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Abstract

We consider the minimization of a function G defined on R, which is the sum of a
(non necessarily convex) differentiable function and a (non necessarily differentiable)
convex function. Moreover, we assume that G satisfies the Kurdyka-Lojasiewicz prop-
erty. Such a problem can be solved with the Forward-Backward algorithm. However,
the latter algorithm may suffer from slow convergence. We propose an acceleration
strategy based on the use of variable metrics and of the Majorize-Minimize princi-
ple. We give conditions under which the sequence generated by the resulting Variable
Metric Forward-Backward algorithm converges to a critical point of G. Numerical re-
sults illustrate the performance of the proposed algorithm in an image reconstruction
application.

1 Introduction

We consider the minimization of a function which is the sum of a differentiable function
F and a convex function R. A standard approach in this context consists of using the
proximal Forward-Backward (FB) algorithm [1,2], which alternates a gradient step on F’
and a proximal step on R. The convergence of FB algorithm has been recently established
for nonconvex functions F' and R in [3,4], under the assumption that F' is Lipschitz
differentiable and that the global objective function satisfies the Kurdyka-Lojasiewicz (KL)
inequality [5].

In the case of large scale optimization problems such as those encountered in image
restoration, one major concern is to find an optimization algorithm able to deliver reliable
numerical solutions in a reasonable time. The FB algorithm is characterized by a low
computational cost per iteration. However, as many first-order minimization methods,
it may suffer from slow convergence [1]. Two families of acceleration strategies can be
distinguished in the literature. The first approach, adopted for example in the FISTA
method, relies on subspace acceleration [6-10]. In such methods, the convergence rate
is improved by using informations from previous iterates for the construction of the new
estimate. Another efficient way to accelerate the convergence of the FB algorithm is
based on a variable metric strategy [1,11-16]. The underlying metric of FB is modified
at each iteration thanks to a preconditioning matrix, giving rise to the so-called Variable
Metric Forward-Backward (VMFB) algorithm. Existing works regarding the convergence
of VMFB algorithm are however limited to the case of a conver smooth function F' [15,
17,18]. Furthermore, as pointed out in [16], for an arbitrary preconditioning matrix, the
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proximal step arising in the VMFB algorithm is not explicit in general, and sub-iterations
are thus needed. Our main contribution in this paper is to derive an inexact version of
the VMFB algorithm, whose metric is chosen according to the Majorization-Minimization
theory [19]. The convergence of this algorithm is established for a non necessarily convex
smooth function F', under the assumption that KL inequality holds.

The rest of the paper is organized as follows: Section 2 describes the problem formula-
tion. Section 3 introduces the assumptions made in the paper and presents the proposed
inexact VMFB strategy. In Section 4, we investigate the convergence properties of the
proposed algorithm. Finally, Section 5 provides some numerical results and a discussion of
the algorithm performance by means of experiments concerning image recovery problems.

2 Problem Formulation
We consider the following problem:

Find 2 € Argmin G, (1)

where G : RN —] — 0o, +00] is a coercive (i.e. lim 4| 400 G(z) = +00) function. In
addition, we assume that G can be split as

G=F+R, (2)

where F' is a differentiable function and R is a proper lower semicontinuous and convex
function. In order to solve this problem, the FB algorithm generates a sequence (zy)ken
by the following iterations ( [1,2]):

xo € RN

For £k=0,1,...

{ Yk = Prox,, p(rx — Yk VF (1)),
Tpy1 = Tp + M (Y — i),

3)

where, for every k € N, (, Ax) €]0, +00[?, VF () is the gradient of F' at 2, and prox,, g
denotes the so-called proxzimity operator of v R. Let us introduce the weighted norm:

(v € RY) |z||y = (z, Uz)'/?, (4)

where (., .) is the standard scalar product of RY and U € RV¥*V is some symmetric positive
definite matrix. Then, the proximity operator ( [20, Sec. XV 4], [21]) is defined as follows:

Definition 2.1. Let ¢): RY —] — 00, +00] be a proper, lower semicontinuous and convex
function; let U € RN*N be a symmetric positive definite matriz, and let © € RYN. The
prozimity operator of 1 at x relative to the metric induced by U is the unique minimizer
of v+ 3| - —x||, and it is denoted by proxy (). If U is equal to Ly, the identity matriz
of RVXN ' then Prox,, := proxy, ., is the proximity operator originally defined in [22].

When F' is a convex function having an L-Lipschitzian gradient with L > 0, then the
sequence (xy),cy given by (3) converges to a solution to Problem (1), under the following
assumptions on the step lengths (7% )ren and the relaxation parameters (Ag)ren [23,24):

e 0 < infieyy < supeny < 2L71,

° (Vk‘ € N) 0< infleN)‘l <M <1



The convergence properties of the FB algorithm have been recently extended to the case of
nonconvex functions F' and R in [3,4] when A\, = 1. The convergence results in [3,4] mainly
rely on the assumption that the objective function G satisfies the KL inequality [5]. The
interesting point is that this inequality holds for a wide class of functions. In particular, it
is satisfied by real analytic functions, semi-algebraic functions and many others [5,25-27].

