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Abstract

The rediscovery of the affine scaling method in the late 80s was one of the turning
points which led to a new chapter in Modern Optimization - the interior point methods
(IPMs). Simultaneously and independently the theory of exterior point methods for
convex optimization arose. The two seemingly unconnected fields turned out to be
intrinsically connected.

The purpose of this paper is to show the connections between primal exterior and
dual interior point methods.

Our main tool is the Lagrangian Transformation (LT) which for inequality con-
strained has the best features of the classical augmented Lagrangian. We show that
the primal exterior LT method is equivalent to the dual interior ellipsoid method. Us-
ing the equivalence we prove convergence, estimate the convergence rate and establish



the complexity bound for the interior ellipsoid method under minimum assumptions
on the input data.

We show that application of the LT method with modified barrier (MBF) trans-
formation for linear programming (LP) leads to Dikin’s affine scaling method for the
dual LP.

Keywords: Lagrangian Transformation; Interior Point Methods; Duality; Bregman
Distance; Augmented Lagrangian; Interior Ellipsoid Method.
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1 Introduction

The affine scaling method for solving linear and quadratic programming problems was intro-
duced in 1967 by Ilya Dikin in his paper [7] published in Soviet Mathematics Doklady -the
leading scientific journal of the former Soviet Union. Unfortunately for almost two decades
[. Dikin’s results were practically unknown not only to the Western but to the Eastern
Optimization community as well.

The method was independently rediscovered in 1986 by E.Barnes [2] and by R.Vanderbei,
M.Meketon and B.Freedman [37] as a version of N.Karmarkar’s method [15],which together
with P.Gill et. al [10], as well as C. Gonzaga and J.Renegar’s results (see [9],[31]) marked
the starting point of a new chapter in Modern Optimization-interior point methods (see a
nice survey by F.Potra and S.Wright [29]).

The remarkable Self-Concordance (SC) theory was developed by Yu. Nesterov and
A.Nemirovsky soon after. The SC theory allowed understanding the complexity of the IPMs
for well structured convex optimization problems from a unique and general point of view
(see [20],[21]).

The exterior point methods (EPMs) (see [1],[3], [23]-[25], [35],[36]) attracted much less
attention over the years mainly due to the lack of polynomial complexity.

On the other hand the EPMs were used in instances where SC theory can’t be applied
and, what is more important, some of them, in particular the nonlinear rescaling method
with truncated MBF transformation turned out to be very efficient for solving difficult large
scale NLP (see for example [11], [16], [25], [27] and references therein).

The EPMs along with an exterior primal generate an interior dual sequence as well. The
connection between EPMs and interior proximal point methods for the dual problem were
well known for quite some time (see [24]-[27], [35], [36]). Practically, however, exterior and
interior point methods were disconnected for all these years.

Only very recently, L. Matioli and C. Gonzaga (see [17]) found that the LT scheme
with truncated MBF transformation leads to the so-called exterior M?BF method, which is
equivalent to the interior ellipsoid method with Dikin’s ellipsoids for the dual problem.

In this paper we systematically study the intimate connections between the primal EPMs
and dual IPMs generated by the Lagrangian Transformation scheme (see [17], [26]).

Let us mention some of the results obtained.

First, we show that the LT multiplier method is equivalent to an interior proximal point
(interior prox) method with Bregman type distance, which, in turn, is equivalent to an



interior quadratic prox (IQP) for the dual problem in the from step to step rescaled dual
space.

Second, we show that the IQP is equivalent to an interior ellipsoid method for solving the
dual problem. The equivalence is used to prove the convergence in value of the dual sequence
to the dual solution for any Bregman type distance function with well defined kernel. LT
with MBF transformation leads to dual proximal point method with Bregman distance but
the MBF kernel is not well defined. The MBF kernel, however, is a self -concordant function
and the correspondent dual prox-method is an interior ellipsoid method with Dikin’s ellipses.

Third, the rescaling technique is used to establish the convergence rate of the IEMs and to
estimate the the upper bound for the number steps required for finding an e—approximation
to the optimal solution.

All these results are true for convex optimization problems including those for which the
SC theory can’t be applied.

Finally, it was shown that the LT method with truncated MBF transformation for LP
leads to I. Dikin’s affine scaling type method for the dual LP problem.

The paper is organized as follows. The problem formulation and basic assumptions are
introduced in the following Section. The LT is introduced in Section 3. The LT method and
its equivalence to the IEM for the dual problem are considered in Section 4. The convergence
analysis of the interior ellipsoid method is given in Section 5. In Section 6 the LT method
with MBF transformation is applied for LP. We conclude the paper with some remarks
concerning future research.

2 Problem Formulation and Basic Assumptions

Let f: R®™ — R be convex and all ¢; : R® — R,2 = 1,...,q be concave and continuously
differentiable. The convex optimization problem consists of finding

(P) f(z") = min{ f(x)|z € Q},
where Q = {z :¢;(z) > 0,i=1,...,q}.
We assume:

Al. The optimal set X* = {z € Q: f(z) = f(z*)} # 0 is bounded.
A2. The Slater condition holds:

3 2€Q:iqiE")>0,i=1,...,q

Let’s consider the Lagrangian L : R" x RY — R associated with the primal problem (P).

q
L(z,\) = f(x) = > Neilx).
i=1
It follows from A2 that Karush-Kuhn-Tucker’s (KKT’s) conditions hold:
a)  V,L(z*,\*) =V f(z*) = > 1 XV¢(z*) =0,
b) )\:Cl(x*) :0761'(:6*) 207)\:( 207 fi:la-'wq?
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Let’s consider the dual function d : ]R?F — R

d(\) = inf L(x, ).

zERn
The dual problem consists of finding
(D) d(\*) = max{d(\)|\ € RL}.
Again due to the assumption A2 the dual optimal set
L* = Argmax{d(\)|\ € R%}

is bounded.

