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1 Introduction

We consider the Generalized Nash Equilibrium Problem (GNEP) where, given N players
ν = 1, . . . , N , every player aims at minimizing

min
xν

θν(x
ν , x−ν) s.t. gν(xν , x−ν) ≤ 0 (1)

by controlling his own variables xν ∈ Rnν . Here, θν : Rn → R is the objective function of
player ν, gν : Rn → Rmν represents his constraints, and n := n1 + · · · + nN denotes the
total number of variables. As usual in the context of GNEPs, we often write (xν , x−ν)
instead of x ∈ Rn, where the vector x−ν is defined by x−ν := (xµ)N

µ=1,µ 6=ν . The total
number of inequality constraints will be denoted by m := m1 + . . . +mN . We make the
blanket assumption that the functions θν and gν are twice continuously differentiable with
locally Lipschitz continuous second-order derivatives for all ν = 1, . . . , N .

Our interest is in the computation of a Nash equilibrium (which we also simply call
a solution of a GNEP). We recall that a point x∗ ∈ Rn is a Nash equilibrium if, for
ν = 1, . . . , N , it holds that gν(x∗,ν , x∗,−ν) ≤ 0 and

θν(x
∗,ν , x∗,−ν) ≤ θν(x

ν , x∗,−ν) for all xν satisfying gν(xν , x∗,−ν) ≤ 0,

i.e., if x∗,ν is an optimal solution of the ν-th player’s problem, given x∗,−ν . We refer the
reader to [11, 15] and references therein for a survey on GNEPs and also to [1, 3, 4, 5, 6,
12, 14, 16, 17, 18, 20, 23, 24, 25, 26] for more recent (methodological) results. GNEPs,
in their full generality, are extremely hard problems and few sound algorithms have been
proposed so far. In particular, as far as we are aware of, there exists no algorithm for
general GNEPs that is both globally convergent to a solution and locally superlinearly or
quadratically convergent. Our main aim in this paper is to fill this gap. To this end we
make two main contributions:

• a new local error bound result for the Karush-Kuhn-Tucker (KKT) system of a
GNEP;

• a hybrid algorithm combining the two recently proposed methods from [5] and [8]
in a nontrivial way and resulting in a globally convergent and locally quadratically
convergent algorithm.

The error bound result, beside being of independent interest, is a key to the analysis of
the hybrid algorithm. Note that because of the peculiarities of the KKT system of a
GNEP, standard error bound results, see [7, 15, 22] for example, are not easily applicable
and new techniques are needed for the analysis of the KKT system. The hybrid algorithm
follows the long tradition of combining two algorithms with different properties; however
in our case we have the additional difficulty that usually solutions of GNEPs are not
locally unique, see [2, 10]. In the remaining part of this introduction we give a few more
details on our approach.

In order to solve the GNEP, we solve its KKT system, i.e., the system obtained by
concatenating the KKT systems of the N players’ optimization problems. It is well known
that under some standard, mild constraint qualification, a solution x∗ of the GNEP must
satisfy this system. The reverse is true if, for example, one assumes that θν(·, x−ν) and
gν

i (·, x−ν) are convex functions for every ν, i, and x−ν . With the Lagrange function of the
ν-th player

Lν(x, λν) := θν(x
ν , x−ν) +

mν∑
i=1

λν
i g

ν
i (xν , x−ν)
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and
λ := (λν)N

ν=1, F (x, λ) := (∇xνLν(x, λν))N
ν=1, g(x) := (gν(x))N

ν=1,

the concatenated KKT system can be written as

F (x, λ) = 0, λ ≥ 0, g(x) ≤ 0, λ>g(x) = 0. (2)

By introducing slack variables w ∈ Rm and using the Hadamard product notation, (w ◦
λ)i := wiλi for all i ∈ J := {1, . . . ,m}, we can reformulate the concatenated KKT system
(2) as the following constrained system of equations

H(z) :=

 F (x, λ)
g(x) + w
w ◦ λ

 = 0 s.t. z := (x, λ, w) ∈ Ω := Rn × Rm
+ × Rm

+ . (3)

Obviously, a point (x, λ) is a solution of the KKT system (2) of the GNEP if and only
if w := −g(x) and (x, λ) solve (3). We denote the solution set of the constrained system
(3) by

SΩ := {z ∈ Ω | H(z) = 0}

and assume throughout the paper that SΩ is nonempty.
In [5] a very robust, globally convergent interior-point algorithm for the solution of

(3) was analyzed. However, this method does not have fast local convergence properties
and usually does not permit to compute solutions with high precision.

To develop locally fast solution methods one can reformulate the concatenated KKT
system as a possibly nonsmooth system of equations. However, the application of a local
(nonsmooth) Newton method to such a system normally requires some nonsingularity
assumption on the (generalized) Jacobian. But this nonsingularity condition is almost
never met in the case of system (3) because it is very common to have the same constraint
shared by several players, see [10]. Therefore, Newton methods for GNEPs usually require
quite strong conditions that cannot be expected to hold for a general GNEP (see, e.g., [4,
10, 18]). Thus, they are applicable to a restricted class of problems only (the computation
of a variational solution of a jointly convex GNEP, for example). In order to overcome this
kind of difficulties, we propose to use the LP-Newton method which was suggested in [8]
for the solution of constrained systems of equations. This method enjoys local quadratic
convergence properties under mild assumptions that include a local error bound condition
and allows nonisolated solutions and nonsmoothness of equations, see also [9] for a whole
family of such methods.

In this paper we analyze the applicability of the LP-Netwon method to the constrained
system (3) and show that we can expect the key error bound to hold for a broad class
of GNEPs, thus covering many previously untractable games. We then combine the local
LP-Newton method with the globally convergent potential reduction method in [5] and
so obtain a robust and efficient solution method that theoretically seems to be superior to
existing methods and numerically, as shown by our tests, behaves in a very satisfactory
way.

