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Abstract

In this paper, we consider an interior point method for nonlinear semidefinite program-
ming. Yamashita, Yabe and Harada presented a primal-dual interior point method in
which a nondifferentiable merit function was used. By using shifted barrier KKT condi-
tions, we propose a differentiable primal-dual merit function within the framework of the
line search strategy, and prove the global convergence property of our method.
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1 Introduction

In this paper, we consider the following nonlinear semidefinite programming (SDP) prob-

lem:
min  f(z), r e R",
st.  g(z)=0, X(z)=0,

where the functions f : R - R, g : R* = R™ and X : R" — S? are sufficiently smooth,
and S? denotes the set of p-th order real symmetric matrices. By X (x) > 0 and X (z) > 0,
we mean that the matrix X (z) is positive semidefinite and positive definite, respectively.

Numerical methods which solve the nonlinear SDP have been developed and studied
by several authors [3, 4, 5, 6, 7, 9, 10, 11, 12, 13, 15, 17, 21]. Drummond, Tusem and
Svaiter [4] studied the central path of a nonlinear convex SDP and discussed the behavior
between the logarithmic barrier function and objective function. Leibfritz and Mostafa
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[15] proposed an interior point trust region algorithm. Huang, Yang and Teo [9] trans-
formed a nonlinear SDP into a mathematical program with a matrix equality constraint
and proposed the sequential quadratic penalty method. Correa and Ramirez [3] presented
the sequentially semidefinite programming local method which is based on the sequential
quadratic programming method with a line search strategy. Kanzow, Nagel, Kato and
Fukushima [12] proposed the trust region-type method. This method solves the subprob-
lem which can be converted to a linear semidefinite program at each iteration. Yamashita,
Yabe and Harada [21] proposed a primal-dual interior point method with a line search
strategy. Huang, Teo and Yang [10] introduced an approximate augmented Lagrangian
function for nonlinear SDP. Huang, Yang and Teo [11] considered a nonlinear SDP with
a matrix equality constraint and proposed the penalty method. Gomez and Ramirez [7]
proposed a filter method for nonlinear SDP.

Though Yamashita, Yabe and Harada [21] derived a primal-dual merit function, their
function was not differentiable. Thus it is significant to consider a differentiable primal-
dual merit function. In this paper, following the idea of Yamashita and Yabe [20] for
nonlinear programming problems, we propose a primal-dual interior point method whose
merit function is differentiable for nonlinear SDP problems. Our primal-dual interior
point method can obtain the global convergence property under weaker assumptions than
those in [21].

This paper is organized as follows. In Section 2, we introduce the optimality conditions
for problem (1.1) and some notations, and briefly review the primal-dual interior point
method of Yamashita et al. [21]. In Section 3, we describe how to get a search direction
and a step size. We prove the global convergence of the proposed method in Section 4.

In what follows, || e ||, | e||; and || e ||~ denote the Iy, [; and [, norms for vectors. || e|| ¢
denotes the Frobenius norm for matrices. We define the following norm

) -6)

for (s,t,U) € R™ x R™ x SP. The superscript 7" denotes the transpose of a vector or a
matrix. I denotes the identity matrix. tr(M) denotes the trace of the matrix M. We
define the inner product (My, M) by (My, My) = tr(M; M]) for any matrices M, and M,
in RP*P.
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2 Optimality conditions and algorithm for finding a
KKT point

In this section, we introduce the optimality conditions for problem (1.1) and Algorithm
SDPIP that finds a KKT point.

At first, we confirm the optimality conditions for problem (1.1). Define the Lagrangian
function of problem (1.1) as follows.

L(w) = f(z) —y" g(x) - (X(2), Z),

where w = (x,y,7), and y € R™ and Z € SP are the Lagrange multiplier vector and
matrix which correspond to the equality and positive semidefiniteness constraints. The
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first-order necessary conditions for optimality of problem (1.1), which is called the Karush-
Kuhn-Tucker (KKT) conditions, are given by (see [2]):

V.L(w) 0
row)=|[ g |=10 (2.1)
X(z)Z 0
and
X(z) =0, Z=0, (2.2)

where V,L(w) is a gradient vector of the Lagrangian function given by
VeL(w) = Vf(x) = Vg(x)y — A (z)Z.

Here the matrix Vg(x) is given by
Vg(z) = (Vgi(z) --- Vgn(x)) €e R"™™,

and A*(x) is an operator such that for Z,

(Ai(2), 2)
A(2)Z = : )
(An(2), Z)
where matrices A;(z) € SP are defined by
_ 0X(x)

fori=1,---,n.

