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Abstract In this paper we investigate how to efficiently apply Approximate-
Karush-Kuhn-Tucker (AKKT) proximity measures as stopping criteria for opti-
mization algorithms that do not generate approximations to Lagrange multipliers,
in particular, Genetic Algorithms. We prove that for a wide range of constrained
optimization problems the KKT error measurement tends to zero. We also develop
a simple model to compute the KKT error measure requiring only the solution of
a non-negative linear least squares problem. Our numerical experiments show the
efficiency of the strategy.
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1 Introduction

Many iterative solvers in nonlinear optimization provide natural Lagrange
multipliers approximations at each iteration (Sequential Quadratic Programming,
Augmented Lagrangian Methods, Interior Point Methods [8]). These approxima-
tions are often used to stop the execution of the algorithm when the Karush-Kuhn-
Tucker (KKT) optimality conditions are approximately satisfied. In this paper we
will review the basic theory that justifies this procedure and develop a strategy to
apply the same reasoning for algorithms that do not generate Lagrange multipliers
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approximations. Our attention will be focused on Genetic Algorithms (GA), but
the approach is sufficiently general to be applied in any iterative method.

Genetic Algorithms are one of the most employed metaheuristics for global
optimization [17,10,9,22]. It is a populational evolutionary algorithm in which
two stop conditions are usually employed: value-to-reach or maximum number of
generations. The first one can only be used when the user knows the optimal or
desired objective function value. However, in several problems this is not the case.
That is why the second condition is commonly employed.

If the optimal value is unknown, the user may set the GA to run for more
generations than required to reach the global optimum because no verification is
performed. In this case, the GA will keep running after having found a solution or
get stuck in a local optimum. In this paper, a more adequate strategy to stop the
GA by using KKT optimality conditions [8] is proposed. This criterion can also be
used to detect if the GA is near to a local optimum, indicating that the algorithm
should continue searching in a different region.

Recently, the idea of Approximate-KKT (AKKT, [5]) has been used to define
some stopping criteria to a general GA [31]. The idea is to set, at each generation
of the GA, a parameter " that measures how distant the best individual of the
population is from fulfilling the KKT optimality conditions. The authors verified
in practice that a GA implementation generates individuals arbitrarily close to
satisfying the KKT conditions. This was reported with surprise since KKT condi-
tions involve the derivatives of the objective and constraint functions, while GA
does not use derivative information. In this paper we will show that this behav-
ior is expected whenever the GA converges to a non-degenerate optimal solution.
We prove that this must be true for a fairly broad class of optimization problems.
Hence, one can safely stop the execution of the GA when the parameter ", updated
at each generation, is sufficiently close to zero.

This gives rise to the important question of how one can efficiently calculate
the parameter " at each iteration. This paper describes a strategy that requires the
solution of a non-negative linear least squares problem. In Section 2, we present
a review of AKKT conditions. In Section 3, we prove our result that explains
the numerical results from [31] and we describe an idea to efficiently compute a
KKT error measure at each iteration. In Section 4, we describe our numerical
experiments. In Section 5, we draw some conclusions. All norms in this paper are
euclidean norms and ℝ+ denotes the set of non-negative real numbers.

2 Approximate KKT conditions

Let us consider the general nonlinear optimization problem:

Minimize f(x), subject to x ∈ 
, (1)

where 
 = {x ∈ ℝn ∣ ℎ(x) = 0, g(x) ≤ 0}, f : ℝn → ℝ, ℎ : ℝn → ℝm and g : ℝn →
ℝp are continuously differentiable functions. For each feasible point x ∈ 
, we
define the set of active inequality constraints A(x) = {i ∈ {1, . . . , p} ∣ gi(x) = 0}.

A reasonable criterion for optimality of a feasible point x∗ is the fulfillment of
the so–called KKT conditions. This means that there exist Lagrange multipliers
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� ∈ ℝm and � ∈ ℝp
+ such that

∇f(x∗) +
m∑
i=1

�i∇ℎi(x∗) +
∑

i∈A(x∗)

�i∇gi(x∗) = 0.