The paper is organized as follows. In the next section we establish the error bound
result. In Section 3, after recalling the methods in [5] and [8], we present our hybrid
algorithm and analyze its convergence properties. Finally, in Subsection 3.4 we report
numerical results showing that the new algorithm is promising.

Throughout the paper, ‖ · ‖ denotes the Euclidean vector norm and ‖ · ‖∞ the infinity
norm. JH : Rq → Rq×q denotes the Jacobian of H, where q := n + 2m is the total
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number of variables and equations in (3). For δ > 0 and a given point z ∈ Rq we set
B(z, δ) := {y ∈ Rq | ‖y − z‖ ≤ δ}, i.e., B(z, δ) is the closed ball around z with radius
δ. Moreover, we indicate by dist[z, A] the distance of a point z ∈ Rq to a nonempty set
A ⊆ Rq, i.e., dist[z, A] := inf{‖y − z‖ | y ∈ A}.

2 An error bound result for the KKT system

In this section we establish an error bound for the constrained system of equations (3).
More precisely, given z∗ ∈ SΩ, we prove that under a reasonable condition positive con-
stants δ and ` exist such that

dist[z, SΩ] ≤ `‖H(z)‖ for all z ∈ B(z∗, δ) ∩ Ω.

The interest of this result is twofold. On the one hand it is the key element in the
development of our hybrid solution method to be discussed in the next section. On the
other hand, to the best of our knowledge, this is the first error bound result for GNEPs
that requires neither the local uniqueness of the solution and of the multipliers nor a
strong strict complementarity condition. Indeed, error bounds for (KKT systems derived
from) GNEPs are rare. In fact standard results require conditions that are not likely
satisfied by realistic GNEPs; some error bound results for GNEPs were developed in [10],
but they require some relatively strong assumptions, including strict complementarity.
For later use we define the set

S := {z ∈ Rq | H(z) = 0}

and denote by z∗ = (x∗, λ∗, w∗) ∈ SΩ an arbitrary but fixed solution of (3). Note that
obviously SΩ ⊆ S so that, since we assumed SΩ to be nonempty, also S is nonempty. For
a given point x ∈ W := {x ∈ Rn | g(x) ≤ 0} let

I=(x) := {i ∈ J | gi(x) = 0}

and
I<(x) := {i ∈ J | gi(x) < 0}

denote the index set of active and inactive constraints, respectively. Moreover, let Q(x) ≤
m denote the maximal number of different active constraints, i.e.,

Q(x) := max { |α| | α ⊆ I=(x), gi 6≡ gj for all i, j ∈ α, i 6= j} .

Then, we can define the set I=(x) of all subsets of I=(x), where each repeated constraint
is included exactly once, i.e.,

I=(x) := {α ⊆ I=(x) | |α| = Q(x), gi 6≡ gj for all i, j ∈ α, i 6= j} .

Now we are in the position to introduce the central assumption we are going to use in
order to show the new error bound result. This assumption is tailored to take into account
the main difficulty in the analysis of KKT systems of GNEPs: the possibility of shared
constraints among the players, giving rise to duplicated constraint components in g.

Assumption 1. There is an index set α ∈ I=(x∗) such that λ∗i > 0 for all i ∈ α, and the
matrix (

JxF (x∗, λ∗) Eα(x∗)
Jgα(x∗) 0

)
is nonsingular, where E(x) := blockdiag

(
∇x1g1(x), . . . ,∇xNgN(x)

)
and Eα(x) contains

all columns of E(x) whose indices belong to α.
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Assumption 1 requires that for all different active constraints the multiplier of at least
one player is positive. In particular, if all constraints for all players are different this
is strict complementarity. However, if there are repeated active constraints, which is
a typical situation for GNEPs, this assumption is weaker than strict complementarity.
The nonsingularity assumption particularly requires that all different active constraints
are linearly independent, which is LICQ in the case of non repeated constraints. Let us
illustrate in an example, that the assumption above is weaker than the commonly used
ones.

Example 1. Consider the following small 2-player game, which is example A11 from the
test library in [3].

Player 1: min
x1

(x1 − 1)2 s.t. x1 + x2 ≤ 1,

Player 2: min
x2

(
x2 −

1

2

)2

s.t. x1 + x2 ≤ 1.

One can show that the solution set of the corresponding KKT system (3) is given by

SΩ =

{
(t, 1− t, 2− 2t, 2t− 1, 0, 0)>

∣∣∣t ∈ [
1

2
, 1

]}
.

Obviously, for every solution z∗ = (x∗, λ∗, w∗) ∈ SΩ we obtain λ∗1 = 2 − 2t > 0 or
λ∗2 = 2t− 1 > 0. Therefore, we can find an index set α ∈ I=(x∗) = {{1}, {2}} such that
λ∗α > 0. Since the matrices

(
JxF (x∗, λ∗) E1(x

∗)
Jg1(x

∗) 0

)
=

2 0 1
0 2 0
1 1 0

 and

(
JxF (x∗, λ∗) E2(x

∗)
Jg2(x

∗) 0

)
=

2 0 0
0 2 1
1 1 0


are nonsingular for all t ∈ [1

2
, 1], Assumption 1 is satisfied for any solution z∗. Note that

the solutions corresponding to t = 1
2

and t = 1 both violate the strict complementar-
ity condition. Furthermore, the Jacobian of the function H is singular at all solutions
(x∗, λ∗, w∗) ∈ SΩ. Therefore, locally fast convergence of classical Newton-like methods,
e.g., those analyzed in [10], cannot be expected here.

Next we provide a technical lemma on local error bounds for certain unconstrained
problems. To this end, for every index set γ ⊆ J , let us define the function

Hγ(x, λ, w) :=


F (x, λ)
g(x) + w
(λiwi)i/∈γ

(λi)i∈γ

 .

and the set
Sγ := {z ∈ Rq | Hγ(z) = 0}.