Given a positive barrier parameter p, interior point methods usually replace the com-
plementarity condition X(z)Z = 0 by X(x)Z = pl and deal with the barrier KKT
conditions

V.L(w) 0
g(x) =10
X(x)Z — pl 0

and
X(x) =0, Z =0

instead of conditions (2.1) and (2.2). These conditions are derived from the necessary
condition for optimality of the following problem:

Juin - Fp(z, p) = f(@) + pllg(@)lh = plog(detX(x)), o € R, (2.3)

where p is a given positive penalty parameter (see [19]).
In connection with (1.1), we consider the following problem:

1
in F _ — 2_ 41 X n
Join Br2(z, ) = f(z) + 2NHQ(%)H plog(detX(z)), ze€R (2.4)



The necessary conditions for the optimality of this problem are given by
1
VFgpa(, ) = Vf(z) + ;Vg(x)g(w) — p A (x) X (2) = 0, (2.5)

and X (z) = 0. We define the variables y and Z by y = —g(z)/p and Z = puX (z)~'. Then
the above conditions are written as

V. L(w) 0
rwp)=1 gl@)+py |=1[0 (2.6)
X(x)Z — pul 0
and
X(z) =0, Z = 0. (2.7)

We call these conditions the shifted barrier KKT (SBKKT) conditions, the point which
satisfies SBKKT conditions the SBKKT point and the point which satisfies conditions
(2.7) the interior point. It should be noted that we deal with z, y and Z as independent
variables and that condition (2.6) reduces to condition (2.1) when p = 0, i.e., ro(w) =
r(w,0).

In order to obtain a KKT point, we propose the following algorithm, which uses the
SBKKT conditions.

Algorithm SDPIP

Step 0. (Initialization) Set ¢ > 0, M. > 0 and k = 0. Let a positive decreasing sequence
{1} px — 0 be given.

Step 1. (Approximate SBKKT point) Find an interior point wy 1 that satisfies
7 (W, o)l < Mepure (2.8)
Step 2. (Termination) If ||7o(wk41)]], < €, then stop.
Step 3. (Update) Set k := k4 1 and go to Step 1. ]
In contrast to the interior point method in [21], stopping criterion (2.8) contains

g(x) 4+ py. We should note that the global convergence property of Algorithm SDPIP can
be shown in the same way as Theorem 1 of [21].

3 How to obtain an approximate SBKKT point

Algorithm SDPIP given in the previous section needs to find an approximate SBKKT
point at each iteration. In this section, we propose an algorithm to obtain such a point,
which will be described as Algorithm SDPLS at the end of this section. Algorithm SDPLS
uses the following iterative scheme:

Wiy1 = Wi + o Awy,
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where the subscript k& denotes an iteration count of Algorithm SDPLS, Awy, = (Axy, Ayy,
AZ;) € R" x R™ x SP is the k-th search direction and ay > 0 is the k-th step size.

In what follows, we denote X (x) simply by X if it is not confusing. Note that an
initial interior point wy and a fixed barrier parameter 1 > 0 are taken over from Algorithm
SDPIP.

This section is organized as follows. In Section 3.1, we introduce a Newton-like method
to calculate a search direction Awy. In Section 3.2, we propose our merit function. In
Section 3.3, we introduce how to obtain a suitable step size o which guarantees that the
new point w1 is an interior point. In Section 3.4, we give Algorithm SDPLS.

3.1 How to obtain a Newton direction

In this subsection, we omit the subscript k& and we assume that X > 0 and Z > 0. To
obtain a search direction Aw, we apply a Newton-like method to the system of equations
(2.6). However, it is difficult to express the Newton direction explicitly because X Z = ZX
generally dose not hold. To overcome this matter, we introduce a nonsingular matrix
T € S? and scale X and Z by
X=TXTT and Z=TTZ2T7",

respectively, so that XZ =7X holds. We replace the equation XZ = ul by a form
X o Z = ul, where the multiplication X o Z is defined by

~ ~ XZ+ZX

fo7-XZIX

Instead of (2.6), we consider the following scaled symmetrized residual:

V., L(w) 0
gx)+py | =10 |. (3.1)

XoZ—ul 0

Remark 3.1. To achieve X Z = Z)?, the scaling matriz T can be chosen as follows.

(i) If we set T = X~Y/2, then we have X = I and Z = X~V2ZX Y2, which correspond
to the HRVW/KSH/M direction for linear SDP problems [8, 14, 16].

(ii) If we set T = W-Y2 with W = XY2(XV2ZXVY2)712XV2 then we have X =
W1R2XWY2 = WY2ZWY2 = Z, which correspond to the NT direction for lin-
ear SDP problems [18].

