memory running Ubuntu 12.04 and MATLAB 2011b. All the quadratic programming
subproblems in the ADM method are solved using the QP solversin CPLEX 12.4 with
Matlab interface; and the mixed integer programming (MIP) reformulations of the as-
set allocation models are solved using the MIP solvers in CPLEX 12.4. In our test, the
parametersσ and β in (23)-(26) are set to be10−3 and 0.1, respectively. The initial
Lagrangian multipliers areλ(0) = 0 andπ(0) = 0. The method is terminated if either
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Table 1: The number of binary variables, continuous variables, and linear constraints in the
MIP/QP formulation of the mean-variance-Basel problems.

ρBasel2.5(x(u)) ≤ C0 ρBasel3(x(u)) ≤ C0

d binary continuous constraints binary continuous constraints
100 58020 4601 62526 – 32319 32163
150 58020 4651 62526 – 32369 32163
200 58020 4701 62526 – 32419 32163
250 58020 4751 62526 – 32469 32163
300 58020 4801 62526 – 32519 32163
350 58020 4851 62526 – 32569 32163

‖x(j+1) + R̃u(j+1)‖2 + ‖y(j+1) + Ỹ u(j+1)‖2 ≤ 10−8, ‖u(j+1)−u(j)‖

max(1,‖u(j)‖)
≤ 10−4, or the number

of iterations has reached an upper bound of 2000. The defaultsetting of the MIP solver in
CPLEX 12.4 is used. The maximum CPU time limit for all solversis set to 3600 seconds.

5.3 Comparing ADM with MIP/QP on the Mean-Variance-Basel Mod-
el

In this subsection, we evaluate the performance of the ADM onthe mean-variance-Basel
problems:

min
u∈Ur0

ρVariance(y(u))

s.t. ρBasel2.5(x(u)) ≤ C0,
and

min
u∈Ur0

ρVariance(y(u))

s.t. ρBasel3(x(u)) ≤ C0.
(50)

The mean-variance-Basel2.5 problem can be solved using theMIP method, and the mean-
variance-Basel3 problem is a QP problem that can be solved using the QP solver in CPLEX
12.4.

We compare the ADM with the MIP/QP methods for the two problems, respectively,
for different numbers of stocksd ∈ {100, 150, 200, 250, 300, 350} using real market and
simulated data. For the real market data,R̃ is defined to be a submatrix of̃RSP consisting
of d columns ofR̃SP that are randomly selected. The meanµ used for definingUr0 is set
as the sample mean of̃R. The prescribed return levelr0 is set to be the 80% quantile of the
cross-sectional expected returns of thed stocks. Ỹ is obtained by deleting the duplicated
rows in R̃. The parameters in (13) are set atα = 0.99, k = 3, andℓ = 3; those in (15)
are set atα = 0.98 andℓ = 6. C0 is set at0.2. Table1 reports the numbers of binary
variables, continuous variables, and linear constraints,denoted by “binary,” “continuous,”
and “constraints,” respectively, of the two problems in (50).

The optimal objective valueρVariance(y(u)) obtained and the CPU time used by the
ADM and MIP/QP methods for the simulated and real market dataare presented in Figures
1 and2, respectively. These values, as well asρBasel2.5(x(u)) andρBasel3(x(u)), are reported
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Table 2: The numerical results of solving the mean-variance-Basel problems with simulated
data using the ADM and the MIP/QP methods.
stocks ADMBasel2.5≤C0 MIPBasel2.5≤C0 ADMBasel3≤C0 QPBasel3≤C0

d ρVariance timeρBasel2.5 ρVariance time ρBasel2.5 ρVariance timeρBasel3 ρVariance time ρBasel3

100 0.4020 108 0.146 0.6399 3600 0.158 0.4088 266 0.200 0.8277 3603 0.144
150 0.4538 120 0.164 0.5029 3631 0.171 0.4701 268 0.200 0.4702 572 0.200
200 0.4054 117 0.164 0.4664 3605 0.147 0.4087 267 0.200 0.4087 567 0.200
250 0.4090 127 0.161 0.4895 3630 0.153 0.4226 268 0.200 0.4227 653 0.200
300 0.3437 128 0.151 0.4356 3613 0.154 0.3561 288 0.200 0.3562 671 0.200
350 0.3428 132 0.156 0.4169 3605 0.163 0.3543 296 0.200 0.3544 717 0.200

in Tables2 and3. We can observe that the ADM obtains a better objective valueof ρVariance
and is faster than the MIP/QP methods.
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Figure 1: Comparing the ADM with the MIP for the mean-variance-Basel2.5 problem
and comparing the ADM with the QP for the mean-variance-Basel3 problem for different
numbers of stocks using simulated data. CPU time is expressed in seconds.

