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Abstract. We present a filter linesearch method for solving general nonlinear and nonconvex optimization problems.
The method is of the filter variety, but uses a robust (always feasible) subproblem based on an exact penalty function to
compute a search direction. This contrasts traditional filter methods that use a (separate) restoration phase designed to
reduce infeasibility until a feasible subproblem is obtained. Therefore, an advantage of our approach is that every trial step
is computed from subproblems that value reducing both the constraint violation and the objective function. Moreover,
our step computation involves subproblems that are computationally tractable and utilize second derivative information
when it is available.

The formulation of each subproblem and the choice of weighting parameter is crucial for obtaining an efficient, robust,
and practical method. Our strategy is based on steering methods designed for exact penalty functions, but fortified
with a trial step convexification scheme that ensures that a single quadratic optimization problem is solved per iteration.
Moreover, we use local feasibility estimates that emerge during the steering process to define a new and improved margin
(envelope) of the filter. Under common assumptions, we show that the iterates converge to a local first-order solution of
the optimization problem from an arbitrary starting point.
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1. Introduction. This paper considers the general nonlinear optimization problem

mini%lize f(z) subject to c(z) >0, (1.1)
zeR™

where both the objective function f:R™ — R and the constraint function ¢ : R™ — R™ are assumed to
be twice continuously differentiable. We seek a first-order KKT point (z,y) that satisfies

Rl = () 270 0) = (0). (12

min |¢(x),y

where g(z) := Vf(z) € R™ is the gradient of the objective function, J(z) := Ve(z) € R™*" is the
Jacobian of the constraint function, y is the Lagrange multiplier vector, and the minimum is taken
component-wise. Our algorithm may easily handle constraints with general lower/upper bounds, and
handle equality constraints directly, i.e., do not replace them with pairs of inequality constraints. Prob-
lems of this type arise naturally in many areas including optimal control [2, 3, 5, 22, 28], resource
allocation [1, 27], solution of equilibrium models [17, 33], and structural engineering [4, 30], among
others.

Popular methods for solving (1.1) can broadly be characterized as interior-point or active-set meth-
ods. Interior-point algorithms [38, 40, 41] offer polynomial-time complexity bounds in many cases and
readily scale-up to problems involving millions of variables. Their main disadvantage is the inability to
use effectively a good initial estimate of a solution. In fact, many interior-point methods immediately
move the initial guess into the strict interior of the feasible region. It is from this interior location
that future iterates are forced to remain and justifies the name “interior-point” methods; more modern
“infeasible” interior-point methods avoid this defect to some degree.
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Active-set methods [8, 14, 23, 24, 25, 26, 32, 34] complement interior-point methods since they
naturally utilize information derived from a good estimate of a solution. In fact, if the optimal active
set (the set containing those constraints satisfied as equalities at a solution) was known in advance,
then problem (1.1) could be solved as an equality constrained problem and its combinatorial nature
would be eliminated. It is precisely this property that makes active-set methods widely used to solve
the previously mentioned class of problems. The main weakness of active-set algorithms is that each
subproblem typically requires the solution of a linear or quadratic program, which is often expensive
when compared to interior-point methods that require a single linear system solve per iteration.

In this paper we describe an active-set method that generates a sequence of iterates from the solutions
of subproblems defined by local models of the nonlinear problem functions. The subproblems are always
feasible since they are based on an exact penalty function. To ensure that these models result in
productive steps, we use steering techniques [9] to adaptively adjust the weighting (penalty) parameter.
In contrast to original steering methods, we use a step convexification procedure similar to [| to avoid
solving multiple quadratic programs during each iteration.

To provide convergence guarantees, we must include a mechanism for determining when one point is
“better” than another. A merit (penalty) function or a filter is amongst the most common tools used for
this purpose. A merit function combines the objective function and a measure of constraint violation into
a single function, whereby their individual perceived importance is determined by a weighting parameter.
The quality of competing points is then measured by comparing their respective merit function values.
A potential weakness is that the quality of iterates depends on the value of the weighting parameter,
which can make step acceptance sensitive to its value. In part, filter methods surfaced to mitigate this
parameter dependence. In the context of nonlinear optimization, filter methods were introduced by
Fletcher, Leyffer, and Toint [19, 20] and have since been rather popular [11, 12, 13, 18, 21, 38]. A filter
views problem (1.1) as a multi-criterion optimization problem consisting of minimizing the objective
function and minimizing some measure of the constraint violation, with certain preference given to the
latter. Roughly, a trial iterate is then considered acceptable if it has a smaller value of either the objective
function or the constraint violation compared to the previously encountered points. Consequently, it
is often the case that filter methods accept more iterates and perform better. It should be mentioned,
however, that every known provably convergent filter method has a weak dependence between these
two criteria that is embedded in the step acceptance criteria. In fact, this observation partly motivated
the work on flexible penalty methods by Curtis and Nocedal [16]. They describe how a single element
filter is essentially equivalent to the union of points acceptable to the ¢;-penalty function defined over
an interval of weighting parameter values.

A great disadvantage of filter methods is that they (traditionally) require the use of a restoration
phase. A restoration phase is (typically) entered when the subproblem used to compute trial steps is
infeasible; some algorithms, e.g., [40], enter the restoration phase for additional reasons. When this
situation occurs, the restoration phase is triggered and a sequence of iterates focused on reducing the
constraint-violation is computed until the desired subproblem becomes feasible. During this phase,
the objective function is essentially ignored, which is highly undesirable from both a practical and
computational perspective.

Our active-set method is globalized by using a filter, but never needs to enter a (traditional) restora-
tion phase. This is accomplished by using subproblems that are always feasible and, in certain instances,
allowing for the acceptance of iterates that decrease both the exact penalty function and the constraint
violation. In essence, we replace an undesirable restoration phase with an attractive penalty phase. Thus,
we combine ideas from both filter and penalty methods to formulate a robust and effective method; we
believe this further builds upon the basic observations in [16].

This paper contains three main contributions. First, we present a filter method that avoids a
traditional and highly undesirable restoration phase. To this end, we utilize subproblems based on exact
penalty functions that are always feasible and formed from models of both the objective function and
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constraint violation. Second, our method incorporates second derivative information without requiring
global minimizers of nonconvex constrained subproblems (c.f. [18]). Our step computation is most similar
to [24, 26], which was described in the context of line-search and trust-region penalty methods. Third,
we use local feasibility estimates that emerge during the steering step computation to define a new and
improved margin (envelope) of the filter. This allows us to define an adaptive and practical margin.

Our work is not the only method designed to resolve weaknesses in traditional filter methods. Chen
and Goldfarb [10] presented an interior point method that uses two penalty functions to determine step
acceptance: a piecewise linear penalty function whose break points are essentially elements in the filter,
and the f>-penalty function. Under this scheme, a trial step is accepted if it provides sufficient reduction
for either penalty function.

The remainder of this paper is organized as follows. In Section 2 we describe the algorithm in detail
and in Section 3 prove that it is well-posed. In Section 4 we provide convergence results and conclude
with final remarks in Section 5.

2. A filter sequential quadratic programming method. In this section we describe our new
filter sequential quadratic programming method, FiSQP. The algorithm is iterative and relies on com-
puting trial steps from carefully constructed subproblems. These subproblems and the resulting trial
steps are explained in Sections 2.1-2.6. In Section 2.7 we introduce the filter construct and related
terminology; we emphasize that acceptability to the filter is only a necessary condition for accepting a
trial iterate. A full statement and description of the algorithm is given in Section 2.8.

Our step computation is based on the ¢;-penalty function

o(:0) = f() + ov(a), (2.1)
where the constraint violation at x is defined by
v(z) := ||[e(z)]"||,, with [y]” := max(—y,0). (minimum is component-wise) (2.2)
and o is a positive weighting parameter. Appropriate linear and quadratic models of ¢ are given by
((s;x,0) =0 (s;2) + ol¥(s;2) and  ¢%(s;2, M, 0) := ¢’ (s;2, M) + ol¥(s; 2), (2.3)
where
t(s;2) = f(z) +g(x)Ts and ¢f(s;z, M) =0/ (s;2) + 1s"Ms (2.4)

are linear and quadratic model approximations, respectively, of the objective function f for a given
symmetric matrix M € R"*" and

(ss2) = ||[e(w) + T (x)s] |

is a piecewise-linear approximation to the constraint violation function v. Using these models we may
predict the change in v with the function

1

AL (s;2) = €"(0;2) — €9 (s;2) = [|[e(@)] ™[], = ||le(@) + T(@)s] ||, » (2.5)
the change in f with the functions
Al (s;2) == 07 (0;2) — 0/ (s;2) = —g(z)Ts and (2.6a)
Aq’ (s;2, M) == ¢/ (0;2, M) — ¢/ (s;2, M) = Al (s;2) — %STMS, (2.6b)
and the change in the penalty function ¢ with the functions
AL (s;2,0) == L2(0; 2, 0) — £9(s;2,0) = A (s;2) + 0 AL (s;2)  and (2.7)
Ag®(s;z, M, 0) = q*(0;2,M,0) — ¢®(s;2, M,0) = AL®(s;2,0) — %STMS. (2.8)

For the remainder of this section, let (2, yx) denote the current estimate of a solution to (1.1).
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2.1. The steering step s;. In order to strike a proper balance between reducing the objective
function and the constraint violation, we compute a steering step s; as a solution to the linear program

minimize e’r subject to cp + Jps+r >0, r>0, ||s|l. <, (2.9)
(s,r)ER™*+m™

where ¢, = (), Jp = J(2k), Ok € [Ominy Omax)s AN 0 < Oy < o < 00. Problem (2.9) is equivalent to
the nonsmooth problem

migeigglize 0°(s;x) subject to |5 < Ik, (2.10)
since s solves (2.10) if and only if (s, r) solves (2.9), where r = max(—(ci + Jis),0). Since £(0;zy) =
v(xy), £V is a convex function, and s = 0 is feasible for (2.10), it follows from (2.5) that A¢V(s3;zx) > 0.
The quantity A¢Y(sy;xy) is the best local improvement in linearized constraint feasibility for steps of
size J.