The VMFB algorithm, given below, was introduced in [1,11-16], with the aim of
accelerating the convergence of the FB method.

xo € RN

For £k =0,1,...
Yk = prox -1, p(k = WAL VF (),
Th1 = Tk + M (Yr — Tk,

()

where, for every k € N, 4, € RV*N ig a symmetric positive definite matrix. On the one
hand, when Ay is the identity matrix, the FB algorithm (3) is recovered. On the other
hand, when R = 0, Algorithm (5) corresponds to a preconditioned gradient algorithm.
If F' is a twice differentiable convex function, the preconditioning matrix Aj is then usu-
ally chosen as an approximation of VF?(zy), the Hessian of F at x;. This amounts to
performing a change of variables leading to a function whose Hessian has more clustered
eigenvalues ( [28, Sec.1.3.], [29,30]). A convergence analysis of Algorithm (5) is provided
in [15], under the assumptions that F' and R are convex functions and that there exists a
positive bounded sequence (1 )ren such that, for every k € N,

(Vo € RN) (1 +mp) (z, Ap 1) > (z, Apz) . (6)

More specific convergence results are available in the literature in the particular case when
R is the indicator function of a convex set [31-33] or F' is locally strongly convex with
a Lipschitz continuous Hessian and R is convex [17]. The convergence of Algorithm (5)
has also been established recently in [18] in the case when R is convex, F' is a smooth
self-concordant function and, for every k € N, Ay is either the (possibly approximated)
Hessian of F' at xj or a diagonal matrix. In the aforementioned works, the convergence
study is however limited to the case of a convex smooth function F'.

In the following, we introduce an inexact version of the VMFB algorithm and we
study its convergence when F' is a differentiable (not necessarily convex) function and R
is a convex (not necessarily differentiable) function.

3 Proposed optimization method

3.1 Background and assumptions
Let us first recall some definitions and notations that will be used throughout the paper.

Definition 3.1. Let ¢ be a function from RN to | — oo, +oc]. The domain of 1 is
domy = {x € RV :y(x) < —|—oo}. Function ¢ s proper iff dom is nonempty. The
level set of ¥ at height § € R is leves v := {z € RN : 4(z) < 4}

Definition 3.2. [34, Def. 8.3], [35, Sec.1.3] Let 1o: RN —] — 00, +00] be a proper function
and let x € dom. The Fréchet sub-differential of 1 at x is the following set:

u(x) = { € RY : liminf m (¥(y) = ¢(2) = (y —,8)) >0
y#T



If © & dom ), then Oy (z) = @.
The sub-differential of ¥ at x is defined as

o(x) = {t eRY : Jy, — =, Yyr) = Y(x), iy € 5w(yk) — t}.

Recall that a necessary condition for z € RY to be a minimizer of v is that z is a
critical point of 1, i.e. 0 € 0y(x). Moreover, if 1 is convex, this condition is also sufficient.

Remark 3.1. Definition 3.2 implies that 01 is closed [4]. More precisely, we have the
following property:

Let (yr, tk)ren be a sequence of Graph 0y := {(z,t) € RN xRN 1t € 9y (x)}. If (yk. tx)
converges to (x,t) and ¥(yi) converges to 1 (x), then (z,t) € Graph di.

Let us introduce our notation for linear operators. Sy denotes the space of symmetric
matrices of RV*N | The Loewner partial ordering on RY*V is defined as

(YU, € RVNY (YU, e RVNY Uy = Uy iff (Vz e RY)  (z,Urz) > (2, Usz) .

In the remainder of this work, we will focus on functions F' and R satisfying the
following assumptions:

Assumption 3.1.

(i) R: RN —] — 00, +00] is proper, lower semicontinuous and convex, and its restriction
to its domain is continuous.

(i) F: RN — R is differentiable. Moreover, F has an L-Lipschitzian gradient on dom R
where L > 0, i.e.

(Y(z,y) € (domR)?)  |[VF(z) = VF(y)| < Lllz — yl.

(ili) G as defined by (2) is coercive.

Some comments on these assumptions which will be useful in the rest of the paper are
made below.

Remark 3.2.

(i) Assumption 3.1(ii) is weaker than the assumption of Lipschitz differentiability of F
usually adopted to prove the convergence of the FB algorithm [4,23]. In particular,
if dom R is compact and F is twice continuously differentiable, Assumption 3.1(ii)
holds.

(ii) According to Assumption 3.1(ii), dom R C dom F'. Then, as a consequence of As-
sumption 3.1(i), dom G = dom R is a nonempty convez set.

(iii) Under Assumption 3.1, G is proper and lower semicontinuous, and its restriction to
its domain is continuous. Hence, due to the coercivity of G, for every x € dom R,
leveg(s) G 15 a compact set. Moreover, the set of minimizers of G is nonempty and
compact.

Assumption 3.2.
Function G satisfies the Kurdyka-Lojasiewicz inequality i.e., for every & € R, and, for
every bounded subset E of R, there exist three constants k > 0, ¢ > 0 and 0 € [0, 1] such
that

(vt€dG(z)) |t = k|G(z) — £,

for every x € E such that |G(x) — &| < ¢ (with the convention 0° = 0).



This form of KL inequality is at the core of convergence results in [3]. As emphasized
in [3], it is satisfied for a wide class of functions, such as, in particular, real analytic and
semi-algebraic functions. Note that a more general local version of Assumption 3.2 can be
found in the literature [26,36].

3.2 Majorize-Minimize metric

Some matrices serving to define some appropriate variable metric will play a central role in
the algorithm proposed in this work. More specifically, let (xx)ren be some given sequence
of dom R and let (Aj)ken be a sequence of matrices of Sy that fulfill the following so-called
majorization conditions:

Assumption 3.3.

(i) For every k € N, the quadratic function defined as
1
(Vx € RN) Q(z,xp) := F(xk) + (x — zx, VF(z1)) + ng — kaik,

s a majorant function of F' at zj on dom R, i.e.,

(Vx €edomR) F(z) < Q(z,xp).

(ii) There exists (v,7) €]0,+o00[? such that

(VkﬁEN) vIN K AL <71y,

The following lemma points out the existence of such a sequence of matrices:

Lemma 3.1. Suppose that Assumption 3.1 holds and, for every k € N, let Ay be equal
to L Iy, where L > 0 is the Lipschitz constant of VF. Then, (Ag)ken satisfies Assump-
tion 3.8 with v =7V = L.