Lemma 1. Suppose Assumption 1 is satisfied with some set α ∈ I=(x∗). Then, there are
constants δ̄ > 0 and ¯̀> 0 such that, for any γ ⊆ J \ α with z∗ ∈ Sγ,

dist[z, Sγ] ≤ ¯̀‖Hγ(z)‖

holds for all z ∈ B(z∗, δ̄) ∩ Ω.
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Proof. As a first step, we show that the mapping Ĥγ that is obtained from Hγ by dropping
the components λiwi for i ∈ η := I=(x∗) \ {γ ∪ α} has locally the same set of zeros
Ŝγ := {z ∈ Rq | Ĥγ(z) = 0} as Hγ. In other words, we show that

Ŝγ ∩ B(z∗, δ̃) = Sγ ∩ B(z∗, δ̃) (4)

holds for δ̃ > 0 sufficiently small. Since Sγ ⊆ Ŝγ, only Ŝγ∩B(z∗, δ̃) ⊆ Sγ∩B(z∗, δ̃) has to be
shown. To this end, we choose δ̃ > 0 small enough so that, for any z = (x, λ, w) ∈ B(z∗, δ̃),
we have λi > 0 for all i ∈ α which is possible due to Assumption 1. Moreover, for any
(x, λ, w) ∈ Ŝγ ∩ B(z∗, δ̃), this implies gi(x) = wi = 0 for all i ∈ α. Since, for every index

i ∈ η ⊆ I=(x∗)\α there is an index j ∈ α with gi ≡ gj, we have that (x, λ, w) ∈ Ŝγ∩B(z∗, δ̃)
yields 0 = gj(x) = gi(x) and, thus, λiwi = 0. Hence, (4) holds true.

By definition the function Ĥγ is differentiable and its Jacobian is locally Lipschitz

continuous. With β := I<(x∗) \ γ, the Jacobian of Ĥγ at z∗ is after some row and column
permutations given by

J :=



JxF (x∗, λ∗) Eα(x∗) Eγ(x
∗) Eβ(x∗) Eη(x

∗) 0 0 0
Jgα(x∗) 0 0 0 0 I 0 0
Jgγ(x

∗) 0 0 0 0 0 I 0
Jgβ(x∗) 0 0 0 0 0 0 I

0 0 0 0 0 diag(λ∗α) 0 0
0 0 I 0 0 0 0 0
0 0 0 diag(w∗β) 0 0 0 0


,

where w∗α = 0, λ∗β = 0 was used. Dropping the columns with Eη(x
∗) and using w∗β > 0,

λ∗α > 0 we get that the resulting matrix is nonsingular if and only if(
JxF (x∗, λ∗) Eα(x∗)
Jgα(x∗) 0

)
is nonsingular. Therefore, Assumption 1 guarantees that J, and hence also the Jacobian

of Ĥγ at z∗, has full row rank. By [10, Lemma 2], there are δγ ∈
(
0, 1

2
δ̃
]

and `γ > 0 such

that

`γ‖Ĥγ(x, λ, w)‖ ≥ dist[z, Ŝγ]
(4)
= dist[z, Sγ]

holds for all z ∈ B(z∗, δγ) ∩ Ω. Finally, with

δ̄ := min
γ
δγ > 0 and ¯̀ := max

γ
`γ > 0

the assertion of the lemma follows from ‖Ĥγ(z)‖ ≤ ‖Hγ(z)‖.

Now we are in the position to prove the new local error bound result for (3).

Theorem 1. Let Assumption 1 be satisfied. Then, there are δ > 0 and ` > 0 such that

dist[z, SΩ] ≤ `‖H(z)‖

holds for all z ∈ B(z∗, δ) ∩ Ω.
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Proof. The proof is divided into the parts a) and b). Part a) provides some preliminary
facts and the components of an induction including the idea of the proof, whereas part
b) is the induction itself.

a) Let δ̄ > 0 and ¯̀ > 0 be taken from Lemma 1. Then, we choose δ̂ ∈ (0, δ̄] small
enough so that z = (x, λ, w) ∈ B(z∗, δ̂) implies

wi > 0 for all i ∈ I<(x∗) and λi > 0 for all i ∈ Λ+, (5)

where Λ+ := {i ∈ J | λ∗i > 0}. Since H is locally Lipschitz continuous there is L > 0 so
that

‖H(y)−H(y′)‖ ≤ L‖y − y′‖ for all y, y′ ∈ B(z∗, δ̄). (6)

In the following let the finite sequence {δk}m+1
k=0 be defined by

δk := δ̂/2m+1−k for k = 0, . . . ,m+ 1.

For δ := δ0, let z0 ∈ B(z∗, δ)∩Ω be arbitrarily chosen and define γ0 := ∅. Then, denoting
by ẑ0 ∈ Sγ0 a point with dist[z0, Sγ0 ] = ‖z0 − ẑ0‖, we have

‖z0 − ẑ0‖ = dist[z0, Sγ0 ] ≤ ‖z0 − z∗‖ ≤ δ0 (7)

since z∗ ∈ Sγ0 and further

‖ẑ0 − z∗‖ ≤ ‖ẑ0 − z0‖+ ‖z0 − z∗‖ ≤ 2δ0 = δ1. (8)

Moreover, by Lemma 1 and Sγ0 = S, it follows that

dist[z0, Sγ0 ] = ‖z0 − ẑ0‖ ≤ ¯̀‖Hγ0(z
0)‖. (9)

In part b) we will show by induction that the following objects

γk ⊆ J , zk, ẑk ∈ Rn × Rm × Rm, lk, `k > 0

can be constructed for k = 0, . . . ,m so that

zk ∈ Ω and ‖zk − z∗‖ ≤ δk, (10)

ẑk ∈ Sγk
and ‖ẑk − z∗‖ ≤ δk+1, (11)

‖zk − ẑk‖ ≤ δk, (12)

‖zk − ẑk‖ ≤ lk‖H(z0)‖, (13)