All methods for nonconvex optimization may converge to an infeasible point that is a local minimizer
of the constraint violation as measured by v. Points of this type are known as infeasible stationary points,
which we now define by utilizing the steering subproblem.

DEFINITION 2.1 (Infeasible stationary point). The vector x' is an infeasible stationary point if
v(z') >0 and AL*(s";x") = 0, where s' = argmin cpn £”(s;2") subject to ||s||,, < for some § > 0.

2.2. The predictor step s}. The predictor step is computed as the unigue solution to one of the
following strictly convex minimization problems:

argmin  fi + gis + 35" Bys subject to ¢+ Jps >0, if ALY(sg; ) = v(zy), (2.11a)
Sp _ seRn
¥ { argmin ¢%(s; xy, By, o1), otherwise, (2.11b)
seRn

where o, > 0 is the kth value of the penalty parameter, fir = f(xr), gr = Vf(zg), e = c(xp),
Jp = Ve(z,), By, is a positive-definite matrix that we are free to choose such that By ~ V2, L(xk, yx),
and the Lagrangian L is defined by L(x,y) = f(x) — c¢(x)Ty. Analogous to the steering subproblem, the
nonsmooth minimization problem (2.11b) is equivalent to the smooth problem

ﬁkﬁiggﬁﬁ fr + ngs + %STB]CS +opelr subject to cp + Jgs+r >0, r>0, (2.12)
which is the problem solved in practice. We use y;, to denote the Lagrange multiplier vector for the
constraint ¢, + Jxs > 0 in (2.11a) and ¢, + Jgs + 7 > 0 in (2.12) (equivalently (2.11b)). A trivial
choice for the positive-define matrix is By = I, but other choices based on quasi-Newton updates such
as BFGS [35] or L-BFGS [29] are also possible.

The next result shows how convergence to KKT points may be deduced from the predictor problem.

LEMMA 2.2. Suppose that x. satisfies

v(zy) =0 and 0= arglglin f(z.) + g(zs)"s + 3s"Bs subject to c(z,) + J(z:)s >0 (2.13)

for some positive definite matriz B, and let y, denote the associated Lagrange multiplier vector. Then,
it follows that (x«,ys) is a KKT point for problem (1.1) as defined by (1.2).

Proof. Since B is positive definite, s = 0 is the unique solution to the optimization problem in (2.13).
It then follows from the first-order necessary optimality conditions at s = 0 that

g(zs) = J(z:)ys, and min (c(x*),y*) =0,

where y, is the Lagrange multiplier for the constraint c(z.) + J(xx)s > 0. It now follows from Defini-
tion 1.2 that (x,,y.) is a KKT point for problem (1.1). O

4



2.3. The search direction s;. The steering direction s; provides a measure of local progress in
infeasibility. Since we desire a search direction s; that makes progress towards feasibility, we define

sk = (1 — 7) sy, + Tsh (2.14)
where 7 is the largest number on [0, 1] such that
AL (sp;x) > ALY (si; xx) > 0 for some 7, € (0,1). (2.15)

The next lemma shows that 74, > 0 when zj is not an infeasible stationary point. This is important
since the step s;, then has a significant contribution from s}, which was computed from a subproblem
that modeled both the objective and constraint functions; this contrasts traditional filter methods when
restoration is entered since the subproblem formulations then focus solely on the constraint violation.

LEMMA 2.3. If xy is not an infeasible stationary point as given by Definition 2.1, then 1 > 0.

Proof. If v(xy) = 0, then A¢V(s5;x) = 0. It then follows from (2.11a) that ¢ + Jys}, > 0, which in
turn implies that A¢Y(s};x) = 0. Thus, the choice 7, = 1 satisfies (2.14) and (2.15).

Now suppose that v(xy) > 0 and define

s(t)=(1—7)s; +7s,

so that lim, o s(7) = s7. It then follows from continuity of A¢¥(-;x) and the fact that AlY(sg;xr) >0
since x is not an infeasible stationary point by assumption, that

h?& AL (s(1); ) = ALY (si; k) > 0.

Therefore, there exists 7" > 0 such that
|AC (s(7); 1) — AL (sys )| < (1 — o) AL (sp; k) for all 7 € [0,77]
since 1, € (0,1) in (2.15) and A¢(s};xx) > 0. However, this implies that
AL (s(1); k) = ALY (s; ) for all T € [0,77],

which guarantees that t;, > 7/ > 0. O

We now proceed to show that if A¢¥(sj;x) > 0, then sy is a descent direction for v(-). We require
the definition of the directional derivative of a function.

DEFINITION 2.4. The directional derivative of a function h(-) in the direction d and at the point x
is defined (when it exists) as

.. h(z+td) — h(x)
[Dghl](z) := ltlﬁ)l —

We now show that the directional derivative is bounded by the negative of the change in its model.
LEMMA 2.5. At any point x and for any direction d, it follows that

[Dav](z) < —AL(d; ),

where the function Dgv is the directional derivative of v in the direction d.
Proof. Since ¢V is a convex function and ¢¥(0; z) is finite, it follows from [37, Theorem 23.1] that

o (td;x) — 0°(0; )

t
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is monotonically non-decreasing with ¢, [D4£"](0; x) exists, and

orim. e 0(td; ) — £°(0; )
[Dgl’](0;x) = %I>1£ ; . (2.16)

It then follows from [7, Lemma 3.1], (2.16) and the definition of A¢V that

[Dgv](z) = [Dal’](0;2) < £°(d; ) — €°(0;2) = —ALY(d; z),

which is the desired result. O
Thus the search direction s is a descent direction for v when our infeasibility measure is positive.
LEMMA 2.6. If AL¥(si;xx) > 0, the direction sy is a descent direction for v at the point xy, i.e.,

[Ds,v)(z) < —AL(sp;x8) < —nu ALY (sT;x1) < 0, where ny, is defined in (2.15).

Proof. It follows directly from Lemma 2.5, (2.15), and A¢Y(s};xx) > 0 that
[Ds v)(zr) < AL (sp3 k) < =oAL (s} 2) <0,

which implies that sj is a descent direction for v at the point x. O

We now consider the case when our infeasibility measure is zero.

LEMMA 2.7. Suppose ALV(si;xy) =0, then one of the following must occur:

(i) v(xg) > 0 and zy is an infeasible stationary point; or

(ii) v(zk) =0 and AL (sy; 2k, 0) > 1S£TB;€S£ for all0 < 0 < 0.

Proof. Tf v(xy) > 0, then by Definition 2.1, zj is an infeasible stationary point which is part (i).
Now, suppose that v(z;) = 0. As in the proof of Lemma 2.3, it follows that

AL (shixk) =0, 7, =1, and s, =sk. (2.17)
We may then use the definition of s} in (2.11a), (2.17), and (2.6b) to conclude that
0 < Ag?(s%; 2k, By, o1) = Aq” (s%; 2y, By,) = Al (s0;01) — 257 Bys?,

which yields A6/ (sh; ) > %sﬁTBksi. Combining this with (2.7) and (2.17), we have that

AW’(SM T, 0) = Aﬁf(sk;xk) + o AL (sg; )
= Al (sp;ap) = Aéf(si; T) > 13£TBks£ for all finite o,
which completes the proof. O

2.4. Updating the weighting parameter. By design, the trial step sy is a descent direction for
v when local improvement in feasibility is possible. Since the weighting parameter provides a balance
between reducing the objective function and the constraint violation, it makes sense to adjust the
weighting parameter so that sj is also a descent direction for ¢. This is accomplished by defining

(2.18)

ok if AL?(sp;ap,08) > TN ALY (s5; k)
Ok+1 =

7A€f(sk;wk) .
max {ak + Cine, RO (snian) =110 AL (55500 otherwise

for some o,,, > 0 and 7, satisfying 0 < 7, < 7, < 1, where 7, is defined in (2.15).
LEMMA 2.8. If zy is not an infeasible stationary point, then the parameter update (2.18) is well
defined and ensures that

A£¢(sk; Ty Okt1) = Opt1Me ALY (s3525) >0 for all k > 0. (2.19)
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Proof. If Al?(sy;ap,0%) > opne ALY (sf; k), then the desired result immediately follows from the
update oxy1 = ok. Thus, for the remainder of the proof we assume that

A(‘z’(sk;xk,ak) < O’kﬂgAfv(Sz;{Ek). (220)

Suppose, for a contradiction, that A¢”(s};xr) = 0. Since xj is not an infeasible stationary point
by assumption, it follows that v(zx) = 0. Then, it follows from Lemma 2.7 and the fact that By is
positive definite by assumption that Al?(sy;xp,0r) > %SQTBksi > 0, which contradicts (2.20) since
Al (s7;xr) = 0. Thus, we conclude that A¢Y(s3;xr) > 0. Combining this with the choice 0 < 7, <
7y < 1in (2.18) and (2.15) we conclude that ALY (sg; ) > ALY (s7; xk) > 1o ALY (sh; k) > 0, and thus

Ne ALY (s5; xr) — ALY (si; x) < 0. (2.21)
It then follows from (2.7), (2.20), (2.21), and the fact that o > 0 that
Aéf(sk;xk) = A£¢(8k;.’£k,0k) — akAF’(sk;xk) < Ok [%Aév(sz;xk) — AEU(Sk; Sﬂk)] < 0. (222)

Inequalities (2.21) and (2.22) imply that the penalty parameter update (2.18) is well-defined and positive.
It now follows from (2.18) that

> —Af-f(sk;;vk)
o
Rl = AL (sg; ) — Ne ALY (s5; xk)

which may then be combined with (2.21) to yield

Ok 1Mo ALY (555 21) < Al (sg;28) + 0 1 AL (55 28) = ALP (83 Tk, Ths1)s

which is the desired result (2.19). O
The next result will allow us to show that s is a descent direction for ¢ under certain assumptions.
LEMMA 2.9. For any given value of the penalty parameter o, point x, direction d, and positive-
definite matrixz B, it follows that

[Da¢(z;0) < —AL?(d;z,0) < —Ag¢®(d; 2, B, 0).