5.4 Comparing ADM with MIP/LP on the Mean-CVaR-Basel Model

In this subsection, we evaluate the performance of the ADM onthe mean-CVaR-Basel
problems:

min
u∈Ur0

ρCVaRα
(y(u))

s.t. ρBasel2.5(x(u)) ≤ C0,
and

min
u∈Ur0

ρCVaRα
(y(u))

s.t. ρBasel3(x(u)) ≤ C0.
(51)
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Figure 2: Comparing the ADM with the MIP for the mean-variance-Basel2.5 problem
and comparing the ADM with the QP for the mean-variance-Basel3 problem for different
numbers of stocks using real market data. CPU time is expressed in seconds.

The mean-CVaR-Basel2.5 problem can be solved using the MIP method, and the mean-
CVaR-Basel3 problem can be formulated as a LP problem and solved using the dual sim-
plex (LP) solver in CPLEX 12.4.

We compare the ADM with the MIP/LP methods for the two problems, respectively.
The setup of the experiments is the same as in Section5.3. Hence, the numbers of bi-
nary variables and linear constraints are the same as those in Table1, and the number of
continuous variables is equal to that in Table1 plus one.

The optimal objective valueρCVaRα
(y(u)) obtained and the CPU time used by the ADM

and MIP/LP methods for the simulated and real market data arepresented in Figures3 and
4, respectively. These values, as well asρBasel2.5(x(u)) andρBasel3(x(u)), are reported in

Table 3: The numerical results of solving the mean-variance-Basel problems with real
market data using the ADM and the MIP/QP methods.
stocks ADMBasel2.5≤C0 MIPBasel2.5≤C0 ADMBasel3≤C0 QPBasel3≤C0

d ρVariance timeρBasel2.5 ρVariance time ρBasel2.5 ρVariance timeρBasel3 ρVariance time ρBasel3

100 0.4157 104 0.145 0.5710 3627 0.148 0.4157 130 0.157 0.5867 3610 0.122
150 0.4393 118 0.155 0.4859 3698 0.136 0.4393 135 0.145 0.4393 510 0.145
200 0.3633 114 0.133 0.4662 3619 0.135 0.3633 149 0.141 0.3633 497 0.141
250 0.3678 124 0.145 0.4832 3630 0.139 0.3678 162 0.152 0.3678 497 0.152
300 0.3608 129 0.138 0.4530 3638 0.148 0.3608 153 0.144 0.3608 505 0.144
350 0.3473 137 0.137 0.4125 3649 0.138 0.3473 161 0.147 0.3473 547 0.147
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Table 4: The numerical results of solving the mean-CVaR-Basel problems with simulated
data using the ADM and the MIP/LP methods.
stocks ADMBasel2.5≤C0 MIPBasel2.5≤C0 ADMBasel3≤C0 LPBasel3≤C0

d ρCVaRα
timeρBasel2.5 ρCVaRα

time ρBasel2.5 ρCVaRα
timeρBasel3 ρCVaRα

timeρBasel3

100 0.0259 108 0.135 0.0258 583 0.134 0.0259 252 0.194 0.02586 0.197
150 0.0273 115 0.151 0.0272 866 0.151 0.0273 268 0.198 0.02727 0.194
200 0.0259 116 0.141 0.0258 1099 0.143 0.0259 252 0.170 0.0258 7 0.172
250 0.0262 118 0.146 0.0261 1365 0.142 0.0262 264 0.184 0.0261 9 0.185
300 0.0243 124 0.132 0.0243 1640 0.132 0.0243 276 0.180 0.0243 28 0.184
350 0.0243 133 0.134 0.0242 1981 0.131 0.0243 284 0.178 0.0242 19 0.181

Tables4 and5. We can observe that (i) the ADM method is faster than the MIP method
for the mean-CVaR-Basel2.5 problem but is slower than the LPmethod for the mean-
CVaR-Basel3 problem; (ii) the optimal objective valueρCVaRα

(y(u)) obtained by the ADM
and the MIP/LP are almost the same. In fact, the largest absolute value of the relative
difference (“rel.dif”) of ρCVaRα

between that obtained using the ADM and that obtained
using the MIP/LP is0.39%, where “rel.dif” is defined by rel.dif:= (ρCVaRα

(y(uADM)) −
ρCVaRα

(y(uMIP/LP)))/ρCVaRα
(y(uMIP/LP)).
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Figure 3: Comparing the ADM with the MIP for the mean-CVaR-Basel2.5 problem and
comparing the ADM with the LP for the mean-CVaR-Basel3 problem for different numbers
of stocks using simulated data. CPU time is expressed in seconds.
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Figure 4: Comparing the ADM with the MIP for the mean-CVaR-Basel2.5 problem and
comparing the ADM with the LP for the mean-CVaR-Basel3 problem for different numbers
of stocks using real market data. CPU time is expressed in seconds.

5.5 Comparing ADM with MIP on the Mean-VaR-Basel Model

In this subsection, we compare the performance of the ADM with that of the MIP on the
mean-VaR-Basel models:

min
u∈Ur0

ρVaRα
(y(u))

s.t. ρBasel2.5(x(u)) ≤ C0,
and

min
u∈Ur0

ρVaRα
(y(u))

s.t. ρBasel3(x(u)) ≤ C0.
(52)

The setup of the experiments is the same as that in Section5.3. Table6 reports the number
of binary variables, continuous variables, and linear constraints in the MIP formulation of
the problems in (52).