‖z0 − ẑk‖ ≤ `k‖H(z0)‖, (14)

ŵk ∈ Rm
+ (15)

are satisfied and exactly one of the two cases

i) ẑk ∈ SΩ or

ii) γk ( γk+1 ⊆ J \ Λ+ with λ̂k
i < 0 if and only if i ∈ γk+1 \ γk

(16)

occurs. Before performing the induction suppose that i) is true for some k. Then, due to
(14),

dist[z0, SΩ] ≤ ‖z0 − ẑk‖ ≤ `k‖H(z0)‖
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follows, i.e., the theorem would be proven with ` := `k. Since in ii) the index set γk+1

is always strictly larger than γk case ii) can occur a finite number of times only. Hence,
case i) will eventually occur for some k ≤ m and, more importantly, the theorem will be
proved after the induction below.

b) Obviously, due to γ0 = ∅, z0 ∈ B(z∗, δ0) ∩ Ω, ẑ0 ∈ Sγ0 , (7), (8), and (9), we have
that (10) – (14) hold for k = 0 with `0 := l0 := ¯̀. Having in mind the second part of (11)
for k = 0, we get from (5) that ŵ0

i > 0 for i ∈ I<(x∗) and

λ̂0
i > 0 for all i ∈ Λ+. (17)

By ẑ0 ∈ Sγ0 , this implies ŵ0
i = 0 for all i ∈ α and, thus, gi(x̂

0) = ŵ0
i = 0 for all i ∈ I=(x∗).

So, (15) is satisfied for k = 0. Suppose that ẑ0 does not belong to SΩ. Then, since
ẑ0 ∈ Sγ0 = S and by (15) for k = 0 and (17), a nonempty index set γ1 must exist so that
ii) in (16) is valid for k = 0. Hence, in (16) either case i) or case ii) occurs.

By assuming that (10) – (16) are satisfied for some k we are now going to prove that
(10) – (16) are valid for k+1 instead of k. To this end, we construct zk+1 := (x̂k, λk+1, ŵk)
by

λk+1
i :=

{
0, if i ∈ γk+1,

λ̂k
i , if i /∈ γk+1.

,

which implies
λk+1 ≥ 0 (18)

and |λk+1
i − λk

i | ≤ |λ̂k
i − λk

i | for all i. Hence, we get

‖zk+1 − zk‖ ≤ ‖ẑk − zk‖ (19)

and, using (12) and (10),

‖zk+1 − z∗‖ ≤ ‖zk+1 − zk‖+ ‖zk − z∗‖ ≤ 2δk = δk+1. (20)

Moreover, since zk+1 = (x̂k, λk+1, ŵk), (15) and (18) yield

zk+1 ∈ Ω. (21)

By the definition of λk+1, we have λk+1
i = 0 for all i ∈ γk+1 so that

Hγk+1
(zk+1) = H(zk+1) (22)

follows. Due to (5) and ii) of (16) we know that λ∗i = 0 for all i ∈ γk+1 ⊆ J \ Λ+.
Therefore,

z∗ ∈ Sγk+1
(23)

and we can choose
ẑk+1 ∈ Sγk+1

(24)

so that dist[zk+1, Sγk+1
] = ‖zk+1 − ẑk+1‖. Then, by (23) and (20), we have

‖zk+1 − ẑk+1‖ ≤ ‖zk+1 − z∗‖ ≤ δk+1. (25)

and
‖ẑk+1 − z∗‖ ≤ ‖ẑk+1 − zk+1‖+ ‖zk+1 − z∗‖ ≤ 2δk+1 = δk+2. (26)
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From ii) of (16) it follows that γk+1 ⊆ J \ Λ+ ⊆ J \ α. Thus, by (20), we can apply
Lemma 1 and obtain with (22)

‖zk+1 − ẑk+1‖ = dist[zk+1, Sγk+1
] ≤ ¯̀‖Hγk+1

(zk+1)‖ = ¯̀‖H(zk+1)‖. (27)

By z0 ∈ B(z∗, δ0) and (20), the local Lipschitz continuity of H given by (6) yields

‖H(zk+1)‖ ≤ ‖H(zk+1)−H(z0)‖+ ‖H(z0)‖
≤ L‖zk+1 − z0‖+ ‖H(z0)‖.

(28)

Using (19), (13), and (14), we get

‖zk+1 − z0‖ ≤ ‖zk+1 − zk‖+ ‖zk − ẑk‖+ ‖ẑk − z0‖
≤ 2‖ẑk − zk‖+ ‖ẑk − z0‖
≤ (2lk + `k)‖H(z0)‖

so that (28) leads to

‖H(zk+1)‖ ≤ (L(2lk + `k) + 1)‖H(z0)‖.

With lk+1 := ¯̀(L(2lk + `k) + 1), this and (27) imply

‖zk+1 − ẑk+1‖ ≤ lk+1‖H(z0)‖. (29)

Thus, setting `k+1 := lk+1 + (2lk + `k), we obtain

‖z0 − ẑk+1‖ ≤ ‖z0 − zk+1‖+ ‖zk+1 − ẑk+1‖
≤ `k+1‖H(z0)‖.

(30)

By (26) we get from (5) that ŵk+1
i > 0 for all i ∈ I<(x∗) and

λ̂k+1 > 0 for all i ∈ Λ+. (31)

Due to (24), the latter implies ŵk+1
i = 0 for all i ∈ α ⊆ Λ+ and, thus, gi(x̂

k+1) = ŵk+1
i = 0

for all i ∈ I=(x∗). Therefore, we have

ŵk+1 ∈ Rm
+ . (32)

Now suppose that ẑk+1 /∈ Ω. Then, taking into account (31) and (32), and λ̂k+1
i = 0 for

i ∈ γk+1, there is at least one index i ∈ J \ (Λ+ ∪ γk+1) with λ̂k+1
i < 0. Thus, defining

γk+2 := γk+1 ∪ {i ∈ J \ Λ+ | λ̂k+1 < 0}

guarantees

γk+1 ( γk+2 ⊆ J \ Λ+ with λ̂k+1
i < 0 if and only if i ∈ γk+2 \ γk+1.