Proof. Under Assumption 3.1, dom R is a convex set and, since F’ is Lipschitz-differentiable
on dom R, the Descent Lemma [28, Prop.A.24] applies, yielding:

(V(z,y) € (dom R)*)  F(z) < F(y) + {z —y, VF(y)) + gllﬂf —yl*.

Consequently, when (Vk € N) Ay = L Iy, Assumption 3.3(i) is satisfied while Assumption
3.3(ii) obviously holds.. O

The above lemma provides a simple choice for sequence (Ay)ren. However, as empha-
sized in [16-18], the good numerical performance of the VMFB algorithm is highly related
to the accuracy of the second order approximation inherent to the metric. More precisely,
one should build (Ag)ken, so that, for every k € N, the quadratic function Q(.,zy) is as
close as possible to F' (for a twice differentiable function, it is equivalent to require that
Ay, is close to VF?(zy), for all k € N), while fulfilling Assumption 3.3. Some useful tech-
niques for constructing such efficient metrics are presented in [19,37] for some subclasses
of functions F.



3.3 Inexact Variable Metric Forward-Backward algorithm

In general, the proximity operator relative to an arbitrary metric does not have a closed
form expression. To circumvent this difficulty, we propose to solve Problem (1) by intro-
ducing the following inexact version of the Variable Metric FB method which is reminiscent
of the inexact FB algorithm proposed in [4, Sec. 5]:

T €0, +00[, 29 € dom R

For k=0,1,...
Find y;, € RY and r, € OR(y;) such that
R(yx) + (yk — o, V(1)) + 75 g — 2%, < Rlx), (7a)
IVE(zk) +rell < 7llye — 2kl (7b)
Tr+1 = (1 — Me)xr + Ak, (7c)

where (Ag)ren is a sequence of Sy associated with (zy)ren for which Assumption 3.3
holds. In addition, (x),cn and (Ax),cn are sequences of nonnegative reals satisfying the
following two assumptions:

Assumption 3.4.
(i) There exists (1,7) €]0,+oc[? such that, for every k € N, n < yh, <2 —1.
(ii) There exists A €]0, 400 such that, for every k € N, A < X\, < 1.

Assumption 3.5.
There exists o €]0, 1] such that, for every k € N, the stepsize Ay is such that

G((1 = Ap)wg + Meyr) < (1= a)G(zg) + aG ().
Remark 3.3.
(i) When « is set equal to 1, we recover the more standard decrease condition

(VE e N)  G((1 - Me)zg + Meyr) < G(yr)- (8)

(ii) It will be shown in the next section that Assumption 3.5 can be simplified in the con-
vex case, but even in the general case, a sequence (A\p)ken such that Assumption 3.5
is satisfied always exists (take, for every k € N, \y =a=1).

(iii) Under Assumption 3.1(i), dom R is convex. Hence, for every k € N, both xj and yy,
belong to dom R.

(iv) As already mentioned, Algorithm (7) can be viewed as an inexact version of Algo-
rithm (5). Indeed, let (zx)ken and (yx)ren be sequences generated by Algorithm (5).
On the one hand, due to the variational characterization of the proximity operator
and the convezity of R, for every k € N, there exists r, € OR(yy) such that

{ re = —VF(xr) + 7 Az — ye) 9)
(Yk — 2, m6) > R(yx) — R(x),

which yields
R(yk) + (yr — 21, VF(2x)) + 5, luw — 2l < Rlwe).

So the sufficient-decrease condition (7a) holds. On the other hand, let us assume
that Assumption 3.4 holds. According to (9), we have

IVE () +rell = v 1Ay — 2l < 0~ Vol — anllay,

which is the inezact optimality condition (7b) with 7 =1 'V/D.



4 Convergence analysis

4.1 Descent properties

The present section gathers some technical results concerning the behaviour of the se-
quences (G(yk))keN and (G(xk))keN generated by Algorithm (7), which will be used to
prove the convergence of the proposed algorithm.

Lemma 4.1. Under Assumptions 3.1, 3.8 and 3.4, there exists py €]0,+o00[ such that for
every k € N,

Glorr) < Clar) = T lloep — el (10)
< G(zg) — AQ%Hyk — ). (11)
Proof. For every k € N, the update equation (7c) yields
G(@ir1) = Flarr) + R((1 = Ap)wp + Ay -
The convexity of R and Assumption 3.3(i) allow us to deduce that
G(@ki1) < Fap) + (1= M) R(zg) + AeR(yk)
< F(ox) + (k1 — 2 V@) + gllane — 2l
+ (1= M) R(@k) + AR (yr)- (12)
In addition, according to (7c),
Tt — Tk = MYk — Tp).- (13)
Using (7a) and (13) leads to the following inequality:
(w1 = an, VF(xy)) < = A Hlwwan — 2ellh, + M (R(zr) — Rlyx))- (14)

Therefore, by combining (12) and (14), we obtain

|
G(zrs1) < Glzp) — (v ')A - §)||$k+1 — a4,

1
SG(xk)_§2_ﬁ

k1 — zxl,,

where the last inequality follows from Assumption 3.4(i). Then, the lower bound in As-

sumption 3.3(ii) allows us to derive (10) by setting pq = 22—77_ > 0. Inequality (11) results
-7

from (13) and Assumption 3.4(ii). O

As a consequence of the above lemma, Assumption 3.5 can be reexpressed in a different
form:

Corollary 4.1. Under Assumptions 3.1, 3.3 and 3.4, Assumption 8.5 is satisfied if and
only if there exists a €]0,1] such that, for every k € N,

(Fag € [a,1]) G(zry1) < (1 — ag)G(xk) + axG(yk)- (15)



Proof. Under Assumption 3.5, according to (7c), (15) holds if we take, for every k € N,
a = a.
Conversely, (15) is equivalent to

ar(G(zr) — Gyk)) < Glak) — G(p4)- (16)
If the above inequality holds with «y € [a, 1], then two cases may arise:

(i) Case when G(xg) < G(yg). From Lemma 4.1 we have G(xg4+1) < G(xp). Thus,

a(G(zk) = Gyr)) < 0 < Glak) — G(pt)-

(ii) Case when G(xg) > G(yg). Then, (16) yields
a(G(zk) = Gyr)) < ar(Glar) — Glyk)) < Glak) — G(ak4)-

This shows that, if (15) holds, then Assumption 3.5 is satisfied. O

When G satisfies some convexity property, we recover standard assumptions on the
relaxation parameter as shown below.