Keeping in mind A1l we can assume boundedness of €2, because if it is not so by adding
one extra constraint f(z) < N we obtain a bounded feasible set. For large enough N the
extra constraint does not effect the optimal solution.

3 Lagrangian Transformation

Let’s consider a class W of twice continuous differentiable functions v : R — R with the
following properties

1. 1(0) =0

2. a)Y/(t) >0, b)) =1 ¢{t)<at',a>0t>0
3. —m~t < (t) < 0,Vt € (—o0,0)

4. YP"(t) < =M1Vt € (—00,0),0 <m < M < cc.

We start with some well known transformations, which unfortunately do not belong to W.

~

e Exponential transformation [3]: ¢ (t) =1 —e™*

~

Logarithmic MBF transformation [23]: 15(t) = In(t + 1)

Hyperbolic MBF transformation [23]: v3(t) = ¢/(t + 1)

Log-Sigmoid transformation [25]: ¢4(t) = 2(In2 + ¢ — In(1 + ¢'))

Modified Chen-Harker-Kanzow-Smale (CMKS) transformation [25]: 5 (t) = t—+/t2 4 41+
2yn, n>0



The transformations @51 — ¢A3 do not satisfy 3. (m = 0), while transformations 1ﬂ4 and 1$5 do
not satisfy 4. (M = o0). A slight modification of ¢;,i = 1,...,5, however, leads to ¢; € V.
Let —1 < 7 < 0, the modified transformations ¢; : R — R are defined as follows

Bilt) i {wi(t),oo>t27' )

gi(t),—co<t<T

where ¢;(t) = a;t* + bt + ¢; and a; = 0.51@’(7’), b; = 1@2(7’) — TQﬁA”(T),

~

¢ = Y1) — TYN(T) + 057200 (7). Tt is easy to check that all ¢; € W, i.e. for all ; the

7

properties 1.-4. hold.
For a given v; € U, let’s consider the conjugate

o [E), s S V()
v {Qf(S) = (da;)) (s = bi)* —ci, s> Pi(r),i=1,...,5, 2

where ¢*,(s) = inf,{st —;(t)} is the Fenchel conjugate of ¢);. With the class of transforma-
tions U we associate the class of kernels ¢ € & = {p = —¢* : ¢p € U}
Using properties 2. and 4. one can find 0 < ¢; < 1 that

YUT) = U0) =~ (r)(~T) = —TM T i=1,...,5

or
Pr)>1—7M =14 7M. (3)

Therefore using the definition (2) for any 0 < s <1+ |7|M~! we have
pis) = @ils) = —vi(s) = mf{st — (1)}

The corresponding kernels

e Exponential kernel ¢;(s) = slns —s+1,9,(0) = 1;

e MBEF kernel @s(s) = —Ins+s—1;

Hyperbolic MBF kernel ¢3(s) = —2/s + s + 1;
e Fermi-Dirac kernel ¢4(s) = (2 — s)In(2 — s) + slns, 94(0) = 2In2;
e OMKS kernel 45(s) = —2,/m(y/(2— s)s — 1)

are infinitely differentiable on (0,1 + |7|M™1).

Definition 1. A kernel ¢ € ® is well defined if ¢(0) < occ.

So 1, p3— s are well defined. The MBF kernel ¢ (s) is not well defined, but it is the only
self-concordant function on Ry among p1-p5, while the MBF transformation ¢5(t) = In(t+1)
is the only self-concordant barrier among 11 — 5 (see [20]-[21]).

The properties of kernels ¢ € ® are induced by the properties 1.-4. of transformations
1 € Yand are given by the following Lemma.



Lemma 1. [27]. The kernels ¢ € ® are strongly convex on RY, twice continuously differen-
tiable and possess the following properties

2) a) lim+ ¢'(s) = —00, b)¢(s) is monotone increasing and
5—0
c) ¢'(1) = 0;

3) a) ¢"(s) >m >0,Vs € (0,00), b) ¢"(s) < M < c0,Vs € [1,00).

Let (Q C R? be an open convex set, Q the closure of @ and ¢ : @ — R be a strictly convex
and continuously differentiable function on @); then the Bregman distance B, : @ x @ — R4
induced by ¢ is given by the following formula [4] (see also [5],[6],[14])

By (z,y) = ¢(x) — ¢(y) = (Vely),z —y).
Let ¢ € @, the function B, : RL x R, — Ry, which is defined by the formula

q

B,(u,v) = Z o(ui/vi),

=1

we call the Bregman type distance induced by the kernel ¢. Due to ¢(1) = ¢'(1) = 0 for
any ¢ € ¢, we have

p(t) = @(t) — (1) —¢' (1)t - 1), (4)
which means that ¢(t) : R,y — R, is Bregman distance between ¢t > 0 and 1. By taking
t; =% from (4) we obtain

B, (u,v) = By(u,v) — By(v,v) — (VyBy(v,v),u —v),
which justifies the definition of the Bregman type distance.
Lemma 2. The Bregman type distance satisfies the following properties:
1) By(u,v) > 0,Vu € R, v e R%, ;
2) By(u,v) > im Z?Zl(z—: -1 VueR:,veR:;

3) By(u,v) =0 u=wv, Yo € Rl ;

4) for any fized v € R the gradient V,B,(u,v) is a barrier function in u € RL | i.e.