Table 5: The numerical results of solving the mean-CVaR-Basel problems with real market
data using the ADM and the MIP/LP methods.
stocks ADMBasel2.5≤C0 MIPBasel2.5≤C0 ADMBasel3≤C0 LPBasel3≤C0

d ρCVaRα
timeρBasel2.5 ρCVaRα

timeρBasel2.5 ρCVaRα
timeρBasel3 ρCVaRα

timeρBasel3

100 0.0331 111 0.141 0.0330 251 0.143 0.0331 153 0.156 0.03305 0.160
150 0.0337 107 0.133 0.0336 240 0.134 0.0337 119 0.143 0.03364 0.139
200 0.0310 109 0.132 0.0309 215 0.139 0.0310 147 0.141 0.030910 0.147
250 0.0298 118 0.142 0.0298 289 0.145 0.0298 153 0.151 0.02989 0.154
300 0.0304 135 0.140 0.0303 184 0.141 0.0304 177 0.147 0.030311 0.153
350 0.0293 140 0.140 0.0292 200 0.142 0.0293 175 0.151 0.029229 0.150
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Table 6: The number of binary variables, continuous variables, and linear constraints in
the MIP formulation of the mean-VaR-Basel problems.

ρBasel2.5(x(u)) ≤ C0 ρBasel3(x(u)) ≤ C0

d binary continuous constraints binary continuous constraints
100 62399 223 62527 4379 27941 32164
150 62399 273 62527 4379 27991 32164
200 62399 323 62527 4379 28041 32164
250 62399 373 62527 4379 28091 32164
300 62399 423 62527 4379 28141 32164
350 62399 473 62527 4379 28191 32164

Table 7: The numerical results obtained when solving the mean-VaR-Basel problems with
simulated data using the ADM and the MIP methods.
stocks ADMBasel2.5≤C0 MIPBasel2.5≤C0 ADMBasel3≤C0 MIPBasel3≤C0

d ρVaR timeρBasel2.5 ρVaR time ρBasel2.5 ρVaR timeρBasel3 ρVaR time ρBasel3

100 0.0214 174 0.151 0.0254 3602 0.158 0.0213 361 0.200 0.0207 3601 0.200
150 0.0231 162 0.174 0.0265 3602 0.171 0.0233 397 0.200 0.0225 3601 0.200
200 0.0219 160 0.170 0.0202 3607 0.161 0.0214 390 0.200 0.0203 3601 0.200
250 0.0210 175 0.166 0.0239 3604 0.151 0.0217 402 0.200 0.0206 3602 0.200
300 0.0195 180 0.162 0.0243 3611 0.153 0.0201 422 0.200 0.0192 3605 0.200
350 0.0197 192 0.163 0.0236 3612 0.144 0.0200 428 0.200 0.0194 3609 0.200

The optimal objective valueρVaRα
(y(u)) obtained and the CPU time used by the ADM

and the MIP methods for the simulated and real market data arepresented in Figures5 and
6, respectively. These values, as well asρBasel2.5(x(u)) andρBasel3(x(u)), are reported in
Tables7 and8. The figures and tables show that the ADM is a very good alternative to the
MIP for the mean-VaR-Basel problems because: (i) The ADM is much faster than the MIP.
(ii) For the mean-VaR-Basel2.5 problem, the optimal objective valueρVaRα

computed by
the ADM is smaller than that computed by the MIP except in two cases; in fact, the relative
difference ofρVaR between the ADM and the MIP, which is defined by(ρVaR(y(uADM))−
ρVaR(y(uMIP)))/ρVaR(y(uMIP)), is in the range of[−19.65%, 8.07%], which shows that the
ADM may be slightly inferior to the MIP in some cases but can besignificantly preferable
to the MIP in other cases. (iii) For the mean-VaR-Basel3 problem, the relative difference
of ρVaR between the ADM and the MIP is in the range of[−23.18%, 5.44%], which shows
that overall the ADM achieves better objective value than the MIP.

6 Conclusions

A major change in financial regulations after the recent financial crisis is that financial
institutions are now required to meet more stringent regulatory capital requirements than
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Figure 5: Comparing the ADM with the MIP for the mean-VaR-Basel problems for differ-
ent numbers of stocks using simulated data. CPU time is expressed in seconds.