Corollary 4.2. Under Assumptions 3.1, 3.3 and 3.4, if G is convex on [xy,yi] for every
k € N, then Assumption 3.5 holds.

Proof. According to Assumption 3.4, for all k € N, \; €]0,1]. If G is convex on [z, yi]
for every k € N, then

G((1 = Me)wp + Myr) < (1= A)G (k) + MG (yr)-

Using Corollary 4.1 and the fact that, for every k € N, \; is lower-bounded by A > 0, we
conclude that Assumption 3.5 is satisfied. U

The next result will allow us to evaluate the variations of G when going from x to yi
at each iteration k of Algorithm (7).

Lemma 4.2. Under Assumptions 3.1, 8.3 and 3.4, there exists puo € R such that
(Vk€N)  G(y) < Glax) — p2llye — 2.

Proof. According to Assumption 3.3(i) and (7a), we have

_ 1
F(yk) < Q(yr, 71) < Flax) + Rlax) = Rlye) = (0" = 5)llwe — 2%,
which, by using Assumption 3.4, yields,

A 1

Gyr) < G(zx) — (ﬁ =)l — wi %,

The result then follows from Assumption 3.3(ii) by setting

1
so-—5) f2+T22

H2 = A 1
—— — — |, otherwise. U
2—-m 2



4.2 Convergence result
Our convergence proof hinges upon the following preliminary result:

Lemma 4.3. Let (ug)ken, (9k)ken, (95)ken and (Ag)gen be sequences of nonnegative reals
and let 0 €]0,1[. Assume that

(i) For every k € N, u? < g/ A,.

(i) (Ag)ken is summable.

(ili) For every k € N, gr41 < (1 — a)gr + gj, where o €]0,1].
(iv)

Then, (ug)keN @S a summable sequence.

For every k > k*, (g,)? < Buy, where B> 0 and k* € N.

Proof. According to (iii), for every k € N, by the subadditivity of r — 7% for # €]0,1]
i1 < (1—a)’g) + (g1)°.
Assumption (iv) then yields
(Vk>k)  ghay < (1—a)gf + Buy,

which implies that, for every K > k*,

K K—1 K-1
Yoo h<U-a Y g8 (17)
k=k*+1 k=k* k=k*
which is equivalent to
(1-(1-a) ng<gk*_gl(+/82uk (18)
k=k* k=k*

On the other hand, (i) can be rewritten as
(Vk € N) uig(ﬁ—lu— (1—a)’ g)( —(1-a) )*IAQ.

By using now the inequality (V(v,v’) € [0,400[?) Vvv' < (v + ')/2 and since, for every
keN, up >0, we get

(VEeN) < %(ﬁ‘l(l —(1-a)) g +8(1—(1- @)9)*1%)- (19)

We deduce from (18) and (19) that, for every K > k*,

K-1
Y n< (Y wr s~ +80-0-0) ' Y A,
k=k* k=k* h=k
thus,
K—1 K—-1
Su <A gl +8(1-01-2)")7 Y A
P k=k*

The summability of (ug)ren then follows from (ii). O
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Our main result concerning the asymptotic behaviour of Algorithm (7) can now be
stated:

Theorem 4.1. Under Assumptions 3.1-3.5, the following hold.

(i) The sequences (xy)ken and (yx)ken defined by (7) both converge to a critical point &
of G.

(ii) These sequences have a finite length in the sense that

+00 +oo
Z |zkr1 — 2kl < +o0  and Z lyk+1 — yil| < +o0.
k=0 k=0

(iii) (G(wk))keN and (G(yk))keN are sequences converging to G(&). Moreover, (G(xy))
1S a monincreasing Sequence.

keN

Proof. According to Lemma 4.1, we have
(Vk eN)  G(zps1) < Gap),

thus, (G(xr))ken is a nonincreasing sequence. In addition, by Remark 3.2(iii) and Re-
mark 3.3(iii), the sequence (ack) ren Pelongs to a compact subset £ of leveg(zy) G C dom R
and G is lower bounded. Thus, (G(zy))
a nonnegative sequence converging to 0.
Moreover, by invoking again Lemma 4.1, we have

ey converges to a real &, and (G(azk) — g)keN is

(k€ N) X*Elly, — oi? < (Glaw) - §) = (Glansa) = ©): (20)

Hence, the sequence (y;, — o1 )ren converges to 0.
On the other hand, Assumption 3.5 and (7c) imply that, for every k € N,

G(@p+1) =€ < (1= a)(Glak) — &) + a(G(yk) = §)-
Then, combining the last inequality with Lemma 4.2, we obtain that, for every k € N,
a N (Glapg) — €= (1— a)(Glar) — §)) < Glyr) — & < Glaw) — & — pallyr — x>

Thus, since (yr — k) ren and (G(xg) — &)ken both converge to 0, the sequence (G(yx))ken
converges to &.
Let us come back to (20) and let us apply to the convex function : [0, +oo[—