Proof. Linearity of the directional derivative, (2.6a), Lemma 2.5, (2.7), (2.8), and the fact that By
is positive definite by choice, imply that
[Dad|(x;0) = [Daf](x) + o[Dgv](z) = —g(x)Td + o[Dgv)(x) < —AL (d; ) — o ALY (d; x)
= _A€¢(da Zz, U) = _Aq¢(d1 z, Bv U) - %dTBd < _Aq¢(d7 z, Ba 0)7

which is the desired result. O
In most situations, we may now show that s; is a descent direction for the penalty function.
LEMMA 2.10. If zy is neither an infeasible stationary point nor a KKT point for problem (1.1),
then the direction sy, is a descent direction for ¢(x;ox41) at the point xy, i.e.,

Dy, (ks Ong1) < —ALP (s Tk, Ohg1) < 0.

Proof. If Al”(sj;xr) > 0, then x; cannot be an infeasible stationary point, and it follows from
Lemma 2.9, Lemma 2.8, and (2.19) that [D,, ¢](zx;0611) < —AL?(sg;Tk,0r41) < 0, which is the
desired result. Conversely, if A¥(sf;xzy) = 0, then v(xg) = 0 since xy is not an infeasible stationary
point by assumption. It now follows from Lemma 2.9, v(z;) = 0, Lemma 2.7, the fact that By, is positive
definite, and s} # 0 since z, is not a KKT point for problem (1.1) by assumption (see Lemma 2.2), that
[Ds, ¢l(wr; 0p11) < —ALP (51 08, 01 1) < —%SZTB]CSZ < 0, which completes the proof. O
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2.5. The accelerator step si. To improve performance, we compute an additional “acceleration”
step; here we consider a single (simple) possibility, but other variants may be used [24].

Under common assumptions, the predictor step s}, will ultimately correctly identify those constraints
that are active at a local solution of (1.1) [36]. A prediction based on s} is formulated by

A = {Z : [Ck + Jksﬁl = O} (223)
It is then natural to compute an accelerator step si as the solution to

misneiﬂg}}ze q’ (s} + s;xx, Hy,) subject to [Jxs]a, =0, ||, <68, (2.24)
where 67 > 0 is the trust-region radius, Hj is a symmetric and uniformly bounded approximation of
V2, L(zk,yr), and g is a suitable Lagrange multiplier vector such as those from the predictor subprob-
lem. We note that subproblem (2.24) may be solved, for example, with the projected GLTR algorithm
(see [15, Section 7.5.4] and the notes at the end that describe how to cope with the affine constraints
[Jis]a, = 0). It can be shown that if ¢, + Jis > 0 is feasible, o, is sufficiently large, and zj is “close
enough” to a solution of (1.1) that satisfies certain second-order sufficient optimality conditions, then
sh + si is the solution to

mini}gﬁze ¢’ (s;z, Hy,) subject to g + Jis > 0, (2.25)
SsER™

which is the traditional SQP subproblem. However, our method of step computation is robust whereas
the generally nonconvex subproblem (2.25) introduces many points of contention such as multiple solu-
tions, unboundedness, and inconsistent constraints.

2.6. The Cauchy steps szf and sid’. Since the matrix By, is positive definite by construction and
the exact second-derivative matrix Hj is generally an indefinite matrix, they may differ dramatically.
To account for this when assessing overall step acceptance, we define and use a Cauchy-f step szf and
Cauchy-¢ step 52‘75 as follows.

Given the search direction sy, we define the Cauchy-f step as

szf = a'};sk, where oz'}; = argmin ¢’ (asg; 25, Hy). (2.26)
0<a<l
Similarly, we define the Cauchy-¢ step as
Szcb = afsk, where af := argmin q¢(as;€;xk7H;€,ok+1). (2.27)
0<a<l

The step size ozf may be found efficiently by examining the piecewise quadratic function ¢®(asy;xy,

Hy, 0p+1) segment-by-segment between each derivative discontinuity.

2.7. The filter. We ensure global convergence of our method by maintaining/updating a filter F
during each iteration. A filter is defined as follows, where RT denotes the positive real numbers.

DEFINITION 2.11 (filter). A filter is any finite set of points in RT x R.

The initial filter is defined to be Fo = () and then sequentially updated in a manner that guarantees
that F C {(vj, fj) : 0 < j < k}. The decision to add certain ordered pairs to the filter depends on the
concept of trial points being acceptable to the filter, which we now define.

DEFINITION 2.12 (acceptable to Fi). We say that the point x is acceptable to Fy, if its associated
ordered pair (v(z), f(x)) satisfies

v(z) < max {v; — AL (s;2;), Bui}  or  f(z) < fi — ymin {v; — amu AL (s5;2;), Bui}  (2.28)
8



for all 0 < i < k such that (v;, f;) € Fx and some constants {n,, 3,7} C (0,1).

The first inequality in (2.28) ensures that the the constraint violation has been sufficiently reduced.
We note that previous filter methods have not used the first quantity in the max on the right-hand side.
Our improved condition takes advantage of the information supplied by the steering steps sj. Previous
filter methods may easily have requested a decrease in the constraint violation that was unreasonable. In
these circumstances, the trust-region radius would be decreased until the subproblem became infeasible
and then a feasibility restoration phase would be entered. Our modified definition provides a practical
target constraint violation based on local information derived from the steering step sj. The second
inequality in (2.28) guarantees that the objective function is sufficiently smaller at the point x than at
points x; whose ordered pair is in the current filter Fj. These two conditions provide a so-called margin
around the elements of the filter.

Note that Definition 2.12 does not require and does not imply that the current vector xj is in Fy,
when determining acceptability. During our search for an improved estimate of a solution to (1.1), it
often does not make sense to accept a new point unless it is acceptable to the current filter and better
than the current point xj. This leads to the following definition.

DEFINITION 2.13 (acceptable to F augmented by ). We say that x is acceptable to Fy, augmented
by xk if x is acceptable to Fi as given by Definition 2.12 and (2.28) holds with i = k.

In the next section we present our main filter SQP method. Each iteration requires the search for a
new point that must satisfy a subset of specified conditions. We stress that the updated point xx41 is
not necessarily acceptable to Fi. Moreover, the vector xj41 being acceptable to Fj, (possibly augmented
by z) is a necessary, but not sufficient condition, for adding the ordered pair (vi41, fk+1) to the filter
Fi. Details of how we update Fj, are described in the next section.

2.8. The algorithm. In this section we formally state and describe our filter trust-region algo-
rithm. Specific termination tests are not stated, but would be included in practice.

Algorithm 1 on page 12 begins by defining step acceptance parameters {0y, 0o, Gine, ¥, Yo, Y+ Yo} C
(0,1), steering trust region parameters 0 < 0, < 0., < 00, an initial weighting parameter og, an initial
trust region radius for the steering subproblem &y € [d,in, Omax), and an initial positive definite matrix
By. It then sets the iteration index k = 0 and flag P-mode to false, which indicates that we begin in
what we shall call filter (as opposed to penalty) mode.

The main loop is now entered and a sequence of trial steps is computed. First, a steering step s} is
computed as a solution of (2.10), which is then used to calculate A¢¥(sy;x). This quantity gives us a
tangible quantity that predicts the decrease in feasibility that one might expect to acquire. In particular,
the quantity allows us to determine whether x; is an infeasible stationary point. If x; is not an infeasible
stationary point, then the predictor step s} is computed as the unique solution to the strictly convex
subproblem (2.11). The search direction sy is then defined by (2.14) to satisfy (2.15). By construction
this definition ensures that sy is a descent direction for v whenever v(zy) > 0 (see Lemma 2.6). Next, we
adjust the penalty parameter using (2.18) so that sy is also a decent direction for the penalty function
¢ (see Lemma 2.10). To accelerate convergence, we compute an accelerator step s§ as an (approximate)
solution to subproblem (2.24), which requires an active set prediction Ay given by (2.23). We complete
the step calculations by computing the Cauchy steps s/ and st defined by (2.26) and (2.27).

If P-mode has the value true, we perform a backtracking linesearch until we find a p-pair (g, §x)
for some §; € {s}, sx}. We define a p-pair as follows.



P-PAIR

The pair (o, s) constitutes a p-pair if
Gk + as;oxy1) < G(Tk; Ohp1) — Yoph (2:29)

for some 74 € (0,1), where

pf := min [A£¢(sk;xk,ak+1), Aq¢(sz¢;xk,Hk,ak+1)} . (2.30)

If (o, k) is a p-pair, then ¢(xp + agsp; okr1) is sufficiently smaller than ¢(xg; or11), and we say that
the kth iterate is a p-iterate. Moreover, if x + oy S is acceptable to the current filter, we signal a return
to filter mode by setting P-mode to false. Otherwise, P-mode remains true and penalty mode continues.

In contrast, if P-mode has the value false, we perform a backtracking linesearch until we find either
a pair (oy, S) with 5, € {sg, s¢} that is a v-pair or o-pair, or a pair (ay,sx) that is a b-pair. A v-pair
is defined as follows.

V-PAIR

The pair (o, s) constitutes a v-pair if xr + as is acceptable to Fi, augmented by xy, and

AV (s 1) < WAL (s; 1) for some v, € (0,1). (2.31)

A v-pair (o, 8x) earns its name since the step x + a8y is acceptable to the current filter augmented
by z, but the step s, did not predict sufficient decrease in f; we say that k is a v-iterate. Note that
the focus of the iteration is on reducing the violation v and that we add the pair (v, fi) to the filter
Fk. An o-pair is characterized as follows.