Table 8: The numerical results obtained when solving the mean-VaR-Basel problems with
real market data using the ADM and the MIP methods.
stocks ADMBasel2.5≤C0 MIPBasel2.5≤C0 ADMBasel3≤C0 MIPBasel3≤C0

d ρVaR timeρBasel2.5 ρVaR time ρBasel2.5 ρVaR timeρBasel3 ρVaR time ρBasel3

100 0.0246 148 0.138 0.0238 3602 0.143 0.0245 247 0.154 0.0237 3601 0.178
150 0.0249 167 0.146 0.0284 3602 0.160 0.0248 244 0.153 0.0259 3601 0.195
200 0.0228 174 0.129 0.0268 3602 0.159 0.0228 269 0.142 0.0222 3602 0.154
250 0.0233 194 0.134 0.0256 3606 0.153 0.0233 300 0.164 0.0248 3602 0.171
300 0.0224 193 0.133 0.0265 3606 0.158 0.0224 283 0.152 0.0291 3602 0.193
350 0.0227 208 0.131 0.0270 3609 0.146 0.0228 302 0.149 0.0293 3610 0.197

previously. It has been estimated that the capital requirement for a large bank’s trading
book under the Basel 2.5 Accord on averagemore than doublesthat under the Basel II
Accord. The significantly higher capital requirement makesit more important for banks
to take into account the capital constraint when they construct their investment portfolios.
In this paper, we propose a new asset allocation model, called the “mean-ρ-Basel” model,
that incorporates the Basel Accord capital requirements asone of the constraints. In this
model, the capital requirement is measured using the Basel 2.5 and Basel III risk measures
imposed by regulators; the risk level of the portfolio is measured byρ, such as variance,
VaR, and CVaR that can be freely chosen by the portfolio manager.

The complexity of the Basel 2.5 and Basel III risk measures, which involve risk mea-
surement under multiple scenarios, including stressed scenarios, poses significant computa-
tional challenges to the proposed asset allocation problemdue to its inherent non-convexity
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Figure 6: Comparing the ADM with the MIP for the mean-VaR-Basel problems for differ-
ent numbers of stocks using real market data. CPU time is expressed in seconds.

and non-smoothness. We propose an unified algorithm based onthe alternating direc-
tion augmented Lagrangian method to solve the mean-ρ-Basel model and classical mean-ρ
model. The method is very simple and easy to implement; it reduces the original problem
to one-dimensional optimization or convex quadratic programming subproblems that may
even have closed-form solutions; hence, it is capable of solving large-scale problems that
are difficult to solve using many other methods. For non-convex cases of the mean-ρ-Basel
model, we establish the first-order optimality of the limit points of the sequence generated
by the method under some mild conditions. Extensive numerical results suggest that our
method is promising for finding high-quality approximate optimal solutions, especially in
non-convex cases.

A Proof of Lemmas in Section4.1

A.1 Proof of Lemma 4.1

Proof. SinceρBasel = ρBasel2.5, problem (23) is equivalent to

min
x

φ(x) :=
m
∑

s=1

‖x[s] − v[s]‖2

s.t. max

{

x
[1]
(p1)

,
k

m1

m1
∑

s=1

x
[s]
(ps)

}

+max

{

x
[m1+1]
(pm1+1)

,
ℓ

m2

m
∑

s=m1+1

x
[s]
(ps)

}

≤ C0.

(53)
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Without loss of generality, assume thatv[s]1 ≤ v
[s]
2 ≤ · · · ≤ v

[s]
ns, s = 1, . . . , m. Then,

(ks,1, ks,2, . . . , ks,ns
) = (1, 2, . . . , ns). Let x be an optimal solution to (53). If x[s]i > x

[s]
j

for somei < j, then sincev[s]i ≤ v
[s]
j , switching the values ofx[s]i andx[s]j will maintain

the feasibility ofx without increasingφ(x). Thus, we can obtain an optimal solutionx
that satisfiesx[s]1 ≤ x

[s]
2 ≤ · · · ≤ x

[s]
ns . In addition, it must hold thatx[s]i ≤ v

[s]
i for all i;

otherwise, ifx[s]i > v
[s]
i for somei, then settingx[s]i = v

[s]
i will maintain the feasibility ofx

but strictly reduceφ(x). Furthermore, it must hold thatx[s]j = v
[s]
j for all j > ps; otherwise,

if there is somej > ps such thatx[s]j < v
[s]
j , settingx[s]j = v

[s]
j will maintain the feasibility

of x but strictly reduceφ(x). Therefore, problem (53) is equivalent to

min
x

φ(x) =

m
∑

s=1

‖x[s] − v[s]‖2

s.t. x
[s]
1 ≤ x

[s]
2 ≤ · · · ≤ x[s]ps , s = 1, . . . , m,

x
[s]
j = v

[s]
j , j = ps + 1, . . . , ns, s = 1, . . . , m,

max

{

x[1]p1
,
k

m1

m1
∑

s=1

x[s]ps

}

+max

{

x[m1+1]
pm1+1

,
ℓ

m2

m
∑

s=m1+1

x[s]ps

}

≤ C0.

(54)

Hence, the optimal solutionx is given by (29).

A.2 Proof of Lemma 4.2

Proof. The problem (23) with ρBasel = ρBasel3 is equivalent to

min
x

m
∑

s=1

‖x[s] − v[s]‖2

s.t. max

{

ρCVaRα
(x[m1+1]),

ℓ

m2

m
∑

s=m1+1

ρCVaRα
(x[s])

}

≤ C0.

