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Abstract

We consider semi-infinite linear programs with countably many constraints
indexed by the natural numbers. When the constraint space is the vector
space of all real valued sequences, we show the finite support (Haar) dual
is equivalent to the algebraic Lagrangian dual of the linear program. This
settles a question left open by Anderson and Nash [2]. This result implies
that if there is a duality gap between the primal linear program and its
finite support dual, then this duality gap cannot be closed by considering
the larger space of dual variables that define the algebraic Lagrangian dual.
However, if the constraint space corresponds to certain subspaces of all real-
valued sequences, there may be a strictly positive duality gap with the finite
support dual, but a zero duality gap with the algebraic Lagrangian dual.
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1. Introduction

We begin with a brief review of notation and basic definitions for semi-
infinite linear programs. Let Y be a vector space. The algebraic dual of Y
is the set of linear functionals with domain Y and is denoted by Y’. Let
1 € Y'. The evaluation of ¢ at y is denoted by (y,1); that is, (y,v) = ¥(y).

Let P be a convex cone in Y. A convex cone P is pointed if and only if
PN —P ={0}. In the rest of the paper all convex cones are assumed to be
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pointed. A pointed convex cone P in Y defines a vector space ordering = p
of Y, with y =p ¢/ if y — 3/ € P. The dual cone of P is

P ={yeY :(y¢)>0foralyec P}.

Elements of P’ are called positive linear functionals on Y. Let A: X — Y
be a linear mapping from vector space X to vector space Y. The algebraic
adjoint A’ 1 Y’ — X'is alinear operator defined by A’(1)) = 1o A and satisfies
(x, A(¢)) = (A(x),¢) where ¢ € Y/ and x € X. Using this notation, define

the primal conic optimization problem

iﬂfze <l‘, ¢>
s.f. A(z) =p b (ConLP)

where b € Y and ¢ is a linear functional on X.
Now define the standard algebraic Lagrangian dual for (ConLP).

sup inf {{z,¢) + (0 — A(z),¢)} = sup inf {(z,¢) + (b, ¥) — (A(2),¥)}

WEP! reX »eP! zeX

= sup {(b.v) + inf {(z,6) — (A(z), ¥)}}

Ppep’

= sup {(b,¢) + inf {(z,¢) — (z. A'())}}

peP!
= sup {(b,¥) + inf (z,6 — A'(¥))}.
YEP! reX
Since x € X is unrestricted, if ¢—A’(¢)) is not the zero linear functional on X,
then the inner minimization goes to negative infinity, so require ¢ — A'(¢)) =

fx, where O is the zero linear functional on X. Then the Lagrangian dual
of (ConLP) is

sup (b, 1)
st. AWW) =¢ (ConDLP)
Y eP.

This problem is called the algebraic Lagrangian dual of (SILP) since the
linear functionals ¢ that define the dual problem are in Y’, which is the
algebraic dual of Y.

Semi-infinite linear programs. Consider the case where X = R" and Y = R/,
i.e., the vector space of real-valued functions with domain I where I is an



arbitrary (potentially infinite) set. Let a',a? ... ,a" and b be functions in
Y =R Let A:R® — R be the linear mapping = — (a'(i)z; + a*(i)xs +
..+ a"(i)x, i € I). Let RY denote the pointed cone of u € R! such that
u(i) > 0 for all ¢ € I and let P = R.. With this specification for the vector
spaces X and Y, the map A, right hand side b and cone P, problem (ConLP)
reduces to the standard semi-infinite linear program

inf:vE]R" QSTZL’

st Yop_,a"(i)zy > b(3) for all i € I. (STLP)
There is a slight abuse of notation here. When X = R", the algebraic dual
X'’ is isomorphic to R™ so each linear functional ¢ € X’ can be mapped to
a vector in R™. Thus, the primal objective function (z,¢) in (ConLP), is
replaced by the inner product ¢z with ¢ now treated as a vector in R™.

Next consider two alternative duals of (SILP): the algebraic Lagrangian
dual and the finite support dual due to Haar [3]. Recall that (R1)" de-
notes the dual cone of P = RZ. The algebraic Lagrangian dual of (SILP)
using (ConDLP) is

sup (b, ¥)
st A(p) =6 (DSILP)
v o€ (RY).

A second dual is derived as follows. Instead of considering every linear
functional ¢ € (RL)" as above, consider a subset of these linear functionals,
called the finite support elements. For u € R!, the support of u is the set
supp(u) = {3 : u(i) # 0}. The subspace RY) denotes those functions in R’
with finite support. Let R(f) denote the pointed cone of v € RY) such that
v(i) > 0 for all 4 € I. Under the standard embedding of R into (R!)’ for
u € R and v € RY, write (u,v) = >°,.; u(i)v(i). The latter sum is well-
defined since v has finite support. Under this embedding, RSFI) is a subset of
(RZ)’. Moreover, under this embedding, A" : (R')" — X'(= R") restricted to
RY becomes the map A'(v) = (3,c;a(i)v(i))i_,. The finite support dual
is

sup Y b()v(d)

S‘t‘ Zie[ CLk(Z)’U(Z> = (z)ka k = 1? s 7n (FDSILP)
v € RSFI).



