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Abstract

In a Hilbert space setting, we consider new continuous gradient-like dynamical
systems for constrained multiobjective optimization. This type of dynamics was
first investigated by Cl. Henry, and B. Cornet, as a model of allocation of resources
in economics. Based on the Yosida regularization of the discontinuous part of the
vector field which governs the system, we obtain the existence of strong global
trajectories. We prove a descent property for each objective function, and in the
quasi-convex case, convergence of the trajectories to Pareto critical points. We give
an interpretation of the dynamic in terms of Pareto equilibration for cooperative
games. By time discretization, we make a link to recent studies of Svaiter et al.
on the algorithm of steepest descent for multiobjective optimization.
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Introduction

In this paper, we study a continuous gradient-like dynamical system which enjoys re-
markable properties with respect to constrained Pareto optimization. It was first inves-
tigated by Henry [34] and Cornet [25], [26], [27] in the seventies, as a dynamical model
of allocation of resources in economics. We revisit it from a modern perspective. In
a general Hilbert space setting, we provide a new constructive proof of the existence
of strong global trajectories, and show their convergence in the case of quasi-convex
functions. We establish a link between this dynamical system and the steepest de-
scent algorithms for multiobjective optimization which have been recently introduced
by Svaiter et al. in [29], [30]. As a general rule, making a link between optimization
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algorithms and continuous dynamics has proved to be fruitful. For further research, it
may serve as a mathematical basis to study complex interactions in game theory (for ex-
ample by coupling cooperative dynamic and noncooperative dynamic). As well, it may
be adapted in order to fit with topics of current interest in multiobjective optimization
like, control, inertia, multiscale aspects, Newton methods.

Let us now describe the system. Throughout the paper, H is a real Hilbert space
with scalar product and norm denoted by (-, -) and || || = \/(:, -) respectively. We make
the following standing assumptions on the multiple objective functions (f;)i=12. 4,
(¢ € N), and constraint K:

HO) K C H is a closed convex nonempty set.
For each i =1,2,...,q, fi:H — R is a real-valued function which satisfies:
H1) f; is differentiable, its gradient V f; is Lipschitz continuous on bounded sets;
H2) f; : H — R is a quasi-convex function;
H3) f; is bounded from below on K.

Note that many resuts hold without assumption H2), which is only used in the anal-
ysis of the asymptotic convergence of the trajectories of our dynamic system. The
description of our dynamic system involves the following convex sets in H: for u € K,

Ng(u)={z€H: (z,v—u) <0 foranyve K}

is the normal cone to K at u. It is a closed convex cone which models the contact forces
which are attached to the constraint K. For u € H,

q q
Conv{Vfi(u); i=1,...q} ={D_ANVfi(u): 0<N<1, Y N=1}
=1 =1

is the closed convex hull of the vectors {Vf;(u); i =1,...,q}. It models the driving
forces which governs our system. In short we write Conv {V f;(u)}.
For any closed convex set C C H we denote by

cY = proj-0

the projection of the origin onto C, which is the element of minimal norm of C'.
For any u € K the set
Nk (u) + Conv{V fi(u)}

is a closed convex set, as being equal to the vectorial sum of two closed convex sets, one
of them being compact. Thus, it has a unique element of minimal norm, which allows
us to define the differential equation

0
(MCSD)  4(t) + (NK(u(t)) + Conv{V fi(u(t))}> =0, (1)

called the Multiobjective Continuous Steepest Descent, (MCSD) for short. From the
point of view of modeling, it has the following properties:
a) It is a descent method, i.e., for each i = 1,...,q, t— f;(u(t)) is nonincreasing.
b) Its trajectories converge to Pareto critical points.



¢) The scalarization of the multiobjective optimization problem is done endoge-
neously. At time ¢, the vector field which governs the system involves a convex combi-
nation Y 7_; Xi(t)V fi(+) of the gradients V f;(-), with scalars \;(¢) which are not fixed
in advance. They are part of the process, whence the decentralized features of this
dynamic. Indeed, this system and its companions provide a rich dynamical model of
the interaction between cooperating agents.

The mathematical analysis of (MCSD) is quite difficult, because the dynamic is
governed by a discontinuous vector field. Indeed, the multivalued operator v — Ng (v)
is discontinuous at the boundary of K. Trajectories of (MCSD) are lazy solutions (also
called slow solutions, see [12, Ch. 6, section 8]) of the differential inclusion

(t) + Nic (u(t)) + Conv {V fi(u(t))} 3 0, (2)

which is governed by the sum of the maximal monotone operator Nx and the multival-
ued continuous operator v — Conv {V f;(v)}. Lazy solution means that the trajectory
chooses a velocity which has minimal norm among all the possible directions offered
by the differential inclusion. This type of differential inclusion occurs in various do-
mains (mechanics, economics, control...), and has subsequently be the object of active
research, see for example [7], [11], [17], [24].

In this paper we provide several new results concerning (MCSD):

i) In a Hilbert space setting, in Theorem 1.5 we prove convergence of the trajectories
of (MCSD) to Pareto critical solutions of the constrained multiobjective optimization
problem

min {F(v): ve K}

where F': H — R, F(v) = (fi(v)),—; _,- We obtain this result under the assumption
of quasi-convexity of the f;, and convexity of K. Our proof is in the line of the proof
of convergence of the steepest descent by Goudou-Munier [33] in the case of a single
objective function (scalar case); it makes use of Lyapunov analysis and Opial’s lemma.

ii) In Theorem 2.4, we prove the existence of strong global solutions of the more
general evolution equation

0
at) + <a<b<u(t)) + Conv {V fi(u(t))}> =0, (3)

where 0® is the subdifferential of a closed convex proper function ® : H — R U
{+o0}. (MCSD) corresponds to ® = Jg, the indicator function of K. We provide a
new constructive proof of the existence of strong (i.e., absolutely continuous on each
bounded time interval) global solutions. It is based on the Yosida regularization of 0@,
and Peano existence theorem for differential equations. The difficult point is to pass
to the limit on the regularized differential equations, as the regularization parameter
goes to zero, because the vector field which governs our dynamic is not continuous,
nor monotone. This new approach is flexible: it can be easily adapted to the case
of non-autonomous equations with constraint and/or criteria which vary (changing
environment, uncertainty). From the modeling and numerical point of view, another
interesting aspect is the ability to handle the constraint by various ways, such as exterior
penalty, or interior point methods.



iii) In Theorem 3.5 we provide equivalent formulations of the steepest descent di-
rection for multiobjective constrained optimization, and their interpretation for coop-
erative games. We analyze some aspects of the Pareto equilibration process associated
to (MCSD). Then, by time discretization of (MCSD), we establish the link with some
recent numerical algorithms for multiobjective optimization: the steepest descent of
Fliege and Svaiter [29], Grana Drummond and Svaiter [30], and the proximal methods
in vector optimization of Bonnel, Iusem and Svaiter [20].

The paper is organized following the three above items: in section 1, we show the
convergence to Pareto critical points of the trajectories of (MCSD), as ¢ goes to infinity.
Then, in section 2, we prove the existence of strong global solutions to (MCSD). Finally,
in sections 4 and 5 we successively examine some natural connections between (MCSD),
cooperative games, and numerical algorithms for multiobjective optimization.

1 Asymptotic convergence to Pareto critical points

In this section, we study the asymptotic behavior (¢ — 4o00) of the trajectories of
(MCSD). We take for granted the existence of strong global solutions of (MCSD). This
question will be examined into detail in the next section. Such solution u : [0, +00) — H
is continuous, and absolutely continuous on each interval [0,7], 0 < T < +o0, (see
Definition 2.3). In order to prove the weak convergence of the trajectories of (MCSD)
we use the classical Opial’s lemma [41]. We recall its statement in its continuous form,
and give a short proof of it:

Lemma 1.1. Let S be a non empty subset of H and u : [0,+00) — H a map. Assume
that

(1)  for every z €S, lim |u(t) — z| ewxists;
t——+oo
(i) every weak limit point of the map u belongs to S.