(55)

Let x = ((x[1])⊤, (x[2])⊤, . . . , (x[m])⊤)⊤ be the optimal solution to (55). Then apparently
x[s] = v[s], for s = 1, 2, . . . , m1. By (12),

ρCVaRα
(x[s]) = min

t∈R
t +

1

(1− α)ns

ns
∑

i=1

(x
[s]
i − t)+. (56)

Then using (56), it is easy to show that((x[m1+1])⊤, (x[m1+2])⊤, . . . , (x[m])⊤)⊤ is an optimal
solution to (31), which completes the proof.
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A.3 Proof of Lemma 4.3.

Proof. The subproblem (24) is equivalent to

y(j+1) = argmin
y

ρ(y) +
σ2
2
‖y − w(j)‖2, wherew(j) = −

(

Ỹ u(j) +
1

σ2
π(j)

)

. (57)

The result follows by using the definition ofρVariance given in (9) and Sherman–Morrison–
Woodbury formula.

A.4 Proof of Lemma 4.4.

Proof. The problem (24) with ρ = ρVaRα
becomes

min
y

ψ(y) = y(p′) +
σ2
2
‖y − w‖2, wherep′ := ⌈αn′⌉. (58)

Without loss of generality, assume thatw1 ≤ w2 ≤ . . . ≤ wn′. Then(k1, k2, . . . , kn′) =
(1, 2, . . . , n′). Let y be an optimal solution of (58). If yi > yj for somei < j, then since
wi ≤ wj, switching the values ofyi andyj will not increaseψ(y). Thus, we can obtain an
optimal solutiony that satisfiesy1 ≤ y2 ≤ · · · ≤ yn′. In addition, the optimal solutiony
must satisfy thatyi ≤ wi for all i; otherwise, ifyi > wi for somei, then settingyi = wi will
strictly reduceψ(y). Furthermore, it must hold thatyj = wj for all j = p′+1, p′+2, . . . , n′;
otherwise, if there is somej > p′ such thatyj < wj, settingyj = wj will strictly reduce
ψ(y). Therefore, problem (58) is equivalent to

min
y

yp′ +
σ2
2

p′
∑

i=1

(yi − wi)
2

s.t. yi ≤ yp′, i = 1, · · · , p′ − 1,

yj = wj, j = p′ + 1, p′ + 2, . . . , n′.

(59)

The KKT conditions of (59) are

yi ≤ yp′, i = 1, . . . , p′ − 1, (60)

σ2(yi − wi) + π̄i = 0, i = 1, . . . , p′ − 1, (61)

π̄i(yp′ − yi) = 0, i = 1, . . . , p′ − 1, (62)

σ2(yp′ − wp′) + 1−

p′−1
∑

j=1

π̄j = 0, (63)

π̄i ≥ 0, i = 1, . . . , p′ − 1. (64)

Since problem (59) is convex, the KKT conditions are also sufficient for the optimality
of y. The equations (61) and (62) imply that for eachi = 1, . . . , p′ − 1, eitheryi = wi

(if π̄i = 0) or yi = yp′ (if π̄i > 0). Sincey1 ≤ · · · ≤ yp′, it follows that there exists
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1 ≤ i∗ ≤ p′ such thatyj = wj for j < i∗, yj = yp′ for j ≥ i∗, andwi∗−1 < yp′. Then
by (63), we haveyp′ = γi∗, whereγi is defined in (34). It follows from (61) and (64) that
yj ≤ wj, j = 1, . . . , p′. Hence, we haveγi∗ = yi∗ ≤ wi∗. Therefore,i∗ should satisfy
wi∗−1 < γi∗ ≤ wi∗, which completes the proof.

A.5 Proof of Lemma 4.5

Proof. With ρ = ρCVaRα
, it follows from (56) that problem (24) is equivalent to

min
t,y

φ(t, y) = t +
1

(1− α)n′

n′

∑

i=1

(yi − t)+ +
σ2
2
‖y − w(j)‖2, (65)

wherex+ := max(x, 0). For any fixedt, the optimaly that minimizesφ(t, y) is y(t) defined
in (37). Hence, the result follows.

B Proof of Proposition 4.1.

Proof. We first show that for any fixed1 ≤ p ≤ n, f(x) := x(p) is globally Lipschitz. For
any givenx ∈ R

n, define

Lx(p)
:= {i | xi < x(p)}, Ex(p)

:= {i | xi = x(p)}, Gx(p)
:= {i | xi > x(p)}. (66)

For any giveny, z ∈ R
n, without loss of generality, assume thaty(p) ≤ z(p). It follows from

the definition ofLy(p) andEy(p) that the number of elements ofLy(p) ∪Ey(p) is strictly larger
than that ofLz(p) . Therefore, the setI := (Ly(p)∪Ey(p))∩(Ez(p)∪Gz(p)) is not empty. Choose
anyi ∈ I. Thenyi ≤ y(p) andzi ≥ z(p). Hence,|y(p)−z(p)| = z(p)−y(p) ≤ zi−yi ≤ ‖y−z‖,
which establishes thatρVaRα

(x) is globally Lipschitz.
Using the inequality|max(a, b) − max(c, d)| ≤ |a − c| + |b − d| for ∀a, b, c, d ∈ R,

it can be shown that the maximum of two globally Lipschitz functions is also globally
Lipschitz. SinceρCVaRα

, ρBasel2.5, andρBasel3 are all finite linear combination of (maximum
of) globally Lipschitz functions, it follows that they are all globally Lipschitz.