The finite support dual (FDSILP) is restricted to the linear functionals
1 that can be mapped to v € RSFI) under the standard embedding of R
into (R')". Therefore v(FDSILP) < v(DSILP) where the optimal value of
optimization problem (x) is denoted by wv(x). This leads naturally to the
following question.

Question 1. Isit possible that v(SILP) = v(DSILP) and v(SILP) > v(FDSILP)?
In other words, can there exist a duality gap between the primal and its finite
support dual that is closed by considering the algebraic Lagrangian dual?

This question is significant for the study of semi-infinite linear program-
ming since: (i) nearly all theory has been developed for the finite support
dual, and (ii) the algebraic Lagrangian dual is notoriously challenging to
characterize and work with.

To the authors’ knowledge this question has not been settled for I = N,
i.e., semi-infinite linear programs with countably many constraints. Indeed,
on page 66 of Anderson and Nash’s seminal work [2] they write: “It seems
to be hard, if not impossible, to find examples of countable semi-infinite
programs which have a duality gap in this formulation [the finite support
dual], but have no duality gap when we take W to be a wider class of se-
quences” where W refers to the vector space of dual variables. In our nota-
tion, W = (RY) in (DSILP) and W = R® in (FDSILP). The main result
of this paper (Theorem 2.2) is to prove that this is indeed impossible, and
therefore answer Question 1 negatively for the case of I = N. We show that
v(DSILP) = v(FDSILP) by establishing that (DSILP) and (FDSILP) are
equivalent.

However, there is a subtlety in Question 1 to keep in mind for semi-infinite
linear programs with countably many constraints. In the above discussion,
a semi-infinite linear program with countably many constraints was cast as
an instance of (ConLP) with X = R", Y = RN, A : X — Y defined by
A(z) = (a' (i) z1+a®(D)xa+. . .+a"(i)x, : i € I), and P = RY. Then (DSILP)
was formed using (ConDLP). However, if the vectors a',a?, ... ,a" and b
lie in a subspace V C RN then we may use Y = V and P = VN RY
to write the semi-infinite linear program as an instance of (ConLP). The
corresponding (ConDLP) is

sup (b, ¢)
V)

st Al ¢ (DSILP(V))



where (VW NRY) C V' is the dual cone of P = V NRY, which lies in the
algebraic dual of V.

It is quite possible that a positive linear functional defined on (VN Rﬁ)’
cannot be extended to (RY)’. This implies (DSILP) (with I = N) may have
a smaller value than (DSILP(V)), i.e., v(DSILP) < v(DSILP(V)). In this

context, the following question is a natural extension of Question 1.

Question 2. Is it possible that v(SILP) = v(DSILP(V)) and v(SILP) >
v(FDSILP) = v(DSILP) when a',...,a" b € V for some subspace V C RY?
In other words, when the primal constraint space lies in a subspace of RY,
can there exist a duality gap between the primal and its finite support dual
(FDSILP), that is closed by considering the algebraic Lagrangian dual defined
according to that subspace?

We show in Section 3 that this can happen. More concretely, in Exam-
ple 3.5 in Section 3, there is a duality gap between (SILP) and the finite
support dual (FDSILP). However, if a',..., a", b are considered as elements
of the space of convergent real sequences ¢, then (SILP) is a special case
of (ConLP) with X =R", V=Y =¢, A: X - Y and P = ¢, (the cone
of sequences with nonnegative entries), and there is no duality gap with its
algebraic Lagrangian dual (DSILP(c))

sup (b, ¢)
st AW) =o (DSILP(c))
Y€ (cy)

where ¢ is the algebraic dual vector space of ¢. The same result also holds
when Y is the subspace of bounded real sequences /.

2. Main result

Lemma 2.1. For every ¢ € (RY)’, there exists u € R@ such that (y,v) =
> ien Y(0)u(i) for every y € RY. In other words, every positive linear func-
tional on RY can be represented by a positive finite support dual vector.

Proof. Consider any ¢ € (RY), i.e., (y,¢) > 0 for all y > 0. Show t can be
represented by a finite support linear functional.

Claim 1. There exists M € N such that for all v € RY whose first M
components are zero, (v, 9) = 0.