Then

w— ligl u(t) = uoe exists, for some element us € S.
— T 00

Proof. By (i) and S # (), the trajectory u is bounded in H. In order to obtain its weak
convergence, we just need to prove that the trajectory has a unique weak limit point.
Let u(th) — 2! and u(t?) — 22, with ¢, — +o0, and t2 — +oo. By (ii), 2! € S, and
22 € S. By (i), it follows that lim; .o |Ju(t) — 2! and limg oo |u(t) — 22| exist.
Hence, limg_, oo ([Ju(t) — 2Y|? — ||u(t) — 22||?) exists. Developing and simplifying this
last expression, we deduce that

lim (u(t),z* —2') exists.

t—+o0
Hence
HEIEOO (u(ty),z* —2') = nkrilm (u(t?),z* — 2'),
which gives |22 — z!||? = 0, and hence 2% = 2. O

The stationary points of our dynamic are Pareto critical points, as defined below.



Definition 1.2. We say that u is a Pareto critical point of the multiobjective optimiza-

tion problem {(fi)i=1,..q; K} if there exists (A;),_; , such that
q q
0<A <1, Y N=1 Y MNVfi(a) + Ni(u) > 0. (4)
i=1 i=1

This notion has been considered by Smale in [45], Cornet in [25], see [14], [30], [47]
for recent account of this notion, and various extensions of it. Note that equivalent
formulations of this notion can be given, thanks to the positive homogeneity property
of the formula: the condition ¢ ; \; =1 can be dropped, just assuming the \; to be
nonnegative, and at least one of them positive. This notion is naturally linked to the
notion of Pareto optimality. Set F': 3 — R?, F(v) = (fi(v)),—;, ,- The order in R?
is defined by y < z & y; < z; for all i =1,...,q. We also consider the strict order
relation y <z < y; < z; forall 1 =1,....q.

Definition 1.3. i) An element u € K is called Pareto optimal if there does not exist
v € K such that F(v) < F(u) and F(v) # F(u). Equivalently, there there does not exist
v € K such that f;(v) < fi(u) for alli=1,...,q, and fj(v) < fj(u) for one j €1,....q.
i1) An element u € K is called weak Pareto optimal if there does not exist v € K such
that F(v) < F(u). Equivalently, there does not exist v € K such that fi(v) < fi(u) for
alli=1,...,q.

Let us respectively denote by P, P,,, and P, the set of Pareto optima, weak Pareto
optima, and Pareto critical points. Indeed, Pareto criticality is a first-order necessary
optimality condition for (local) vectorial optimization. It is a multiobjective extension
of the Fermat rule. Let us state it in a precise way.

Proposition 1.4. i) The following inclusions hold:
PCPyCPe.
i1) The equality Py, = P, is true when all functions f;, i=1,...,q are convez.

Proof. The inclusion P,, C P, in item i) is obtained by a direct application of the
Hahn-Banach separation theorem (see for example [25, Proposition 1.1], [47], [14]).
Item i) treats the case where all functions f;, i = 1,...,q are convex. Let u € P..
Then, u is a (global) solution of the convex minimization problem

min{ Z)\ifi(v): UEK} (5)
=1

with A; which are all nonnegative, and at least one of them positive. Indeed, (5) forces
u to be a weak Pareto minimum. Otherwise, there would exist some v € K such that
fi(v) < fi(u) for all ¢ = 1,...,q, which would imply (one uses the fact at least one of
the \; is positive) D7, A fi(v) < Y7, \ifi(u), a clear contradiction. O

We can now state our main convergence result.



Theorem 1.5. Let us make assumptions HO), H1), H2), H3). Then for any strong
global solution t € [0, 4o00[— u(t) € H of (MCSD), the following properties hold:

i) Descent property: for eachi=1,...,q, t — f;(u(t)) is nonincreasing, and for almost
allt >0

. d
la()]® + g fi(u(t) <0. (6)
i1) Finite energy property:
+o0o
/ li(t) |2t < +oo. (7)
0

1i1) Weak convergence: Assume that the trajectory t € [0, 00— u(t) € H is bounded
in H. Then u(t) converges weakly in H as t — +oo.

iv) Pareto optimization: Assume moreover that the trajectory t € [0, +oo[— u(t) € H
is relatively compact in H. Then u(t) converges strongly in H as t — +oo to a Pareto
critical point Ueo.

Proof. By definition of (MCSD), —u(t) is the projection of the origin onto the closed
convex set C(t) := Ng(u(t)) + Conv {V fi(u(t))}. Hence, for any ¢ € C(t)

(0= (=u(t)),§ — (=u(?))) <0, (8)
that is
(u(t), € +u(t)) < 0. (9)
Noticing that 0 € Ng(u(t)) and Vfi(u(t)) € Conv{V/fi(u(t))}, we can take & =
Vfi(u(t)) in (9), which yields
(0(t), V fi(u(t)) +u(t)) < 0. (10)
The derivation chain rule is valid in our situation, see for example [23, Corollaire
VIIIL.10]. Hence
. d
la(®)]? + S fiu(t)) < 0. (11)
As a consequence, %fi(u(t)) <0, and for each i = 1,...,¢ the function ¢ — f;(u(t)) is

nonincreasing. Moreover by integrating (11) and using that f; is bounded from below
on K we obtain

“+o0o
/0 la)|2dt < fi(u(0)) — inficf; (12)

This proves points i) and 7).
Let us now prove the weak convergence of any bounded trajectory u of (MCSD).
To that end we use Opial’s Lemma 1.1 with

S = {v eK:Vi=1,...,q filv) < %Izlg fl(u(t))} (13)

Functions f; are continuous, quasi-convex, and hence lower semicontinuous for the weak
topology of H. As well, the closed convex set K is closed for the weak topology of H.
The trajectory ¢ € [0, +oo[— u(t) € H has been assumed to be bounded in H. Hence,



any weak limit point of the trajectory belongs to S, which is a closed convex non empty

subset of H.
i) Take z € S and set, for any t > 0

We have '
he(t) = (u(t), u(t) — z) .

Since w is a solution of (MCSD) there exists
n(t) € Ni(u(t)) and 0 < Mi(t) <1, > Xi(t) =1

such that, for almost all t > 0

By combining (15) and (17) we obtain

q

ha(t) + D Xi() (V fi(u(®), u(t) = 2) + (n(t), u(t) — 2) = 0.

i=1

On the one hand, since n(t) € Ng(u(t)) and z € K

(n(t),u(t) —z) > 0.

(17)

(18)

(19)

On the other hand, by quasi-convexity of f;, the set {v € H: fi(v) < fi(u(t))} is con-
vex. Since u(t) and z belong to this set, we have that, forany 0 < 0 < 1, 0z+4(1—0)u(t)

remains in this set. Hence
Filult) + 0z — u(t)) — filu(t)) 0.
Dividing by € > 0, and letting 6 go to zero gives
(Vfilu(t)), z = u(t)) <0.

As a consequence ,

DXt (Vilu(®)), u(t) - 2) > 0.

i=1
Combining (18) with (19) and (22) we obtain

h.(t) <0.

Hence, h, is a decreasing function, which proves item ) of Lemma 1.1.

(20)

(21)

(22)

(23)



Let us verify item i) of Lemma 1.1. Let w — limu(t,) = z for some sequence
tn, — +o0. Since u(t,) € K and K is a closed convex subset of H, we have z € K.
Moreover

inf fi(u(®)) = lim fi(u(t)) (24)
= lm fiu(tn)) (25)
> fi(2) (26)

where the last inequality follows from the fact that f; is continuous and quasi-convex,
and hence lower semicontinuous for the weak topology of H. This being true for each
i =1,...,q we conclude that z € S. The two conditions of the Opial Lemma 1.1 are
satisfied, which gives the weak convergence of all bounded trajectory u of (MCSD).
Let us now assume that the trajectory ¢ — wu(t) is relatively compact. As a con-
sequence, it is bounded, and by iii) it converges weakly, and hence strongly in H (on
relatively compact sets weak and strong convergence are equivalent notions). Set

u(t) — us strongly in H, (27)

and show that us is a Pareto critical point. The finite energy property (7)

“+o0
/ la()|2dt < +o0
0
implies
liminfess; || (t)]] = 0. (28)

Since the relations (16) and (17) are satisfied for almost all ¢ > 0, (28) implies the
existence of a sequence t,, — 400 such that

u(ty) — 0, (29)
and .
u(tn) + Z )\z(tn)vfz(u(tn)) + n(tn) = 07 (30)
=1
with .
N(tn) € Nic(u(ty)), and 0 < Ai(tn) <1, > Ailty) = 1. (31)
=1

By compactness of the unit simplex in R?, we can extract a further subsequence (still
noted t,, to simplify the notation) such that, for each i =1, ..., ¢

Ai(tn) = i oo (32)

with .
0< Ao 1, D> Ao =1. (33)

i=1



By (27), u(tn) — uco strongly in H. By continuity of Vf; : H — K,

Vfi(u(tn)) = V fi(too). (34)
By (32) and (34)
D Xiltn)Vfi(ultn)) = ) AoV filts) strongly in H. (35)
=1 =1

We can now pass to the limit on (30). By (27), (29), (30), (31), (35)

1(tn) € Nk (u(tn))
u(ty) — ueo strongly in H

q
n(tn) — — Z XiooV fi(too) strongly in .
i=1

By closedness of the graph of the set-valued mapping v — Nk (v) (it is a maximal
monotone operator), we finally obtain

q
> NiooV filtio) + Nk (t1o) 3 0 (36)
i=1

which, with (33), expresses that u is a Pareto critical point. O

When the objective functions f; are convex, one can get rid of the compactness
assumption on the trajectory, and, at the limit, still obtain Pareto optimality.