C Proof of Theorem4.1.

Let conv(A) denote the convex hull ofA. First, we prove the following two propositions.

Proposition C.1. Let ei be theith standard basis vector inRn. The Clarke’s generalized
gradient off(x) = x(p) is given by

∂̄x(p) = conv{ei | i ∈ Ex(p)
}, whereEx(p)

:= {i | xi = x(p)}. (67)
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Proof. For anyx ∈ R
n andd ∈ R

n, let f ◦(x; d) be the Clarke’s generalized directional
derivative atx along the directiond, i.e.,

f ◦(x; d) := lim sup
y→x, t→0+

f(y + td)− f(y)

t
. (68)

Definedmax(z) := max{di | i ∈ Ez(p)}, z ∈ R
n. First, we will show that

f ◦(x; d) = dmax(x). (69)

Indeed, suppose thatLx(p)
= {i1, . . . , ik} andEx(p)

= {ik+1, . . . , ik+l}. Then,k + 1 ≤
p ≤ k + l. By the definitions in (66), there existsη > 0 such that for any(y, t) ∈
B(x, η)× (0, η) it holds that(y+ td)i < (y+ td)j < (y+ td)k andyi < yj < yk, for ∀i ∈
Lx(p)

, ∀j ∈ Ex(p)
, ∀k ∈ Gx(p)

. For any such(y, t), y(p) = (yik+1
, yik+2

, . . . , yik+l
)(p−k) and

(y + td)(p) = ((y + td)ik+1
, (y + td)ik+2

, . . . , (y + td)ik+l
)(p−k). Suppose without loss of

generality thatyik+1
≤ yik+2

≤ · · · ≤ yik+l
. Theny(p) = yip. Let j′ ≤ p − k be the

index such that(y + td)ik+j′
= max{(y + td)ik+1

, (y + td)ik+2
, . . . , (y + td)ip}. Then

(y + td)(p) = ((y + td)ik+1
, (y + td)ik+2

, . . . , (y + td)ik+l
)(p−k) ≤ max{(y + td)ik+1

, (y +
td)ik+2

, . . . , (y + td)ip} = (y + td)ik+j′
. Furthermore,j′ ≤ p− k implies thatyip ≥ yik+j′

.
Therefore,

f(y + td)− f(y)

t
=

(y + td)(p) − yip
t

≤
(y + td)ik+j′

− yik+j′

t
= dik+j′

≤ dmax(x).

(70)
Since (70) holds for any(y, t) ∈ B(x, η)× (0, η), it follows that

f ◦(x; d) ≤ dmax(x). (71)

On the other hand, supposedik+j∗
= dmax(x). Defineζ := 1 + max{|di| | i ∈ Ex(p)

}.

There exists a sequencey(m) → x asm → ∞ such that for allm it holds thaty(m)
(p) =

(y
(m)
ik+1

, y
(m)
ik+2

, . . . , y
(m)
ik+l

)(p−k) = y
(m)
ik+j∗

andmin{|y(m)
ik+a

− y
(m)
ik+b

| | a 6= b, 1 ≤ a, b ≤ l} =

2−mζ . Definet(m) := 2−m−2. Then

f(y(m) + t(m)d)− f(y(m))

t(m)
= dik+j∗

= dmax(x), ∀m. (72)

Combining (72) with (71), we obtain (69).
Second, we will show that (67) holds. By definition,∂̄f(x) := {ξ ∈ R

n | ξ⊤d ≤
f ◦(x; d), ∀d ∈ R

n}. On one hand, for∀ξ ∈ conv{ei | i ∈ Ex(p)
}, ξ can be represented

by ξ =
∑

i∈Ex(p)
ciei, whereci ≥ 0 for all i ∈ Ex(p)

and
∑

i∈Ex(p)
ci = 1. Hence,ξ⊤d ≤

dmax(x) = f ◦(x; d) for ∀ d ∈ R
n, which implies thatconv{ei | i ∈ Ex(p)

} ⊆ ∂̄x(p). On the
other hand, for∀ ξ /∈ conv{ei | i ∈ Ex(p)

}, it follows from separating hyperplane theorem
that there existsd ∈ R

n andα ∈ R such thatξ⊤d > α ≥ supµ∈conv{ei|i∈Ex(p)
} µ

⊤d =

dmax(x) = f ◦(x; d), which impliesξ /∈ ∂̄x(p). Therefore,∂̄x(p) ⊆ conv{ei | i ∈ Ex(p)
}.

Hence, (67) follows.
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Proposition C.2. For ρBasel ∈ {ρBasel2.5, ρBasel3}, there exists a closed and bounded set
C ⊂ R

n
+ such that0 /∈ C and∂̄ρBasel(x) ⊂ C for anyx ∈ R

n.