Proof. Suppose no such M exists. Then for every n € N, there exists v™ € RY
such that (v", 1) > 0 (we can assume strictly greater than zero without loss)
and the first n components of v™ are zero. Consider the sequence of vectors

" = ﬁ for n € N. Observe that (0™,1¢) = 1 for all n € N. Now, consider

vector a € RY where a(i) = Y, 0"(i) = S0 + Y ons; 07 (4) for all
i € N. Since 0"(i) = 0 for alln >, > _,0"(i) = 0. This implies ) 0"(i)
is a finite sum and therefore well-defined. Given any N € N, it follows from
the definition of a(i), that a(i) — N 0"(i) = 3, 5 0"(1) — SO0 0"(i) =
> ey 0(7). However, > - 0™(i) > 0 since the 0™ are in RY. This implies
a— ij:l 0™ > 0. Thus, {(a — 25:1 0", 1) > 0 for every N € N. By linearity
of 1, this implies that (a, ) > ZnNzl(ﬁ”, 1) = N for every N € N. But this
means (a, 1) cannot be a finite number, which is a contradiction of the fact
that 1, being a linear functional, is real valued. O]

Let M be the natural number from Claim 1. Now let ¢! denote the element
of RY with 1 in the i-th coordinate and 0 everywhere else. Let u € R™ be
a finite support element given as follows

ui = { 012

Show that (y,¢) = >, u(i)y(i) for every y € RN. Observe that any y € RY
can be represented as y = S0 y(i)e! + v where v has zeros in its first M
components. By Claim 1, (v,v) = 0. Hence (y,v) = Zf\il y(i){et, ) +
(0,9) = 2 ien uli)y(2). -

A proof of a similar result appears as Theorem 16.3 in Aliprantis and
Border [1]. Their result appeals to facts about Fréchet lattices, Riesz spaces,
and their proof is topological (based on continuity) in nature, as opposed to
our proof technique which is purely algebraic.

Using the above lemma Question 1 is answered for I = N.

Theorem 2.2. When I = N, v(SILP) = v(DSILP) if and only if v(SILP) =
v(FDSILP).

Proof. 1t suffices to show v(DSILP) = o(FDSILP). Lemma 2.1 implies
(RY) = RSFN) and thus the feasible regions of (DSILP) and (FDSILP) are
equivalent under the standard embedding of R®™ into (RY)'. The objectives
are also equivalent under that embedding and thus v(DSILP) = v(FDSILP).

[



3. Duality gaps in proper subspaces of RY

By Theorem 2.2, the optimal value of the finite support dual is equal
to the optimal value of the algebraic Lagrangian dual for semi-infinite lin-
ear programs with countably many constraints, when we model them as an
instance of (ConLP) using Y = RY. However, this is not necessarily true
for problems with countably many constraints if they can be modeled as
(ConLP) with Y as a proper subspace of RY. In this section, we give an
affirmative answer to Question 2 via Example 3.5.

Two examples of proper subspaces of R are /., the space of all bounded
real sequences, and ¢, the space of all convergent sequences. Clearly, ¢ C
(s C RY. We extend the notion of positive linear functionals to these sub-
spaces. A linear functional ¢ € X’ on any subspace X C RY, is called a
positive linear functional on X if (v,4) > 0 for all v € RY N X.

Lemma 3.1. Define a positive linear functional ¥ on ¢ by (v, ¥) = lim;_,o, v(i).
Then: 1) ¥ cannot be extended to a positive linear functional on RY, i.e.,
it cannot be extended to an element of (RY) C (RY), and 2) ¢ cannot be
extended to a linear functional on RY that can be represented by a sequence
in RY with finite support.

Proof. Show 1): assume 1) is an extension of ¢ and that 1 is a positive
linear functional on RY. Derive a contradiction. Let 1 € RY N ¢ be the all
ones sequence. Then (1,v¢) = (1,9) = 1. Let v = (n)ney be the sequence
(1,2,3,...). Since v is in the nonnegative orthant (v,v) = a > 0. Let
M = [a] + 1. Consider the sequence m = (0,0,0,..., M, M, M,...) where
the first M — 1 entries are 0. Then v — m is in the nonnegative orthant,
but (v —m,¥) = (v,9) — (m, ) = a — (m,)) = a — M < 0, and this
is a contradiction to the assumption that v is a positive linear functional.
Therefore 1) cannot be extended to a positive linear functional on RN,

Show 2): assume ¢ is an extension of 1) and that 1) can be represented
by a sequence in RY with finite support. Derive a contradiction. Clearly
1) cannot be the zero element since (1,v) = (1,7) = 1. If ¢ is nonzero,
there is a nonzero index i € N for each element of the finite support of the
sequence representing 1. Consider ¢’ € RY. Then (¢’,¢) = 0 for each i, but
(€',9)) # 0 for at least one i which contradicts the fact that 1 is an extension
of 1. Therefore 1) cannot be extended to a linear functional on RY that can
be represented by a sequence in RY with finite support. O]



Although positive linear functionals on the space ¢ cannot be extended
to (RY)’, they can be extended to positive linear functionals on £y, as shown
in Lemma 3.3 below.