[0, 4+00[: u uﬁ, with 6 € [0, 1], the gradient inequality
(V(u,v) € [0, +00[*)  (u) = 9(v) < P(u)(u—v),
which, after a change of variables, can be rewritten as
(V(u,v) € [0,+00[?) uw—v<(1—0)" (w0 -7,

Using the latter inequality with u = G(x) — & and v = G(zg41) — & leads to

(VEEN) (Glag) —€) — (Glarr) —€) < (1—0)H(G(ay) — €)° A,

where

(Vk eN) A} = (G(ay) — )
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Thus, combining the above inequality with (20) yields
_9 _ _ 0
(ke N) gy — bl < 2227 (1 = 0) 71 (Glay) — ) A% (21)

On the other hand, since F is bounded and Assumption 3.2 holds, there exist constants
k>0,¢>0and @ € [0,1] such that

(Vr € OR(x)) k|G(z) — £ <||IVF(z) + 7|, (22)

for every = € E such that |G(z) — £| < (. Since (G(yk))keN converges to ¢, there exists
k* € N, such that, for every k > k*, |G(yx)—&| < ¢. Hence, we have, for every 7, € OR(yx),

(Vk > k") KIG(yx) = €l° < IVF(ye) + 7|
Let r be defined as in Algorithm (7). Then, we have

KIG(yr) — &I° < IVF(y) — VF(xy) + VF (k) + 13|
< ||VF(yx) = VE ()| + IVF(2r) + 7
< |[|VF(yx) = VF(zp) | + 7llzr — ykll ay- (23)

Thus, by using Assumptions 3.1(ii) and 3.3(ii), we get
G yr) —€1° < k™HL A+ TVD) ||k — yall- (24)
In addition, according to Assumption 3.5,
G(zre1) =€ < (1= a)(Glax) — &) +G(yr) — €] (25)

Besides, it can be noticed that

+o0o +o0o
ST A=Y (Glar) — €)'~ (Glagr) — €)' "
k=k* k=k*

= (Glap) =),

which shows that (A} )ren is a summable sequence. From (21), the summability of
(AL )ken, (24), and (25), and by setting

u = [lyr, — i,

gr = G(zr) — € >0,

(Vk € N) 9 = 1G(yx) — €1 >0,
B=r"YL+7VD) >0,

Ay =22"2u (1 - 0)7TAL,

Lemma 4.3 allows us to conclude that (||yx — zk||)ken is summable when 6 # 0. When
0 =0, as xp — yr — 0, there exists £** > k* such that

(Vk > k™) & YL+ VD)2 — yell < 1.

Hence, according to (24) (recall that 0° = 0), one necessarily has, for every k > k**,
G(yxr) = €. Then, according to (21), for every k > k**, x, = yg, which trivially shows that
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(lyx — 2kl ken is summable.
Moreover, according to (7c) and Assumption 3.4(ii), we have

(Vk e N) zrrs — all = Aellye — zll < llyr — zill-

Hence, the sequence (zj)ken satisfies the finite length property. In addition, since this
latter condition implies that (xg)ren is a Cauchy sequence, it converges towards a point
Z. As (xr — yr)ken converges to 0, (yx)ren also converges to the same limit Z, and (y)ren
satisfies the finite length property since

(Vk €N)  lyer1 — vkl < llykrr — zell + lox — vl
< Nykt1 — Trg1 | + 2w — 2l + lze — yell-

It remains us to show that the limit Z is a critical point of G. To this end, let us define
(Vk) S N) tr = VF(yk) + Tk,

where ry, is given by (7), so that (yg,tx) € Graph dG. In addition, by proceeding like in
(23), we obtain
(VEeN)  [ltell < (L +7VD)llzy — yll-

Since the sequences (7),cy and (yx)pey both converge to Z, (yk,tx),en converges to
(z,0). Furthermore, according to Remark 3.2(iii), the restriction of G to its domain is
continuous. Thus, as (Vk € N) 3, € dom G, the sequence (G (yx)),cn converges to G(&).
Finally, according to the closedness property of OG (see Remark 3.1), (z,0) € GraphdG
i.e., T is a critical point of G. U

As an offspring of the previous theorem, the proposed algorithm can be shown to
locally converge to a global minimizer of G:

Corollary 4.3. Suppose that Assumptions 3.1-3.5 hold, and suppose that (xp)ren and
(yk)ken are sequences generated by Algorithm (7). There exists v > 0 such that, if

G(z9) < inf G(x)+ v, (26)

z€RN
then (zx)ken and (yx)ken both converge to a solution to Problem (1).

Proof. According to Remark 3.2(iii),

&= $1ergN G(z) < 4o0.
Let E = lev<¢y5 G, where 6 > 0. As a consequence of Assumption 3.1(iii), F is bounded.
In view of Assumption 3.2, there exists constants x > 0, ¢ > 0 and 6 € [0, 1] such that (22)
holds for every x € E such that |G(z) — ¢| < (, that is, G(z) < £ + ( since, by definition
of &, we always have G(z) > . Let us now set v = min{J, (} > 0 and choose x( satisfying
(26). It follows from Theorem 4.1(iii) that, for every k € N,

Glak) <+

By continuity of the restriction of G to its domain and Theorem 4.1(i), (zx)ren and (Yx)ken
converge to & which is such that G(2) < & + v. In other words, the Kurdyka-Lojasiewicz
inequality is satisfied at Z:

(vt € 0G(2)) It > wlG(2) - €.
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As & is a critical point of G, 0 belongs to 9G(#), and then we have

G(#) - ¢|” <.
This shows that G(z) = inf gy G(z). O
We now comment on the differences between the results in some related works and our
results.
Remark 4.1.