Proof. Let e[s]i be theith standard basis inRns andE
x
[s]
(p)

:= {1 ≤ i ≤ ns | x
[s]
i = x

[s]
(p)}. By

similar argument in the proof of PropositionC.1, it can be shown that

∂̄x
[s]
(p) = conv{(0, . . . , 0, e[s]i , 0, . . . , 0) | i ∈ E

x
[s]
(p)

}. (73)

Then by Theorem 2.3.3 and Theorem 2.3.10 inClarke(1990), we have

∂̄ρBasel2.5(x) ⊆ conv
(

∪i∈I1(x)∂̄fi(x)
)

+ conv
(

∪i∈I2(x)∂̄fi(x)
)

, (74)

wheref1(x) = x
[1]
(p1)

, and∂̄f1(x) = conv{(e[1]i , 0, . . . , 0) | i ∈ E
x
[1]
(p1)

}; f2(x) = k
m1

∑m1

s=1 x
[s]
(ps)

,

and∂̄f2(x) ⊆ k
m1

∑m1

s=1 conv{(0, . . . , 0, e
[s]
i , 0, . . . , 0) | i ∈ E

x
[s]
(ps)

}; I1(x) := {i | max{f1(x),

f2(x)} = fi(x), i ∈ {1, 2}}; f3(x) = x
[m1+1]
(pm1+1)

, and∂̄f3(x) = conv{(0, . . . , 0, e[m1+1]
i , 0, . . . , 0) |

i ∈ E
x
[m1+1]

(pm1+1)

}; f4(x) = l
m2

∑m
s=m1+1 x

[s]
(ps)

, and∂̄f4(x) ⊆ l
m2

∑m
s=m1+1 conv{(0, . . . , 0, e

[s]
i , 0,

. . . , 0) | i ∈ E
x
[s]
(ps)

}; I2(x) := {i | max{f3(x), f4(x)} = fi(x), i ∈ {3, 4}}. Define

A1 := conv{(e[1]i , 0, . . . , 0) | 1 ≤ i ≤ n1}, A2 :=
k
m1

∑m1

s=1 conv{(0, . . . , 0, e
[s]
i , 0, . . . , 0) |

1 ≤ i ≤ ns}, A3 := conv{(0, . . . , 0, e[m1+1]
i , 0, . . . , 0) | 1 ≤ i ≤ nm1+1}, A4 :=

l
m2

∑m
s=m1+1 conv{(0, . . . , 0, e

[s]
i , 0, . . . , 0) | 1 ≤ i ≤ ns}, andC := conv (A1 ∪A2) +

conv (A3 ∪A4). Then,C is compact and0 /∈ C; in addition, it follows from (74) that
∂̄ρBasel2.5(x) ⊂ C for anyx ∈ R

n.
By (14) and (73), we have

∂̄ρCVaRα
(x[s]) ⊆

ps − αns

(1− α)ns
conv{(0, . . . , 0, e[s]i , 0, . . . , 0) | i ∈ E

x
[s]
(ps)

}

+
1

(1− α)ns

ns
∑

j=ps+1

conv{(0, . . . , 0, e[s]i , 0, . . . , 0) | i ∈ E
x
[s]
(j)

}.

Then, we can show by similar argument that the conclusion also holds forρBasel = ρBasel3.

The proof of Theorem4.1 is as follows.

Proof of Theorem4.1. (i) Sinceρ(x) is locally Lipschitz andρBasel(x) is globally Lipschitz
onR

n (by Lemma4.1), it follows from Proposition 2.1.2 inClarke(1990) that ∂̄ρ(x) and
∂̄ρBasel(x) exist onRn. Then the first part of the theorem follows from the corollaryof
Proposition 2.4.3 and Theorem 2.3.10 inClarke(1990).

(ii) To prove part (ii), we first show that

lim
j→∞

x(j+1) − x(j) = 0, lim
j→∞

y(j+1) − y(j) = 0, and lim
j→∞

u(j+1) − u(j) = 0. (75)
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SinceUr0 is closed and bounded, the sequence{u(j)} is bounded. It follows from (26) and
(27) thatx(j+1) = (λ(j+1) − λ(j))/(β1σ1)− R̃u(j+1) andy(j+1) = (π(j+1) − π(j))/(β2σ2)−
Ỹ u(j+1), which in combination with boundedness of{u(j)} and assumed boundedness of
{(λ(j), π(j))} implies that{(x(j), y(j))} is bounded. Thus,{(x(j), y(j), u(j), λ(j), π(j))} is
bounded, and then the continuity of the augmented Lagrangian function (22) implies that
{L(x(j), y(j), u(j), λ(j), π(j))} is bounded.