Proposition 1.6. Assume that all the functions f;, i = 1,...,q are convex. Lett €
[0, +o0]— u(t) € H be a strong global solution of (MCSD). Let us assume that u is
bounded. Then u(t) converges weakly in H as t — 400 to a weak Pareto minimum.

Proof. By Theorem 1.5 iii), we know that u(t) converges weakly in H as t — 400 to
some Us,. We want to prove that us, is a Pareto critical point. We just need to adapt
the end of the proof of Theorem 1.5 iii). Let us show how, thanks to convexity, we
can get rid of the strong compactness assumption on the trajectory, and instead, use a
weak compactness argument. We have

U(ty) — 0 strongly in 3; (37)

u(ty) — uso weakly in K; (38)

- u(tn) € Z /\z(tn)vfz (u(tn)) + NK(u(tn)) (39)
i=1

We can rewrite the above inclusion as
—u(ty) € 0Gy(u(ty)) (40)
with Gy, : H — R U {400} defined by



(0 is the indicator function of K). By using (32), it can be easily verified that the
sequence of closed convex functions (Gy,), Mosco-epiconverges to G : H — R U {+oo}

Gv) = Nioofi(v) + 0k (v).
=1

We now use the equivalence between Mosco-epiconvergence of a sequence of closed
convex functions, and the graph-convergence of their subdifferentials, [3, Theorem 3.66,
Proposition 3.59], see also [2], [16, Theorem 8.3.9]. We obtain the graph-convergence of
the sequence of maximal monotone operators G,, to G, and by [3, Proposition 3.59],
their convergence in the weak — JH{ x strong — J topology. By applying this result to
(40), and taking account of (37), we obtain 0 € 0G(u). Equivalently,

q
Z Al’OOVfZ(UOO) + NK(UOO) > 0,
i=1

which, with (33), expresses that u is a Pareto critical point. By Proposition 1.4, and
the convexity of the f;, it follows that u., is a weak Pareto minimum. Ol

Remark 1.7. a) In the unconstrained single criteria case, it is proven in [33] that
the trajectory converges towards a critical (Pareto) point as soon as the set of optimal
(Pareto) points is non empty. This is an open question in our multiobjective framework.

b) Since each function ¢ — f;(u(t)) is nonincreasing, a natural condition insuring
that the trajectory remains bounded (respectively relatively compact) is that one of
the function f; has bounded (respectively relatively compact) sublevel sets.

2 Existence of strong global solutions

In this section, we consider the abstract evolution equation

0
u(t) + <8<I>(u(t)) - B(u(t))> =0, (41)

where 0® : domd® C H — 2% is the subdifferential of a closed convex proper function
® : H — RU{+co}, and B : H — 270 is a continuous set-valued mapping with
convex compact values. As a particular case, (MCSD) is obtained by taking ® = dx
the indicator function of K, and B(v) = —Conv {V f;(v)} (the minus sign before B is
introduced for convenience of mathematical analysis).

The introduction of this general and abstract framework has several motivations.
On the one hand, it helps to understand the mathematical structure of the problem. On
the other hand, it allows to consider various approximations of the constraint (penalty,
barrier methods).

In this section, it is assumed that 3 = R? is a finite dimensional Euclidean space.
It is likely that the proof can be adapted to the case of infinite dimension by making ad
hoc assumption on the data (as inf-compact). This is an interesting topic for further
studies, particularly involving applications to PDEs.

10



2.1 Statement of the results

We make the standing assumptions:

e Al) H is a finite dimensional Hilbert space.

o A2) & : H — RU{+oo} is a closed convex proper function, and 9% : domd® C
H — 2% is the subdifferential of ®.

e A3) B: H — 2% is a continuous set-valued mapping with convex compact values.

e A4) B satisfies the growth condition: there exists some ¢ > 0 such that

for all v € H, and all y € B(v), |yl <c(1+ |v]). (42)

The continuity of the set-valued mapping v — B(v) is taken in the Hausdorff sense.
It means that, whenever v,, — v then haus(B(v,), B(v)) — 0. Recall the definition of
the Hausdorff distance.

Definition 2.1. The Hausdorff distance between two closed convex subsets C' and D
of H 1is defined by
haus(C, D) = max {e(C, D); e(D,C)} (43)

where e(C, D) = sup,cc d(v, D) is the excess of C on D, and e(D,C) = sup,ep d(v, C)
is the excess of C' on D. Equivalently (see [16, Lemma 1.5.1; Definition 3.2.1.])

haus(C, D) = sup |d(v,C) — d(v, D|. (44)
vEH
Our proof of the existence of solutions to (41) relies on Peano, and not on Cauchy-
Lipschitz theorem. This explains assumption A1), and why in this section we restrict
our analysis to the finite dimensional case.
In order to define the notion of strong solution, let us first recall some notions con-
cerning vector-valued functions of real variables (see [22, Appendix| for more details).

Definition 2.2. Given T € R, a function f : [0,T] — H is said to be absolutely
continuous if one of the following equivalent properties holds:
i) there exists an integrable function g :[0,T] — H such that

f(t)=f(0)+/0tg<8>ds Vi e 0.7

i1) f is continuous and its distributional derivative belongs to the Lebesgue space
L' ([0, 77 30);

iit) for every € > 0, there exists some n > 0 such that for any finite family of
intervals I, = (ay, by)

eIy =0 fori#j and 32 by — ar] <n =320 1f (be) — f (ak) | < e

Moreover, an absolutely continuous function is differentiable almost everywhere, its
derivative coincide with its distributional derivative almost everywhere, and one can
recover the function from its derivative f’ = g using the integration formula (7).

11



Definition 2.3. We say that u(-) is a strong global solution of (41) if the following
properties are satisfied:

(1) w: [0, +00) — H is continuous, and absolutely continuous on each interval [0,T7],
0<T < +o0;

(ii) there exists v : [0,+00) — H and w : [0,+00) — H which satisfy

ve L0, T;H), weL*0,T;H) forallT > 0; (45)
v(t) € 0®(u(t)), w(t) € B(u(t)) for almost all t > 0; (46)
0

0P (u u(t))> for almost all t > 0; (47)
u(t) + —w(t) =0 for almost all t > 0. (48)

Theorem 2.4. Let us make assumptions Al), A2), A3). Then, for any uy € domOP
there exists a strong global solution u : [0,4+00) — H of the Cauchy problem

0
o) + (90(u(0) - Bit)) = (19)
u(0) = up.

In the above theorem, we only claim existence. Without any further assumptions,
uniqueness is not guarantied. As we already claimed, the following proof of existence
relies on Peano, not on Cauchy-Lipschitz theorem.

As a consequence of Theorem 2.4, we obtain the existence of strong global solutions
for (MCSD).

Corollary 2.5. Suppose that for each i =1,...,q f; is a differentiable function, whose
gradient V f; is globally Lipschitz continuous. Then, for any ug € K there exists a
strong global solution u : [0, +00) — H of the Cauchy problem for (MCSD),

0
u(t) + <NK(u(t)) + Conv {Vf&u(t))}) =0, (50)
u(0) = uo.