(i) The convergence results in [15] are established under the assumption that G is con-
vexr, while our study relies on the fulfillment of Assumption 8.2. Moreover, it can
be noticed that Assumption 3.3 on the matrices (Ay),cy are less restrictive than
Condition (6) considered in [15].

(ii) Note that the convergence of (7) was established in [4] in the non-preconditioned
case, i.e. A = L1y, but for a non necessarily convex function R. Constant values
of the relazation parameters (Ag)ren and of the step sizes (Vi )ren were considered.

(iii) Note that the VMFB algorithm does not make an explicit use of the Lipschitz con-
stant value L, although the Lipschitz differentiability assumption is required in our
convergence proof.

5 Application to image reconstruction

5.1 Optimization problem

In this section, we consider an inverse problem where a degraded image z = (Z(m))lgmg M E
RM related to an original image T € [0, +-00[" is observed through the model:

(vme{l,....,MY) 2™ =[HzZ]™ 4+ ™) ([HZ]™) W™,

where H € RM*N is a matrix with nonnegative elements and, for every m € {1,..., M},
[HZ](™ denotes the m-th component of HZ. Moreover, (w(m))lgmg M is a realization of
a Gaussian random vector with zero-mean and covariance matrix I, and

(Vvme{l,...,M}) o™ [0,400] =]0,+o0]

u = Valmy 4 bm) (27)

with (a(™)1<pm<nr € [0, +00[M, (B0™)1<menr €]0,+00[M. Such a noise model arises in a
number of digital imaging devices [38-40] where the acquired image is contaminated by
signal-dependent Photon shot noise and by independent electrical or thermal noise. Signal-
dependent Gaussian noise can also be viewed as a second-order approximation of Poisson-
Gauss noise which is frequently encountered in astronomy, medicine and biology [41,42].
Our objective is to produce an estimate & € [0, 4+oo[" of the target image Z from the
observed data z.

The original image can be estimated by solving (1) where F' is a so-called data fi-
delity term and R is a penalty function serving to incorporate a priori information. In
the Bayesian framework, this is equivalent to compute a maximum a posteriori (MAP)
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estimate [43] of the original image. In this context, a usual choice for the data fidelity
term is the neg-log-likelihood of the data which is expressed as

(V$ € ]RN) F(x) = {FI(CC) —|—F2(£C), ifz e [0a+OO[N’

400, otherwise,
where
M
(Vz € [0,+00[N)  Fi(x) := Y pi™ ([Ha]™), (28)
m=1
M
Fy(x) = Y p8" ([Ha]™), (29)
m=1
and
_ 5 (m))?
my . 1 (w—2")
(Vm e {l,...,M})(VYu € [0,+00) p; '(u) = 3 2ty (30)
P () = JToa(a™u+bM). @1)

In the equation (31), 10/\g is a semi-algebraic approximation of the logarithm defined on
10, +o0[, which, like the original function, is concave and Lipschitz differentiable on any
interval [b, +o00[ with b €]0, +o0[. Such approximations are commonly used in numerical
implementations of the logarithmic function [44, Chap.4].

Furthermore, a hybrid penalty function, made up of two terms R = R; + R is con-
sidered. First, in order to take into account the dynamic range of the target image, we
define Ry := 1o, where C' = [Zmin, Tmax)™ s Tmin € [0, +00[ and Zpax €]2min, +00[ are
the minimal and the maximal values of the components of T, respectively, and ¢ is the
indicator function of C' defined as

0, ifxeC,
o) =

400, otherwise.

Secondly, a sparsity prior in an analysis frame [45-47] is introduced by taking

J
(Vz € RYN) Rp(z):=Y_ o9|[Wa]Y)],
j=1

where (ﬁ(j))lngJ € [0, +o0o[” and W € R7*¥ is a tight frame operator, i.e. there exists
pw €]0, 4-o0[ such that W W = p Iy.
It is clear that Assumption 3.1(i) holds. For every m € {1,..., M}, the first and second

derivatives! of pgm) at u € [0, +oo] are

— z(m)(g(m) (m) 5 (m) (m)
m)y, _ (u—=2"))(a""u4 a™ " 4+ 260M)
(m) »(m) 4 p(m))2
Am), (@™ 4 plm))
P1 (u) - (a(m)u + b(m))3 (33)

Hence, pgm) is bounded and, as pgm) is Lipschitzian, Assumption 3.1(ii) is satisfied. As-

sumption 3.1(iii) follows from the fact that dom R = C' is bounded.
Finally, since F;, F> and Ry are semi-algebraic functions and C' is a semi-algebraic set,
G is a semi-algebraic function and Assumption 3.2 holds.

!'We consider right derivatives when u = 0.
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5.2 Construction of the majorant

The numerical efficiency of the proposed method relies on the use of quadratic majo-
rants that well approximate F' around the current iterates, and whose curvature ma-
trices (Ax)pcy are simple to compute. By combining several majorization techniques
from [19,37], we were able to construct a family of diagonal matrices (Ay),cy fulfilling
Assumption 3.3, which we describe in this section.

First, note that, on its domain, F' is the sum of the convex function F; and the concave
function Fj, respectively defined by (28) and (29). For every k € N, let x; be generated
by the k-th iteration of Algorithm (7). A majorant function of F, on [0, 4+-o0o[V at zy is

(Vo e RY)  Qa(x,xp) = Fa(zp) + (& — x, VEs(21)), (34)

where VFy(xy) is the gradient of Fy at xp. The next lemma allows us to construct
a majorant function of F; at x. Before stating this lemma, we introduce the func-
tion w: [0, +oo[M— RM: (v(™)cpens = (w(m)(v(m))) where, for every m €

,.... M},

1<m<M

pgm)( 0), if u=0,

o 21O (W tup™ (@)
u )

(Vu € [0,400]) w™(u):= { (35)

if uw>0,
and p; is defined by (30).