Now we apply the Newton method to the nonlinear equations (3.1) and we can obtain
the Newton step Aw by solving the following linear system of equations:

GAz —Vyg(x)Ay — A*(2)AZ = —V.L(z,y,2) (3.2)

V()" Ax+pldy = —g(x) — py (3.3)
AXZ+ ZAX + XAZ+AZX = 2ul — X7 —-7X,

where G denotes the Hessian matrix of the Lagrangian function V2L(w) or its approxi-

mation, AX =" | Az;A;(x) € SP and
AX =TAXTT and AZ=TTAZT"



Remark 3.2. In practice, the matriz G approzimates the Hessian matriz V2L(w) by

the Levenberg-Marquardt type modification or the quasi-Newton updating formula (see
Remarks 2 and 3 of [21]).

The explicit form of Newton directions are given by (see [21])
( G+H —Vyg(x) ) ( Az ) :_( Vf(z)—Vg(x)y — pA*(z) X1 )
Vg(x)t  ul Ay 9(x) + ny

AZ=pX'—Z—(Xol) HZoI)AX,

where the elements of the matrix H € S? are represented by the form

and

with A;(z) = TA;(x)TT and the operator P ® @ means that
1
(PoQ)U = §(PUQT +QUPT)

for U € SP, nonsingular P € R?*P and () € RP*P. Therefore, the equations (3.2) — (3.4)
are rewritten by

1
{G+H+ ;Vg(I)Vg(:E)T}A:L‘ = =V Fppa(z, p), (3.5)
1
Ay =~ {gle) +py + Vg(x)" Az} (3.6)
and
AZ=pX"'—Z - T oTHNX o) Zo)(ToT)AX. (3.7)
When the matrices A;(z) (i = 1,...,n) are linearly independent, the matrix H is positive

definite (see [21]). Note that we can calculate easily a direction AZ and a matrix H from
Remark 3.1.
The following lemma is obtained directly from the relationships (3.5) — (3.7).

Lemma 3.1. If the matrizc G + H + ng(x)Vg(m)T is nonsingular, then the Newton
equations (3.2) — (3.4) give a unique search direction Aw = (Ax, Ay, AZ) € R"xR™xSP,
which is given by (3.5) — (3.7).

To obtain an unique direction, the interior point method in [21] needs the assumption
that Vg(z) is of full rank, while our interior point method do not need such an assumption.



3.2 Differentiable primal-dual merit function

Yamashita et al. [21] proposed a primal-dual interior point method which consists of
the outer iteration that finds a KKT point and the inner iteration that calculates an
approximate barrier KK'T point. To globalize the algorithm, they introduced the primal-
dual merit function, which is defined by

Fo(z,Z,p) = Fppi(z, 1) + vFppi(x, Z, 1),

where v is a positive parameter, the function Fgpi(x, ) is defined by (2.3) and
Fppi(z, Z, p) is defined by

FPDl(xvzv :u) = <X> Z> - Mlog{det(XZ>}'

However this merit function is not differentiable and a dual variable y is not contained.
By taking account of these issues, we propose the following differentiable merit function
in the whole primal-dual space:

Fyo(w, p) = Fppa(x, 1) + vEppe(w, p), (3.8)

where Fppso(x, i) is defined by (2.4) and Fpps(w, pt) is the primal-dual barrier function
which is given by

1 (X, Z)|p+ 22X Z2 — pl||%
F = 241 ’ . 3.9
po2(w, 1) = 5 llg(x) + py||” +log At (X Z) 17 (3.9)
Note that ||Z2XZ2 — pl||2 is rewritten by
122X 2% = pl|} = w{(Z:X2°> - pI) (22X 22 — puI)"}
= t{(Z2X 22 — pl)(Z2X 2% — pl)}
= (22 XZXZ%) — 2utr(Z:X Z72) + pPtr(])
= tr(XZXZ)—2utr(XZ) + pu®. (3.10)
Let A\; and 7; for & = 1,--- ,p denote the eigenvalues of the matrices X and Z re-

spectively. Since XZ = ZX holds the matrices X and Z share the same eigensystem.
Therefore, the matrix XZ has eigenvalues \;7;, ¢ = 1,--- ,p. i.e., the following holds

(X,Z) = Zm, det(X Z) Hm (3.11)

=1

The function Fpps(w, 1) has the following properties.

Lemma 3.2. The following relationships hold:

(i) Fppa(w,p) = 0.
(i) Fppe(w,p) =0 if and only if g(x) + py =0 and XZ — pl = 0.



Proof. To show this lemma, we separate Fpps(w, ) in (3.9) into the two functions
Fs(z,y, ) and Fp(z, Z, u). They are given by

1
Fs(z,y,p) = 5llg(x) + pyl|?

and ) ) ,
X, 2)[p+122X2Z> — pl ||i
F Z,ou) =1 .
P(x’ 7”) og {det(XZ)}l/p
(i) The following obviously holds
Fs(z,y,p) > 0.