Proof. Take ® = §x the indicator function of K, which is a closed convex proper func-
tion whose subdifferential is the normal cone mapping to K. Obviously, any point ug €
K belongs to the domain of the subdifferential of ®. Take B(v) = —Conv {V f;(v)}.
Clearly B is a set-valued mapping with convex compact values. Thanks to the global
Lipschitz continuity assumption on the V f;, B satisfies the growth condition A4). The
continuity of the set-valued mapping B : v € H — B(v) is a consequence of the
following lemma. O

Lemma 2.6. Suppose that, for each i = 1,...,q, fi is a differentiable func-
tion whose gradient V f; is Lipschitz continuous on bounded sets. Set L(R) =
max {L;(R); i =1,...,q}, where L;(R) is the Lipschitz constant of V f; on the ball
B(0, R). Take B(v) = —Conv{V fi(v)}. Then for any u,v € B(0, R)

haus(B(u), B(v)) < L(R)||u — v||.
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Proof Let £ € B(v), e, € = =22 NV fi(v), with > A =1, A; > 0. Since
TNV fi(u) € B(u )We infer

(&, B(u)) < [|§ + ZAz'sz'(U)

< HZA Viiv ZA V fi(u

ZA IV fi(w) = V fi(w)|
< ( )Nlw—wl.
This being true for any { € B(v), it follows that e(B(v), B(u)) < L(R)|u — v||, and
from the symmetry of the role played by u and v, we obtain the result. O

2.2 Approximate equations

The main difficulty comes from the discontinuity of the multivalued operator 0®, and
hence of the vector field which governs the differential equation (41). As a main in-
gredient of our approach, we use the Yosida approximation of the maximal monotone
operator 0®. This regularization method is widely used in nonsmooth convex anal-
ysis, see [3], [12], [15], [22], [48] for a detailed presentation. Its main properties are
summarized in the following statement.

Proposition 2.7. Let ® : H — RU{+o0} be a closed convex proper function. For any
A > 0, the Moreau-Yosida approximation of index A of ® is the function ®, : H — R
which is defined for all v € H by

ox0) = int {0(6) + rllo - €P: ¢ o). (51)

1. The infimum in (51) is attained at a unique point Jyv € H, which satisfies
1
D) (v) :¢>(J>\v)+ﬁHv—J,\vH2; (52)
Jyv 4+ A0P(J\v) 5 v. (53)

Jy = (I +209)7! : H — H is everywhere defined and nonexpansive. It is is
called the resolvent of index A of A = 0®.

2. &y is convex, and continuously differentiable. Its gradient at v € H is equal to

Vb, (1) = %(v ). (54)

3. The operator Ay = V&), = %(I — Jy) is called the Yosida approzimation of index
A of the mazximal monotone operator A = 0®. It is Lipschitz continuous with
Lipschitz constant %

13



We are going to adapt to our situation the classical proof of the existence of strong
solutions to evolution equations governed by maximal monotone operators, see [22].
For each A > 0, we consider the Cauchy problem which is obtained by replacing in (49)
0® by its Yosida approximation V®,. Firstly, we are going to show the existence of a
global classical solution w) : [0, +00) — H of the Cauchy problem

0
i) + (Tor(w(0) = Blur(0)) =0, -
ux(0) = up.
We now use the following elementary result.

Lemma 2.8. Let C be a closed convex set in H. Then for any z € H

0
(z — C) = 2 — Projoz.

Proof. We have
0
<z—C> ={z—v: vel |z—v|<|z—¢|foral{eC}.

This uniquely defines v = proj-z, which gives the result. O

Taking z = V&, (ux(t)), and C = B(ux(t)) in Lemma 2.8, we can equivalently
rewrite (55) as

{wt) + VA1) — Projp(u (o) VEAA(1) = 0, (56)

ux(0) = wp.

To study (56), we need the following result on the Holder-continuity of the mapping
C — projo(v). The family of the closed convex bounded subsets C' of H is equipped
with the Hausdorff metric. The following classical result can be found in [1, Theorem
2], [10, Proposition 5.1], [19, Prop. 4.37 p. 291], [42, Theorem 3.1].

Proposition 2.9. Let C' and D be two closed convexr subsets of H. Then, for any
v € H the mapping C — projo(v) is Hélder-continuous. More precisely, for any two
closed convex subsets C' and D of H

Iprojc:(v) — projp(v)|| < p(||v]|haus(C, D)= (57)

where p(|v])) = (|[vl] + d(v, C) + d(v, D))?.

In the above result, the Holder exponent % is sharp, see [10, Proposition 5.1]. An
illustrative example is given at the end of the paper, figure 1. We easily derive from
these results the continuity of the vector field

Fy: veH = Fy(v) = V@,(v) — projp(, Vea(v) (58)

which governs (56). More precisely,

14



Lemma 2.10. For any v,w € H, for any A > 0,

NI

1A (v) = Fx(w)]] < %Hv — w|[ + p(|[V®x(w)|)haus(B(v), B(w))?. (59)

Proof.
Fx(v) = Fx(w) = V®,(v) = V&) (w) — (prOjB(v)V‘I’A(U) - pl“OJ'B(w)V(I’A(w)) . (60)

By the Lipschitz continuity property of V&, (with Lipschitz constant %) we obtain

1 . .
13 (0) = Ex(w)ll < S llv = wll + [lproj pu) VEA(v) = projpa) Vea(w)|l. (61)
Let us set
Bv) = projp(,) VeA(v). (62)
We have

1B} (v) = BMw)|| < [|projp(,) VEA(v) — proj g, Vo (w)|
+ [|proj gy Ve (w) — projp ) Ve(w)||
< [[V@(v) = VO (w)]| + [[proj gy VeA(w) — Projp(w Ve (w)||

< 1llo = wll + (172 (w) [ haws(B(o), B(w)?,

where we successively use the triangle inequality, the nonexpansive property of the
projection on a closed convex set C, £ — proj-(£), and the Holder-continuity of the
mapping C — projo(v). Combining (61) and the above inequality we obtain (59). [

Even if the mapping v +— B(v) is Lipschitz continuous with respect to the Hausdorff
metric, Lemma 2.10 tells us that the vector field F which governs (56) is only locally
Holder continuous with exponent % Thus we cannot apply Cauchy-Lipschitz theorem.
Instead, the classical assumptions of Peano theorem are satisfied:

i) By Lemma 2.10 and assumption A3), the vector field F} is continuous.

ii) The space H has been assumed to be finite dimensional.

Hence, there exists of a local solution uy to the Cauchy problem (56) (it is not neces-
sarily unique). In order to prove global existence, we first establish energy estimates:
Let us write the differential equation (56) as

ax(t) + VO (u(t) — B (ua(t) = 0. (63)

By definition (62) of B} and assumption A4), for any v € K
IB*(v)]| < sup{llyll: y € B(v)} (64)
c(1 4 [lvl])- (65)

Lemma 2.11. Let uy be a solution of the Cauchy problem (56) on some interval [0,T].
Let xg be a given element in domd®. Then, for anyt € [0,T]

lua(t) — zo]| < e(3F) (|lug — @o|| + |02° (o) || + ¢llzo]| + ) ; (66)
1

T 62 T
3| @I+ 0:n(T) < 0w + 5 [ 0+ @l @)
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Proof. By taking the scalar product with uy(¢) — xo in (63) we obtain

1d
5%”%\@) — zo||* + (V@ (ua(t)), ua(t) — zo) — <BA(UA(t)),UA(t) - 96'0> =0. (68)
By using the monotonicity property of V&,
(VO (ur(t)) — VOa(z0), ur(t) — z0) > 0, (69)
and Cauchy-Schwarz inequality in (68), we deduce that
1d
5 gz lua(t) = ol < IV @x(zo)[lua(t) = zoll + | B} (ur (@)l lua(t) — woll.  (70)

By using the majorization ||[V®,(zo)| < [|0®°(z0)|| ([22, Proposition 2.6]), where
09%(z¢) denotes the element of minimal norm of the nonempty closed convex set
O®(z0), and the growth property (64) on B*, we obtain
1d
2dt
By integration of the above inequality (Gronwall type argument) and elementary ma-
jorization we obtain

lux(t) = zoll* < (109°(wo)l| + ¢llzoll + ¢) [lux(t) — zoll + cllua(t) — o, (71)

1
lur(t) — zol| < €3 (Jlug — wo| + |08 (o) || + ¢llzo]| + ¢) -

Let us now estimate 4. By taking the scalar product with 4y in (63) we obtain

. d .
[ + Z@a(ua(®) = (B>ua(t) ia(®)) - (72)
After elementary majorization, and by integration on [0,7] we obtain

T C2 T
3| lin@IEar + 2 (1) < 8u0) + 5 [ 1+ fan(]P)ar

where we have used that @) (ug) < ®(ug) (|22, Proposition 2.11]). O

We have all the ingredients for the global existence of solutions for approximated
equations (56).