Lemma 5.1. Let Fy be defined by (28) where H = (H™™))
For every k € N, let

MxN
1<m<M,1<n<N < [0, 4-00] :

Ay, = Diag (P Tw(Hzy)) + ey, (36)

where € € [0, +o0] and P = (P

(m,n) ; ; ;
( )1< <M,1<n<N is the matriz whose elements are given
by

N
(Yme{l,...,M})(¥ne{l,....N}) P .= glmn) " pime (37)
p=1
Then, Q1 defined as
1
(Ve € RY)  Qi(z,z1) := Fi(ak) + (& — ap, VFi (z1)) + ng — a4,

is a majorant function of Fy on [0, +oo[V at xy.

Proof. For every m € {1,..., M}, pgm) is convex and infinitely derivable on [0, +oo[. Let
us define

(V(u, ) € [0, +00[?)
™ () = ) () = ) () ™) (=, (39)

where functions [)(m) and w(™ are respectively given by (30) and (35). If a(™ = 0, then

( Vis a quadratic function and we have

(V(u, ) € [0, +002)  p{™ (u) = ¢™ (u, ).

Let us now assume that a™ €]0, +o0c[. The third derivative of pgm) is given by » gm) Tu €
) (al™) z(m) 4 plm))2 (m)

[0, +-00[ —3al™ (@™ 1 pyE which is negative. Then, p77 is a strictly concave
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function on [0, 4+o00[. By using a simplified version of the proof in [37, App.B.], we will
show the positivity of function ¢(™(-,u/) — pgm) on [0, +ool, for every u' €]0,+00[. The
second derivative of the latter function is given by

(Vu € [0,+00]) ¢ (u,u) — ™ (w) = W™ (u') — 5™ (u). (39)

Moreover, according to second-order Taylor’s formula, there exists @ €]0, [ such that
L ja(m), ~
™ (0) = o™ () — /g () + S (@),
hence, using (35) and (39),

(Vu € [0, +oc) " (u,u) — ™ (u) = ™ (@) — 5™ (). (40)

Since ,0( ™ i negative, pgm) is strictly decreasing, and (40) implies that ¢(™) (-, u) — pgm)

is first strictly decreasing on ]0, @[, then strictly increasing on ], +oo[. On the one hand,
(35) and (38) yield
q(m) (u,’u,) - Pgm) (u/) =Y (41)
q™(0,u) — pgm) (0) =0o.

Thus, according to the mean value theorem, there exists u* €]0, «'[ such that ¢(™ (u*, u') —
[)gm) (u*) = 0. On the other hand, according to (38),

q(m> (', u') — p'gm) (') = 0.

Therefore, from the monotonicity properties of q'(m)(-, u') — pg’”), we deduce that u* is the

unique zero of this function on ]0,u'[, and

™ (u,u) — pgm (u) >0, Vu € [0, u*],
Q0 () = () <0, Vuelu ], (42)
¢ (u, u') — pgm (u') >0, Vu €)u/, +o0l.

Equation (42) implies that ¢ (-, u/) — pgm)(-) is strictly increasing on [0, u*[, strictly
decreasing on Ju*,u/[ and strictly increasing on |u’, +oo[. Thus, given (41),

(W(u, ) € [0, +00[x]0, +00]) o™ (u) < ¢ (u, ). (43)

Moreover, from the expression of p"l(m) in (33), we deduce that it is maximum in zero,
and, using (35) and (38), it is easy to show that

(Vu € [0,4+00)  p{™ (u) < ¢ (u,0). (44)
Therefore, by gathering (43) and (44), we obtain
(V(u, ') € [0,4002)  pi™ (u) < g™ (u,u), (45)

which, as pointed out before, is still valid when (™ = 0.
Majoration (45) implies that, for every k € N,

(Vo € 0, +oo[N)  Fi(x) < Fi(xx) + (v — 25, VFi(21))

+ % (Hx — Hzy, Diag (w(Hay)) (He — Hay)) .
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Let (A(m’n))lsmSMJSnSN S [0, —i—OO[MXN be such that

0, it Hmn) =,
(V(m,n) € {1,..., M} x {1,...,N}) Am") .= Hmm)

i Hme S,
Zé\f:lH(m,p) !

According to Jensen’s inequality and (37), for every m € {1,..., M},
([A(m’l), AN (g — ) < Z Almn) () x,ﬁ"))Q,
which is equivalent to
((E™D, . HEN) @ - 2))? < ZP(’”" () _ {m)?,

Since the convexity of pgm) for m € {1,..., M} implies the positivity of w™ on [0, 4+0c0],

we deduce that
(Hx — Hay, Diag (w(Hay)) (Hx — Hay)) < <x — x, Diag (PTw(ka))(x — xk)> ,
which yields the result. O

It can be deduced from (34) and Lemma 5.1 that Assumption 3.3(i) is satisfied for

Q=Q1+ Q2.
It can be further noticed that, for every m € {1,..., M}, the derivative of w™ at
u' €0, 400 is

) = 200) — 7 ) + w0

u’3

ﬁ(m)( /

W) — i@

u! ’

(m)

where @ €]0,u/[. Since the third-order derivative of p; ’ is negative, w™) is a strictly
decreasing positive function. According to the expression of R, dom R = [Zmin, Tmax]', 50
that its image {Hz | = € dom R} is a compact set. Thus, the function z — w(™ ([Hz](™))

admits a minimum value wr(mg > 0 on dom R. Then, Assumption 3.3(ii) is satisfied for the

matrices (Ay)ren defined by (36) with

v=c+4 min M plmn), (m)

e (m ) (46)
__ M pimm) ;
v=e+ max > m=1 P p(0).