. 0 :
uzh_r}r01+ 8—WB¢(U, v) =—00,i=1,...,q;

5) By(u,v) <IMY ! (% —1)2Vue R}, u>v>0.

CH

Proof. 1t follows from 1) of Lemma 1 that ¢(s) > 0, Vs > 0, therefore



1) By(u,v) >0,Vu e R, v e R .

2) It follows from (1) = ¢'(1) = 0 that

B, (u,v) = iw (Z—) = iso (Z—)

i=1 =1

q
1 Vi U
() ()
i=1
1

where 0 < 6; < 1. Using 3a) from Lemma 1 we obtain

B, (u,v) > %mé (Z— - 1)2. (5)

3) It follows from (5) and 1) of Lemma 1 that

By(u,v) =0 u=uv, Yo e R, .

4) It follows from 2a) of Lemma 1 that lim ¢'(s) = —oo, therefore for any v € R we
s—0
have
u}gr()l+ %Bw(u, U) = —OO,i = 1, Lo q.

5) Using 3b) from Lemma 1 we obtain
1 e 2
By (u,v) < EMZ(__l) ,Yu >0 > 0. (6)

]

For a given 1 € ¥ the Lagrangian Transformation £ : R” x R x R,y — R with a fixed

scaling parameter k > 0 is defined by the formula

Llw A k) = f(z) =k Y w(khiei(a)). (7)

It follows from property 3. of ) and definition (7) that L(z, A, k) is convex in z for any fixed
A€ RY, and any k > 0. It follows from properties 1. and 2. of ¢ € U that for any KKT

pair (z*,\*) and any k£ > 0 we have

10 L(z*, X" k) = f(z*);
20 V,L(z*, \*, k) = Vo L(z*, \);



30 V2L (x*, N k) = V2 L(z*, \*) — kv" (0) V(o) TA**Ve(z*),

where Ve(z) = J(c(z))- the Jacobian of vector-function c¢(z)? = (ci(z),...,c,(z)) and
A" = diag(\))Ly.

The properties 1°-3° are similar to the Augmented Lagrangian (AL) properties at the
primal-dual solution (z*, \*) for equality constrained optimization (see [3],[13],[22],[30],[32]-
[34]).

The fundamental difference, however, between equality constrained optimization and
problem (P) is that the active constraints set in (P) is unknown a priori.

One of the purposes of the paper is to show that the LT approach leads to an Interior
Quadratic Prox for the dual problem, which retains the basic properties typical of the classical
Quadratic Prox in spite of the fact that the active constraints set of (P) is unknown a priori.

4 LT Multipliers Method

Let ¢p € U, A’ € RY, and k > 0 are given. The LT method generates a primal-dual sequence
{z*, \*}22, by formulas

o VLL(2 TN E) =0 (8)
A= N (RN (@), i =1, g (9)
It follows from assumptions A1, convexity of f, concavity of ¢;,7 = 1,...,q and property

4. of ¢ € U that for any A* € R%, and k > 0 the level set {z : L(z, X\*, k) < L(x®, \*, k)} is
bounded for all s > 1 (see for example [1]). Therefore the minimizer x* exists for all s > 1.
It follows from property 2. a) of ) € ¥ and (9) that A\* € RY, = A**! € R, . Therefore

the LT method (8)— (9) is well defined.
Also from (8) we have

VoL@ N k) = V(@) = N0 (kA (2*) Ve () = 0. (10)

i=1

Using (9) and (10) we obtain
q
VoL(H N k) = V(") = Y NV = VL ) =0,
=1

le
" = argmin{L(z, \*)|z € R"}

and
d()\S“) = L(Q:S“, )\SH).

Theorem 1. 1) The LT method (8)- (9) is equivalent to the following Prox method
M = argmax{d(\) — k"' B,(\, \*)|A € RL, (11)

where B,(u,v) is Bregman type interior distance function.



2) There exists a positive sequence {€;}2 : lim €, = 0, so that for Vs > sq the following
5—00
bound holds

s+1

max |2t— — 1| < (2mY)ze,. (12)

7
1<i<q A

Proof. 1) Tt follows from (9) that
Y (EXci(z5Th)) = XTI\ i =1,...,q.
In view of property 3. for any ¢» € ¥ there exists an inverse function 1/'~!, therefore
@) = KO8 WIS = 1, g (13)
Using the well known identity 1'~! = ¢*" we can rewrite (13) as follows

—ci(x™) = =k ) TN/, i =1, (14)

By introducing ¢ = —* and keeping in mind —c(z*t') = ¢*™ € dd(\*T'), where
c(z)T = (a1(x),...,co(z)) and dd(X*T') is the subdifferential of d(A\) at A = A*T!, we
can rewrite (14) as follows

q
g =k )T (T e =0,
=1

where e; = (0,...,1,...,0).

The last system is the optimality criteria for A**1 in (11), where B, (u,v) = Y7 o(u;/v;)
is the Bregman type interior distance function, therefore the LT method (8)-(9) is
equivalent to the Prox method(11).

2) It follows from (11) and 3) of Lemma 2 that

d()\s+1) . k_lB¢(AS+1, )\3) > d(/\s) . /{:_IB@(/\S, )\S) = d()\S)

Therefore
AN > d(X°) + kB, (AT M), Vs > 0

Summing up the last inequality from s = 0 to s = N, we obtain,

N
d(X*) = d(X°) > d(ANF) = d(X°) > 1Y DB (A T AY) (15)
s=0
1.€.
q )\s—f—l
. s+1 ys\ __ 1: 3 —
Jim BOSTLN) = fim ) wl(5) =0



Therefore in view of 2) of Lemma 2 there exists a sequence {e5 > 0} : lim; o €5 =0

that
1 & ?
2 s+1 S 7
ES_BSO<)\ 7)\>Z§m;_1< /\f _1> )

i.e. the bound (12) holds.