In order to guarantee that the KKT conditions hold at a (local) minimizer one
must admit that the description of the feasible set satisfies a constraint qualifi-
cation [8]. For example, this is the case when the gradients of the equality and
active inequality constraints are linearly independent at the minimizer. Many less
restrictive constraint qualifications can be found in the literature ([23,29,19], or,
more recently [27,6,7]). Finding new constraint qualifications is of great interest
for many theoretical and practical reasons [7].

When dealing with implementations of an iterative solver one must choose a
reasonable stopping criterion. Even when the sequence of iterates, say {xk} ⊂ ℝn,
converges to a point x∗ one can not check exactly the KKT conditions since one
does not know exactly the limit point x∗. In fact, the limit point can even be non-
representable in floating-point arithmetic. Also, it is not usual (and not trivial)
to check if a constraint qualification holds. Hence, one must verify some kind of
approximate optimality condition that relies on calculations at the readily available
point xk at each iteration.

We say that a sequential optimality condition [5] associated to the mathematical
proposition P holds at a feasible point x∗ ∈ 
 if there exists a sequence {xk} ⊂
ℝn that converges to x∗ and satisfies P({xk}). The mathematical proposition P
must be such that the sequential optimality condition associated to P is satisfied
at any solution x∗ of (1). This approach does not need constraint qualification
assumptions.

One trivial example of sequential optimality condition is the one that assures
the existence of a sequence xk → x∗ such that xk is a solution of the problem for
every k. This is clearly a sequential optimality condition, since if x∗ is a solution
one can define the sequence xk = x∗ for every k to verify it. This is a very strong
optimality condition in the sense that if one could develop an algorithm in which
the iterates xk are the elements of a sequence that verifies the condition, then one
would have very strong indicatives that the algorithm converges to a solution of
the problem (in fact, in this case, one would be sure of that). Unfortunately, it is
not possible to build an algorithm that generates this kind of sequence. Hence, we
are interested in strong optimality conditions that can be verified in practice. This
trivial sequential optimality condition has another serious drawback: the set of
sequences that verifies it is too small. Thus, it is important to develop conditions
in which many sequences could be used to verify it, maximizing the chances of
finding one of them.

The idea of sequential optimality conditions is not new. It has been implicitly
used as a technique to prove optimality conditions in [8] and to analyze con-
vergence of a Sequential Quadratic Programming algorithm in [29]. A sequential
optimality condition called Approximate Gradient Projection (AGP, [26]) has been
successfully applied in the context of Inexact Restoration methods ([24,25,15]).
The augmented Lagrangian method from [3,4] also verifies a sequential optimality
condition (AKKT or a stronger one called Complementarity-AKKT [2]). Sequen-
tial optimality conditions have also been extended to the more general framework
of variational inequalities [16,18] and to non-smooth problems [13,14]. Recently,



4 Gabriel Haeser, Vińıcius V. de Melo

the AKKT condition has been used as a theoretical tool to obtain new constraint
qualifications and to obtain convergence results for nonlinear programming algo-
rithms under these weaker assumptions [6,7].

Next, we define the Approximate-KKT condition from [5].

Definition 1 (AKKT) We say that a feasible point x∗ ∈ 
 satisfies the AKKT
condition if there exist sequences {xk} ⊂ ℝn converging to x∗, {�k} ⊂ ℝm and
{�k} ⊂ ℝp

+ such that

∇f(xk) +
m∑
i=1

�ki∇ℎi(xk) +
∑

i∈A(x∗)

�k
i∇gi(xk)→ 0.