O-PAIR

The pair (o, s) constitutes an o-pair if T + as is acceptable to Fy,

A (s ) > VAL (s;21), and (2.32a)
o+ as) < flaw) —vrop], (2.32b)

where vy, € (0,1) is the same constant used to define a v-pair and

pl = min [Aéf(sk;xk), A’ (557 ay, Hy)| (2.33)

An o-pair (ag, ;) is so designated since xy, + a4 8y is acceptable to the filter, s; predicts decrease in the
objective function, and a sufficient decrease in the objective is realized; we say that k is an o-iterate.
Finally, a b-pair is formalized as follows.

B-PAIR

The pair (o, s) constitutes a b-pair if (2.29) holds and

v(zg + as) < v(xg). (2.34)

An iterate x4 ay sk associated with a b-pair (ay, s) decreases both the constraint violation and penalty
function, and thus suggests that one or more filter entries is blocking a productive step; we say that k is
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a b-iterate. Our strategy is to accept the point, add (vg, fx) to the filter, and enter penalty mode. We
view this as a satisfying alternative to a traditional restoration phase. Note that we only add (vg, fx)
to the filter for v- and b-iterates. Moreover, if P-mode has the value false at the beginning of the
kth iterate, steps are always tested for acceptability based on the filter criteria (o- and v-pairs) before
checking for decrease in the constraint violation and penalty function (b-pairs). In this manner, we give
clear preference to staying in filter mode.

Finally, we increase the penalty parameter if

Aq®(sk; Tk, Br, 011) < 16Aq° (sh; vk, Br, 01, (2.35)

since this indicates that 7 is very small and the search direction s; does not adequately reflect the
decrease predicted by st in the penalty function.
We find it useful to define the following index sets:

Sy ={k: kis a v-iterate }, S, = {k : k is an o-iterate },
Sp ={k: kis a p-iterate }, Sy = {k: k is an b-iterate }.

These definitions and the construction of Algorithm 1 allow us to prove the following important result.
LEMMA 2.14. If P-mode = false at the beginning of iteration k, then xy is acceptable to Fy,.
Proof. The result immediately follows from the construction of Algorithm 1 and consideration of

the possible outcomes associated with iteration k£ — 1. 0

3. Well-posedness. In this section we verify that every step of the method is well-posed under
the following assumption, which we do not explicitly state for each result.

ASSUMPTION 3.1. The functions f and c are both differentiable with Lipschitz continuous derivatives
in the neighborhood of the point xy,.

We begin by observing that the steering problem (2.10) is convex, always feasible, and the objective
function is bounded below by zero, i.e., it is well-defined. Next, we argue that the predictor problem (2.11)
is well-defined. This is obvious when A¢”(s}) # v(z) since then the strictly convex problem (2.11b) is
always feasible. On the other hand, if A¢¥(sf) = v(zy), then it follows that ||[e(zx) + J(xx)si] 7|1 = 0,
which implies that c; + Jgs; > 0. Thus, s = s is feasible for (2.11a), and the predictor problem is
well-defined. Lemma 2.3 shows that 7, > 0 and Lemma 2.8 shows that the update to the weighting
parameter is well-defined. The accelerator problem (2.24) does not cause difficulties since by construction
it is feasible, has bounded solutions, and may be solved (approximately) as noted in Section 2.5. It is
also easy to see that both Cauchy step problems (2.26) and (2.27) are well-defined.

We now proceed to show that the linesearch terminates finitely. To this end, we first show that
feasible iterates are never added to the filter.

LEMMA 3.1. Algorithm 1 ensures that if (v, fr) is added to the filter, then vy > 0.

Proof. For a proof by contradiction, suppose that v(zg) = 0. It follows from v(z;) = 0 and the
fact that £V is a convex function that A¢(si, zy) = 0, and we may then use (2.11a), (2.14), (2.15), and
the fact that xj is not a KKT point for (1.1) (otherwise we would already have exited on Line 10 of
Algorithm 1) to show that

=1, sp=57#0, and Al(sy;xi) = AL(sh;x) = 0. (3.1)
It then follows from (3.1), (2.7), Lemma 2.7, v(zy) = 0, and the fact that By > 0 that
Al (s 1) = Aff(si;xk) = A€¢(S]]z;xk70k+1) = AP (sp; Ty Opy1) > %siTBksi > 0. (3.2)

Since (vg, fi) was added to the filter, it follows from the construction of Algorithm 1 that either (ax, §x) is
a v-iterate or (a, s ) is a b-pair, which implies that at least one of v(zg+axsi) < v(ak) or A (sg;x1) <
11



Algorithm 1 Filter sequential quadratic programming algorithm.

1: Input an initial primal-dual pair (zg,yo).

2: Choose parameters {7y, o, 1gs Tines Vs Yo Ve Yo} C (0,1) and 0 < G < e < 00.
3: Set k + 0, Fo < (0, P-mode <+ false, and then choose o¢ > 0 and 8 € [dmin, Omax]-
4: loop

5: Compute s}, as a solution of (2.9), and then calculate Al”(s}; xy) from (2.5).

6: if Al(s3;xr) =0 and v(zy) > 0, then

7 return with the infeasible stationary point zj for problem (1.1).

8: Choose By, = 0 and then compute s} as the unique solution of (2.11) with multiplier y}.
9: if Ag?(sh;xg, 01) = v(x)) =0, then

10: return with the KKT point (z,y;) for problem (1.1).

11: Compute sj from (2.14) such that (2.15) is satisfied.

12: Compute the new weight o1 from (2.18).

13: Choose df > 0 and then compute s{ as an (approximate) solution of (2.24).

14: Compute qub from (2.27) and then calculate Aq‘i’(szd’; X, Hy 0p41) from (2.8).
15: if P-mode then

16: for 7=0,1,2,... do

17: Set ay, = 7.

18: for 5, € {s{,s,} do

19: if (o, 8k) is a p-pair then

20: Set Fi1 < Fr and go to Line 21. > p-iterate
21: if x, + a8k is acceptable to Fi then

22: Set P-mode + false.

23: else

24: Compute s¢/ from (2.26) and then calculate Agf (s{'; zy, Hy) from (2.6b).

25: for 7=0,1,2,... do

26: Set ay, < 7.

2T for 5, € {s{,s,} do

28: if (ag, 8x) is a v-pair then

29: Set Fr+1 + Fr U{(vk, fr)} and go to Line 34. > v-iterate
30: if (ag, 8x) is an o-pair then

31: Set Fi+1 < Fr and go to Line 34. > o-iterate
32: if (g, sx) is a b-pair then

33: Set Fry1 + Fr U{(vk, fr)}, P-mode < true, and go to Line 34. > b-iterate
34: if Aq?(si;xp, Br,0ki1) < NoAq?(sh; 2y, By, og41) then

35: Set ox41 ¢ Okt1 + Tine-

36: Set g1 ¢ Tk + Sk, Yrt+1 y]Sv 6k+1 S [5min,5max]; and k < k + 1.

Yo ALY (s; ) holds, amongst other requirements. However, since v(zy + agsi) < v(xg) = 0 is not
possible, we conclude that Alf (sy; xx) < 7, ALY(sy; 1) = 0, where we have also used (3.1); this contra-
dicts (3.2) and proves the result. O

The next two results show that our linesearch procedure terminates anytime P-mode has the value
false at the beginning of the kth iteration. We first consider the case when z}, is feasible.

LEMMA 3.2. If P-mode = false at the beginning of the kth iteration, v(xy) = 0, and xy, is not a
first-order solution to problem (1.1), then the pair (a, sy) is an o-pair for all a > 0 sufficiently small.
Moreover, k € S,.

Proof. As in the proof of Lemma 3.1, it follows that v(zy) = Al(sj;zr) = 0. This may be
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combined with the fact that zj is assumed to not be a first-order solution to (1.1), (2.11a), (2.14),
(2.15), Lemma 2.7, By, = 0, and the definition of A¢? to conclude that

sp=sp #0, ¢+ Jisp >0, and Aﬁf(sk; xp) = AP (sp; T, Opg1) > 0 = Yo ALY (s ). (3.3)

Next, v(z) = 0 and (3.3) imply that ¢; + aJgs > 0 for all « € [0,1]. Combining this fact with
Taylor’s Theorem, Assumption 3.1, and (3.3) yields

v(wp + ask) = ||[c(zk + ask)]_Hl = ||lex + aJpsk + O(a2)]_H1 < 0(a?) for a €0,1]. (3.4)
Since Lemma 3.1 implies that v; > 0 for all (v;, f;) € Fi, we may conclude from (3.4) that

v(zk +asg) < min_ Pv; for all @ > 0 sufficiently small,
(vi, fi)EFk

where 8 € (0, 1) is defined in (2.28), so that
2k + asy s acceptable to the filter for all o > 0 sufficiently small. (3.5)
Next, Taylor’s Theorem, Assumption 3.1, the definition of A¢/, and (3.3) imply that

fxp + asp) = fu + aglsp + 0(a®) = fr, — aA (s;21) + O(a?)
< fr — ypaAl (s;ay) for all a > 0 sufficiently small, (3.6)

where v¢ € (0,1) is defined in (2.32b). It follows from (3.3), (3.5), and (3.6) that (c, si) is an o-pair for
all @ > 0 sufficiently small, which proves the first result of this lemma..

We just proved that the for loop on line 25 in Algorithm 1 always terminates. Moreover, it can
never terminate as a result of the if on line 32 since v(xy + ask) < v(zx) = 0 is impossible for all a.
Moreover, it can not terminate on line 28 since (3.3) holds. Therefore, the linesearch must terminate
with an o-pair (ay, §), which implies that k € S,. O

We now consider the case when x;, is infeasible.

LEMMA 3.3. If P-mode = false at the beginning of iteration k, v(xg) > 0, and xj is not an infeasible
stationary point, then («, sx) is a b-pair for all o > 0 sufficiently small.

Proof. Tt follows from the assumptions of this lemma and Lemma 2.10 that

[Ds, @] (21; 0p1) < —ALP (812, 0% 41) < 0 (3.7)

so that the direction sj is a strict descent direction for ¢ at xj with penalty parameter ox41. Using the
definition of the directional derivative, (3.7), v4 € (0,1) defined in (2.29), and (2.30) we conclude that

(xk + ask; opr1) < O(@r; 0x 1) + avg[Ds, @l (Th; Ort1)
< G(wh; Ohr1) — Y ALY (815 Th, Ops1) (3.8)

< (ap; O0kt1) — a'y(z,p‘,f for all o > 0 sufficiently small.