The equations (3.11) and arithmetic and geometric means yield

1
1< ) P » .
Z Z)\iﬂ - HZ%XZ§ = (H /\m) = {det(X2Z)}7.
p =1

i=1

Thus we have
Fp(l’, Z»#) Z 10g1 =0.

(ii) Suppose that g(x) + py = 0 and XZ — ul = 0. From g(x) + py = 0, we obtain
Fs(z,y,n) = 0. XZ — ul = 0 means Z3:XZ2 —pul = 0. Since \j7y = -+ = ApTp = [
holds, we get

12 P 1/p
- Z AiTy = (H >\m> )
L i=1

which implies Fp(z, Z, 1) = log1 = 0. Therefore, Fppe(w, ) = 0.
Conversely suppose that Fpps(w, ) = 0. This means that

1
Fs(,y.p) = 5llg(x) + pyl> =0, Fp(z,Z,p) =logl=0.

The equality g(z) + py = 0 clearly holds. Tt follows from (3.11) and arithmetic and
geometric means that

12 p 1/p 12
— >\i7—i =+ Z%XZ% — ILL[ 2 = )\iTi S — )\7;7'1',
;. ; [ 17 11 ; ;
which implies ) )
123X 2% — ul|% <.
We obtain XZ — ul = 0. Therefore, the proof is complete. O

The next lemma helps derive the derivative of Fys(w, ).

Lemma 3.3. The following holds fori=1,--- ,n:

0
3:1:i

tr(XZXZ) =2(A(2), ZX Z).



Proof. From the definition of the matrix A;(x) € SP, we obtain

0X

i‘tr(XZXZ) = t(5-2X2)+ tr(XZZX )
Z = tr(Ai(Zx)ZXZ) + tr(XZAZZ-(x)Z)
= tr(A;(x)Z2XZ) 4+ tr(A)(x) Z2X Z)

= 2tr(Ai(2)ZX Z)
= 2(Ay(2), ZXZ) .

Therefore, the lemma is proven.

|

From Lemma 3.2, (3.8) and (3.10), we calculate the derivative of the merit function

which is given by

V Egpa(x, pt) + vV Fppo(w, )
ViEp(w,p) = vV Fppa(w, 1) ,
vV zEFppa(w, )

where
LA (2)Z + 2{A*(2)(ZX Z) — nA*(2)Z}
vxFPD2(w7 :U’) = £ 1 1 2
(X, Z)[p+ 122X Z> — pl||f
1
—1[—3«4*(96))(‘1 + Vg(z){g(z) + py},
VyEFppo(w,p) = plg(x) + py},
1X 4 2XZX — uX) 1
VzFppe(w, ) = £ 1 1 2 -z
(X, Z)/p+ |22 XZ2 —pl||7 P
and

(Ay(2), ZX 7)
A (@)(2X2) = ;
(An(x), ZXZ)

(3.12)

(3.13)
(3.14)

(3.15)

Note that VFgpa(x, i) is given in (2.5) and that V,Fppe(w, 1) and V,EFppa(w, i) are
derivatives of Fppo(w, 1) with respect to vectors « and y, respectively. V zFppo(w, p) is

a derivative of Fpps(w, i) with respect to a matrix Z (see [1]).

The following lemma shows that an SBKKT point is equivalent to a stationary point

of the function Fp(w, p).

Lemma 3.4. The following statements are equivalent:
(a) r(w,pu) =0.

(b) VEgpa(z, 1) =0, g(x)+uy =0 and XZ — ul = 0.
(¢) VEp(w,pn)=0.



Proof. The equivalence of (a) and (b) is obvious from (2.5) and (2.6).

Therefore, it suffices to show the equivalence of (b) and (c). Suppose that (b) is
satisfied. From the equality g(z) + py = 0, V,Fppa(w, ) = 0 clearly holds. Since the
expression XZ — pul = 0 implies that X = uZ~ !, Z = uX ! and Z:X73 — ul =0, we
ave nZ 4 2(pX - pX) 1

VzFPDQ(U),,u> =2 7 _Z_QZ_I = 0.