Finally, with this and (20), (21), (24) – (26), (29), (30), and (32), the induction is suc-
cessfully completed.

The following example shows that the error bound condition in Theorem 1 may be
too difficult to obtain if we relax Assumption 1.
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Example 2. Consider the 2-player game

Player 1: min
x1

1

4
x4

1 s.t. x1 + x2 ≥ 1,

Player 2: min
x2

1

4
x4

2 s.t. x1 + x2 ≥ 1.

The solution set of the corresponding system (3) is given by

SΩ =
{
(t, 1− t, t3, (1− t)3, 0, 0)> | t ∈ [0, 1]

}
.

Consider the solution z∗ = (0, 1, 0, 1, 0, 0)> and the sequence {zk} ⊂ Ω with zk :=(
− 1

k
, 1 + 1

k
, 0, 1 + 3

k
, 0, 0

)>
. Obviously, {zk} converges to z∗ for k → ∞. Now, on the

one hand, we have

‖H(zk)‖2 = ‖H(xk, λk, wk)‖2 =

∥∥∥∥∥∥∥∥∥∥∥∥


(xk

1)
3 − λk

1

(xk
2)

3 − λk
2

−xk
1 − xk

2 + 1 + wk
1

−xk
1 − xk

2 + 1 + wk
2

λk
1w

k
1

λk
2w

k
2



∥∥∥∥∥∥∥∥∥∥∥∥

2

=

(
1

k3

)2

+

(
3

k2
+

1

k3

)2

= O

(
1

k4

)
.

On the other hand, the special construction of the sequence {zk} yields

dist[zk, SΩ]2 = ‖z∗ − zk‖2 =
11

k2
.

Therefore, H does not provide a local error bound near z∗. There are two index sets
α1, α2 ∈ I=(x∗). For α1 = {1} the matrix

(
JxF (z∗) Eα1(x

∗)
Jgα1(x

∗) 0

)
=

0 0 1
0 1 0
1 1 0


is nonsingular, but λ∗1 = 0. Thus, Assumption 1 is not satisfied for α1. For α2 = {2} we
have λ∗2 = 1 > 0, but (

JxF (z∗) Eα2(x
∗)

Jgα2(x
∗) 0

)
=

0 0 0
0 1 1
1 1 0


is singular. Altogether, the example shows that Assumption 1 in Theorem 1 can not be
replaced by only one of its parts, the nonsingularity assumption, or λ∗α > 0.

3 A globally and locally fast convergent hybrid algo-

rithm

In this section we combine two recently proposed algorithms and define a new solution
method for GNEPs that enjoys the best theoretical convergence properties among the
algorithms in the literature. Our new method derives from a suitable combination of the

11



potential reduction method proposed in [5] for the solution of GNEPs and a very recent
Newton type method studied in [8] for the solution of constrained systems of equations
with locally fast convergence. The idea of combining a globally convergent algorithm
with possibly poor local convergence rate with a second algorithm which is only locally
convergent but enjoys a fast convergence rate is certainly not new and actually part of the
folklore in optimization. However, the assumptions under which such combinations are
shown to work properly usually imply the local uniqueness of the solution towards which
the algorithm converges. Unfortunately, when dealing with GNEPs, local uniqueness of
the solutions is rarely encountered, and this poses a serious challange. One of the main
merits of our developments in this section is therefore to couple the global and local
methods in a not totally standard way and to carry out a refined analysis so as to be able
to show global and fast local convergence without resorting to any requirement about
local uniqueness of the solutions.

In the next two subsections we briefly recall the methods in [5] and [8], respectively.
Then, in Subsection 3.3, we introduce our hybrid algorithm and analyze its convergence
properties. Finally, Subsection 3.4 reports numerical results.

3.1 A potential reduction algorithm for the solution of GNEPs

In [5], based on the algorithm first proposed in [21], an interior point method for the
solution of (3) is suggested that is based on the minimization of a potential function.
In this section we want to recall this algorithm and a convergence result proven in [5].
First, let us repeat some definitions. For a given real number ζ > m the function P :
Rn × R2m

++ → R is defined by

P (u, v) := ζ log(‖u‖2 + ‖v‖2)−
2m∑
i=1

log(vi).

Furthermore, let ZI := {z = (x, λ, w) ∈ Rn × Rm
++ × Rm

++ | g(x) + w > 0} denote the set
of all strictly feasible points for which the last 2m components of H are positive. The
potential function ψ : ZI → R is defined by

ψ(z) := P (H(z)).

With a> := (0>n , 1
>
2m) we can now present the algorithm from [5].

Algorithm 1: Potential Reduction Algorithm for GNEPs

(S.0): Choose z0 ∈ ZI and β, η ∈ (0, 1), ζ > m. Set k := 0.

(S.1): If H(zk) = 0 then STOP.

(S.2): Choose σk ∈ [0, 1) and compute a solution dk of the linear system

JH(zk)d = −H(zk) + σk
a>H(zk)

‖a‖2
a.

(S.3): Compute a stepsize tk := max{βi | i = 0, 1, 2, . . .} such that

zk + tkd
k ∈ ZI and

ψ(zk + tkd
k) ≤ ψ(zk) + ηtk∇ψ(zk)>dk.

(S.4): Set zk+1 := zk + tkd
k, k := k + 1, and go to (S.1).

12



The next result follows from Theorem 4.3 in [5].

Theorem 2. Assume that JH(z) is nonsingular for all z ∈ ZI and that the sequence
{σk} satisfies the condition

lim sup
k→∞

σk < 1.

Let {zk} be any sequence generated by Algorithm 1. Then the following assertions hold:

(a) The sequence {H(zk)} is bounded.