Since v(zy) # 0 and xy is not an infeasible stationary point, we know that A¢(s};xr) > 0.
Lemma 2.6 then implies that

[Dsv)(zr) < —AL(sp;21) < 1AL (s3;21,) <0
so that si is a descent direction for v at xj. A similar argument as the one that lead to (3.8), yields

v(zk + asg) < v(zg) for all a > 0 sufficiently small. (3.9)
13



It follows from (3.8) and (3.9) that («, sg) is a b-pair for all @ > 0 sufficiently small. O

The next lemma considers the case when P-mode is true at the beginning of the kth iteration, and
shows that successful trial iterates may be obtained through backtracking as performed in Algorithm 1.

LEMMA 3.4. If P-mode = true at the beginning of the kth iteration and xj is neither an infea-
sible stationary point nor a first-order solution to problem (1.1), then («, ) is a p-pair for all o > 0
sufficiently small.

Proof. The proof follows exactly as in the first part of Lemma 3.3. O

We now combine these results to prove that Algorithm 1 is well-posed.

THEOREM 3.5. Algorithm 1 is well-posed.

Proof. As described in the first paragraph of Section 3, every subproblem and step computation is
well defined, and Lemma 2.8 ensures that the update to the weighting parameter is well defined.

All that remains is to prove that the linesearch terminates. First, if P-mode has the value false at the
beginning of iteration xj and v(xy) = 0, then Lemma 3.2 guarantees finite termination and that k € S,.
Second, if P-mode has the value false and v(zg) > 0, then Lemma 3.3 ensures that the backtracking
linesearch will terminate finitely. Finally, suppose that P-mode has the value true at the beginning of
iteration k. It then follows from Lemma 3.4 that the backtracking terminates finitely. O

4. Global Convergence. In this section we prove that limit points of the iterates generated by
Algorithm 1 have desirable properties. To this end, we use the following common assumptions.

ASSUMPTION 4.1. The iterates {xx} lie in an open, bounded, convex set X.

ASSUMPTION 4.2. The problem functions f(x) and c(x) are twice continuously differentiable on X .

ASSUMPTION 4.3. The matrices By are uniformly positive definite and bounded, i.e., there exists

values 0 < A < Apae < 00 Ssuch that A, |s||§ < $TBrs < A ||3||g for all s € R™ and all By,.

ASSUMPTION 4.4. The matrices Hy, are uniformly bounded, i.e., |[Hi|y < o fOT sOme fi,,, > 1.

For clarity and motivational purposes, we immediately state our main convergence theorem that

makes use of the Mangasarian-Fromovitz constraint qualification (MFCQ) [31].

THEOREM 4.1. If Assumptions 4.1—4.4 hold, then one of the following must occur.

(i) Algorithm 1 terminates finitely with either a first-order KKT point or an infeasible stationary
point in lines 10 or 7, respectively, for problem (1.1).

(ii) Algorithm 1 gemerates infinitely many iterations {xx}, o = & < 0o for all k sufficiently large,
and there exists a limit point x, of {xx} that is either a first-order KKT point or an infeasible
stationary point for problem (1.1).

(iii) Algorithm 1 generates infinitely many iterations {xy}, limg_, o0 o = 00, and there exists a limit
point x. of {x} that is either an infeasible stationary point or a feasible point at which the
MFCQ fails.

Proof. The result follows from the following analysis that considers the various cases that can occur.

In particular, it follows from Theorems 4.11, 4.14, 4.17, 4.20, and the construction of Algorithm 1. O

We now present a sequence of lemmas that will be useful in the convergence analysis. The first

result is adapted from [7, Theorem 3.6] and provides a bound on the trial step sy.

LEMMA 4.2. If Assumptions 4.1-4.3 hold and xy, and si are generated by Algorithm 1, then

2
l|lsk|ly < max {1, P [ lgxlls + okv(xk)} , \/715,,”} . (4.1)

min

Furthermore, if {o}} is bounded, then there exists a constant My > 0 such that ||si|l, < My for all k.
Proof. First, we claim that the predictor step s} must satisfy

2
1551 < mox {152 llul, + ovota)] | (12

which can be seen as follows. Suppose that (4.2) is not satisfied so that

Isill, > 1 and A,

silly > llgwlly + onv(@). (4.3)
14



It then follows from the definitions of Ag? and ¢, the Cauchy-Schwarz inequality, Assumption 4.3, and
(4.3) that

T s ,
Aq®(sy; xk, Br, o) = —gisy — 35, Brsy, + 0w (£7(0521) — € (sps )

2
| ll5 + oxv(e)

< llgkllz 1%y = 3 A

2
< llgella 1ty = 3 A 3115 + st 1l oxv (k)

= 11531, (Ngells = A

splly + O‘k’U(.’Ek)) <0,

which contradicts the fact that s} is the unique global minimizer to the strictly convex predictor problem.
Thus, (4.2) must hold and when combined with (2.14), the use of the triangle-inequality, the use of the
trust-region radius g € [diin, Omax] i1t the steering problem, implies that

2
fsul < max {152 [lgul + oxv(e)]. V.. (4.4

min

which proves (4.1). Since g and v(zy) are uniformly bounded as a result of Assumptions 4.1 and 4.2,
it is clear that if {0} is bounded, then there exists M, < oo such that ||s|l, < M, for all k. O
The following result provides a relationship between the predicted change in the linear model and the
change achieved in the line search process for both the objective function and the constraint violation.
LEMMA 4.3. (Equivalent to [39, Lemma 3]) Suppose that Assumptions 4.1 and 4.2 hold. Then,
there exist constants {Cy,Cy} > 0 such that for all k and o € (0,1], we have

flan +as) < flzp) — aAM (s;21) + a2Cy |53 (4.5)
and

v(zy, + as) < v(zg) — ALY (s;21) + a0, ||s||§ . (4.6)

Proof. Inequality (4.5) is a direct result of Taylor’s theorem and Assumption 4.2.

For (4.6), it follows from the integral mean-value theorem, Assumptions 4.1 and 4.2 and their the
implied Lipschitz continuity of J(z), the triangle inequality, and the convexity of ¢V, that for some
constant Lipschitz constant C,

1
v(ag + as) = ||[c(zk + ous)]*H1 = [c(xk) + aJdis + a/o [J(zr + Oas) — J(a:k)]sdQ]

1
< ||le(wx) + adis) ||, + a*VaC sl
< (1= a) ||le(@o)]™ ||, + ellle@r) + Jxs] ™ ||, + o*VaCls|l3
= v(xy) — AL (s;21) + a*y/nC Hs||§ for all @ € (0,1].
This proves (4.6) by defining C,, := /nC. O
The next two lemmas provide a relationship between the predicted linear decrease in the objective

function and the quantity p£ defined by (2.33).
LEMMA 4.4. If Assumption 4.4 holds and A¢F (sy;x1) > 0, then

f .
Aqf(szf; Tk, Hg) > %Aﬁf(sk;xk) min {M(ik,ﬂﬁg)’ 1} . (4.7)
Moz || Sk 2
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Proof. If Al (sy; ) = 0, then the result follows immediately from the definition of sk in (2.26).
Now, suppose that Aéf(sk,xk) > 0. It follows from (2.26) and the definition of Ag’ that

Aqf(szf;zk,Hk) > Aqf(ask;xk.,Hk) = —ag{sk — %oﬂs{Hksk forall0 < a < 1.
The right hand side of the previous equation may be written as
q(a) = aa® + ba, where a = —%ngksk and b= Aﬁf(sk;xk) = —g,{sk > 0.

We wish to maximize g on the interval [0, 1] so we differentiate ¢(«) with respect to a and set the result

to zero to obtain a stationary point at —z-. Now, consider three cases.
Case 1: (a < 0 and —& < 1) The maximum of ¢(a) on the interval [0,1] is achieved at a@ = — .

Note that a > 0, since b = Al/ (sg; ) > 0 by assumption. Then, we have

SbN_ b 8
4 20 )~ “ag2 2¢  4da’

It follows from the definition of @ and b, the Cauchy-Schwarz inequality, and Assumption 4.4 that

q (_b) o Aff(sk;l'k)z > Aﬁf(sk;xk)2 Aﬁf(sk,xk)2
2a 2spHysi 2| Hyll, ||5k||2 2t [lsell5

Case 2: (a < 0 and —3= > 1) The maximum of g(c) on the interval [0, 1] is achieved at v = 1, where
qgl)=a+b>—3b+b=1b= LA/ (s;24).
Case 3: (a > 0) The maximum of ¢(a) on the interval [0, 1] is achieved at ov = 1 so that
q)=a+b>b>Lib= LA (sp; ).
Finally, combining all three cases and defining o’ = arg max,epo,1] ¢(), it follows that

Al (5352 1}

2
/J'max ||SkH2

AL (sp;21)?

5 %Aéf(sk; xk)} = %Aﬁf(sk;xk) min{
2lJ’max ||SkH2

Agf (si 5z, Hy) = q(o) > min{

as desired. O
LEMMA 4.5. Suppose that the Assumptions 4.1-4.4 are satisfied and that {oy} is bounded. Then,
there exists a constant C,, > 0 such that whenever AtY (sy;x) > 0, it follows that

p{; > min [Cp AL (sp;z)?, SAL (sp3 )] - (4.8)

Proof. Tt follows from (2.33), Lemma 4.4, Lemma 4.2 and the assumption A#7(sg;2y) > 0 that

p£ = min -Aéf(sk; Tr), Aqf(szf; Tk, Hk)}

A f . 2
> min | A6/ (s; x1), min {W, ;Aﬂf(sk;xk)}]
2ftna |51 |

-Aff(sk; ZL‘k)
| 24t 15513

Agf(sk; l‘k)2

> i
> min SYNTE

1A€f(sk,xk)1 > min [ , %Aﬁf(sk;xk)] ,
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where { M, fimax } C (0,00) are defined in (4.1) and Assumption 4.4, respectively. The result now follows
by defining C, := 1/(2pmax M2). O

The next two results provide a relationship between the predicted linear change in the penalty
function and the quantity p(,f defined by (2.30).