Note that, if each column of H is nonzero, we can choose ¢ = 0 in (46). Otherwise, we
must choose € > 0.

5.3 Backward step

The implementation of the VMFB algorithm (in its exact form) requires to compute,
at each iteration £ € N, variable y;, corresponding to the proximity operator of R at
Tp = T — ’ykA_1VF(xk), relative to the metric induced by fyk_lAk, ie.

1
() () e — 7112
Yk = aiigﬁn{ ]E 1 ID|[Wa]D| + 1o (x) + 5 || mkH%;lAk}. (47)
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Due to the presence of matrix W, it does not appear possible to obtain an explicit ex-
pression for yi. Sub-iterations are thus needed to compute it. Equation (47) is equivalent
to

1/2 ,—1/2 (1 ~1/2 41/2 ~
yk:,yk/ A, /argg]\l,n{§ux_7k /Ak/ 2
S

J
+ 3092w A P20+ LC(W;”A;”%)}.
j=1

The above optimization problem can be solved by various algorithms. The numerical re-
sults provided in the next section have been obtained by using the Dual Forward-Backward
algorithm [48].

5.4 Experimental results

We now demonstrate the practical performance of our algorithm on two image recon-
struction scenarios. In the first scenario, T corresponds to one slice of the standard
Zubal phantom from [49] with dimensions 128 x 128 and H is the Radon matrix mod-
eling M = 16384 parallel projections from 128 acquisition lines and 128 angles. The
sinogram HT is corrupted with signal-dependent noise where, for every m € {1,..., M},
a™ = 0.01 and ™ = 0.1. In this case, Tmin = 0, Tmax = 1, and the Lipschitz con-
stant is L = 6.0 x 10%.  Moreover, W corresponds to the redundant wavelet transform
using Daubechies’ eight-taps filters over three resolution levels, with tight frame constant
pw = 64. In the second scenario, the standard Tiffany image of size 256 x 256 from
http://sipi.usc.edu/database/ is degraded by a blur operator H corresponding to a
uniform motion of length 7 and angle 25° and further corrupted with the considered
signal-dependent additive noise with standard-deviation given by (27) where, for every
m e {1,..., M}, a™ = 0.1 and b = 1. Here, Zmin = 0, Tmax = 255, and the Lipschitz
constant of F' is equal to L = 793. The employed frame is a redundant (undecimated)
wavelet decomposition using Symmlet four-taps filters over three resolution levels. The
related tight frame constant is equal to uy = 64. For both experiments, parameters
(ﬁ(j))l <j<g ATe adjusted so as to maximize the signal-to-noise ratio (SNR) between the
original image  and the reconstructed one &, which is expressed as

SNR := 20log (ﬂ) .
1z —z|

Figs 1 and 2 show the degraded data, and the reconstructed images with our algorithm,
for the tomography problem. We also present in Fig. 2 the reconstruction result obtained
using the standard filtered back-projection approach [50]. For the deblurring problem, the
SNR of the degraded image is 22.6 dB, while the SNR of the restored image with VMFB
algorithm is equal to 27.4 dB. The proposed VMFB algorithm is compared with FB [1]
and FISTA [6] algorithms. Although few theoretical results exist concerning the conver-
gence of FISTA in the nonconvex case, this algorithm was observed to lead satisfactory
performance in our experiments. The setting Ay = 1 has been chosen for FB and VMFB.
Two values of the step-size are tested, namely 7 = 1 and v = 1.9. For these values of
(Ak)ken and (g )ken, Assumption 3.4 is satisfied. Moreover, according to Remark 3.3(ii),
Assumption 3.5 also holds. Figs 3 and 4 illustrate the variations of (G(mk) — G)k and
(Il — &]l),, with respect to the computation time, using the proposed VMFB algorithm,
FB and FISTA algorithms when performing tests on an Intel(R) Xeon(R) CPU X5570 at
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2.93GHz, in a single thread, using a Matlab 7 implementation. The optimal solution z
has been precomputed for each algorithm, using a large number of iterations. Moreover,
G denotes the minimum of the (possibly) different values G(Z) resulting from each sim-
ulation. We can observe that, in the tomography experiment, FISTA and FB algorithm
behave similarly, while, in the deblurring example, FISTA converges faster. Concerning
the choice of the step-size, our results show that, for FB and VMFB algorithms, a faster
convergence is obtained for v, = 1.9 in both experiments.

In conclusion, the variable metric strategy leads to a significant acceleration in terms
of decay of both the objective function and the error on the iterates in each experiment.

Figure 2: Reconstruction: Restored images with filtered back-projection, SNR=7 dB
(left) and with the proposed algorithm, SNR=18.9 dB (right).

6 Conclusions

In this paper, we have introduced a variable metric in the Forward-Backward algorithm.
The choice of this metric relies upon Majorization-Minimization properties. Using Kurdyka-
Lojasiewicz inequality, we proved the convergence of an inexact form of the proposed
VMEFB algorithm in the case when the objective function is a sum of a Lipschitz-differentiable
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||z — 2|
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Figure 3: Reconstruction: Comparison of VMFB algorithm with 45 = 1 (solid thin line)
and v = 1.9 (solid thick line), FB algorithm with 7, = 1 (dashed thin line) and v, = 1.9
(dashed thick line) and FISTA algorithm (dotted line).
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Figure 4: Deblurring: Comparison of VMFB algorithm with «; = 1 (solid thin line) and
vk = 1.9 (solid thick line), FB algorithm with 75 = 1 (dashed thin line) and ~; = 1.9
(dashed thick line) and FISTA algorithm (dotted line).

term and a (possibly nonsmooth) convex one. Numerical experiments in image processing
problems demonstrate the benefits which can be drawn from the use of this algorithm in
terms of convergence profile both for criterion values and iterates.
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