Note that this definition depends on information regarding the intangible limit
point x∗. In principle, one would need to know which are the active constraints
at the limit point, which is a fairly nontrivial issue in nonlinear optimization. We
will deal with this issue in the next session, using the result below from [5]:

Lemma 1 A point x∗ ∈ ℝn satisfies the AKKT condition if, and only if, there
exist sequences {xk} ⊂ ℝn converging to x∗, {�k} ⊂ ℝm, {�k} ⊂ ℝp

+, {"kfeas} ⊂
ℝ+, {"kopt} ⊂ ℝ+ and {"kcompl} ⊂ ℝ+ such that

"kfeas → 0, "kopt → 0, "kcompl → 0, (2)

∣ℎi(xk)∣ ≤ "kfeas, i = 1, . . . ,m,max{0, gi(xk)} ≤ "kfeas, i = 1, . . . , p, (3)

∥∇f(xk) +
m∑
i=1

�ki∇ℎi(xk) +

p∑
i=1

�k
i∇gi(xk)∥ ≤ "kopt, (4)

gi(x
k) < −"kcompl ⇒ �k

i = 0, i = 1, . . . , p. (5)

Remark: In [5], the authors considered only sequences such that "kopt = "kcompl

for every k, but it is easy to check that their proof applies to the general case. Note
that x∗ is necessarily feasible since "kfeas → 0 and the functions are continuous.

What is interesting about the AKKT condition is that it is a sequential op-
timality condition, that is, if x∗ is a local minimizer, then there must exist a
sequence {xk} converging to x∗ that verifies AKKT. This is true even when the
problem is somewhat degenerate, in the sense that the minimizer x∗ is not a KKT
point. Hence, if for a given iteration k, the iterand xk satisfies (3), (4), (5) for some
�k ∈ ℝm, �k ∈ ℝp

+ and for sufficiently small "kfeas, "
k
opt, "

k
compl then the algorithm

may stop since xk is a good candidate for a local solution.
Another interesting fact about the AKKT condition is that it is a strong op-

timality condition, in the sense that it implies the usual KKT condition under
mild constraint qualifications [7]. It is well-known that the converse is true with-
out the assumption of constraint qualifications, that is, when x∗ is a KKT point,
it is clearly an AKKT point since one can choose xk = x∗ for every k. In the
next theorem we observe that, in this case, one can use any sequence {xk} ⊂ ℝn

converging to x∗ to verify AKKT.
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Theorem 1 Assume that x∗ is a KKT point of Problem (1) with associated La-
grange multipliers �∗ ∈ ℝm and �∗ ∈ ℝp

+. Then any sequence {xk} ⊂ ℝn converg-

ing to x∗ and any sequences {�k} ⊂ ℝm converging to �∗, {�k} ⊂ ℝp
+ converging

to �∗ can be used to check that x∗ verifies AKKT.

Proof: From the continuity of the gradients of the functions, we have that

∇f(xk) +
m∑
i=1

�ki∇ℎi(xk) +
∑

i∈A(x∗)

�k
i∇gi(xk)

converges to

∇f(x∗) +
m∑
i=1

�∗i∇ℎi(x∗) +
∑

i∈A(x∗)

�∗i∇gi(x∗),

which is equal to zero from the KKT conditions. This concludes the proof. ⊓⊔
Hence, if the problem is non-degenerate, any sequence that converges to a

solution (such as a successful run of a GA) will satisfy an Approximate-KKT con-
dition. The problem is that in practice, a true Lagrange multiplier (or a sequence
converging to it) is not known, hence we can not check for near optimality of the
iterands xk. We will deal with this subject in the next section.

We note that if x∗ is not a KKT point, then the conclusion of Theorem 1 is
not true. Consider the problem of minimizing x, subject to x2 ≤ 0. It is clear that
the global solution x∗ = 0 is not a KKT point. Assume that xk is a sequence that
converges to x∗. We can see that if xk ≥ 0, there is no sequence of multipliers
�k ≥ 0 such that 1 + 2�kxk → 0. Although the conclusion fails for non-negative
sequences, the result is true for every sequence xk such that xk < 0 for sufficiently
large k (take �k = − 1

2xk > 0). The geometry of sequences that fulfill AKKT is
currently unknown for degenerate problems.