LEMMA 4.6. If Assumption 4.4 holds and xy, is not an infeasible stationary point, then

AL (Sk; Tk, Opt1) 1}

2
lu’max HSICHQ

Aq¢(sz¢;$k,Hk,0‘k+1) > ;A€¢(sk;xk,ak+1)min{ (4.9)

Proof. Since xj is not an infeasible stationary point by assumption, it follows from Lemma 2.8 that
AP (sp; g, 0pp1) > 0. If ALP(sp; Tk, 0ky1) = 0, then the result follows immediately. Therefore, for the
remainder of the proof we assume that A¢?(sy; 2y, opi1) > 0.

It follows from (2.27), the convexity of £¥(-), and simple algebra that

Aq¢(52¢a Ty Hkao-k+l)
> Aq?(asy; ox, Hy, 0pt1)

= —agls, — %oﬂsZHksk + Okt1 (H[ckrm - H[ck + aJksk]fnl)

v

—aglsy, — %Q2S£Hk5k + Okt (H[Clc}_Hl -« H[Ck + Jksk]_Hl —(1-a) H[C’f]_HJ
= —ag,z;sk — %CYQSngSk + aok41 (H[Ck]_Hl — H[Ck + Jksk]_”l)

= AL (Sp; Th, Opg1) — %azngksk for all « € [0, 1].
The right hand side of the equation is a quadratic function of a:
q(a) = aa® + ba, where a = —%ngksk and b= Al®(sp; xp, opy1) > 0.
Analysis similar to that used in the proof of Lemma 4.4 yields

AL? (51 2
Aq¢(sz¢;xk,Hk,ak+1) > min{ Q(Sk’xﬁ’olr;l) , %AE¢(sk;xk,ak+1) , (4.10)
Hmax [|Sk|lo

where ... 1s from Assumption 4.4, as desired. O
LEMMA 4.7. Suppose that Assumptions 4.1-4.4 are satisfied, that Algorithm 1 never encounters an
infeasible stationary point, and {0y} is bounded. Then, there exists a constant C, € (0,00) such that

pf > min [CPA€¢(sk;xk,Uk+1)2, %A€¢(sk;xk, ak+1)] for all k > 0.

Proof. The proof follows exactly as in Lemma 4.5. O

4.1. Convergence analysis under bounded weighting parameter. In this section we study
Algorithm 1 under the assumption that the weighting parameter stays bounded. It follows from this
assumption and Lemma 4.2 that there exists some k&’ and & < co such that

llsklly < Mg < oo and o =6 <oo forall k>Fk. (4.11)

In certain situations, we can ensure that the line search step length is bounded away from zero.
LEMMA 4.8. If Assumptions 4.1-4.3 and (4.11) hold and € > 0, then the following hold:
(i) There exists a constant ap > 0 such that o, > ap > 0 for all k € Kp, where

Kp={keS,:k>Fk and Al®(sy;z1,5) > €}.
17



(ii) There exists a constant ap > 0 such that ax > ap > 0 for all k € Kp, where
Kr={keSUS,US,:k>k and Al’(s};xy) > €}.

(iii) There exists a constant oy > 0 such that («, s) = («, si) satisfies (2.32b) for all 0 < o < «; and
all k € Ky, where

Ki={k>Fk: AV (sg;21) > €.
Proof. From [6, Lemma 3.4], there exists some positive constant Cy such that

< Cy |lasi|5 for all k> k" and o € [0,1]. (4.12)

bk + ausp; 0) — 0 (asy; o, G)

We first prove part (i). Suppose that « satisfies

0<a< L200) (4.13)

where v4 € (0,1) is set in Algorithm 1 and M, is defined in (4.11). To simplify notation, we define
Zf(s) = (?(s;zp,5) and Aff(s) = Al?(s;xp,5). We then use ¢(xy;5) = 62(0), the convexity of €f(~),
(4.12), ALY (s1,) > € for k € Kp, (4.11), (4.13), and (2.30) to conclude that

G(21;7) — Pk + asp; 7) = [£7(0) — 6y (asy)] — [p(ar + sy 5) — £ (asy)]
> [62(0) — aly (s) — (1 — )£ (0)] — Cpa® |15l
= a[6(0) = €5 (sk)] — Cpo® |5l
= oAl (s) + (1 — )0 (s) — Cy? |53
> Yo ALY (s1) + (1 — ) ae — Cya® |sel3
> v aAW( k) > 'y¢apﬁ for all k € Kp,

which with (2.29) implies that («, si) is a p-pair. Thus, Algorithm 1 must select an oy, that satisfies

1—
o > min {FY(C’(#]\Z;)E’ 1} =: ap, (4.14)

where v € (0,1) is the backtracking parameter in Algorithm 1, which completes the proof of part (i).
We now prove part (ii). It follows from (2.19) that

AZ¢(sk,mk, F) > ane AL (si; xx) > dnye for k € Kp. (4.15)

If o satisfies

(1 —g)0ns€  Mye
GoE G2 (4.16)

o < min

where C, is defined in (4.6) and n, is defined in (2.15), then we may use (4.15) and proceed as in the proof
of part (i) to conclude that («, sg) is a p-pair, i.e., (2.29) holds. Moreover, we have from Lemma 4.3,

(2.15), (4.16), ALY (s};xx) > € for k € Kp, and (4.11) that

v(xg + asg) —v(xg) < —aAl(sp;a) + a0, ||sk||§ < —amp AL (s3; ) + YWY

—anye+ anye =0 for all k € Kp, (4.17)

Ui 2
Oy [Iskll5
S
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where the strict inequality holds since s # 0 as a result of (4.15). Combining (4.17) with (2.29) implies
that («, sg) is a b-pair. Thus, we conclude from the structure of Algorithm 1 that

V(1 —7g)ans€  Yve
CoMZ ' CoMZ

o > min{ 1} =:ap >0 forall k € Kp, (4.18)

where v € (0,1) is the backtracking parameter used in Algorithm 1.

Part (iii) is a standard result used in continuous unconstrained optimization that follows since
Al (s; 1) > € is equivalent to g(xy)T s, < —€ < 0 and sy, is uniformly bounded by (4.11). O

The next lemma justifies the three cases that we consider when analyzing Algorithm 1.

LEMMA 4.9. If Algorithm 1 does not terminate finitely, then one of the following scenarios occurs:

Case 1: k € S, for all k sufficiently large;

Case 2: k € S, for all k sufficiently large; or

Case 3: |S, US| = 0.

Proof. We proceed by contradiction and assume that none of the cases occur. In particular, since
Case 3 does not hold it follows that k € S, U S, for all k sufficiently large. Combining this with the
fact that Cases 1 and 2 do not hold implies that the iterates must oscillate between p- and o-iterates.
However, this is not possible since there is no mechanism in Algorithm 1 that allows for iterate k + 1 to
be a p-iterate if iterate k is an o-iterate. O

We now analyze Algorithm 1 for each of the three possible scenarios stated in the previous result.

Case 1: k € S, for all k sufficiently large. In this case, there exists k" such that
keS, forallk>Fk">F, (4.19)

where k' is defined in (4.11). We first show that our measure of feasibility converges to zero.
LEMMA 4.10. If Assumptions 4.1—4.4, (4.11), and (4.19) hold, then limy_,oc ALY(s};25) = 0.
Proof. For a proof by contradiction, suppose that there exists an infinite subsequence

S"i={k > k" Al (s5p) > €'}
for some constant €’ > 0. It follows from (4.19), (2.19), (4.11), and the definition of S” that
AP (sp;ap,5) > ane AL (555 21) > 610’ =:€ >0 for all k € S”, (4.20)
which implies with (4.19) that
S"CKp:={keS8,:k>k and Al’(sy;zy,5) > e> 0}.

Combining p with Lemma 4.8 implies the existence of a positive ap such that ap > ap > 0 for all
k € 8", which used with the definitions of §” and S, (4.19), Lemma 4.7, and (4.20) yield

P(1;5) — G(wp + ardi; &) > Yoanpl > vpo min [C, A (s 2k, )%, SAL (51521, 5)]
> ygap min [C,€%, 1] >0 forall k € S”. (4.21)

Now, for k" <k € §,\ S”, it follows from (2.29), (2.19), and (2.27) that
¢(xr;5) — Gk + ardp; 5) > ypay min [Af‘ﬁ(smﬂikﬁ), Aq¢(82¢;$k7Hk,5)} > 0. (4.22)

It is now easy to see from (4.21), (4.22), and (4.19) that ¢(zy;3) — —oo, which contradicts Assump-
tions 4.1 and 4.2. Thus, we conclude that limg_,oo ALY(s7;25) = 0. O
We now show that all limit points are infeasible stationary points for problem (1.1).
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THEOREM 4.11. Suppose that Assumptions 4.1—4.4, (4.11), and (4.19) hold. If x, is any limit point
of the sequence {x} generated by Algorithm 1, then x. is an infeasible stationary point for problem (1.1).