Proposition 2.12. For any A > 0, and any ug € domd®P there exists a classical global
solution uy : [0,+00) — H of the Cauchy problem

{wt) + V8A(uA() = Projpu o) VEA(uA(D) = 0, 73

ux(0) = up.

Proof. From estimations (66) and (67), by a standard argument, let us show the exis-
tence of a global solution u) to the Cauchy problem (56), which is defined on the whole
interval [0, +oo[. By Zorn’s lemma, let u) be a maximal solution, and suppose that it
is defined on a bounded interval [0, T}q0 [ With Thpae < +00. Since Tyae < +00, by (66)
we have that the trajectory remains bounded on [0, T}, [. Using this estimation in (67)
we deduce that fOTm‘”” |ix(t)||?dt < +o00. Note that ®y(uy(t)) remains bounded, be-

cause @) is continuous and w)(¢) remains bounded. Since fOTm“z l|ix(t)]|?dt < +oo and
Tinaz < +00 we easily obtain, by Cauchy-Schwarz inequality, that lim; .7, ux(t) = =z
exists. By applying again the local existence result with z as a new Cauchy data at
time 15,4, We obtain the existence of a solution which is defined on an interval which
is strictly larger than 7},,., a clear contradiction. O
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2.3 Estimations on the sequence (u))

Let us prove that the preceding estimations on the sequence (u)y)y are uniform with
respect to A. By (66), for any 0 < T' < oo

1
sup [uall 0790 < o]l + eGHT (|lug — wol| + |08°(z0) || + cllzol| +¢) . (74)
>

Hence for any 0 < T < oo

sup [[ul| oo (o,r530 < +oo. (75)
A>0
On the other hand, by (67)
I ) Tc? )
3 Tin@IFd + D) < w) + 51+ falEegra): (70

Let us minorize ®y(uy(t)). Let take some yy € 0P(xg). We have xg = Jx(xo+ Ayp). By
(52), which is a direct consequence of the definition of @), and the convex subdifferential
inequality at xg

Dx(ur(t)) = (Ja(ua(t)), (77)
> ®(z0) + (Yo, Ja(ua(t)) — o) (78)
> (o) — llyollllIx(u(?)) — zol|- (79)
Since Jy is nonexpansive, and zg = Jy(zo + Ayp), we have
[7x(ua(t)) = zoll = [[Ix(ua(t)) — Ja(zo + Ayo)| (80)
< [Jua(t) = (zo + Ayo)l|- (81)
Combining (77) and (80) we obtain
Pr(ua(t)) = (z0) — [lyoll (ua(t) — (2o + Ayo)ll) - (82)
Combining (76) and (82) we obtain
1T ) Tc? )
5/, lia(@)[1Pdt < @(uo)=@(w0)+—~ (L+l[uallzoe o,7))+lvoll (unlloe 0.2y + llwo + Ayoll)
(83)
By (75) we obtain
sup ||l L2 (0,530 < +o0. (84)
A>0
Returning to (76) we obtain
sup Dy (ur(t)) < +o0. (85)
A>0, 0<t<T
Finally, by (63) and the growth condition (64)
IV@x(ur®)]] < B (ur ()] + [l (®)] (86)
< flax(@)] 4 (1 + [lua(®)]]), (87)
which, by (75)) and (84) gives
sup [[V®y(ux) |l r2(0,1;90 < +oo- (88)

A>0
Of course, in (75), (84), (85) and (88) the bounds depend on 7'
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2.4 Passing to the limit, A\ — 0

As we have already pointed out, the difficulty comes from the discontinuous nature of
the multivalued operator ®, and hence of the vector field which governs the differential
equation (41). Indeed, we are going to play on the monotonicity property of some
components of this vector field, and hence of the closedness property of their graphs
for the strongxweak topology (demiclosedness property).

By estimations (75), (84), and the fact that J is finite dimensional, we deduce from
Ascoli’s theorem that, for any 0 < T < +o00, the generalized sequence (uy)) is relatively
compact for the uniform convergence topology on [0,7]. Thus, by a diagonal argument
(we keep the notation (uy) for simplicity) we get the existence of u € €(0, 4o00; H), and
v,w € L2 (0, +00; H) such that, for any 0 < T' < +o00,

loc

Uy — U strong — C(0,T; KH) (89)
Uy — 0 weak — L?(0,T; H) (90)
Vo, (uy) = v weak — L2(0,T; H) (91)
Buy) — w weak — L*(0,T; H). (92)
By passing to the limit on (63) we obtain
t+v—w=0. (93)

Let us identify v and w. From now on we argue on [0,7] with an arbitrary fixed
0<T < +o0.
a) By (54), we have V®,(v) = (v — Jyv). Hence

lux = Ix(u)ll 220,190 < MV (u) | £2(0,1,30)- (94)
By (88), the generalized sequence (V®,(uy)) is bounded in L?(0,T; ). Hence
lim (uy — Jy(w2)) =0 in L0, T; 3). (95)
By (89), uy — u strongly in €(0,7T;3), and hence strongly in L?(0,T; 3). Hence
Jx(uy) — u strongly in L?(0,T; 3). (96)

Let us summarize the previous results:

V@, (ux) € 0P(Jx(un)), (97)
Jx(uy) — u strong — L?(0, T; H), (98)
V&, (uy) — v weak — L*(0,T; 3). (99)

Let us consider the canonical extension to L2(0,T; 3() of the maximal monotone oper-
ator 0:

A={(&n) € L*(0,T;3) x L*(0,T;H) = n(t) € 02(£()) ae. te (0,T).} (100)

Classically, A is maximal monotone in L?(0, T; K). Indeed, it is the subdifferential of the
canonical extension of ® to L?(0,T;H), see [22, Proposition 2.16]. As a consequence,
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it is closed for the strong-L?(0, T'; 3) xweak-L?(0, T’; 3() topology. From (97)-(98)-(99)
we deduce that
v(t) € 0P(u(t) a.e. t e (0,T), (101)

which, combined with (93) gives
Uu(t) + 0P(u(t)) —w(t) 30 ae. t e (0,T). (102)

Since @ is a closed convex function, its subdifferential is maximal monotone. As a con-
sequence, given w € L?(0,T;H), the unique solution of the above differential inclusion
is the lazy solution, see [12, Theorem 1, ch.6, sec.8 |, [22, Remark 3.9], which means

0
at) + <8<I>(u(t)) - w(t)) =0 ae te(0,T) (103)

Equivalently
u(t) + projopuy)yw(t) —w(t) =0 a.e. t € (0,T). (104)
Comparing (104) with (93) we obtain
v(t) = projaspuyw(t) a.e.t € (0,T). (105)

b) Let us now introduce the operator B : L2(0,T;H) — L?(0,7;3) which is the
canonical extension to L?(0,T;H) of the multivalued operator B:

B ={(&n) € L*(0,T;H) x L*(0,T;H) : n(t) € B(E(t) ae. te(0,T)}. (106)

The operator B is demiclosed in L2(0,T;H) x L?(0,T;3), (see [7, Proposition 3.4]).
Since

B*(uy) € B(uy)
uy — u strong — L*(0, T; H)
B*uy) — w weak — L2(0,T; )

we deduce that
w(t) € B(u(t)) a.e. t € (0,T). (107)

¢) Suppose a moment that we have proved
w(t) = projpu)v(t) a.e.te (0,T). (108)
Putting together (105) and (108), we have

v(t) = pProjpe(uyw(t) a.e.t € (0,T), (109)
w(t) = projpu)v(t) a.e. t € (0,7T), (110)

and the proof can be completed thanks to the following lemma (see figure 2, at the end
of the paper).
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Lemma 2.13. Let C and D be closed convex sets in H. Suppose that one of the two
sets is bounded. Then their vectorial difference C'— D is a closed convex set. Its unique
element of minimal norm (C — D) is characterized by

(C—-D)°=v—w: v=projow and w = projpv. (111)

Proof. The element of minimal norm of C'— D is equal to v — w, with (v, w) solution
of the convex minimization problem

min{||v—w|\2+5c(v)+5p(w) cveH, weH}. (112)

Writing down the necessary and sufficient optimality conditions of this convex mini-
mization problem gives the result. O

Note that, in the above writing, v and w are not necessarily unique. The important
point is that the property (v = projow, w = projpv) implies that (C' — D) = v — w.
By taking v = v(t), w = w(t) , C = 0®(u(t)), and D = B(u(t)), (109)-(110) tells us
that we are in the situation described in Lemma 2.13. Hence,

v(t) —w(t) = (0P(u(t)) — Bu(t))’ a.e.t e (0,T) (113)
which combined with (93) gives
a(t) + (0@ (u(t)) — B(u(t)) =0 a.e. t € (0,T) (114)

the desired result.
d) Thus, the last point we have to prove in order to complete the proof of Theorem
2.4 is
w(t) = projp,uyv(t) ae.t e (0,T). (115)

To that end, we use the following demiclosedness property (see [15, Theorem 4.17]).