O

Corollary It follows from (3) and (12) that there is so > 0 so that for any s > s¢, only
kernels ¢;, which correspond to the original transformations zﬁz 1 =1,...,5 are used in the
Prox method (11), i.e. the quadratic branch of transformations in (1) is irrelevant from
some point on. It is also true for any s > 1 if kg > 0 is large enough.

On the other hand, for all original transformations wAl — zﬁg) either m = 0 or M = o0,
which make the existence of z°™ in (8) as well as Corollary problematic. Also it makes
statement 3) of Lemma 1 as well as statements 2) and 5) of Lemma 2 trivial and useless.

Remark 1. The LT method (8)- (9) with the truncated MBF transformation 1s(t) and its
dual equivalent (11) were considered by L. Matioli and C. Conzaga in [17]. Their basic result
(see Theorem 3.2 and Theorem 4.6 in [17]) is convergence of the dual sequence in value, i.e.
Sli_glo d(A*) = d(X*). They also show that any cluster point of the dual sequence {\°}3°is a

dual solution.

It follows from the Corollary that for Vs > s¢ only the MBF kernel ¢5(7) = —In7+7—1,
is used in (11). Therefore the following Bregman distance

B, (u, v) :Zq:(—ln%j+%—1> (16)

i=1 '
controls the computational process in (11) from some point on. The Bregman distance
B, (u,v)is induced by the standard log-barrier function ¢(7) = —In7, i.e.

q
1
B, (u,v) = Z <— Inwu; +Inv; + - (u; — vl))

i=1 2

q
_ Z(_ln%%_l).
, Vi Y
i=1
For a Prox method (11) with Bregman distance one can expect results similar to those
in [6], which are stronger than Theorem 3.2 in [17].

In particular, it follows from Theorem 3.4 in [6] that the entire dual sequence {A\*}2°,
converges to A* and the following bound

d(N") — d(N*) < (ks)"'D(A*, \%) (17)

holds, where D(u,v) is the Bregman distance.

The MBF kernel ¢o(7) = —In7 + 7 — 1, however, is not well defined (see Definition
1), therefore, generally speaking, the results in [6] cannot be applied to the Prox (11) with
Bregman distance (16).

In particular B, (A*, \?) = oo, which makes the bound (17) trivial and useless.
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Remark 2. The MBF kernel oo(7) is a self-concordant function on Ry, hence the Breg-
man distance By, (u,v) is a self-concordant function in w € R%, under any fived v € RY
therefore for LP and QP calculations Newton’s method for solving(11) can be very efficient
(see [21], p 191,192).

For convex optimization problems, which are not well structured (see [21] Ch 4), i.e. the
constraints or/and the objective function epigraph can’t be equipped with a self-concordant
barrier the SC theory, generally speaking, does not work and polynomial complexity of IPM
becomes problematic.

The results of the following theorem are independent of the structure of the convex
optimization problem. It establishes the equivalence of the Prox method (11) to an Interior
Quadratic Prox (IQP) in the step by step rescaled dual space, which in turn, is equivalent
to an Interior Ellipsoid Method (IEM). The equivalence will be used later for convergence
analysis of the Prox method (11).

In the case of the MBF transformation the corresponding IEM is based on the self-
concordant MBF kernel @,(7), therefore the corresponding interior ellipsoids are Dikin’s
ellipsoids (see [21] p. 182 and [17]).

Theorem 2. 1) For a given ¢ € ® there exists a diagonal matriz H, = diag(h!){_, with
hiy>0,i=1,...,q, so that: B,(u,v) = j|lu—v||};_, where |wl]|}; = w”H,w;
® ®

2) The Interior Prox method (11) is equivalent to an IQP method in the step by step
rescaled dual space, 1.e.

1
X = arg max{d(\) — %H)\ — X7

oA € RY) (15)
where HY = diag(h®) = diag(2¢" (1 + O5 (AN — 1) (M) 72) and 0 < 605 < 1;
3) The IQP is equivalent to an IEM for the dual problem;

4) There exists a converging to zero sequence {rs > 0}, and step sp > 0 such that for
Vs > so the LT method (8)- (9) with the truncated MBF transformation 1o(t) is
equivalent to the following IEM for the dual problem

M = argmax{d(\)|\ € E(\*,7,)}, (19)

where H, = diag(A\f)L, and E(\*,rs) = {\: (A = X)TH2(A — X\°) < r?} is Dikin’s
ellipsoid associated with the standard log-barrier function F(X\) = —>"7_ In )\, for the
dual feasible set RY.

Proof. 1) It follows from (1) = ¢/(1) = 0 that

q

Bolw,v) =2 3 @' (4 0% - )% -1y, (20)

2 i=1 v i

where 0 < 6, <1,1=1,...,q.
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Due to 3a) of Lemma 1 we have ¢"(1+6;(;* — 1)) > m > 0 and due to property 2a)
of ¢ € ¥ we have v € RY | therefore h, = 2¢"(1 4 6;(% — No;2>0i=1,...,q.

We consider the diagonal matrix H, = diag(h!,);_,, then from (20) we have
1 2
By(u,v) = 5llu = v, (21)

By taking u = A, v = A\* and H, = H from (11) and (21) we obtain (18), i.e. (11) is
equivalent to an Interior Quadratic Prox method (18) for the dual problem.