By (3.13), the expressions g(x) + py = 0 and XZ — pl = 0 also yield

pAT (@) (X ) + Q{A:LA*(CE)Z —pA (@) Z) %A*(as)X‘l o

VxFPD2('w7 M) =

Therefore, (c) holds by (3.12).
Conversely assume that (c) is satisfied. By the assumption V,Fppo(w, ) =0, g(x) +
py = 0 is obvious. From V zFpps(w, 1) = 0, we get

1X +2(XZX — pX) 1,
(X, 2)/p+ 122X 2% —pI|3 P

Multiplying both sides of the above equation by X! from the right, we have

1
5]+2(XZ—,LLI) —lz—lx—lzo
(X, Z)/p+ 122 X2Z2 —pl |7 P
which implies
1 ((X,Z ) 1 1
2(XZ —ul) = - {< 2) +||Z2XZ> —,uIHzF} V/ARD G
p p p

Multiplying both sides of the above equation by Z 2 from the left and Z~2 from the right,
we have

1 1 1 XZ 1 1 1 1 1
2(Z§XZ§ —u[) = — {u_i_ HZ§XZ§ _MIH%} (Z§XZ§)71 ey
p p P

Multiplying both sides of the above equation by (Z X 73— wI)T from the right, we obtain

2Z2XZ7 — pl)(Z:XZ2 — pl)"

1 (X, Z 1 1 1 1, 1, 1 1
= ABE zixzh - - wzixzi Y - (2 - ),

Considering the trace of the above equation, we have

222X 2% — I}
1 X Z 1 1 1 1

= AEE zixzt b - (2 zh Y - (zixz) - )
D p

1

= {1 - %tr{(zixzi)l}] 122X 27 — pl|%+ p {1 - (X, Z)(X7, Zl>}} :
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Then it follows from arithmetic and geometric means that

1+ %tr{(zéxzé)—l} 1Z:XZ2 — pl|% = p {1 - }

p +\1/p
S ,u {1 o ( 1=1 >\74T74) }

(IT=y Avm) 77
= 0.

Because tr{(Z2XZ2)"!} > 0 holds, we obtain XZ — ul = 0. From ¢(z) + py = 0 and
XZ —ul =0, we get

EA(2) X7+ 2{uA*(2)Z — pA*(2)Z} 1
vxFPD2(w7:u) =2 ( ) { ( ) ( ) } - —A*(l')Xil =0.
2 p
VEp(w,pn) =0 and V,Fppo(w, ) = 0 imply VFgps(x, ) = 0. Therefore, the proof is
complete. O

Now we introduce the directional derivative D(Fyo(w, pt); Aw) of the merit function
Fypo(w, 1) at a point w in the search direction Aw which is defined by

D(Fpp(w, p); Aw) = V Fppy(w, p)" Az + vD(Fppe(w, p); Aw), (3.16)
where

D(Fppe(w, p); Aw) = VprDQ(w,u)TAa:+VprD2(w,,u)TAy
—|—<VzFPD2(’LU,,u),AZ>. (317)

The next two lemmas evaluate the directional derivatives D(Fppa(w, u); Aw) and
D(Fpe(w, p); Aw) in the search direction Aw.

Lemma 3.5. The Newton direction Aw satisfies

122X 75 — pl||%
1 1
(X, Z)[p+1Z2:XZ2 — pI||3

D(Fppz(w, u); Aw) < — = llg(x) + pyl*

Proof. From (3.13) — (3.15) and the definition of AX, we have

(AX, Z)[p+2{(AX, ZX Z) — n{AX, Z)}
(X, 2)[p+ 122X Z% — I |,

—}3<AX, XY 4 {Vg(a)TAc} {g(0) + iy}, (3.18)

VyFppa(w, )" Ay = pAy"{g(z) + py} (3.19)

vprD2<’LU, [L)TA.Z' =

and
(X, 2)[p+ 122X 2% — I}

—%(Z‘l, AZ). (3.20)

<VZFPD2<wa,u)7 AZ> =

11



It follows from (3.4) that

(AX,Z) +(X,AZ)

and

(AX,ZXZ) +(XZX,AZ)

Thus we obtain that

tr(AX Z) + tr(XAZ)

tr(AXZ + XAZ)

%tr(A)?Z + XAZ+ AZX + ZAX)

1 o~

Etr(Q,u] - XZ-7X)

tr(ul — Z2X 72) (3.21)

tr(AXZXZ) +tr(XZXAZ)
tr{(XZ)(AXZ + XAZ)}

%tr{()?Z)(A)?Z + XAZ + AZX + ZAX)}
%tr{()?Z)(Z,uI ~XZ - 255)}
w{(Z5X 23 (ul — ZEX Z%)).

