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Abstract

We present in this paper the alternating minimization method on CAT(0)
spaces for solving unconstraints convex optimization problems. Under the
assumption that the function being minimize is convex, we prove that the
sequence generated by our algorithm converges to a minimize point. The
results presented in this paper are the first ones of this type that have been
given for theses spaces and alternating type methods. Moreover, the method
proposed in this paper is attractive for solving certain range of problems.
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1. Introduction

Several convex optimization problems that arise in practice are modeled
as a sum of convex functions, see [13, 22, 9, 12]. Minimizing the sum of
simple functions or finding a common point to a collection of closed sets is a
very active field of research, with applications in approximation theory von
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Neumann [23], image reconstruction Combettes and Wajs [10]. In the last
three decades several authors have proposed the generalized proximal point
algorithm that is a method for finding a minimizer of a convex lower semicon-
tinuous function defined on a Hilbert space. Its origin goes back to Martinet,
Rockafellar, and Brezis-Lions [19, 21, 7]. In the context of the Hadamard
manifold, Ferreira and Oliveira [14] proved convergence of the sequence of
proximal points to a minimizer point. Li et al. [18] considered the problem
of finding a singularity of a multivalued vector field in a Hadamard manifold
and presented a general proximal point method to solve that problem. Papa
Quiroz and Oliveira [20] considered this method for quasi-convex functions
and proved full convergence of the sequence to a minimizer point in the set-
ting of the Hadamard manifold. Bento et al. [6] considered this method
for C1-lower type functions and obtained local convergence of the generated
sequence to a minimizer, in the case of the Hadamard manifold. Also, we
should like to mention Zaslavski’s very recent paper [25] with a different ap-
proach to the proximal point method in metric spaces as well as Bǎcák [4]
that introduced this method in the context of CAT[0] spaces.

To date, in convergence analysis of the exact proximal point algorithm for
solving convex or quasiconvex minimization problems, it has been necessary
to consider Hadamard type manifolds. This is because the convergence
analysis is based on Fejér convergence to the minimizer set of the objective
function and because these manifolds, apart from having the same topology
and differentiable structures as Euclidean spaces, also have geometric properties
that satisfy the characterization of Fejér convergence of the generated se-
quence by algorithm.

The alternating algorithms has been studied in several setting. The
starting fundamental result is due to von Neumann [24] with the purpose
of solving convex feasibility problems. More recently Attouch et al. [1] pre-
sented the alternating algorithms in the setting nonconvex with applications
in decision sciences. Another important approach to algorithm alternating
with applications in game theory in the context of Hadamard manifolds, was
presented by Cruz Neto et al. [11]. One advantage of the alternating algo-
rithm is that it enables us to monitor what happens in each space of action
after a given iteration. Another advantage is that the accounts are quite sim-
plified compared to those in product space. Due to the wide potential range
of applications of these algorithms (from engineering to decision sciences) we
adopt a quite general terminology. In this paper, we propose and analysis
the alternating proximal algorithm in the setting of CAT(0) spaces. Let us
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describe: consider the following minimization problem

minH(x, y)
s.t. (x, y) ∈M ×N, (1)

where M and N are CAT(0) spaces and H : M × N → R ∪ {+∞} is a
convex proper lower semicontinuous function bounded from below that has
the following structure:

(i) H(x, y) = f(x) + g(y);

(ii) f : M → R ∪ {+∞}, g : N → R ∪ {+∞} are convex proper lower
semicontinuous (lsc).

The alternating proximal algorithm to solve optimization problems of the
form (1) generates, for a starting point z0 = (x0, y0) ∈ M × N , a sequence
(zk), with zk = (xk, yk) ∈M ×N , as it follows:

(xk, yk)→ (xk+1, yk)→ (xk+1, yk+1)
xk+1 = arg min{H(x, yk) + 1

2λk
d2M(xk, x); x ∈M}

yk+1 = arg min{H(xk+1, y) + 1
2µk
d2N(yk, y), y ∈ N}

(2)

where dM , dN are distances associated with the spaces M and N respectively,
(λk) and (µk) are sequences of positive numbers and H(x, y) = f(x) + g(y)
is a separable function. Previous related works can be found in Attouch et
al. [2, 1, 3], but there, the setting is M = Rm, N = Rn. Lewis and Malick
[17] studied the method of alternating projections in the context in which
M ⊂ Rn and N ⊂ Rn are two smooth manifolds intersect transversally.

In each iteration we must solve the following subproblems:

minH(x, yk) + 1
2λk
d2M(xk, x),

s.t. x ∈M, (3)

and
minH(xk+1, y) + 1

2µk
d2N(yk, y),

s.t. y ∈ N. (4)
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To solve the subproblem of the form (3) or (4), we use the exact proximal
point algorithm that generates, for a starting point x0 ∈M , a sequence (xk),
with xk ∈M as it follows:

xk+1 = arg minx∈M

{
f(x) +

1

2λk
d2M(xk, x)

}
,

where f(x) = H(x, yk) e dM is the distance in M .
The organization of our paper is as follows. In Section 2, present some

elements and terminology concerning CAT(0) spaces, projection, weak con-
vergence and convexity. In Section 3, present the main result of the paper.
Section 4 contains a conclusion.