3 AKKT stopping criterion for genetic algorithms

For many GAs, stopping criteria are based on the stagnation of functional
values or on a maximum generation number. This may be a good strategy when
the optimum value is known, but this is rarely the case in real-world applications.
Also, relying only on a maximum generation number may be insufficient or result
in an excessive amount of function evaluations. AKKT conditions can be used as
a pure stopping criterion or together with other criteria. If functional values seem
to be converging, instead of declaring convergence, one can check the KKT error
measurement, and if it is large, this may indicate stagnation and the algorithm
can be changed to search for an optimum at a different region. Also, a small KKT
error measurement indicates that the GA is approaching the neighborhood of a
local minimum. Hence, if a better point is known one can stop searching for a
global solution at this region, otherwise, one can activate a local-search algorithm
to reach the minimizer more effectively.

If an iterative solver generates at each iteration k an approximation xk of the
solution and approximations �k and �k for the Lagrange multipliers, then the
AKKT condition can be used to define a stopping criterion in a straightforward
way. By Lemma 1, one can stop the algorithm when

∣ℎi(xk)∣ ≤ "feas, i = 1, . . . ,m,max{0, gi(xk)} ≤ "feas, i = 1, . . . , p, (6)
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∥∇f(xk) +
m∑
i=1

�ki∇ℎi(xk) +

p∑
i=1

�k
i∇gi(xk)∥ ≤ "opt (7)

and

�k
i = 0 whenever gi(x

k) < −"compl, (8)

where "feas > 0, "opt > 0, "compl > 0 are small tolerances associated respectively
to feasibility, optimality and complementarity. This is the stopping criterion used
in many optimization solvers such as [3,11].

In [31], the AKKT condition of [5] and others were used as stopping criteria for
a GA. They did this computing approximate Lagrange multipliers in such a way
that a KKT error measure is minimized. That is, being xk the best individual in the
population at generation k of a GA, they computed the multiplier approximations
�k ∈ ℝm, �k ∈ ℝp

+ and the KKT error measure "k ≥ 0 as the solution of the
following optimization problem in �, � and ":

Minimize ",

Subject to

∥∇f(xk) +
∑m

i=1 �i∇ℎi(x
k) +

∑p
i=1 �i∇gi(xk)∥ ≤ ",

�i ≥ 0, i = 1, . . . , p,

�i = 0 if gi(x
k) < −", i = 1, . . . , p.

(9)

The authors in [31] observed in practice that when xk is generated by a GA and
the KKT error measure "k is computed using Problem (9), then "k tends to zero.
Hence it can be used to stop the algorithm. Since the test problems in [31] are six
non-degenerate problems from [21], the result is expected in view of Theorem 1.
But it is not always the case that the approximate Lagrange multipliers obtained
solving Problem (9) converge to true Lagrange multipliers associated to the limit
point x∗. The next theorem clarifies that even in this case, for every sequence
{xk} that converges to a non-degenerate solution, the KKT error measurement "k
always converges to zero.

Theorem 2 Assume that x∗ is a KKT point of Problem (1) and that {xk} ⊂ ℝn

is any sequence converging to x∗. Then, the sequence of solutions {(�k, �k, "k)} of
Problem (9) is such that "k → 0. Moreover, the limit points of {(�k, �k)} are true
Lagrange multipliers of Problem (1), and if x∗ fulfills the Mangasarian-Fromovitz
constraint qualification, then the sequence {(�k, �k)} is bounded.