(AX,ZXZ) + (XZX,AZ) — p{{AX, Z) + (X,AZ)}
= te{(Z2XZ2)(ul — 22X Z2)} — te{pul (ul — 22X 22)}
= —||Z2XZ2 — ul|2. (3.22)

By (3.4), (3.11) and (3.21), we get

p
(AX,Z) + (X, AZ) = tr(u] = XZ) =pp— Ay (3.23)
=1

and

tr(AXX ) +tr(Z7'AZ)

= (X 'AXZZ Y+ tr(AZZ7P XX

tr{(AXZ + XAZ)(XZ)™"}
strlul - X7 - ZX)(X2)™)

= u{(ul - XZ)(X2)™}

w{u(X2)" - 1)

P
1
—p. 24
u ; P (3.24)
We have from (3.6) that
{Vg(2)" Az + pAy} {g(x) + py} = —llg(x) + pyl. (3.25)
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For simplicity, we define the function h(z, Z, u) by

AiTi

1 1
| Zéx 28 - pI|

X.Z P -
o2 = S 2hxzE - =S
i=1
It follows from (3.17) — (3.20) and (3.22) — (3.25) that
D(Fpps(w, ,u) Aw)
1
= ——— | {(AX,Z) + (X, AZ

+2{ (AX, ZXZ) + (XZX,AZ) - p((AX, Z) + (X, AZ)) }

—}j{m, X 4 (271 AZ)} + {Vg(a)T Az + uly) T {g(x) + py}

1 b NiT; 1 1
= — — L2 Z:2 X272 — ul||?

i=1

£ Z 1= lg(o) +
- P ||thj:§,2u_ pl || K Z o —lg(z) + py]|?
From arithmetic and geometric means, we obtain
11
< S T e ”Zéﬁfz il I2 o) + o
< - |’Z§}§52juﬁj‘|% —llg(@) + pyll*.

Therefore, the proof is complete.

Lemma 3.6. The Newton direction Aw satisfies
1
D(Fp(w, p); Aw) < —Ax"{G+ H + ~Vg(x)Vg(x)" } Az
1
122X 722 — pl||%

—v 1 T —vllglz) + 2
(X, Z)p+Z2XZ% — pl||% lg(x) + pyll

Proof. From Lemma 3.5, (3.5) and (3.16), we obtain
1
D(Fp(w, p); Aw) < —Ax"{G+ H + ;Vg(x)Vg(x)T}Ax

122X 23 — ul|3

—v 1 T —vllglz) + 2
(X, Z)p+ Z2XZ% — pl||% lg(x) + pyll
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Therefore, the proof is complete. O

The following lemma claims that an SBKKT point is obtained if Ax = 0, g(z)+uy =0
and XZ — pul = 0 hold.

Lemma 3.7. If the matric G+ H + /%Vg(x)Vg(x)T 1s positive definite, then the following
hold:

(i) The Newton direction Aw is a descent direction for the merit function Fyo(w, ).

(i) If D(Fp(w, p); Aw) = 0 holds, then the point w is an SBKKT point.

Proof. (i) It is obvious from Lemma 3.6.
(i) By Lemma 3.5 and the assumption, we obtain that

1
0 < —A"{G+H+ ;Vg(x)TVg(l‘)}M

_V 122X 73 — pl||2
1 1
(X, Z)/p+ 1122 XZ> — pl |3

—vllg(z) + py|* <0,

which implies that Az = 0, g(z) + puy = 0 and XZ — ul = 0 hold. Az = 0 means
V EFgps(z, 1) = 0 from (3.5). Thus from Lemma 3.4, r(w, 1) = 0 follows. O

3.3 Algorithm SDPLS

To globalize our interior point method and guarantee that the new point wgy; is an
interior point, we use the line search strategy to obtain a suitable step size ay. At first,
we introduce the algorithm which finds a step size ay by using the backtracking at the
k-th iteration.

Algorithm LS
Step 0. (Initialization) Choose the parameters v > 0, v € (0,1), g € (0,1) and g, €
(0,1). Calculate an initial step size @y by
. = min {@up, Qzp, 1},
where @, and a,, are calculated by

if X, is linear

_ 0l

_ . —1

al‘k} — >\mm(Xk AXk:) .
1 otherwise

and

v
/\min(ijlAZk) '

Oz = —
Here, Apin (M) means the minimum eigenvalue of the matrix M. Set ¢, = 0.
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Step 1. (Backtracking) If the integer ¢ satisfies the conditions

Foa(wy + @ Awg, 1) < Foa(wpe, 1) + 003" D(Fra(wye, p1); Awy,) (3.26)

and
X (g + apB™Amy) = 0, (3.27)

then we set oy = @;3% and stop.

Step 2. (Update) Set ¢ := ¢} + 1 and return to Step 1. a

Since the functions f, g and X are sufficiently smooth, there exists a step size oy # 0
which satisfies (3.26) and (3.27) at each k. Thus, Algorithm LS is terminated in a finite
number of iteration counts.

Now we propose Algorithm SDPLS that finds an approximate SBKKT point.