Let’s consider the optimality criteria for the problem (18). Keeping in mind A**! € R% |
we conclude that A*™! is an unconstrained maximizer in (18). Therefore one can find
g*tt € dd(\*t1) so that

gs—i-l _ k_lH;()\8+1 _ )\s) =0. (22)

Let ry = [[A*1 = X*|| s, we consider an ellipsoid E(X*,75) = {\ : (A=A*)THJ(A=)*) <
r2} with center A* € R?, and radius r,. It follows from 4) of Lemma 2 that E(A*, )
is an interior ellipsoid in R, i.e. E(A\°,r) CRY,.

Also ATt € OE(N,ry) = {X + (A = X)TH(A — X°) = 72}, therefore (22) is the
optimality criterion for the following optimization problem

A1) = max{d(\)|A € E(V, )} (23)

and (2k)~! is the optimal Lagrange multiplier for the only constraint in (23).

In other words the Interior Prox method (11) is equivalent to an Interior Ellipsoid
Method (23).

Let’s consider the LT method (8)-(9) with MBF transformation () = in(t+1). The
correspondent problem (11) is a proximal point method with Bregman distance

s : Ai A
By, (M \°) = Z(—znF +5 D
i=1 e (

We have
VBN ) hore = H (24)

In view of By, (A*,A°) = 0 and V,B,,(A°, A\*) = 0%, we obtain
1 - S S S S
B\ A7) = 5 (A = X)THZ O = A7) 4 oA = M%) = Qua (A A7) + oA = M),
It follows from (12) that for sq > 0 large enough and any s > sy one can ignore the

last term, i.e. we can replace By, (A, A\?) by Qu, (A, A*) in (11).Then the correspondent
optimality criteria (14) can be rewritten as follows

¢ - ETTHZ (O - X = 0.

192



Therefore (see item 3) )
AN = max{d(\)|\ € E,,(\°,r,)},
where 72 = Q,, (AT, X*) and
Epy(Nyre) = {A: (A= X)H2(A = X°) =1}

is Dikin’s ellipsoid. It follows from the Corollary that for £ > 0 large enough item 4)
holds true for any s > 1.
O

The item 4) of Theorem 2 is based on (24), which is not true for any Bregman type
distance By, (A, X*),7=1,3,4,5.

Remark 3. The second and third derivatives of MBF kernel ps(t) = —Int +t — 1 are
identical to corespondent derivatives of the classical log-barrier (t) = —Int, therefore o(t)
is a self-concordant function (see definition 4.1.1. in [21]). Unfortunately s(t) is not a
self-concordant barrier (see definition 4.2.2 in [21]).

In spite of similarities between IEM (23) with Dikin’s ellipsoid and classical IPMs, the
rate of convergence of Prox Method (11) with Bregman distance even for well defined kernels
is only arithmetic (see [6]).

In order to get the polynomial complexity typical for IPM, one has to replace the fixed
scaling parameter k£ > 0 by a special monotone increasing sequence {ks; > 0}, and to
control the size of Dikin’s ellipsoids properly.

If epi d(\) can’t be equipped with a self-concordant barrier then the complexity analysis
requires means other than SC theory.

Let’s consider the LT method (8)- (9) with a scaling parameter update from step to
step for a general convex optimization problem.

Let {k,}°2, be a positive, non-decreasing sequence, ko > 0 sufficiently large, \° := e =
(1,...,1) € RY, and ¢ € U is such that the corresponding kernel p = —¢* € @ is well
defined.

The LT method with scaling parameter update generates the primal-dual sequence {z*, A\*}2°
by formulas

et VL L( TN R =0 (25)

)\;H-l — Af¢’(k8AfCi(xS+1))’ 1=1... q. (26)

It follows from Theorem 1 that the LT method (25)- (26) is equivalent to the following
Interior Prox method

A = argmax{d(A) — k; ' B,(AA%)[A € RY}, (27)

where B, (A, A*) is the Bregman type distance. Using Theorem 2, we can rewrite the Prox
method (27) as the following IQP

N = argmax{d()\) — (2k,) H|A — A°|

AeReY (28)

2
Hg
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5 Convergence Analysis

In this section we establish convergence properties of the Interior Quadratic Prox method (28).
The equivalence of (25)-(26) and IQP (28) is the key component of our analysis.

By introducing A = (H;)%A one can rewrite the IQP (28) as the following Quadratic
Prox in the rescaled dual space

AT = argmax{D,(A) — k;H|A — A*|*|A € RY},

where D,(A) = d((H3) /?A).
Note that the Euclidean Distance E(U,V) = ||U — V||? is a Bregman distance induced

by the kernel ¢(w) = 3 |lw||* because Vi(w) = w and

1 1 1
E(UV) =B, (U, V)= 5U2 — 5v2 — U=V, V)= 5||U — V2

The “three points identity” is the basic element for convergence analysis of the classical
Quadratic Prox (see [6], [12] and references therein). The basic ingredient of our analysis is
the “three points identity” in the rescaled dual space.

Let H = diag(h;)__, be a diagonal matrix with h; > 0,7 = 1,...,¢ and a,b, ¢ are three
vectors in RY. The following three points identity in a rescaled RY

1 1 1
Slla=bl3+ 5o = cllf = slla =l = (a=be = by = (e~ O He =) (29)
follows immediately from the standard three point identity
1 1 1
SIA=BIP+|B—CIP - SIA-C|P = (A- B,C - B)

by taking A = HY?a, B = H'Y/?b,C = H'?c.