Proof: Let �∗ ∈ ℝm and �∗ ∈ ℝp
+ be Lagrange multipliers associated to x∗. Define

�̃k = �∗, �̃k = �∗ and "̃k = max{∥∇f(xk)+
∑m

i=1 �̃
k
i∇ℎi(xk)+

∑p
i=1 �̃

k
i∇gi(xk)∥,

−gi(xk), for i ∈ A(x∗)}. We will prove that (�̃k, �̃k, "̃k) is feasible for Problem (9)
for sufficiently large k. It is clear from the construction that the first constraint in
Problem (9) is satisfied. The non-negativity of �̃k is also clear. Now, observe that
the continuity of the gradients and the fact that �∗ and �∗ are Lagrange multipliers
associated to x∗ imply that "̃k → 0. If i ∕∈ A(x∗), that is, gi(x

∗) < 0, the continuity
of gi implies that gi(x

k) < −"̃k for sufficiently large k and also, from the KKT
conditions, we have �̃k = �∗ = 0. If i ∈ A(x∗), we have from the definition of "̃k
that −gi(xk) ≤ "̃k, that is, gi(x

k) ≥ −"̃k. Hence, for every i and sufficiently large
k, �̃k

i = 0 whenever gi(x
k) < −"̃k, which proves feasibility. The proof that "k → 0
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is completed observing that the optimality of "k implies that 0 ≤ "k ≤ "̃k → 0.
Now, if the Mangasarian-Fromovitz constraint qualification [23,30] holds, assuming
that {(�k, �k)} has an unbounded subsequence, we define Mk = max{∣�ki ∣, �k

j , i =

1, . . . ,m, j = 1, . . . , p}. Since f(xk)+
∑m

i=1 �
k
i∇ℎi(xk)+

∑p
i∈A(x∗) �

k
i∇gi(xk)→ 0,

dividing by Mk and taking a suitable subsequence, we get a contradiction with the
definition of the Mangasarian-Fromovitz constraint qualification. It is clear that
any convergent subsequence of {(�k, �k)} converges to true Lagrange multipliers.

⊓⊔
The above theorem explains the results observed in [31], where they found

that the above "k KKT error measurement tends to zero when the iterates of
a GA converges to a solution. In fact, if one chooses non-degenerate test prob-
lems, any algorithm that converges to a solution will generate sequences that
fulfill Approximate-KKT conditions for suitable Lagrange multipliers. This moti-
vates the use of AKKT conditions as stopping criteria for general iterative solvers,
where the optimum value is unknown. Also, the boundedness of the sequence of
approximate multipliers implies that it converges to a true Lagrange multiplier, at
least in an appropriate subsequence. When the gradients of active constraints are
linearly independent at the solution, the whole sequence of computed Lagrange
multipliers approximation will converge to the unique Lagrange multipliers at the
solution.

An important issue is how one can efficiently compute the KKT error mea-
surement "k. The authors in [31] modeled the last inequality of Problem (9) as:

�i min{0, gi(xk) + "} = 0, i = 1, . . . , p,

which is non-differentiable. This motivated them to define new AKKT conditions
without this drawback. We address this issue using Lemma 1, which states that
the error measurements for feasibility, optimality and complementarity may be
different from each other. Our goal is, at each iteration k, to define approximate
Lagrange multipliers �k ∈ ℝm and �k ∈ ℝp

+ such that equations (2), (3), (4),

and (5) are satisfied. Our idea is to consider the sequences {"kfeas} and {"kcompl}
as exogenous sequences, that is, before computing the approximate Lagrange mul-
tipliers at iteration k, the parameters "kfeas and "kcompl are already known. The

parameter "kopt and the Lagrange multipliers �k and �k are defined as the solution
of the problem:

Minimize "opt,

Subject to

∥∇f(xk) +
∑m

i=1 �i∇ℎi(x
k) +

∑p
i=1 �i∇gi(xk)∥ ≤ "opt,

�i ≥ 0, i = 1, . . . , p,

�i = 0 if gi(x
k) < −"kcompl.