Lemma 2.14. Let C be a closed convex set in H. Then, the operator I — projq is
firmly nonexpansive. In particular, it is monotone, Lipschitz continuous, hence mazx-
imal monotone. As a consequence, it is demiclosed, i.e., its graph is closed for the
strong-L?(0, T; H) x weak-L?(0, T; H) topology.

By Proposition 2.9

1PT0] B(uy (1)) V P (uA (t)) —Proj g VA (ur(t)) | (116)
< p([[V@x(ur(t))[)haus(B(ua(t)), B(u(t))) (117)

=

where p(||v|]) = (||v]| + d(v, B(ux(t))) + d(v,B(u(t))))%. Since uy — u C(0,7T;H), and
B is continuous for the Hausdorff metric, it follows from (116) and the Lebesgue dom-
inated convergence theorem that

DrOj 54y (1)) VA (UA(1)) = PrOj ey VA (ua(t)) — 0 L*(0,T; H). (118)
Thus we can rewrite (56) as

Ux(t) + VO (ur(t)) — Projp ) VEer(ur(t)) = ex(t), (119)
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with ey — 0 strongly in L?(0,7T;3) as A — 0.
For each ¢ > 0, let us introduce the operator M (t) : H — H

M(t) = I — projpu()) (120)

ie., for every v € H, M(t)(v) = v — projgu)(v). By Lemma 2.14, it is maximal
monotone. One can easily verify that its canonical extension to L?(0,T; H)

M= {(u,v) € L2(0,T;3) x L*(0,T;3) : v(t) = M(t)(u(t)) ae.te (0,7)} (121)

is still maximal monotone. Let us reformulate our results with the help of M.

ex — Uy = M(V®y(uy)) (122)
ex — Uy — —1 weak — L*(0,T; (), (123)
Vo, (uy) — v weak — L?(0,T; H). (124)

Suppose for a moment that we have been able to prove that uy, — « strongly in
L?(0,T;H). Then ey — 1y — —u strong — L%(0,T;H) and, by the demiclosedness
property of M we obtain
w(t) + M(t)(v(t)) =0 ae.t€(0,T) (125)
that is
u(t) +v(t) — projp)(v(t)) =0 a.e. t € (0,T). (126)
Comparing with (93), we obtain w(t) = projp(,))(v(t)), which is the desired result
(recall (115)). Thus, in order to complete the proof, we need to show that the filtered

sequence of derivatives (iy) converges strongly in L%(0,T;3). This is the last step of
the proof, this result is not only technical, it has its own interest.

2.5 Strong L? convergence of the sequence (1))

The idea is to prove that

T T
/ i (6)]2d — / () 2dt. (127)
0 0

This property and the weak-L? convergence of the sequence (1) will clearly imply the
strong convergence of the sequence. To this end, we follow an argument which is in
line with that developed in [2, Theorem 2.1} and [13]. We use the following elementary
argument.

Lemma 2.15. Let (an,1)nen, (@n,2)neN; -, (ani)nen be a finite family of sequences of
real numbers which satisfy:

l
Zan,k <0 for eachn € N;
k=1
ap <liminfa, for each k =1,2,...)1;
n

l
Zak = 0.
k=1
Then, a, ), — ai for each k =1,2,...,1.

21



By (107) we have
w(t) € B(u(t)) a.e.t e (0,T). (128)

Since uy — u strongly in L?, and B is a continuous multivalued mapping, by taking
2x(t) = projp(u, @yw(t) a.e. t € (0,7). (129)

we obtain
Z\ — Projgyw = w  strongly in L*(0,T; ). (130)

By definition (62) of B*(uy(t)) = Projp(u, 1)) VeA(u(t)), 2a(t) € B(ux(t)) and the
obtuse-angle property

<V<I>>\(u,\(t)) — BMux (), 2a(t) — B’\(u,\(t))> <o0. (131)
By (63)
V@ (ua(t)) — BMua(t)) = —iA(t). (132)
Hence
<—u)\(t),z>\(t) - B’\(uA(t))> <0. (133)

On the other hand, after scalar multiplication of (63) by #,(¢), and integration on
(0,T), we obtain

T T
/ mxwﬂﬁ+¢xmaw—¢m%»—/ (in®). BX (1)) =0, (134)
0 0
By combining (133) and (134) we obtain
T T
A mewﬁ+¢xmaw—¢mww3£<m@»aw>sa (135)

We are now in position to apply Lemma 2.15. By using the lower semicontinuity for the
weak topology of the square of the norm, and the respective weak/strong convergence
properties of u) and z), we have

Jo i) Pdt < liminf [ i (t)]2dt;
O (u(T)) — P(up) < liminf (Py(ux(T)) — Pr(uo)); (136)
— Jo {at) w(e)) = tim (= i (i), 200)))
On the other hand, by (102)
a(t) +v(t) —w(t) =0 ae. te(0,T), (137)

with v(t) € 0®(u(t)) a.e. t € (0,T) and v € L*(0,T;H).
After scalar multiplication of (137) by u(t), and integration on (0,7"), and by using the
generalized derivation chain rule (see [22, Lemma 3.3]) we have

T T
/|mwww+¢maw—¢ww—/'wwmw»=o (138)
0 0
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By combining (136) with (137), and applying Lemma 2.15 we finally obtain

T T
g 2 . 2
/0 lan(0)]?dt — /O ()Pt

which ends the proof of Theorem 2.4.

Remark 2.16. In the unconstrained case, an illustrative example of (MCSD) is given
in Figure 3 at the end of the paper. In this elementary situation, we were able to cal-

0
culate geometrically and analytically the vector field v — s(v) := — (Conv {Vfi(v)} >

which governs our dynamic (see Section 3 for the general definition and various charac-
terizations of s(v)). In this particular case, we can observe that the vector field v — s(v)
is nonlinear, Lipschitz continuous, and it is not a gradient vector field. This naturally
raises the following question. In the unconstrained case, what are the assumptions
ensuring that the vector field v — s(v) is Lipschitz continuous (recall that it is Holder
continuous)? This is clearly a key property for uniqueness for (MCSD). Indeed, the
question of the uniqueness of the solution to the Cauchy problem (MCSD) is an open
question.

3 Multiobjective gradient processes and steepest descent

3.1 Multiobjective gradient processes

Following Smale [45], let us define a notion of gradient process for a multiobjective
optimization problem

(P) min{F(v): ve K} (139)
with F':v € H — (fi(v))i=1,...q € R, K C 3. Let us recall (see Definition 1.2) that

q q
P. = {v € H : there exist 0 < \; <1, Z)‘i =1 Z)\ini(v) + Nk (v) 0}
i=1 i=1

is the set of Pareto critical points. For all u € K, set
{veTk(u): (Vfi(u),v) <O0foralli=1,..,q} ifué¢P,.

C(u) = (140)
{0} ifueP,

where T (u) is the closed convex tangent cone to K at u € K.

Definition 3.1. A gradient process for the multiobjective optimization (P) is a differ-
ential equation

u(t) = ¢(ult)) (141)
where ¢ : K — 3 is a mapping such that ¢(u) € C(u) for allu € K.

In [45], the vector field ¢ is continuous, and K is a manifold in RY. In the above defi-
nition, these assumptions have been extended in order to cover the (MCSD) dynamic,
which involves a discontinuous vector field on a general Hilbert space.

In what follows we will make frequent use of the Moreau decomposition theorem [39]:
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Theorem 3.2. (Moreau) Let T be a closed convex cone of a real Hilbert space H, and
N be the polar cone, i.e., N ={v e H: (v,&) <0 forall £ € T}. Then, for allv e H
there exists a unique decomposition

v=vr+uy, vpr€T, vy €N;
(vp,vn) = 0.
Moreover, vy = projp(v), and vy = projy(v).

Proposition 3.3. The (MCSD) dynamic is a multiobjective gradient process. It is
governed by the vector field u — s(u), where

s(u) = < — Nk (u) — Conv {Vfi(U)})O

18 called the multiobjective steepest descent direction at u € K.