In what follows the Hausdorfl distance between two compact sets in R% will play an
important role.

Let X and Y be two bounded closed sets in R™ and d(z,y) = ||z — y|| the Euclidean
distance between x € X,y € Y. Then the Hausdorff distance between X and Y is defined
as follows

dy(X,Y) = max{maxmind(z,y), maxmind(x,y)}.

zeX yey yey zeX
For any pair of compact sets X and Y C R”
dp(X,)Y) =0 X =Y
Let Q C R, be a compact set, @ = R%,\ Q, S(u,e) = {v € R% : |lu — v|| < €} and
0Q={ueQeQ:veSuce),IFeQ:ieS(uel}Ve>0

be the boundary of Q.
Let A C B C C be convex compact sets in RY. The following inequality follows from
the definition of Hausdorff distance.

di(A,0B) < dg(A,d0) (30)

14



We consider the dual sequence {A*}2°, generated by IQP (28), the corresponding convex
and bounded level sets Ly = {A € R% : d(\) > d(1*)} and their boundaries 0L, = {\ € L, :
d(A) =d(N\)}.

Lete=(1,...,1) e R,

d(\°) — kg ' B,(\, €) = max{d(\) — kg ' B,(\, e)|A € R%} (31)

and A\ # \*.
It follows from concavity of d()\) and boundedness of L* that Ly = {\ : d(\) > d(\°)} is
bounded, therefore
max{lrr<1ia<>§ MNlA € Ly} =L <0 (32)

Theorem 3. 1) If p € ® is well defined then the following bound holds
q
d) = d(X°) < k> e(A); (33)
i=1

2) the sequence {\*}2, is monotone increasing in value, i.e. d(A\*) > d(A\*71),s > 1 and

A(V) = d(V) < d(X) = d() = (2k) T 1A - AP (34)

3) the Hausdorff distance between the optimal set L* and 0L is monotone decreasing, i.e.

dy(L*,0Ls) < dy(L*,0Ls 41),Vs > 1; (35)

4) for ky > 0 large enough and any nondecreasing sequence {ks}°, we have

lim dy(L*,0Ls) = 0. (36)

§—00
Proof. 1) For any well deﬁned ¢ € ® from (31) we have d(\°) — ky' B, (A% e) > d(\*) —
ko ' Bo(N*e) = d(\) — kg ' oL o(A). Keeping in mind B,(\°, ) > 0 we obtain (33).

2) From B,(A", A1) = 0 follows d(A*) > d(A*) + (2ky) " B, (A%, A7),
Therefore d(A*) — d(X*) < d(X*) — d(X*71) — (2ks) ' B,(A%, A*71). From 2) of Lemma 2

we have

AN — d(X®) < d(X) —d(XY) — (2ks) mz (A — o Als ) (37)

The bound (34) follows from (32) and (37).

3) From concavity, continuity of d(\) and boundedness of L* for any s > 0 follows that
level sets Ly are convex compacts in RY. From (34) we have L* C Ly C Ly, s > 0.
Therefore from (30) follows (35).
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4) It follows from (28) that

d(X) — d(N*7Y) > (2k,) THIAE = AP

(38)

Hs 1.
The sequence {d(\*)}52, is monotone increasing and bounded by d(A\*), therefore there

exists lim d(\*) = d.

Firss?,oowe show that d = d(\*). Let ¢° € dd(\*) be subgradient of d()\) at A = A\*. The
optimality criteria
(A= A kyg® — HEH( = A1) <0, VA eRL
for the maximizer \* in (28) we can rewrite as follows
Fa(h = X%, g%) < (A= A)THE(0 — A1), VA € RY. (39)
Using concavity of d(\) and (39) for A € R% we obtain
BdO%) — dV) > Fa(g®, X — A) > (A= XTHE L (1 = 2%). (40)

Using the three point identity (29) with a = X\,b = A*"",¢ = X* and H = H3" from (40)
we have

ko(d(X°) —d(X) = (A= A)THZH (T = \%) =

1 s\T rrs—1 s s—I\T rys—1/ys s—1
SO = NTHZ = X) 4 S = AT - )

[\J|P—‘

§(A —NOYTHTT A=A, VA EeR]. (41)
It follows from (41) that for any A € L*

0> ky(d(\) — d())) >
1
2 s—
H;71—§H)\ AMH2 L, Vs > (42)

1 S 1 S S—
FlIA =2 |§{;,1+5\|A — 257 He

For hi® = 2¢"(1 + 95()\551 —1)(XH)72i =1,...,q and 5o > 0 large enough and any

s > sp due to (12) there is 0, > 0 small enough that
2(¢"(1) = 0) (AT TP S A 29" () + 0N i—1g (43)

and lim 63 = 0.

S§—00
We can rewrite the inequality (42) as follows

I = N [sr = I = A < k(d(A) = d(XY)). (44)
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Let us assume ¢”(1) = 1 (it is true for ¢y and ¢,). Then, using (43), we can rewrite (44)
as follows

A= (146) S (A gy ANy

i=1 )\f ' i=1 )\f '
= [[A" = — IV = N+ (45)
Os(IA" = X,y + I = NIl )
> ks(d(A7) = d(A")). (46)

For ky > 0 large enough and any nondecreasing sequence {k;}2°,, it follows from (12)
that [|A\* — X3 — [N — A3, — 0, which together with boundedness of (||\* —
NG I =X )|F, ) and 6, — 0 leads to A, — 0.