Proof. Let vmin = min{v; : (v;, f;) € Frr} = min{v; : (v;, f;) € Fr and k > k”}, where the
second equality holds since by assumption k € S, for all k¥ > k" and the filter is never expanded when
k € §p. It follows from Lemma 3.1 that vmin, > 0. But then if there was a feasible limit point z., there
must be iterates zy, k > k” that are arbitrarily close to feasibility, and thus ultimately one such that
xk is acceptable to Fi. Thus line 21 of Algorithm 1 implies that there will be an iterate k > k” for
which & ¢ S, which contradicts (4.19). Thus, all limit points are infeasible. It follows from this fact,
Lemma 4.10, and Lemma 2.1 that all limit points are infeasible stationary points. O

Case 2: k € S, for all k sufficiently large. In this case, there exists k& such that
keS, forallk>k' >k, (4.23)

where k' is defined in (4.11). We begin by showing that our feasibility measure converges to zero.
LEMMA 4.12. If Assumptions 4.1-4.4, (4.11), and (4.23) hold, then limy_,oc ALY(s}; k) = 0.
Proof. For a contradiction, suppose that there exists ¢/ > 0 and an infinite subsequence

S§"i={k >k Al (s5;mp) > €'} C S,

where we have used k" defined in (4.23). It then follows from the definition of S,, the o-pair (ag, k)
selected in Algorithm 1, (2.32b), (4.11), Lemma 4.5, (2.32a), (2.15), and part (ii) of Lemma 4.8 that

flag) — flag + agsy) > ’yfozkpigc > ypog min {C’pAEf(sk; xp)?, %Aﬁ(sk; xk)}
> oy, min {Cp [%Aév(sk; xk)] 2, %%Aév(sk; xk)}
> 7o min {Cp (Yoo ALY (s7; k)] ’ RO G l“k)}
> 7y pap min {Cp [%771;6”]27 %'yvnve”} for all k € §”,
for some aop > 0. Similarly, for £ <k € S, \ §”, it follows from (2.32), (2.15), and (2.26) that
fxr) — flog + agdy) > 7fozkp£ > 7oy min {%Af”(sk;xk), Aqf(szf; Th, Hk)} > 0.

Combining the two previous inequalities with the definition of k" yields f(xy) — —oo, which contradicts
the fact that f is bounded as a consequence of Assumptions 4.1 and 4.2. This proves the result. O

We now show that feasible limit points are also first-order solutions of the penalty function.

LEMMA 4.13. Suppose that Assumptions 4.1-4.4, (4.11), and (4.23) hold. If x. = limges zy for
some subsequence S and v(z,) = 0, then limyes Aq?(sY; ), By, ) = 0.

Proof. Suppose that there exists a constant €’ > 0 and an infinite subsequence

S§"={keS:k>k": Aq(b(sz;zk,Bk,&) >’
where k" is defined in (4.23). It follows from line 34 of Algorithm 1, (4.11), and (4.23) that
Aq¢(sk; Xk, B, ) > nquqd’(si;:ck,Bk,&) >4’ for ke S”. (4.24)

From (2.5) and (2.15), we know that v(zg) > ALY (sg;xk) > N ALY (s5; x) > 0 for all k, which may be
combined with limges v(zx) = v(z,) = 0 (holds by assumption) to conclude that

"
g€ for k € S sufficiently large, (4.25)

ALY (sg; <
(Sk;xk) >~ 0'+')/U
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where 7, € (0,1) is defined in (2.32a). It follows from (2.7), (2.8), (4.24), By > 0, and (4.25) that

Aﬁf(sk;xk) > %SgBkSk — 5’A€U(Sk; l’k) + 77¢€/I > 17¢€” — 5’A€U(Sk; J?k)

B n¢6// _ ’Y’Un(z)el/

> npe’ — o= " — = ¢/ >0 for k e 8" sufficiently large. (4.26)
F+Y G+

Combining this with part (iii) of Lemma 4.8, we know that there exists some oy > 0 such that (¢, si)
satisfies (2.32b) for all k € §” sufficiently large and « € (0, af], since by assumption S, = S, US, U S},
for k > k.

Next, we define

Oy =  mi {a i AL (53 1), -}>0, 4.27
k (vi’r}il)réfk max [vz My (855 a;) sz] (4.27)
where Fy, is the kth filter. The fact that ®; > 0 follows since v; > 0 for all (v;, f;) € Fi as a consequence
of Lemma 3.1. Moreover, it follows from (4.23) that F}, = Fy for all k € §” so that &, = $y» > 0 for
all k € 8”. Now, pick €’ > 0 such that ®» — C, M2 < €’ < &} and consider a such that

(pk// —ev

<7
O<a< SN

<1. (4.28)

It then follows from Lemma 4.3, the fact that lim,csv(xg) =0, (2.15), (4.23), and (4.28), that

v(xg + asg) < v(xg) — aAL(sg; xx) + a?C, ||sk||§ <€+ QQCva
(I)k// — €U

< 4aC,M?<e’ 4+
<e 4+« s S €+ C’UM32

CyM? = @y for all k € 8 sufficiently large.
Thus, x + asy is acceptable to Fy, = Fy- for all « satisfying (4.28) and k € S§” sufficiently large.
Combining the above, (4.23), and the structure of Algorithm 1, we conclude that

(I)k// — ¢

Qj > min {’ch,’mh 1} =! Qi > 0 for all k € S” sufficiently large, (4.29)

where v € (0, 1) is the backtracking parameter used in Algorithm 1. It then follows from (4.23), (2.32b),
(2.15), Lemma 4.5, (2.32a), (4.29), and (4.26) that

f@r) = fxn + arde) > vrarpl, > ypapmin [CoAL (si;2)?, LA (s1524)]
> 7 f Qs N [Cp (ef)2, %ef} > 0 for all k € 8" sufficiently large. (4.30)

However, for all k € S,, it follows from (2.32b), (2.32a), (2.15), and (2.26) that f(zx)— f(xr +orsk) > 0.
This observation combined with (4.30) implies that limy_ o f(zr) = —oo, which contradicts the fact
that f is bounded as a consequence of Assumptions 4.1 and 4.2. This completes the proof. O

We now show that limit points are either infeasible stationary points or KKT points for problem (1.1).

THEOREM 4.14. Suppose that Assumptions 4.1-4.4, (4.11), and (4.23) hold. If x, is a limit point
of {xx}, then either

(i) x« is an infeasible stationary point; or

(ii) x4 is a KKT point for problem (1.1).

Proof. Suppose that limges xr = =4 for some subsequence S. It follows from Lemma 4.12 that
limy, oo Al(s3;2,) = 0 so that if v(z.) > 0, then z, is an infeasible stationary point (see Defini-
tion 2.1). Otherwise, we have that v(z,) = 0. In this case, it follows from Lemma 4.13 and (4.11) that
limpes Aq?(sh; g, B, ) = 0. It follows from this fact, v(z,) = 0, and Lemma 2.2 that z, is a KKT
point for problem (1.1). O
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Case 3: |S, US| = co. We first show that the feasibility measure converges to zero along S, U Sy.
LEMMA 4.15. If Assumptions 4.1-4.3 hold and |S, U Sp| = oo, then limges,us, ALY (sh; xk) = 0.
Proof. To reach a contradiction, suppose that we have the infinite subsequence

S:={keS,US,: Al’(s);x) > €}
for some constant € > 0. It follows from the definition of S, Lemma 2.14 and (2.28) that
v < max {vj — N ALY (55 25), ﬁvj} or fr < f; —ymin {vj — an, ALY (s5; 25), ﬁvj} (4.31)

for k € S and (vj, f;) € Fi; note that by construction (vg, fi) € Fr41 for all k € S. Moreover, it follows
from the definitions of A¢Y and S that vy, > AlY(si; k) > € for k € S. Using Assumptions 4.1 and 4.2
we have a subsequence S’ C S so that

kher‘xgl/ ALY (si;xk) =60 and kheI}sl/ v, = 0, for constants 6, > 0, > € > 0.
For any €, € (0,6,) and €, € (0,6,), it follows that
|ACY (s5528) — 00l < € and  |vg — 60,] <€, for all k € S’ C S sufficiently large. (4.32)
Using (4.32), the definitions of ¢, 1,, A¥ and S, a € (0,1], S’ C S, and part (ii) of Lemma 4.8 gives
0 < vk — ALY (855 21) < Vg — apny (B — €¢) < Bovy, for all k € S’ sufficiently large (4.33)

and some oy > 0, where

(91} + Ev) - aFT]v(al -

6[)
(91) + Cv) € (Oﬂ 1)

Ba =

and f2 may be forced to lie in (0,1) by choosing ¢, sufficiently close to zero and ¢, sufficiently close to
0¢. Now define 5* := max{fs, 8} € (0,1),

1— g
€* = min {Hv, € ¢ >0,
14 p* }
and the subsequence §” = {k € &’ : |vy, — 0,] < €} so that

20* 2
%GU < < mev for all k € S” C &’ sufficiently large. (4.34)
Given k € 8", define k™ € 8" to be the successor to k in §”. Tt then follows from (4.34), the
definition of £*, and (4.33) that

1+ 5%

Since 8” C &’ C 8, it follows from the previous inequality, the definition of k™, the fact that (v, fx) €
Fi+, (4.31), the definition of Al (s3; xr), cu € (0,1], ny € (0,1), B €(0,1), v € (0,1), 6, > €, > € and
the definition of 8" that

Vpt > 0, > v, = max{fs, f}vr > max {vk — apnu AL (si; zk), ka} for all k € S”.

fie = fro = ymin {vp — aunu AL (53 21), Bk}
= vy min {(1 — QM )V + QM ||[c(xk) + J(xk)32]7’|1 , ka}
> ymin{1 — agny, B}vg > ymin{l —n,, 8}(0, — ) >0 for all k in S”.
Summing over k € §”, we deduce that {fx}res — —oo, which contradicts Assumptions 4.1 and 4.2. O

We now prove that our optimality measure for ¢ converges to zero along a certain subsequence.
LEMMA 4.16. Suppose that Assumptions 4.1-4.4 and (4.11) hold, and that |S, U Sy| = 0.
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(1) If |Sy| = 00 and limges, x) = x. for some x, satisfying v(z.) =0, then

lim Ag?(s?;ay, By, d) = 0.
Jim q°(sy; 2k, B, @)

(i) If |Sy| < 00 and limges, T = . for some x, satisfying v(x,) =0, then

liminf Aq®(s?; ), By, o) = 0.
im inf Ag (sh; 2, Bi, )