Note that the augmented Lagrangian functionL is strongly convex with respect to the
variableu. Therefore, it holds that for anyu and∆u,

L(x, y, u+∆u, λ, π)− L(x, y, u, λ, π) ≥ ∂uL(x, y, u, λ, π)
⊤∆u+ c‖∆u‖2, (76)

wherec > 0 is constant. In addition, sinceu(j+1) minimizes (25) andu(j) ∈ Ur0 , it follows
that

∂uL(x
(j+1), y(j+1), u(j+1), λ(j), π(j))⊤(u(j) − u(j+1)) ≥ 0. (77)

Combining (76) and (77), we obtain

L(x(j+1), y(j+1), u(j), λ(j), π(j))−L(x(j+1), y(j+1), u(j+1), λ(j), π(j)) ≥ c‖u(j+1) − u(j)‖2.
(78)

Sincex(j+1) minimizes (23) andy(j+1) minimizes (24), it follows from (26), (27), and (78)
that

L(x(j), y(j), u(j), λ(j), π(j))− L(x(j+1), y(j+1), u(j+1), λ(j+1), π(j+1))

+
1

β1σ1
‖λ(j) − λ(j+1)‖2 +

1

β2σ2
‖π(j) − π(j+1)‖2 ≥ c‖u(j+1) − u(j)‖2. (79)

Since
∑∞

j=1(‖λ
(j+1)−λ(j)‖2+ ‖π(j+1)−π(j)‖2) <∞ and{L(x(j), y(j), u(j), λ(j), π(j))} is

bounded, it follows from (79) that

∞
∑

j=1

‖u(j+1) − u(j)‖2 <∞, (80)

which implies that
lim
j→∞

u(j+1) − u(j) = 0. (81)

Since
∑∞

j=1(‖λ
(j+1)−λ(j)‖2+‖π(j+1)−π(j)‖2) <∞, it follows thatlimj→∞ λ(j+1)−λ(j) =

0, which in combination with (26) implies that

lim
j→∞

x(j+1) + R̃u(j+1) = 0. (82)

By (81) and (82), we obtainlimj→∞ x(j+1) − x(j) = 0. By similar argument, we obtain
limj→∞ y(j+1) − y(j) = 0.

For any limit pointū of the sequence{u(j)}, there exists a subsequenceu(ki) → ū as
i → ∞. Since{(x(j), y(j), u(j), λ(j), π(j))} is bounded, there exists a further subsequence
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{ji} ⊆ {ki} such that(x(ji), y(ji), u(ji), λ(ji), π(ji)) → (x̄, ȳ, ū, λ̄, π̄) asi → ∞. Clearly, we
obtain from (81) and (82) that

x̄+ R̃ū = lim
i→∞

x(ji) + R̃u(ji) = lim
i→∞

x(ji) + R̃u(ji−1) = 0. (83)

A similar argument leads tōy + Ỹ ū = 0.
The first-order optimality condition of (23) in thejith iteration is

0 ∈ σ1(x
(ji) + R̃u(ji−1)) + λ(ji−1) + η(ji)∂̄ρBasel(x

(ji)), (84)

η(ji)(ρBasel(x
(ji))− C0) = 0, (85)

for someη(ji) ≥ 0. Since{∂̄ρBasel(x
(ji))} is bounded away from zero (by PropositionC.2)

and{x(ji)}, {u(ji)} and{λ(ji)} are bounded, it follows from (84) that the sequence{η(ji)}
is bounded. Hence,{η(ji)} has a subsequence that converges. For the sake of simplification
of notation, we still denote the subsequence as{η(ji)} and denoteη as its limit. Since
limji→∞ λ(ji)−λ(ji−1) = 0, it follows thatlimi→∞ λ(ji−1) = λ̄. Then, applying Proposition
2.1.5 inClarke(1990) and noting the uniform boundedness of∂̄ρBasel(x

(ji)) (by Proposition
C.2) and (83), we obtain from (84) and (85) that

λ̄ ∈ −η∂̄ρBasel(x̄), (86)

η(ρBasel(x̄)− C0) = 0. (87)

The first-order optimality condition of (24) in thejith iteration is

0 ∈ ∂̄ρ(y(ji)) + π(ji−1) + σ2(y
(ji) + Ỹ u(ji−1)). (88)

Applying Proposition 2.1.5 inClarke(1990), and taking limit on both sides of (88), we
obtain

π̄ ∈ −∂̄ρ(ȳ). (89)

The first-order optimality condition of (25) in thejith iteration leads to

R̃⊤λ(ji−1) + σ1R̃
⊤(x(ji) + R̃u(ji)) + Ỹ ⊤π(ji−1) + σ2Ỹ

⊤(y(ji) + Ỹ u(ji)) + ζ (ji) = 0, (90)

whereζ (ji) ∈ NUr0
(u(ji)), which is the normal cone toUr0 at u(ji). It follows from (90)

and the convergence of{(x(ji), y(ji), u(ji), λ(ji), π(ji))} that ζ̄ := lim
i→∞

ζ (ji) is well defined.

SinceUr0 is compact and convex, it follows from Proposition 2.4.4 inClarke(1990) that
the normal coneNUr0

(u) coincides with the cone of normals. Applying Proposition 2.1.5
in Clarke(1990) to the cone of normals, we obtain̄ζ ∈ NUr0

(ū). Taking limit on both
sides of (90) and applying (86), (87), (89) andζ̄ ∈ NUr0

(ū), we obtain (38) with u being
ū. This completes the proof.
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