On the other hand, if d = lim d(\*) < d(\*) then ky(d(A\*) — d(X®)) > ko(d(A\*) — d(N)),

S5—00
which makes (45) impossible for ky > 0 large enough and any s > s, i.e. lim d(\*) = d(\*).
$§—00

Convergence property (36) follows from the definition of the Hausdorff distance and
lim d(\°) = d(\"). O
S$—00

Remark 4. [t follows from (33) that for any well defined kernel ¢ € ® and ko > 0 large
enough the properties (43) hold for s > 1.

Now we will establish the upper bound for the number of steps required by the 1QP
method (28) for finding an e—approximation for d(A\*). We consider the dual sequence
{\*}22, generated by IQP (28). The following lemma plays the key role in establishing the
upper bound.

Lemma 3. For any well defined kernel ¢ € ®, any nondecreasing sequence {ks}°, and
ko > 0 large enough, the following bound holds

I3 = X
24

Proof. Without restricting generality we can assume d(A*~!) = 0. Let [|A\* — X*71|| =
min{||A — A*7|[|]A € L*}

d(A") —d(X*) < (1 - )(d(A) —d(X7)), Vs > 1. (47)

Consider [\, A*7H = {\: A = (1-t)A* 1 42M*0 < t < 1} and let A* = A, A7 N OE(\ !

where r,_ 1 = [|A* — )\5_1HH(SP?1 and OE(AHre_q) = {A: A= X"HTHS A= X1 =702}
is the boundary of the interior ellipsoid £ (AL, 7s-1) (see Fig 1).
It follows from (23) that d(\°) > d(A*) and [|A* — X*7H{| ot = [|A® = A7

H;_l — 71571.

From concavity of d()) follows d(X*) > d(X*). Therefore (see Figure 1) we have
d) R = x| I =T g I = AT g (48)
d(A) I = A I = A e A = A e
Therefore from (43) and (48) we obtain
ey I = A
)l I (49)

dv) I = x ]

s—1
H<P

17
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Figure 1: Interior Ellipsoid
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Due to (33), (34) and (36) for a large enough ko > 0 and any 7 € I5 = {i : A} > 0} we
have Ay > 0.5\f, s > 1, therefore

q

D AT <

i=1

Also assuming ¢"(1) = 1 for ky > 0 large enough and a nondecreasing sequence {ks}32,
due to (12) and (43) we have " (1 + 0571 (AS/ A5 — 1)) < 2¢"(1) = 2,5 > 1.
Then

X=X

: A=A
b = 2o - ) () < o)

From (49) and (50) we have

d(x) _ AT = X7y

> 51
TES N o
Keeping in mind the following inequalities (see Figure 1)
A(X) = d(N*) < d(X*) — d(X®) < d(X*) — d(X°)
and d(A\*7!) =0 from (51) follows the bound (47). O

We are ready to estimate the number of steps N of the IQP method (28) needs for
finding 2 : Ay = d(\*) — d(A\Y) < € where 1 >> ¢ > 0 is the required accuracy. Let

o5 = Z ki, Ay = d(\") — d(X*). To simplify notation we will use H, instead of H.
i=0

Theorem 4. If ¢ € ® is well defined, ko > 0 is large enough and {ks}52, is a nondecreasing
sequence, then N is the smallest integer such that

A
oy >0 (%ln ?(]) (52)
Proof. Multiplying (38) by 0,1 we obtain
1
(05 — kg)d(X®) — og_1d(NT1) > Os-15; A= X5, s> 1
Summing up the last inequality over s = 1,..., N we have
N L
oxdAY) =3 kd(X) > 5 > }1—1 [N (A (53)
s=1 s=1 $
Summing up (41) over s =1,..., N we obtain
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—ond(N) + Y ke d(X) >

N | =

N N
(Z(HA =N = I =N )+ D I = H> . (54)
s=1 s=1

Adding up (53) and (54) we obtain

N N
Os—1

S A= AT A= X, )+ D

s=1 s=1

+ DA = X s

on(d(AY) —d(\)) >

N |

s

therefore using (50) for any \* € L* we have

N

DR AN PP

1

W)

|
N

on(d(A) —d(\Y)) <

©
Il

i = I = DA = A Hoo1)

Hs—1 + H)\* - )\S’

(A" = A=

I
N | —
WE

1

N
20/a ) (N =AMy = A = Ala, )
s=1

@
Il

IA

Using the triangle inequality ||A* — X7z, > [N = XY@, — ||\ — X*||x._, we have

Ho_1- (55)

on(dA\) = d(AV)) <2y ) [N = AT

It follows from (47) that

* N al H)\s - >\S_1“H5—1 * 0
d(X) —d(\7) < g(l - NG J(d(X) = d(A7)),
therefore
dX) —d(OY) & 1A = X a,
In a0 = dOD) < 5221 In(1 — NG ).

Keeping in mind In(1 4 z) < z,Vz > —1 we obtain,

() =dOY) _ o~ X =X
A —aoe) <X
NI
Ay = dOV) — dON) < (dO3) — dX0))e = VI (56)
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1.€.

Z A* — AS IHHS .

AN < A()G s=1 . (57)
On the other hand from (55) we have

o, < —oNAy

N
=27 ) A=A
s=1

or

A
zyv —2%£ (58)

From (57) and (58) follows
—INAN

AN < Aoe g (59)

Let 1 >> € > 0 be the required accuracy. Therefore if

INAN

Aoe_ 4q S €

then
_O’NAN <In-—
4q B AO
1.€. 4 A
Ay > L=, (60)
ON €
For N : Ay < e from (60) we have
A
on >0 (gln —°> , (61)
€ €
i.e. N is the smallest integer for which (61) holds. O
Corollary By taking x5 = kg + s we have oy = Nky + —— NH , therefore it takes
A
N:0<1m£> (62)
€ €

steps to find an e-approximation for d(A*).