(10)

Since {"kcompl} is given, one may check a priori which constraints satisfy

gi(x
k) < −"kcompl, defining the corresponding approximate Lagrange multiplier

to be �k
i = 0. Let Ak be the index set of inequality constraints such that �k

i was
not defined to be zero, that is, Ak = {i ∈ {1, . . . , p} ∣ gi(xk) ≥ −"kcompl}. Hence, we
may transform Problem (10) to the equivalent Non-Negative linear Least Squares
problem (NNLS) in the variables � and �:
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Minimize

∥∇f(xk) +
∑m

i=1 �i∇ℎi(x
k) +

∑
i∈Ak

�i∇gi(xk)∥2

subject to �i ≥ 0, i ∈ Ak

(11)

The parameter "kopt is defined as the square root of the objective function
of (11) at the solution. We stop the execution of the algorithm when the KKT er-
ror measurement "k = max{"kfeas, "kopt, "kcompl} is sufficiently small. We note that

in order to "kopt to converge to zero, the exogenous sequence "kcompl must be such
that the true active constraints at the solution are detected, that is, for sufficiently
large k, it must hold that Ak = A(x∗). It is easy to see that a sufficient condi-
tion is that "kcompl is a sufficiently small constant sequence ("kcompl := "compl <

min{−gi(x∗) ∣ gi(x∗) < 0}). That is how we define "kcompl in our numerical exper-
iments. Since the limit point x∗ is unknown, we cannot be sure that "compl was
chosen sufficiently small. But this should not be an issue, since it is unlikely that
the inactive inequality constraints are too close to being active at a solution. If
this is the case, then the problem is badly scaled.

We also defined the exogenous sequence "kfeas as a small positive constant
tolerance "feas. We note that one must solve the NNLS problem (11) only for
iterates that are close to feasibility, that is, (6) holds. The class of NNLS problems
is well-known in the literature, with fast tailored algorithms available. See for
example [28,20].

4 Numerical experiments

The purpose of our numerical experiments is twofold: to test if the KKT error
measurement goes to zero even for degenerate problems, and to verify how soon
the GA stops using the AKKT error measure as stopping criterion.

The optimization process is performed by a GA implemented in Scilab. The em-
ployed constraint handling is the penalty function approach proposed by Deb [12].
The configuration employed was: population size=200; maximum generations=1000;
crossover probability=50%; crossover operator type=line; crossover line-extension=0.5;
mutation operator=gaussian convolution with a standard deviation of 0.0001; mu-
tation probability=1%; tournament selection size=3; elitism=1.

To compute the KKT error measure, we defined the exogenous sequences to
be constant: "kfeas = "feas and "kcompl = "compl, where "compl = "feas = 10−1.
When the feasibility test (6) is not fulfilled, we define the KKT error measurement
"k to be the maximum infeasibility, otherwise, the set Ak is computed and Prob-
lem (11) is solved accordingly. The Mathworks implementation (lsqnonneg.m) of
the algorithm described in [20], chapter 23, page 161, was employed with its de-
fault options. The square root of the objective function is then defined to be the
error measurement "kopt with respect to optimality, at each iteration. The KKT

error measurement "k is then defined to be the maximum of "compl, "feas and "kopt,

and we stop the GA when "kopt < 10−2. We note that the Lagrange multipliers

approximation (�k−1, �k−1) of the previous iteration is a natural good starting
point to solve Problem (11) at iteration k, which accelerates convergence.
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Problem id Stop iteration Relative optimal error

00201 16.1 0.30508%
00302 112.5 0.02189%
00501 1028.6 3.36801%
10201 32.1 4.58896%
10202 39.0 0.51698%
10205 28.1 1.18954%
10206 30.6 4.06320%
10207 30.5 3.88757%
10301 86.5 4.17318%
10302 84.9 4.14185%
10401 521.3 0.01163%
20218 13.5 4.92705%
20219 36.5 6.50355%
20220 47.6 7.49352%
20221 39.6 7.14952%
30202 15.9 0.00222%
30207 17.8 2.57150%
30208 16.6 2.06597%
30302 39.7 3.05818%
40201 48.7 0.60967%
40202 50.7 0.23441%
40203 21.3 0.00054%
40205 14.9 0.04261%
40206 19.5 0.00082%
40208 20.3 0.00153%
40401 55.2 0.05271%
40402 349.8 4.74934%

Table 1 Average results on 30 runs of GA at the DEGEN collection.