Algorithm SDPLS

Step 0. (Initialization) Give an initial interior point wy, the fixed barrier parameter p > 0
and a parameter M, > 0. Set k = 0.

Step 1. (Termination) If ||7(wy, p)||« < M.u, then stop.

Step 2. (Newton direction) Calculate the matrix Gy and the scaling matrix Tj. Deter-
mine a search direction Awy by (3.5) — (3.7).

Step 3. (Step size) Find a step size ay, by Algorithm LS.

Step 4. (Update) Set
W1 = Wy + apAwy,

and k£ :=k + 1. Return to Step 1. n

It is notable that we can use a common step size «y for all variables (z,y, Z) in Step 4
differently from the interior point method in [21].

4 Global convergence to an SBKKT point

This section shows the global convergence property of Algorithm SDPLS.

Since D(Fyo(wg, 1); Awy) = 0 means that wy, is an SBKKT point from Lemma 3.7 (i),
we assume Algorithm SDPLS generates an infinite sequence {wy} i.e., we assume
D(Fp(wy, p); Awy) # 0 for any & > 0. To prove global convergence, we make the following
assumptions.

Assumptions

(A1) The functions f, g;,i = 1,...,m, and X are twice continuously differentiable.

(A2) The sequence {z} generated by Algorithm SDPLS remains in a compact set 2 of
R".
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(A3) The matrix Gk+Hk+ng(xk)Vg(xk)T is uniformly positive definite and the matrix
G} + Hy is uniformly bounded.

(A4) The scaling matrix T} is chosen such that )N(k and Zk commute, and both of the
sequences {7} and {T, '} are bounded.

Assumption (A3) means that there exists a positive constant ¥ such that
2 o T 1 T
|| <v* S Gy + Hy + ;Vg(xk)Vg(xk) v

holds for all £ > 0 and any v € R™. The interior point method in [21] assumed that

the matrix Gy + Hj; was uniformly positive definite and bounded and that for all xj in

€2, the matrix Vg(z;) was of full rank and the matrices A;(zg), ..., A, (zx) were linearly

independent. However assumption (A3) is much weaker than that. Moreover, the interior

point method in [21] supposed that the penalty parameter p was sufficiently large so that

p > |lyr + Ayg||oo held for all k, while our method dose not need such an assumption.
The following lemma shows the boundedness of the sequence {Awy}.

Lemma 4.1. Suppose that assumptions (A1) — (A3) hold. Let the sequence {wy} be
generated by Algorithm SDPLS. Then the followings hold.

(i) liminfy o det(Xy) > 0 and liminfy_,., det(Z;) > 0.
(i) The sequence {wy} is bounded.
Moreover, if assumption (A4) is satisfied, the following holds.

(i) The sequence {Awy} is bounded.

Proof. (i) The logarithmic function term in (3.8) guarantees that all eigenvalues (\g);
and (73); (¢ =1,--- ,p) are bounded away from zero at each k.

(i) Lemma 3.7 (i) and the condition (3.26) imply that the sequence {Fpo(wg, )} is
monotonically decreasing, i.e., Fya(wo, ) > Fypo(wy, ). Since assumptions (Al) and (A2)
hold, there exists a constant ¢ such that Fgps(zy, ) > ¢ for all k > 0. Then, we obtain

v
Fyo(wo, 1) > Fra(wg, p) > Fppa(wg, p) + 5”9(9%) + pyill* > Fppa(zw, 1) > ¢,
which implies that the sequences {yx} and {Fp(wy, 1)} are bounded.
Next we prove the boundedness of {Z;} by contradiction. We suppose that there

exists the sequence {(7;);} of the maximum eigenvalue of Z; such that

R (7 = 0
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It follows from (3.9), (3.11) and arithmetic and geometric means that

Fppa(wg, ) > log< ks Zi) [0+ 1128 X Zg — pd ||

{det(X).Zy) }1/P
g K2 o+ 112502 = il
(X, Zk) /P
- 2 2 1—2pp 2 9

Z()‘Z)k(TZ)k + » Z()‘i)k(Ti)k +pp

= log =1 5 =1
%Z()\i)k(ﬂ)k
i=1

- log(ﬁl<wk7:u> +F2<wk7:u))7 (41)

where I (wy, i) and Fy(wg, i) are defined by

(Ap)i(m)i + %(Ag‘)k(%)k

Fy(wg, ) =
(1) LOWDRTE + £ Y k(T
i
and 1-2
SRR + S (e +
F2(wk p) = = i =
’ SRR+ 2 Y AT
i

Dividing the functions F(wy, i) and Fy(wy, 1) by (75)r and taking limit as k — oo, we
have from the assumption (A2)

(A7 (i) + - QW()\J')k
P = o0
l()\)k + 1 ()‘Z>/€<Tl)k
p\J P oy Tj)k
e QR 1= 2 = Ml | i
i)6\Ti )% pu i)k\Ti)k bu
; )k p ; (T)k " (Ti)k .
Lok +1Y (A (7i)k -
p\"J P oy (Tj)k

which imply by (4.1) that Fp(wy, 1) — oco. This contradicts the boundedness of
{Fp(wy, 1) }. Therefore, {Z;} is bounded.