2. Elements of CAT(0) spaces

In this section we introduce some fundamental properties and notations
concerning CAT(0) spaces, which may be found in [8], projection, weak con-
vergence that will be used later.

Let (M,d) be a metric space, where M is a set and d a metric in M . A
geodesic path joining x ∈ M to y ∈ M (or, more briefly, a geodesic from
x to y) is a map γ from a closed interval [0, `] ⊂ R such that γ(0) = x,
γ(`) = y and d(γ(t), γ(t′)) = |t− t′| for all t, t′ ∈ [0, `]. Let M be a geodesic
space, i.e., a metric space for which every two points x, y ∈M can be joined
by a geodesic segment, and ∆(x, y, z) a geodesic triangle in M , which is a
union of three geodesics. Let [x, y] denote the geodesic side between x, y. A
comparison triangle for ∆ is a triangle ∆̄(x̄, ȳ, z̄) in R2 with the same side
lengths as ∆. The interior angle of ∆̄ at x̄ is called the comparison angle
between y and z at x, and is denoted α′(y, x, z). Let p be a point on a
side of ∆, say, [x, y]. A comparison point in ∆̄ is a point p̄ ∈ [x̄, ȳ] with
d(x, p) = dR2(x̄, p̄). ∆̄ satisfies the CAT (0) inequality if for any p, q ∈ ∆ and
their comparison points p̄, q̄ ∈ ∆̄,

d(p, q) ≤ dR2(p̄, q̄).

M is a CAT(0) space iff all geodesic triangles in M satisfy the CAT(0)
inequality. (M,d) is said to be a geodesic metric space (or, more briefly,
a geodesic space) if every two points in M are joined by a geodesic.

Let (M,d) be a CAT (0) space. Having two points x, y ∈ M , we denote
the geodesic segment from x to y by [x, y]. We usually do not distinguish

4



between a geodesic and its geodesic segment, as no confusion can arise. A
subset A of a metric space (M,d) is said to be convex iff every pair of points
x, y ∈ A can be joined by a geodesic in M and the image of every such
geodesic is contained in A.

Example 2.1. Standard examples of CAT(0) spaces, see [8] .

• Euclidean space, Rn.

• Hyperbolic spaces, Hn.

• Symmetric spaces of non-compact type. For example, SL(n,R)/SO(n).

• Hadamard manifolds, i.e., complete, simply connected Riemannian manifolds
of non-positive sectional curvature.

• Products of CAT(0) spaces.

• When endowed with the induced metric, a convex subset of Euclidean
space Rn is CAT(O).

Remark 2.1. A characterization for a geodesic metric space (M,d) to be
CAT(0) space is that for any x ∈ M and any geodesic γ : [0, 1] → M and
any t ∈ [0, 1]:

d(x, γ(t))2 ≤ (1− t)d(x, γ(0))2 + td(x, γ(1))2 − t(1− t)d(γ(0), γ(1))2. (5)

See [4].

For any metric space (M,d) and A ⊂M , define the distance function by

dA(x) = inf
a∈A

d(x, a), x ∈M

Let us note that the function dA is convex and continuous provided M is
CAT (0) and A is convex and complete [8, Cor. 2.5, p.178].

Lemma 2.1. Let (M,d) be a CAT (0) space and A ⊂ M be complete and
convex. Then:

(i) For every x ∈ M , there exists an unique point PA(x) ∈ A such that
d(x, PA(x)) = dA(x).

(ii) If y ∈ [x, PA(x)] , then PA(x) = PA(y).
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(iii) If x ∈M\A and y ∈ A such that PA(x) 6= y, then α(x, PA(x), y) ≥ π/2

(iv) The mapping PA is a non-expansive retraction from M onto A.

Proof. See [8, Proposition 2.4, p.176].

The mapping PA is called the metric projection onto A.
Let M and N be complete CAT (0) spaces. We define the distance in

M ×N as follows:

Definition 2.1. Let

d : (M ×N)× (M ×N)→ R+

be given by
d(z1, z2) = [d2M(x1, x2) + d2N(y1, y2)]

1/2

for all z1 = (x1, y1), z2 = (x2, y2) in M ×N , where dM , dN are distances in
M,N respectively. It is easy to see that d is a distance in M ×N .

A point x0 ∈ M is called the weak limit of a sequence (xn)n∈N ⊂ M iff
for every geodesic arc γ starting at x0, Pγ(xn) converges to x0. In this case,

we say that (xn) converges to x0 weakly. We use the notation xn
w−→ x. Note

that if xn → x, then xn
w−→ x. Moreover, if there is a subsequence (xnk

) of

(xn) such that xnk

w−→ x̄ for some x̄ ∈M , we say that x̄ is a weak cluster point
of the sequence (xn). Every bounded sequence has a weak cluster point, see
[15, Theorem 2.1], or [16, p. 3690] .