For a first test, we employed the collection of 111 degenerate test problems from
[1]. We note that when equality constraints are present, the associated Lagrange
multipliers may assume negative values, and this is not supported by lsqnonneg.m.
A change of variables would require the software to deal with rank deficient matri-
ces, which is also not supported. Hence, we removed from our test set the problems
that include some equality constraint. Other problems that returned a rank defi-
ciency error were also discarded. We also did not consider problems with unlimited
global solution. This reduces our test set to 56 problems with a number of variables
ranging from 1 to 4. We run the GA for each problem 30 times, and we declare
a success when the average distance to the reported global optimum value is less
than 10−1. In this way, 27 problems where considered successful. This is not a
drawback since, given the degenerate nature of the problems, we do not expect
the GA to always find the solution without a fine tuning of the parameters for
each problem. Our goal is to analyze the behavior of the "k parameter when the
GA converges to a degenerate solution and to check how soon the iterations can
be stopped. In Table 1 we describe our results. In the first column we indicate the
Problem’s name as in [1], the second column is the average number of iterations
needed to achieve the prescribed precision of "kopt < 10−2 and the third column is
the relative optimal value error, comparing with the reported optimal value.

We note that we were able to detect convergence to the optimum solution using
the "k parameter, and to stop the execution of the GA at a near optimum solution
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Problem identification " Stop iteration Relative optimal error

g01 10−1 121.9 2.51%
g01 10−2 177.2 0.256%
g01 10−4 297.5 0.00278%
g06 10−1 11.1 1.19%
g06 10−2 76.1 0.181%
g06 10−4 533.9 0.00221%

Table 2 Average results on 30 runs of the GA for different tolerances.

using a tolerance of 10−1 for feasibility and complementarity, and of 10−2 for
optimality, even for potentially degenerated problems. Although further research
is needed to understand the behavior of the KKT error measure for degenerate
problems, this test shows that our approach can be successfully applied.

For a second test we used problems g01 and g06 of the CEC2006 collection
[21]. These are non-degenerate problems, which implies that the KKT error mea-
surement will converge to zero. We want to compare the behavior of the algorithm
for different precisions " = 10−1, 10−2 and 10−4. We fixed "kcompl = "kfeas = " and
we defined the KKT error measurement "k in the same way as in the previous
test. We stop the execution of the GA when "k ≤ ". The average results for 30
successful runs of the GA are described in Table 2.

We note that in [31], new measures of near optimality are proposed to stop a
GA, but calculations of the proposed "k KKT error measurements are considerably
more costly. We can infer from [31] that for a simple GA run reported in that paper,
one could stop the execution of the algorithm approximately at iterations 200 and
45, respectively for g01 and g06. When comparing the number of iterations at
tolerances 10−1 and 10−2, we see that our strategy is compatible with the ones in
[31], where tolerances are not reported.

5 Conclusions

In this paper we showed that even for algorithms that do not generate Lagrange
multipliers approximations, one may use Approximate-KKT conditions to develop
stopping criteria. We proved that when Lagrange multipliers exist at the solution,
the KKT error measurement goes to zero when using a standard Approximate-
KKT condition. We also provided a strategy to define Lagrange multipliers ap-
proximations in such a way that a non-negative linear least squares problem is
solved at each iteration. We proved that under standard constraint qualifications,
the sequence of approximated Lagrange multipliers converges to the true multi-
pliers at the solution. We tested our strategy on a collection of degenerated test
problems and we checked that the KKT error may still be used to stop a GA in
this case. Further research is needed to understand this behavior. In a test in two
non-degenerate problems, we compared the average number of iterations needed
to stop the algorithm with a similar strategy from the literature. The results are
similar, but the subproblems in our approach are much simpler.
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