6 Lagrangian Transformation and Affine Scaling method
for LP

Leta € R" b€ R7and A : R" — R? are given. We consider the following linear programming
problem LP
€ X* = Argmin{(a, z)|c(x) = Ax — b > 0} (63)
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and the dual LP
A€ L* = Argmin{(b, \)|r(\) = ATA —a=0,\ € R} }. (64)

We assume that X* # ¢ is bounded and so is the dual optimal set L*.
The LT £ :R" x R? x Ry, — R for LP (63) is defined as follows

Lz A k) = (a,2) — kY d(kXici(x)) (65)

where ¢;(z) = (Az — b); = (a;,x) — b, i=1,...,q.

Let’s consider the LT method with from step to step updated scaling parameter. We
assume that {k;}2°, is a positive nondecreasing sequence.

The LT step consists of finding the primal-dual pair (57!, A*™!) by formulas

ot VL L( T N E) =0 (66)

AT = A (kA )) i = 1, g, (67)

Theorem 5 If the primal optimal X* is bounded then the LT method (66)- (67) is well
defined for any transformation ¢ € W. For the dual sequence {A\*}2° generated by (67) the
following statements hold true:

1) the LT method (66)— (67) is equivalent to the following Interior Prox
(b, N1 — B (AT N%) = max{k,(b, \) — By(A, A¥)|ATA =0}
where By (u,v) = > 7 | ¢(%) is the Bregman type distance;

2) for k > 0 large enough the LT method (66)- (67) with truncated MBF transformation
1o(t) is equivalent to the affine scaling type method for the dual LP.

Proof

1) We use the vector form for formula (67) assuming that the multiplication and division
are componentwise, i.e. for vectors a,b € R", the vector ¢ = ab = (¢; = a;b;, i =
1,...,n) and the vector d = a/b= (d; = a;/b;, i=1,...,n). We have

)\s—i—l
)\s

Using again the inverse function formula we obtain

= ' (kN c(z*th)). (68)

EAc(x¥Th) = o/~ (AT /%), (69)
It also follows from (66) and (67) that
Vo L(x¥T N k) = a — AT (B Me(2 )N = a — AT AT
= V. L(z*TH X5t = 0,
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7

1.€.
d()\s+l) — L($S+l, )\s-&-l) _ (CL, $s+l) _ ()\5+1,Ax8+1 o b) —
(CL o AT/\S+1,ZES+1) + (b, )\S+1) — (b, )\s+1)'
Using the identity ¢/~ = ¢* and ¢ = —1* we can rewrite (69) as follows
—]CSC(:L‘S+1> _ (AS)_1¢,(AS+1/)\S) = 0. (70)

Keeping in mind ATA**! = q, —c(z¥™') € dd(A*T!) and A*™! € RL, we can view (70)
as the optimality criteria for the following problem

Es(b, N*t1) — B, (A1 N%) = max{ksd(\) — B,(A, X¥)|ATA = a}, (71)

q
where B, (A, \*) = Z ©(N\;/ A7) is Bregman type distance.

=1

Let’s consider the LT method with truncated MBF transformation (t). If follows
from Corollory that for k£ > 0 large enough only MBF kernel ¢o(t) = —Int + ¢ — 1,
and correspondent Bregman distance

: Ai A
Bay,(M\A) = Z(—lnf + 55— 1)

will be used in (71) for any s > 1. Using considerations similar to those in item 4)
Theorem 2 we can rewrite (71) as follows

ks (b, )\SH) = arg max{ks(b, \)|\ € E(\° ry), AT\ = a}l, (72)

where 72 = Qu, (AT, X*) and E(A = {XA: (A= X)TH (A= X*) <r,} is Dikin’s
elhpsmd

The problem type (72) one solves at each step of I. Dikin’s type affine scaling method
[7].

Concluding Remarks

We would like to point out that the convergence analysis of the LT method and its dual equiv-
alent does not assume that the primal problem is well structured (see [21] Ch 4) Therefore
the bound (52) is true for any convex optimization problems.

The numerical realization of the LT method (8)- (9) requires replacing at each step the
minimizer z° in (8) by its appropriate approximation.

The optimal gradient methods (2.2.6) and (2.2.8) seem to be very promising tools for
finding an approximation for z* in (8) (see Th. 2.2.2 and 2.2.3 in [21]).

The Primal-Dual approach, which happens to be efficient in the NR setting (see [11],[28])
can be used for LT if the second order optimality conditions are satisfied.
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If (P) is a non-convex problem and the second order optimality conditions are satisfied
then it follows from 3° that £(x, A, k) is strongly convex in the neighborhood of z* for any
given A € R, and any k£ > k, where k) > 0 is large enough. Therefore after finding the
primal approximation for the first minimizer in (8) the LT method (8)-(9) will require
finding at each step an approximation for the minimizer of a strongly convex in x function
L(x, N k).

Finally, the dual problem

d(\*) = max{d(\)|\ € R%} (73)

where d : RY — R is a closed concave function is always a convex optimization problem no
matter if the primal (P) is convex or not. Also, a number of real life application lead to the
problem (73).

Therefore it is important to find an efficient algorithm for solving (73). There is evidence
that in some instances IEM for the problem (73) generates a sequence which converges to
the solution in value with linear rate and the ratio is dependent only on the dimension of
the dual space.

We are planning to consider the convergence and complexity issues related to IEM in the
up coming paper.
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