(b) Any accumulation point of {zk} is a solution of (3).

The nonsingularity of JH(z) on ZI guarantees that Algorithm 1 is well defined and
the iterates zk are contained in ZI , see [5] for details. Therefore, the case H(zk) = 0
can (theoretically) never occur. In [5, 13] the interested reader can find some sufficient
conditions for the nonsingularity of the Jacobian for all z ∈ ZI .

3.2 The LP-Newton method for the solution of GNEPs

In this subsection we briefly recall the LP-Newton method from [8] as applied to our
constrained system of equations (3). The subproblems of the LP-Newton method are
optimization problems. For a given point zk = (xk, λk, wk) ∈ Rq a solution (zk+1, γk+1) ∈
Rq × R of the program

min
z,γ

γ s.t. z ∈ Ω,

‖H(zk) + JH(zk)(z − zk)‖∞ ≤ γ‖H(zk)‖2
∞,

‖z − zk‖∞ ≤ γ‖H(zk)‖∞

(33)

has to be computed. Since in our case Ω = Rn×Rm
+ ×Rm

+ is a polyhedron and the infinity
norm is used, (33) is a linear program. This program is solvable for any zk /∈ S so that
the following algorithm is well defined, see also [8, Proposition 1]. We recall the algorithm
from [8].

Algorithm 2: LP-Newton Method for GNEPs

(S.0): Choose z0 ∈ Ω and set k := 0.

(S.1): If H(zk) = 0 then STOP.

(S.2): Compute a solution (zk+1, γk+1) of (33).

(S.3): Set k := k + 1 and go to (S.1).

In [8] four assumptions were used to prove local quadratic convergence of the LP-Newton
method. However, due to the smoothness properties of H and in view of [8, Corollary 1],
these assumptions essentially boil down to the requirement that H satisfies a local error
bound condition.

Theorem 3. Let Assumption 1 be satisfied. Then, there is r > 0 such that any infinite
sequence {zk} generated by Algorithm 2 with starting point z0 ∈ B(z∗, r) ∩ Ω converges
Q-quadratically to some ẑ = (x̂, λ̂, ŵ) ∈ SΩ.

13



Proof. Our smoothness assumptions imply local Lipschitz continuity of H. Therefore,
Assumption 1 from [8] is valid. Due to Theorem 1 a local error bound holds for problem
(3). Thus, Assumption 2 from [8] is satisfied and, in view of the smoothness properties
of H and [8, Corollary 1] Assumptions 3 and 4 from [8] are satisfied as well. Hence, the
assertion on the local Q-quadratic convergence follows from [8, Theorem 1].

We conclude this subsection by noting that due to the error bound provided in Theo-
rem 1 and the smoothness of H we could also employ a constrained Levenberg-Marquardt
method [19] or an inexact version [9] as local method. The numerical comparison of several
local approaches is left to future work.

3.3 A hybrid algorithm for the solution of GNEPs

We are now ready to describe a hybrid algorithm enjoying both global and fast local
convergence properties. The definitions of the function ψ, the set ZI and the vector a can
be found in Subsection 3.1.

Algorithm 3: Hybrid Algorithm for GNEPs

(S.0): Choose z0 := ẑ ∈ ZI and parameters β, η, θ ∈ (0, 1), ζ > m,
0 < τmin ≤ τmax, τ0 ∈ [τmin, τmax]. Set k := 0.

(S.1): If H(zk) = 0 then STOP.

If ‖H(zk)‖ ≤ τk set σk := 0 and go to (S.4), else go to (S.2).

(S.2): Choose σk ∈ [0, 1) and compute a solution dk of the linear system

JH(zk)d = −H(zk) + σk
a>H(zk)

‖a‖2
a.

(S.3): Compute a stepsize tk := max
{
βi | i = 0, 1, 2, . . .

}
such that

zk + tkd
k ∈ ZI and

ψ(zk + tkd
k) ≤ ψ(zk) + ηtk∇ψ(zk)>dk.

Set zk+1 := zk + tkd
k, ẑ := zk+1, τk+1 := τk, k := k + 1, go to (S.1).

(S.4): Compute a solution (z̃k+1, γk+1) of the linear program

min
z,γ

γ s.t. z ∈ Ω,

‖H(zk) + JH(zk)(z − zk)‖∞ ≤ γ‖H(zk)‖2
∞,

‖z − zk‖∞ ≤ γ‖H(zk)‖∞.

If ‖H(z̃k+1)‖ ≤ θ‖H(zk)‖ then

set zk+1 := z̃k+1, τk+1 := τk, k := k + 1, go to (S.1),

else set zk+1 := ẑ, k := k + 1, choose τk+1 ∈ [τmin, τmax], go to (S.2).

As long as the iterates are not close to a solution, i.e., if ‖H(zk)‖ ≥ τk, Algorithm 3
coincides with Algorithm 1. Therefore, in each iteration a linear system of equations is
solved in (S.2) and a linesearch procedure is performed in (S.3). When supposedly near
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a solution the algorithm switches to an LP-Newton step in (S.4), a solution of a linear
program is computed. If the LP-Newton steps do not yield sufficiently fast convergence
we assume that we actually were still too far from a solution. In this case, the algorithm
switches back to the interior point method from the last iterate ẑ that was used before
the switch to the LP-Newton. Note that we can not easily use an iterate z computed by
the LP-Newton part to continue with the potential reduction part, since z ∈ ZI is not
guaranteed.

By choosing τk+1 ∈ [τmin, τmax] in Step (S.4) one can somehow control the neighbor-
hood in which Algorithm 3 switches to the LP-Newton subproblem. A practical rule for
adjusting τk+1 is given in Subsection 3.4.

The following theorem shows that the new Hybrid Algorithm for GNEPs enjoys both
global and local quadratic convergence properties.

Theorem 4. Assume that JH(z) is nonsingular for all z ∈ ZI and that lim sup
k→∞

σk < 1.