A function f : M → (−∞,∞] is called weakly lower semicontinuous (lsc)
at a given point x ∈M iff

lim inf
n→∞

f(xn) ≥ f(x)

for each sequence xn
w−→ x. A sequence (xn) ⊂ M is Fejér monotone with

respect to A if, for any a ∈ A,

d(xn+1, a) ≤ d(xn, a), n ∈ N.

3. Principal results

We begin with a useful proposition, whose proof follows easily from the
fact that a closed convex subset of a complete CAT (0) space is (sequentially)
weakly closed [5, Lemma 3.1].
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Proposition 3.1. Let M be a complete CAT (0) space. If f : M → (−∞,∞]
is a lsc convex function, then it is weakly lsc.

Proof. See [4, Lemma 3.1].

From now on fix our areas of activity. We consider M and N complete
CAT (0) spaces and H : M ×N → R ∪ {+∞} a function , where H has the
following structure:

(i) H(x, y) = f(x) + g(y);

(ii) f : M → R ∪ {+∞}, g : N → R ∪ {+∞} are proper and lsc convex
functions.

Now, let A be the set of minimizers of H,

A :=

{
a ∈M ×N ; H(a) = inf

a∈M×N
H(z)

}
.

We can assume that H(a) = 0, ∀a ∈ A.

Lemma 3.1. Let (zk) be the sequence generated by (2) and a ∈ A. Then,

(i) d(zk+1, a) ≤ d(zk, a), ∀k ∈ N;

(ii) 2λkH(zk+1) ≤ d2(zk, a)− d2(zk+1, a).

Proof. Let γ : [0, 1]→M ×N be a geodesic, with γ(0) = a and γ(1) = zk+1.
From of (2), we obtain

f(xk+1) + g(yk) +
1

2λk
d2M(xk, xk+1) ≤ f(x) + g(yk) +

1

2λk
d2M(xk, x),

f(xk+1) + g(yk+1) +
1

2λk
d2N(yk, yk+1) ≤ f(xk+1) + g(y) +

1

2λk
d2N(yk, y).

Adding the last two inequalities (member to member), we obtain

H(zk+1) +
1

2λk
d2(zk, zk+1) ≤ H(z) +

1

2λk
d2(zk, z). (6)

Thus,

H(zk+1) +
1

2λk
d2(zk, zk+1) ≤ H(γ(t)) +

1

2λk
d2(zk, γ(t)).
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Now, H(γ(t)) ≤ (1− t)H(γ(0)) + tH(γ(1)), it follows that,

1

2
d2(zk, zk+1)−

1

2
d2(zk, γ(t)) ≤ λk(H(γ(t))−H(zk+1)) ≤ λk(t− 1)H(zk+1).

Using the last inequality and (5), with x = zk, we have

(1− t)
2

d2(zk, zk+1)−
(1− t)

2
d2(zk, a)+

t(1− t)
2

d2(a, zk+1) ≤ λk(t−1)H(zk+1).

Thus,

((1− t)/2)[d2(zk, zk+1)− d2(zk, a) + td2(a, zk+1)] ≤ λk(t− 1)H(zk+1),

therefore,
d(zk, zk+1)

2 − d(zk, a)2 + td(a, zk+1)
2 ≤ 0,

making t = 1 this proves the item (i). Now, splitting up the penultimate
inequality by (1 − t), making t = 1 and using that H(a) = 0, we obtain
(ii).

Theorem 3.1. Let (M × N, d) be a complete CAT (0) space and H be a
lsc convex function. We assume that H has a minimizer. Then, for an
starting point z0 ∈M×N , and a sequence of positive numbers (λk) such that∑∞

1 λk =∞, the sequence (zk) ⊂M ×N defined by (2) weakly converges to
a minimizer of H.

Proof. From Lemma 3.1 inequalities (i) and (ii) , we have

H(zn)
n−1∑
k=1

λk ≤
n−1∑
k=1

λkH(zk+1) ≤
1

2
d2(z1, a)− 1

2
d2(zn, a)

and

H(zn) ≤ d2(z1, a)

2
∑n−1

k=1 λk

Since the right side of the last inequality tends to zero as n → ∞, it
follows that (zk) is a minimizing sequence. Therefore, H(zk) tends to zero
as k →∞. To finish the proof, let z∗ be a weak cluster point of (zk). From
Proposition 3.1 we have that H is weakly lsc. Thus, H(z∗) = 0, and therefore
z∗ ∈ A. Using [5, Proposition 3.3] it follows zk

w−→ z∗.
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4. Conclusion

We present and analyze the alternating proximal algorithm on CAT[0]
spaces for minimizing sums of separable convex functions. We use intrinsic
structure this space, convexity of the objective function and Férje monotonicity
of the sequence generated by the algorithm alternating to derive important
theoretical result of convergence (Theorem 3.1).
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