Proof. We follow an argument which is similar to the proof of the descent prop-
0

erty in Theorem 1.5. By definition of s(u), s(u) = <z — NK(u)) for some z €

—Conv {Vfi(u); i =1,...,q}. By Moreau decomposition theorem,

0
<z - NK(U)) = 2 = PrOj N (u)? (142)

= DPrOjry (u)? (143)
and hence s(u) € Tk (u).
Let us now show that v = s(u) is a descent direction, i.e.,
(Vfi(u),s(u))y <0foralli=1,....q ifu¢P. (144)

By definition, —s(u) is the projection of the origin onto the closed convex set C' :=
Nk (u) + Conv {V fi(u)}. Hence, for any £ € C

(0= (=s(w)),§ — (=s(u))) <0, (145)
that is
(5(), € + s(w)) < 0. (146)
Noticing that 0 € Ng(u(t)) and Vf;(u) € Conv{V fi(u)}, we can take £ = V f;(u) in
(146 ), which yields
() + (s(w), V fi(u)) < 0. (147)

Hence as long as s(u) # 0 we have, for alli=1,...,q
(s(u), Vfi(u)) <O0.

Let us now notice that s(u) # 0 is equivalent to say that 0 ¢ Ng(u)+ Conv{V fi(u))},
which is equivalent to say that w is not a critical point. This proves (144), which
completes the proof. O

Remark 3.4. The above result has a simple geometrical interpretation. Take for
simplicity the unconstrained problem, i.e., K = 3 and two criteria fi, fo. Then —s(u)
is the orthogonal projection of the origin on the vectorial segment [V f1(u), V fa(u)]. By
the classical result on the sum of the angles of a triangle, this forces the angles bewteen
—s(u) and Vf;(u), i = 1,2 to be accute and hence (s(u), V fi(u)) <0.
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3.2 The multiobjective steepest descent direction

In the case of a single criteria f, and a constraint K, the steepest descent direction
s(u) at u € K is given by

s(u) = (—=Nx(u) = Vf(w))", (148)
= Projry(u) (=V f(w)). (149)

It is associated to the lazy solution property (see [22, Theorem 3.2]) of the trajectories
of the differential inclusion

u(t) + Ni(u(t)) + V f(u(t)) 3 0.
It can be easily verified that s(u) is the solution of the convex minimization problem

min {;an? F(VF) ) ve TK(u)} .

Moreover, the normalized vector ”283” is the solution of the minimization problem

min {(Vf(u),v): veTk(u), |v]|=1}.

The equivalence between these various formulations of the direction of steepest descent
can be generalized to the case of multiple objectives as follows:

Theorem 3.5. Let u € K, u ¢ P.. The following formulations of the multiobjective
steepest descent direction s(u) are satisfied:

1. s(u) = (_ Nic(u) - Conv{vmu)})o

2. = i B V().
s argmin, e, (y), |v||=1 {¢£?§q< fi(w) v)}

. 1
3. s(u) = angminer o) { 3 [0 + max, (VA0
Proof. In all that follows, u is a fixed element of K, with u ¢ P..
1. item 1 is the definition of s(u).
2. Let us prove item 2. More precisely, let us show that the minimization problem

min max (V fi(u),v 150
vETK (u), ||v||=1 i=1,...7q< f( ) > ( )

admits a unique solution ¢ (u) which is related to the multiobjective steepest descent

direction s(u) by
s(u)

~ st

Our proof is an extension to the case of a Hilbert space of [25, Proposition 3.1].
By a positive homogeneity argument, (150) can be reformulated as

()

i 7 ) ) 151
min  max (Vfi(u),v) (151)
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where

K = {v e Tk(w), v <1}. (152)

Since X is a closed convex bounded set in H, and v — max;—12, 4 (Vfi(u),v) is
a convex continuous function, (151) admits at least a solution ©. Let us show that

this solution is unique, and equal to 1 (u) = “2%” We use a duality argument, and

reformulate (151) as a convex-concave saddle value problem. We first notice that

‘max (Vf;(u),v) = (e <Z)\sz > (153)

i=1,...,q

where S = {A=(\)€eR?: 0< )\ <1, Y7 N\ =1} is the unit simplex in RY.
Thus, (151) is equivalent to the saddle value problem on X x S

i AV fi(u),v ), 154
= P <¥ ) > (154

associated to the bilinear Lagrangian function L(v,A) := (3, AV fi(u), v).
Note that X and S are two closed convex bounded sets in reflexive Banach spaces.

Hence, by the Von Neumann’s minimax theorem, see [5, Theorem 9.7.1], there exists
A = ()\;) € S such that (v, A) is a saddle point of (154). Set

P (u) = Projry (u) <— > Xivfi(“)) : (155)
i
a) Let us first prove that the solution v of (151) is unique, and equal to

TN

14 (w)]]
To that end, we use one of the two conditions of the saddle value property (154),
(namely L(v,A) = inf,cq L(v, A)), and Moreau theorem, to obtain

(Y(u),v) = — <Z )\ini(u),v> <pI"OJNK (w) ( Z)\ V fi(u ) ; >

(156)

> — <Z AV fi(u), 1‘)> because v € Tk (u)
¥(u) @(U)
> — <Z Vfilu ||¢(U)H> because o) ek
> <pr0jTK(u) <_ Z /_\1sz<’11,)> Z;H >
\\1/_1(110)’\ <pr0JNK < ZA V fi(u ) PrOj 7, (u ( ZA Vfi(u >>

o B\ o
> (B ) = Il
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Hence, Qﬁg%u’ 17> > 1, which immediately gives

o — 7%(“) 2 2, P(u) 2 (u) G
o= ™ = P+ Wz 2< >
<1+1-2<0.

Hence v = ||¢E gH’ that’s precisely (156).

b) In order to complete the proof we are going to show that

which combined with (156), will clearly imply v = HSEZ;H

Thus, we have to prove that ¥(u) is the element of minimal norm of the convex set

= {(‘Z/\ivfi(u)> —n: A=(\)€S, and 7€ NK(U)}-

By definition (155) and Moreau theorem, we have ¢)(u) € C. Moreover, by (156) and

Moreau theorem
e B
Il (@)l = <¢< ) |,1;(u)u>

= <1/)(U)a 6>

()

As a consequence, by using the other condition of the saddle value property (154),
(namely L(v,A) = suppcg L(v,A)), and Moreau theorem, we obtain

HMWH§—<§:MVMMW> for all A €S
<mq& ( E:AVﬂ )m> forall Ae S

< [IProjry (u) <Z)\Vfl ) forall A€ S

IN

g](—}j&?ﬂ@)—M]ﬁnﬂlAe& and 7 € Ng(u).

Hence, if u is not a Pareto critical point, 1)(u) is the element of minimal norm of the
convex set C that is, ¥(u) = s(u). Combining with (156) we obtain 7 = ”sgugn The
argument being valid for any solution v of (151), we conclude that (151) admits a

unique solution ¥ (u) which satisfies ¥ (u) = HS%H

27



3. Let us prove item 3. Because of the squared norm term, the function v — 3||v|? +
max;—1,. 4 (Vfi(u),v) is strongly convex (this makes contrast with the preceding case).
Hence there exists a unique solution v to the minimization problem

min S50l + max (V50,0 | (157)

Let us show that v = s(u). As in the above proof, we use a duality argument which
relies on the convex-concave saddle value formulation of (157)

. 1 2
min | max {5TK(u)(v)+2||v|| +<22:ANJ‘}(U),U>}, (158)

where 7, (,)(.) is the indicator function of the closed convex cone T (u). It is associated
with the convex-concave Lagrangian function

L(v, A) = 0py(uy(v) + %w + <Z AV fi(u), v> .

Since L is coercive with respect to each variable, by the Von Neumann’s minimax
theorem there exists A = (\;) € S such that (7, A) is a saddle point of (158). Writing
down the optimality condition for the primal problem

. 1 .
U = argmin,cq¢ {5TK(u)(U) + iHUHQ + <Z AV fi(w), U>} , (159)
and using Moreau theorem, we obtain
U = Projp (u) < — Z S\ZVfl(u)> (160)

Let us now use the dual formulation to identify A. By the same computation as above,
for each A = (\;) € S

min {5TK(u)(v) + %HUHQ + <Z AV fi(u), U>} = —%HPTOJ'TK(U) < - Z )\z'sz‘(U)> [

(161)
Hence 1
A = argmax,_(y,yes — §Hpr0jTK(u) < - Z )\in¢('&)> 2. (162)
Equivalently
A = argminy_ s es s o ( ~ S ATAW ) (163)
Combining (160) and (163)
U= argminve_conv{vfi(u)}||pr0jTK(u)v||. (164)
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Using once more Moreau theorem, we obtain

b= s(u) = < — Ng(u) — Cony {sz'(u)}>0.
O

Remark 3.6. The equivalence between formulations 1. and 2. of the steepest descent
direction have been first obtained, in a finite dimensional setting, by Cornet in [25,
Proposition 3.1]. Formulation 3 appears in Fliege and Svaiter [29]. The equivalence
between formulations 1. and 3. is seemingly new. Formulation 3. naturally suggests
that different notions of multiobjective steepest descent can be introduced, by replacing
the squared norm by a strongly, or uniformly convex function.