(ii) By assumptions (A2) and (A3), the matrix Gk—ka—l—ﬁVg(xk)Vg(xk)T is uniformly
bounded. Thus we conclude that Awy is uniformly bounded by the result (i), (3.5), (3.6)
and (3.7). O

Now we prove the global convergence property of an infinite sequence {wy} generated
by Algorithm SDPLS.
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Theorem 4.1. Suppose assumptions (A1) — (A4) hold. Let {wy} be the sequence gen-
erated by Algorithm SDPLS. Then there ezists at least one accumulation point of {wy},
and any accumulation point of the sequence {wy} is an SBKKT point.

Proof. By Lemma 4.1 (i), the sequence {wy} has at least one accumulation point.
From Lemma 3.6 and assumption (A3), we have

D(Fp(wy, p1); Awy) < —0||Azy||* + vD(Fppa(wy, p); Awy) < 0, (4.2)
and from Lemma 3.4 and (3.26),

0 3% D(Fp (wy, p); Awy,)

—e00, 8 {0 Azy||* — vD(Fppa(wg, p); Awy)}
c0tx 8%V D (Fppa(w, p1); Awg)

0, (4.3)

Fro(wWig1, 1) — Fra(wi, 1)

AN VAN VAN VAN

Since the sequence {Fpo(wg, px)} is monotonically decreasing and bounded below from
the proof of Lemma 4.1 (i), the left-hand side of (4.3) converges to 0. From Lemma 4.1
(i), we have liminf;_,, a; > 0, which yields by (4.3)

klirn B% D(Fa(wp, p1); Awy,) = 0.
—00
We will show

klim D(Fp(w, 1); Awy) = 0. (4.4)
—00

For this purpose, we suppose that there exists an infinite subsequence K C {0,1,---} and
a positive constant o such that

| D(Fpo(wie, p1); Awg)| 2 0 >0 Vk € K, (4.5)
which implies
lim g% =0.
k—o0, kEK

Thus we can assume that ¢, > 0 for sufficiently large £k € K without loss of generality.
Since the point wy, + apAwy /B dose not satisfy condition (3.26), we have

Fgg(wk + akAwk/B, [IJ) — F@(wk, ILL) > 600ékD(Fg2(wk, ,u), Awk)/ﬁ (46)

Thus by assumption (Al) and the mean value theorem, there exists a 6, € (0,1) such
that

Fpp(wy, + caAwy /B, 1) — Fpa(wy, 1)

Combining (4.6) and (4.7), we have

D(Fpo(wy + OpagAwy /B, 11); Awy) > 0D (Fpa(wy, 1v); Awy).
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This inequality yields

D(Fp(wy, + OpaAwy /B, p1); Awy) — D(Fpa(wg, p1); Awy,)
> —(1 — 60)D(F52(wk,lu); Awk) > 0. (48)

Thus by the property ¢y — oo (k € K) and Lemma 4.1 (ii), we have oy, — 0 and
|0k Awy/B]| — 0, k € K. Thus the left-hand side of (4.8) and therefore
D(Fpo(wg, pt); Awy) converges to 0 when k — oo, k € K. This contradicts assumption
(4.5). Therefore, we get (4.4).

It follows from Lemma 3.5 and (4.2) that

D(Fia(wg, p1); Awy)
122 X 22 — il

< —191||Axk|\2—y T T
(Xi, Zi) [p + |1 22 X022 — pd |3

—v||g(zk) + pyel|* < 0.

Since the boundedness of the sequence {wy} guarantees that the denominator of the above
equation dose not approach infinity, (4.4) implies that

ALEk — 0, g(a:k) + Ly — 0, Xka — ,uI — 0,

which implies by (3.5), assumption (A3) and Lemma 3.4 that VFgpy(zk, 1) — 0 and any
accumulation point of the sequence {wy} is an SBKKT point. O

5 Concluding remarks

In this paper, we have proposed a new merit function of a primal-dual interior point
method for nonlinear SDP problems and have proved the global convergence of our
method. Yamashita et al [21] considered a nondifferentiable merit function in (z, Z)-
space, while we have dealt with a differentiable primal-dual merit function in the whole
space by using the shifted barrier KK'T conditions. The global convergence of the present
method have been shown under the weaker assumptions than those in [21].
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