Then, Algorithm 3 is well defined. Moreover, for any infinite sequence {zk} generated by
the algorithm the following assertions hold:

(a) The sequence {H(zk)} is bounded.

(b) Any accumulation point of {zk} is a solution of (3).

(c) If {zk} has an accumulation point z∗ where Assumption 1 is satisfied then the whole
sequence {zk} converges to z∗ with a Q-quadratic rate.

Proof. Algorithm 3 guarantees that the potential reduction part ((S.2) and (S.3)) always
starts with an iterate zk ∈ ZI since, on the one hand, the potential reduction itself
generates only those points. On the other hand, whenever the algorithm switches from
the LP-Newton step (S.4) back to (S.2) then (S.2) uses the iterate (saved in ẑ) that was
produced by the very last run of the potential reduction part. Therefore, the nonsigularity
of JH(z) assumed for all z ∈ ZI guarantees that both the steps (S.2) and (S.3) are well
defined, for details see [5]. As we mentioned in Subsection 3.2, any LP-Newton step (S.4)
is well defined if H(zk) 6= 0. This is true since any iterate generated in (S.3) belongs
to ZI and, thus, satisfies this. Moreover, the algorithm stops in (S1) if H(zk) = 0 is
encountered.

For any sequence {zk} generated by Algorithm 3 exactly one of the following two cases
can occur:

(i) Whenever Algorithm 3 switches to (S.4), LP-Newton steps are used only a finite
number of times before the algorithm gets back to (S.2) and (S.3).

(ii) For a certain iterate Algorithm 3 switches to (S.4) and then uses LP-Newton steps
only.

As we already pointed out above, whenever Algorithm 3 gets back from (S.4) to the
potential reduction part in (S.2) and (S.3), it employs the iterate ẑ which was generated
when step (S.3) was run the last time. Therefore, if case (i) occurs, Algorithm 3 is
equivalent to the potential reduction algorithm (Algorithm 1) and assertions (a) and (b)
follow from Theorem 2.

In case (ii) we have a k0 ∈ N such that ‖H(zk+1)‖ ≤ θ‖H(zk)‖ for all k ≥ k0, and
since θ ∈ (0, 1), this also implies (a) and (b).

To prove that assertion (c) is valid let z∗ denote an accumulation point of {zk} satis-
fying Assumption 1. Then, Theorem 1 and the local Lipschitz continuity of JH imply, by
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[8, Proposition 2], that Assumptions 1 – 4 from [8] are satisfied. Hence, due to Lemma 1
and Lemma 2 from [8], we can conclude that there are C1 > 0, C2 > 0, and δ∗ ∈ (0, δ),
with δ from Theorem 1, such that

‖z(zk)− zk‖ ≤ C1 dist[zk, SΩ] (34)

and

dist[z(zk), SΩ] ≤ C2 dist[zk, SΩ]2 ≤ 1

2
dist[zk, SΩ] (35)

for all zk ∈ B(z∗, δ∗)∩Ω and any solution z(zk) of the LP-Newton subproblem (33). Since
δ∗ < δ, H is Lipschitz continuous on B(z∗, δ∗) with modulus L > 0, see (6). With ` > 0
from Theorem 1, let us define

ε := min

{
δ∗

C1 + 1
,

θ

C2L`

}
and ρ :=

ε

1 + 2C1

.

Since z∗ is an accumulation point of {zk} and τk ≥ τmin > 0 holds for all k ∈ N, there is
K ∈ N so that

zK ∈ B(z∗, ρ) ∩ Ω and ‖H(zK)‖ ≤ τK .

The latter means that Step (S.4) is run for this particular K. We now show by induction
that the following assertions are valid for all k ≥ K:

zk ∈ B(z∗, ε) ∩ Ω (36)

and
zk+1 = z̃k+1 is generated in (S.4), (37)

where z̃k+1 denotes the corresponding solution of the LP-Newton subproblem (33) in (S.4).
For k = K assertion (36) is clear since ρ < ε. Thus, using (34), we have

‖z̃K+1 − z∗‖ ≤ ‖z̃K+1 − zK‖+ ‖zK − z∗‖ ≤ (C1 + 1)ε ≤ δ∗

The local Lipschitz continuity of H on B(z∗, δ∗) now yields

‖H(z̃K+1)‖ ≤ L dist[z̃K+1, SΩ].

Therefore, by the first inequality in (35), (36) for k = K, Theorem 1, and the definition
of ε, we obtain

‖H(z̃K+1)‖ ≤ C2L dist[zK , SΩ]2 ≤ C2L`ε‖H(zK)‖ ≤ θ‖H(zK)‖,

so that the test in (S.4) is satisfied and zK+1 = z̃K+1 is generated in (S.4), i.e., (37) is
true for k = K.

Suppose now that (36) and (37) hold for k = K, . . . , κ with some κ ≥ K. In particular,
all iterates zK+1, . . . , zκ+1 were generated by the LP-Newton step (S.4). Using the triangle
inequality, we obtain

‖zκ+1 − z∗‖ ≤ ‖zK − z∗‖︸ ︷︷ ︸
≤ρ

+
κ∑

j=K

‖zj+1 − zj‖. (38)

Taking into account (36) for k = K, . . . , κ, (34), and (35), it follows for all j = K, . . . , κ

‖zj+1 − zj‖ ≤ C1 dist[zj, SΩ] ≤ C1

(
1

2

)j−K

dist[zK , SΩ].
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This, (38), and the definition of ρ imply

‖zκ+1 − z∗‖ ≤ ρ+ C1 dist[zK , SΩ]︸ ︷︷ ︸
≤ρ

κ−K∑
j=0

(
1

2

)j

︸ ︷︷ ︸
≤2

≤ (1 + 2C1)ρ ≤ ε.