4 Links with cooperative game theory

Let us consider ¢ agents (consumers, social actors, deciders,...). The agent ¢ acts on a
decision space H;, and takes decision v; € H;, i =1,2,...,q. Let X be a given closed
subset of H = H; x Ha x ... X Hy, which reflects the limitation of ressources, and/or
various constraints. Feasible decisions v € H satisfy

v = (v1,02,...,799) € K.

Each agent ¢ has a disutility (loss) function f; : H — R which associates to each
feasible decision v € K the scalar f;(v). The game in normal form is given by the
triplet (H, X, (fi)i=1,..q)- The (MCSD) dynamic has been designed in order to satisfy
some desirable properties with respect to Pareto equilibration: each trajectory ¢ — wu(t)
of (MCSD) satisfies

i) for each 1 = 1,2,...,q, t+ fi(u(t)) is nonincreasing (Theorem 1.5, item i));

ii) u(t) converges to a Pareto critical point as t — +o0o (Theorem 1.5, item iii));

iii) at each time ¢ > 0, the multiobjective steepest descent direction followed by wu
is a Pareto optimal solution of the linearized tangent game.

Item iii) is proved below. It is related to the following notion of tangent game,
which extends the classical linearization idea to the multiobjective constrained case.
To our knowledge, it has been first considered in [25, chaper 3, section 4].

Definition 4.1. Let us give a game G in normal form (H, K, (fi)i=1,.q). The tangent
game of G at u € K is the game (H,K(u), (V fi(u),-))i=1,...q) with

o K(u)={veTx(u): |v] <1};
o vi— (Vfi(u),v) is the directional derivative of f; at u in the direction v.

Proposition 4.2. The multiobjective steepest descent direction at u € X is a Pareto
optimal solution of the tangent game of G at u € K.

Proof. In the proof of Theorem 3.5, we showed that the steepest descent direction is
solution of a minimization problem

min{<z )\ini(u),v> D oweE K(u)}
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for some A = ()\;); belonging to the unit simplex of R?. This implies Pareto criticality
with respect to the tangent game of § at u. The tangent game of § at v € K is
associated to convex objective functions ((V f;(u),-))i=1,...4). Hence, by Proposition 1.4
we obtain weak Pareto optimality. Indeed, following [25], one can show the stronger
property of Pareto optimality. ]

Remark 4.3. As we have already pointed out, in (MCSD) dynamic there is no a pri-
ori or a posteriori scalarization of the original vector optimization problem. Neither
ordering information nor weighting factors for the different objective functions are as-
sumed to be known. The scalarization is done dynamically, endogenously ((MCSD)
is an autonomous dynamical system). There is much to say about the interpretation
of the multiobjective steepest descent in decision sciences. Taking into account the
worst directional derivative (indeed, in view of minimization, it is the greatest), can
make progress all agents, and gives (MCSD) robustness (minimization in the worst
case), and good convergence properties. When it is no longer possible to make progress
all the agents, the process stops at a weak Pareto minimum. It is a natural question
whether it is possible to reach a Pareto minimum. Indeed, it depends on the willingness
of agents to cooperate more or less. After reaching a weak Pareto optimum, a natural
way is to consider the coalition involving agents that can further enhance their perfor-
mance. Then we can consider (MCSD) dynamics involving these agents. An additional
constraint must be added which states that the performance of the agents who stay at
rest is not damaged.

Remark 4.4. The choice of the metric on the space H plays a fundamental role in
the definition of the gradient-like system (MCSD). The metric reflects the friction and
inertia that are attached to the changes in dynamical decision processes, see [8] for
an account on the notion of costs to change (changing a routine...). The definition
of (MCSD) involves local notions (gradients of the f;, and tangent cone to K) which
corresponds to the modeling of myopic agents. The weak Pareto equilibrium finally
reached is not too far from the starting point of the dynamics (see Figure 3), making
the process realistic in engineering and human sciences.

Remark 4.5. Coupling cooperative and noncooperative dynamics. Let A be a maximal
monotone operator which is associated to a noncooperative zero sum game (see [43]).
(MCSD) can be coupled with the dynamics governed by A thanks to the following
system (see [4] for the interpretation of the coupling operators L;):

{ ﬂl(t) + (6<I>(u1 (t)) — B(u1 (t)))o + th(Llul (t) — L2U2(t)) = 0;
'I:LQ(t) + AUQ (t) + Lgt(LQUQ (t) - Llul(t)) =0.

The above system models a dynamical decision process involving two players who in-
teract cooperatively via w1, and noncooperatively via us. The coupling term expresses
that some compnents of the u; are not too far from each other.

Remark 4.6. Multiscaled dynamics. Given ((t) — +oo, and K = argmin®, the
(time) multiscaled dynamics

0
alt) + <ﬁ(t)V‘I>(U(t)) - B(u(t») ~0
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models the emergence by learning processes of constrained Pareto equilibria, see [6] in
the case of a single objective function.

5 Numerical descent methods for multiobjective opti-
mization

In [29], Fliege and Svaiter analyze the convergence properties of various descent meth-
ods for multiobjective optimization in the finite dimensional setting. As a multiobjec-
tive steepest descent direction s(u), they use the formulation given in item 3 of Theorem
3.5. Recall that for u € K, s(u) = (=N (u) — Conv {V fi(u)})? is the solution of the
strongly convex problem

i {;HW + max <Vfi(U),v>} :

Indeed, in the same paper, the authors mention the possibility, in the above formulation,

to replace %||v||> by other functions. They indicate that a quite similar analysis can be

developed in these various situations. As a striking result, note that replacing 3 ||v|?

by the indicator function of the unit ball in H gives the same direction (Theorem 3.5).
The algorithm developed in [29] writes as follows: at step k

1. Compute v(k), an approximative solution of s(u(k)) with given tolerance.
2. Compute a step length Ay €]0, 1] by a Armijo-like rule.
3. Set w(k + 1) :==u(k) + \v(k), k:=k+1.
This last equation can be written as follows, with tx1 — tp = Mg, and u(k) = u(ty),

u(thyr) —ulte) _
ter1 — g

s(u(tr)) + e(te)-

Thus the algorithms developed in [29], [30], and [32] can be obtained (at least formally)
by the explicit time discretization of (MCSD). As well, the proximal algorithm, as
developed in [20], can be obtained by implicit discretization. It would be interesting to
justify mathematically that the continuous and discrete dynamic systems (algorithms)
share the same asymptotic behavior (see [43] in the case of a single objective).

In turn, these algorithmic results suggest that there is a large class of continuous dy-
namics which contains (MCSD), and having similary properties with respect to Pareto
equilibration. The recent Newton method for vector optimization which has been de-
veloped in [31] suggests the existence of corresponding continuous dynamics (see for
example [9] in the case of a single objective).

Enriching the class of dynamics can be useful for numerical purpose, and for un-
derstanding the complex interactions in Pareto equilibration (coalitions, negociating,
bargaining, dealing with uncertainty, changing environment, psychological aspects).
These are interesting subjects for further research.
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6 1 A
C =[AK], D = [AH]
Iprojc(0) — projp (0)[| = [AK]| = sin(0) ~ 6 (¢ small)
haus(C, D) = ||[HK|| = tan(0) sin(0) ~ 6>
figure 1
w
(C—D)Y=v—-w: wv=projow and w = projpv.
figure 2
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/ M (z,y)

s(z,y)

2 2

fi(z,y) = 3z fo(z,y) = 3y

2 2

s(z,y) = —(Conv {V fi(z,9)})° = — (% %)

2

(x,y) — s(x,y)= nonlinear vector field, lipschitz continuous, # gradient vector field.
Trajectories of (MCSD) are represented by thicklines.

figure 3
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