First, recall the notion of a core point. Given a vector space X and a
subset A C X, a point a € A is called a core point of A if for every z € X,
there exists € > 0 such that a + \x € A for all 0 < A < e. Some authors
call such a point an absorbing point or an internal point (see for instance
Chapter 5 of Aliprantis and Border [1]). The following is a useful result for
extending positive linear functionals.

Theorem 3.2 (Krein-Rutman theorem, see Holmes [4] p. 20). Let X be
a vector space ordered by =p where P is a pointed, convex cone in X.
Furthermore, let M be a linear subspace of X ordered by >=pny. If PN M
contains a core point (with respect to X) of P, then any positive linear
functional on M admits a positive linear extension to all of X. In other
words, if ¢ : M — R satisfies (m, 1) > 0 for all m € M N P, then there exists
at: X — R with (z,v) > 0for all » € P and (z,¢) = (x,7) for all x € M.

Lemma 3.3. Every positive linear functional on ¢ can be extended to a
positive linear functional on /.

Proof. Let P = RY N (., be the nonnegative cone in . Take the convergent
sequence 1 = (1,1,...). This convergent sequence is an element of P N c.
Also, 1 is a core point of P with respect to f,. To see that 1 is a core
point of P, take any {a, }nen € loo. Since {a,} is in ly, sup,{|a,|} < oo and
1+ Ma,} € P for all A € (0,1/sup,{|as|}). Since P has a core point with
respect to fo,, apply the Krein-Rutman theorem to extend positive linear
functionals defined on ¢ to positive linear functionals defined on /.. O

Corollary 3.4. The limit functional defined in Lemma 3.1 can be extended
to a positive linear functional over /...

Example 3.5 below provides an affirmative answer to Question 2. This
example gives an (SILP) with / = N, where v(SILP) = v(DSILP(V)) and
v(SILP) > v(FDSILP) = v(DSILP), with the subspace V = ¢ and V = /.
The equality v(FDSILP) = v(DSILP) follows from Theorem 2.2.

Example 3.5. The (SILP) is

inf 2,

T+ %x, > 2, ieN (3.1)



Show that (z1,x2) = (3,9) is feasible to (3.1) for all § > 0. For every i € N,
(i—0)? >0
= 2+6 =25 >0
= 467 > 261

2 52 -
= +0 24
L 512 Z &QZ
1 )

Letting 6 — oo gives a sequence of feasible solutions whose objective values
converge to an objective value of 0.

Next show that if (Z;,Z2) is any feasible solution, then Z; > 0. The
constraint corresponding to ¢ = [|Z|] gives Z; > Hfiﬂ - H;;HQ > Hi“lzﬂ > 0.
Therefore the optimal primal objective value is equal to 0.

The finite support dual (FDSILP) for this semi-infinite linear program
is infeasible. The objective coefficient of x5 is 0 and the coefficient of x5
is strictly positive in the constraints, and so the only possible dual element
satisfying the dual constraint corresponding to zo is u = 0; however, the
objective coefficient of x; is 1 and the dual constraint corresponding to x; is
not satisfied for u = 0. This shows that using the finite support dual leads
to an infinite duality gap.

In this example, a'(i) = 1 for all 4 € N so this sequence converges to 1.
Also, a*(i) = % for all i € N and this sequence converges to 0.  Likewise,
b(i) = 2 for all ¢ € N so this sequence converges to 0. Therefore, this semi-
infinite linear program is an instance of (ConLP) with Y = ¢ (or £,,) C R".
Now consider the algebraic Lagrangian dual (DSILP())) defined on the space
of positive linear functionals on ¢ (or /). The limit functional ¢ defined
in Lemma 3.1 is (v,1) = lim; o, v(i), for all v € RY Ne. This is a positive
linear functional on ¢ (as is its extension to ¢, by Corollary 3.4) since any
convergent sequence of nonnegative numbers is nonnegative. As observed
earlier, a'(7) converges to 1 which is the coefficient of x; in the objective, and
a*(i) converges to 0 which is the coefficient of x5 in the objective. Therefore
1 is a feasible dual solution. The dual objective value (b, ) is lim;ey b(i) =
lim;ey % = (. This is the optimal value of the primal and therefore the duality
gap is zero.

This example illustrates part 1) of Lemma 3.1. If ¢ could be extended
to a positive linear functional ¥ on RY, then ¢ would be a feasible solution
to (DSILP) with objective function value zero implying a zero duality gap be-
tween (3.1) and (DSILP). Since there is an infinite duality gap between (3.1)
and its finite support dual (FDSILP), this would contradict Theorem 2.2. <
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