Thus, zκ+1 ∈ B(z∗, ε)∩Ω holds. Moreover, (37) for k = κ+1 can be shown as for k = K.
Therefore, (36) and (37) are valid for all k ≥ K. Thus, for k ≥ K, Algorithm 3 runs
LP-Newton steps only. Hence, we are in case (ii) and the sequence {zk} converges by
Theorem 3 Q-quadratically to a solution of (3). Obviously, z∗ must be the limit. This
shows assertion (c).

3.4 Numerical results

Now, we briefly describe results of a preliminary implementation of the hybrid algorithm
and compare it to the potential reduction algorithm. The algorithms were implemented
in Matlab R© with the parameters

β = 0.5, η = 10−2, θ = 0.9, ζ = 2m, τmin = 10−11, τmax = τ0 = 10−3.

For updating σk in (S.2) and τk in the else-branch of (S.4) we used

σk = 0.1 and τk+1 = max{τmin, θ‖H(zk)‖}.

If the matrix JH(zk) is ill conditioned, i.e., if its estimated condition number is larger than
1016, we try to avoid running into numerical trouble by solving the linear system in (S.2)
with the pertubed matrix JH(zk) + 10jI, where the smallest j ∈ {−2,−1, 0, . . .} is used
so that the estimated condition number of JH(zk) + 10jI is not larger than 1016. By this
strategy we avoid that the algorithm fails to compute a search direction. Furthermore, if
the computed direction dk from Step (S.2) does not satisfy ∇ψ(zk)>dk ≤ −10−8‖dk‖2.1,
that is if the direction dk is almost orthogonal to∇ψ(zk), we use the anti-gradient direction
−∇ψ(zk) as search direction dk, which was already suggested in the numerical part of
[5]. For reporting results with these modifications in Step (S.3) we refer to “Algorithm
1 (modified)” and “Algorithm 3 (modified)”. For the solution of the linear program in
(S.4) the “lp-minos” solver from the Optimization Toolbox of Tomlab R© was applied.

The algorithms were tested on a library of GNEPs proposed in [5]; these test problems
are discussed in detail in [3]. In order to compare our results the algorithms use the same
stopping criterion

V (x, λ) :=
1√

n+m

∥∥∥∥(
F (x, λ)

min{−g(x), λ}

)∥∥∥∥ ≤ ε

with accuracy ε ∈ {10−4, 10−6, 10−8, 10−10}. A failure is deteced if the maximum iteration
limit of 100 is exceeded (using a larger iteration limit essentially does not change the
results described below). Also if the stepsize tk in (S.3) becomes smaller than tmin := 10−8

the algorithms stop with a failure. Depending on the accuracy ε, Table 1 reports the
number of failures. A first observation is that the modifications of Step (S.3) lead to an
improvement in the robustness of the potential reduction method for small accuracy, see
the results in Table 1 for Algorithm 1 and for Algorithm 1 (modified). Therefore, we
decided to use the above modifications also for Step (S.3) of Algorithm 3 which leads
to Algorithm 3 (modified). Moreover, Table 1 shows that Algorithm 3 (modified) is
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Table 1: Failures on 57 test runs depending on the accuracy ε.

ε 10−4 10−6 10−8 10−10

Algorithm 1 6 8 10 11
Algorithm 1 (modified) 1 4 9 14
Algorithm 3 (modified) 1 2 2 2

significantly more robust on the test library then the pure potential reduction algorithms.
The new hybrid algorithm is able to calculate in all but two cases a solution with a
quite high precision. This, coupled with the better theoretical convergence properties
makes the hybrid algorithm look very promising and a good candidate for developing
a general purpose solution algorithm for GNEPs. In most of the test runs the hybrid

Table 2: Detailed numerical results for problem Tr3.

Algorithm 3 (modified) Algorithm 1 (modified)
k LS LP stepsize tk V (xk, λk) stepsize tk V (xk, λk)
0 0 0 0.000000 64.555823931987
1 1 0 0.015625 63.533509705715
2 2 0 0.015625 62.239660552331
3 3 0 0.031250 59.563728071708
4 4 0 0.062500 54.773243024867
5 5 0 0.125000 47.399007958429
10 10 0 0.500000 18.025445688612
20 20 0 0.125000 0.279047403143
30 30 0 0.250000 0.033002833980
40 40 0 0.062500 0.007860354749
50 50 0 0.250000 0.002304240403
55 55 0 0.250000 0.000653997253
56 56 0 0.500000 0.000563301075
57 57 0 0.500000 0.000510204495
58 58 0 0.500000 0.000286881425
59 59 0 1.000000 0.000043808966
60 59 1 1.000000 0.000043808966 1.000000 0.000006142406
61 60 1 1.000000 0.000006142406 1.000000 0.000000877795
62 60 2 1.000000 0.000002017306 1.000000 0.000000202210
63 60 3 1.000000 0.000000282627 failure since tk < tmin

64 60 4 1.000000 0.000000000067

algorithm switches only once or twice to the LP-Newton step (S.4), then stays there, and
converges in a few iterations. To illustrate this we have added Table 2 which shows more
detailed results on problem Tr3 (N = 7, n = 80, m = 304). The potential reduction
method (Algorithm 1 (modified)) only reaches the accuracy bound of ε = 10−6 and fails
for k = 63, whereas the hybrid method (Algorithm 3 (modified)) shows no failure and
reaches V (xk, λk) ≤ 10−10. Moreover, neither the regularization strategy nor the use of
an anti-gradient direction −∇ψ(zk) improves the situation for the potential reduction
method.

Table 2 is built as follows. Its first column contains the counter k for the iteration
number. The next four columns are for Algorithm 3 (modified), reporting the number
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of linear systems solved (LS), the number of linear programs solved (LP), the stepsizes
computed in Step (S.3), and the values V (xk, λk). The last two columns report the latter
values for Algorithm 1 (modified). Note that the first iterations (potential reduction
steps) are the same for both methods and therefore are only reported once in the column
belonging to Algorithm 3 (modified).
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