Proof. We first prove part (i). To obtain a contradiction, suppose that there exists the subsequence
S :={keS,:k>Fk and Aq¢(s£;xk,Bk,6) >}
for some constant €’ > 0 and k" defined in (4.11). It then follows from line 34 of Algorithm 1 that
Aq?(sg; x, By, @) > 1gAq? (Vs 2k, By, 7) > nge’ for k € S'. (4.35)

Then, since v(z,) = 0 by assumption, we may use (4.35) (analogous to (4.24)) and follow the same steps
that led to (4.26) to show that

A€f(sk; xE) > ef > Yo ALY (513 x) for k € 8 sufficiently large and some ef >0,

where the second inequality follows from limges, 2 = z«, v(z+) = 0, and the definition of A¢¥. Thus,
(2.31) does not hold and implies that k ¢ S,. This is a contradiction and proves part (i).
We now prove part (ii), where |S,| < 0o = |Sp|. To obtain a contradiction, suppose that

Aq¢(sz; Tk, Bi,5) > € for k € S, sufficiently large
and some constant ¢ > 0. It then follows from line 34 of Algorithm 1 that
Aq?(sg; x, Br, @) > 1gAq? (sh; 2y, By, ) > nge’ for k € Sy sufficiently large. (4.36)
Since (4.36) is analogous to (4.35), we may again conclude as above that
A€f(sk; xR) > ef > VALY (sg; xy) for k € Sy sufficiently large and some e >0. (4.37)

Using (4.37), limges, v(zr) = v(z,) = 0, and part (iii) of Lemma 4.8, we may conclude that there
exists ay > 0 such that (a, si) satisfies (2.32b) for all & € (0,a¢] and k € S sufficiently large. Now,
if ap; — 0 along some subsequence S; C Sy, then it follows from the previous sentence and (4.37) that
(g, si) satisfies (2.32a) and (2.32b) for all k € S sufficiently large. We now show that xj + ay sy, is also
acceptable to the filter F, for all k € S sufficiently large.

To this end, let (v;, f;) € Fi, for some k € S;. It then follows from Lemma 2.14 that either v, <
max {vi—amUAfv(sf; xi), 5%} or fr, < f;—~ymin {vi—ozvaZU(sf; Zi), Bvi}. In this first case, it follows
from the definition of a b-pair that v(zy + arsk) < v < max {U,‘ LAY C N 611,»} for all k € Sp.
In the second case, we have from the fact that (2.32b) holds for k € S; sufficiently large (recall that
ar — 0on S}), (4.37), and Lemma 4.5 that f(x + axsk) < fr < fi —ymin {vi — oy ALY (835 ;), 5vi}.
Thus, in either case we have that (v(mk + agsk), f(zr + aksk)) is acceptable to the single element filter
{(vs, fs)} for all k € §; sufficiently large. Since this element (v;, f;) of the filter Fj, was arbitrary, we
may conclude that (v(xk + apsk), fag + aksk)) is, in fact, acceptable to the filter Fy, for all k € S
sufficiently large.

To summarize, we have shown that (ag,sy) is an o-pair for k € S sufficiently large. This is a
contradiction since Algorithm 1 would have labeled such an iterate as an o-iterate, not a b-iterate.

23



Thus, there exists a; such that ax > ap > 0 for all k € S, sufficiently large. Combining this with (2.1),

(2.29), v(-) > 0, Lemma 4.7, (2.7), (2.15), and (4.37) gives

flzr) — flag + agsy) = d(ag;0) — d(ag + apse; ) — c‘r(v(zk) —v(xg + aké)) > fy¢akpﬁ — ov(wk)

> Y4 min [C’pAf‘b(sk;xkﬁ)Q, %Aﬁd’(sk;xk,&)] —ov(xg)

= Y4, min {Cp(AEf(sk;xk)Q + 26A€f(sk; ) ALY (s xr) + 5’2A€”(sk;xk)2),

(A (spy ) + 6A€”(sk;xk))} —av(zy)
> 740 min [C’pAﬁf(sk; )2, %Aéf(sk; xk)] —av(xg)

> Y40y min {Cp (ef)2, %ef} —ov(xy) for k € S sufficiently large.

(4.38)

Since |Sp| = 00 > |S,|, we may define kT as the first iteration greater than k such that k™ € S,US,. It

then follows from the construction of Algorithm 1 and |S,| < oo that
if k € Sy is sufficiently large, then k™ € S,US, and 1 € S, for all k < < k.
Using (2.29), a; > 0, (2.19), and (2.27) we conclude that

kt—1 kt—1
$(wri1;0) — Glwpe;0) = Y ¢(@i30) — dlwi + idi30) > Y Ypaip)
i=k+1 i=k+1
kT—1
= Z Y0y min {Aﬂ‘b(si;mi,&), Aq‘z’(s?;xi,H“&)}
i=k+1

>0 for k € S sufficiently large,
which may be combined with (2.1), v(-) > 0, and (2.34) to conclude that

f(@pg1)—f(@pe) > 0 (v(zps)—v(@p41)) = —6v(Ths1) > —Fv(z)) for k € S, sufficiently large.

It then follows from (4.38) and (4.39) that

flar) = flape) = (f(@r) = f(@r + arde)) + (f(zrgr) = f(@e+))
> y4Qp min [C’p (ef)z, %ef] —25v(xy) for k € Sy sufficiently large.

Next, since limges, v(xg) = 0 we know that
1
v(zg) < E’yd)ab min [Cp (ef)z, %ef} for k € S, sufficiently large,
which may be combined with (4.40) to deduce that

f(@r) = f(z+) > 27400 min [C’p (ef)2, %ef} =:¢" >0 for k € S, sufficiently large.

(4.39)

(4.40)

(4.41)

If we define kT to be the first b-iteration greater than k (thus, k™ > kT), it follows from (4.41), the
fact that Algorithm 1 does not allow further p-iterations until it has its next b-iteration, and the fact
that the objective f is decreased during o-iterations that f(xy) — f(zg4) > € for k € S sufficiently
large. Since |Sp| = oo, this implies that f(z) — —oo, which contradicts the fact that f is bounded as

a consequence of Assumptions 4.1 and 4.2. This proves the result. O

We now show that limit points of {x}s,us, are infeasible stationary or KKT point for problem (1.1).
THEOREM 4.17. Suppose that the Assumptions 4.1-4.4, (4.11), and |S, US| = oo hold. Then, there

exists a limit point x. of {xi}s,us, such that either
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(1) z. is a KKT point of problem (1.1) or

(ii) x« is an infeasible stationary point.

Proof. From Assumptions 4.1 and 4.2 we that there exists a limit point z, of {z}s,us,. First, if
v(x,) > 0, then it follows from Lemma 4.15 and Lemma 2.1 that z, is an infeasible stationary point,
which is part (ii) of this theorem. Second, if v(z,) = 0 and |S,| = oo, then it follows from part (i) of
Lemma 4.16 and Lemma 2.2 that x, is a KKT point of problem (1.1). This is case (i) of this theorem.
Finally, if v(z.) = 0 and |S,| < oo (so that |Sp| = 00), then it follows from part (ii) of Lemma 4.16 and
Lemma 2.2 that z, is a KKT point of problem (1.1), which once again is case (i) of the theorem. O

4.2. Convergence analysis under unbounded weighting parameter. We now consider the
situation when the weighting parameter increases without bound, i.e, that
lim o} = oo. (4.42)
k—o0
Our analysis begins with the following lemma, which is similar to [7, Lemma 3.8].

LEMMA 4.18. Suppose that Assumptions 4.1-4.4 are satisfied, (4.42) holds, x. is a limit point of
{z1} satisfying v(z,) > 0, and AL?(s3;x,) > 0, where s3 is the solution to

minimize e’r subject to c(z.) + J(z:)s+1r >0, >0, |s||l, <4,
(S,T)GR’L+m

for some & € [8,in; Omaa]- Then, along any subsequence {xy}reixc that converges to x., the weighting
parameter is updated only a finite number of times.
Proof. We begin by defining

sf(a) := argmin ¢ (s; xy, By, 0) (4.43)
sER™
and
L o No
= (o) = <1 — 77) o <o, (4.44)

where we used the fact that 0 < 1 — 7, /7, < 1 holds since 0 < 7, < n, < 1 is defined in (2.18).
Using the fact that Aq‘b(si(u); T, By, ) > 0, (2.8), and the definition of u = (o), we can see that

A (52 (1)s 2 Brs ) = Ag? (52 1): 2 Bi) + (1 _ ") oA (2 (11): 1)

777)
= Aq®(s0(1); Tk, Bi, o) — n—goAEU(sz(u);mk) >0 for p = p(o) and all o > 0,
771)
which implies that
Aq¢(s‘£(u);xk, By,0) > n—"aAf”(si(u);xk) for 4 = p(o) and all o > 0. (4.45)

T

Since Al¥(s%;x,) > 0 and limgex 2, = 2. by assumption, it follows from [15, Theorem 3.2.8] that
there exists € € (0,1) and k" such that

Al (sp;ap) > € forall K <k e K. (4.46)

Moreover, since the Newton step ka_lgk minimizes ¢7 (s; 2y, By,), it follows from Assumption 4.3 that

2
_ lgells

qf(sﬁ(o);:ck,Bk) > qf(ka_lgk;xk,Bk) = fr — %ngBk_lgk > fr o) for all o > 0. (4.47)
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Next, it follows from (2.9), the choice 0 € [Omins Omax], NOrm inequalities, and Assumption 4.3 that

¢’ (5338, Br) < fro + |9kl Omax + 2 Anar0?

max*

(4.48)

Then, (4.47), (4.48), and Assumptions 4.1 and 4.2 imply the existence of a constant C; > 0 such that

q’ (s3;xh, B) — qf(sf(a);xk, By) < Cy for all o > 0. (4.49)
We now define
o Cl > (Oes) = _ G > 0, (4.50)
e(1— 1) <1f %) e(1—my)
and the associated infinite subsequence
S ={keK:k>k and o > 0o} (4.51)

It follows from the fact that Aqd’(sﬁ(a);xk,Bk,a) > Ag?(s};xk, B,o) (by the definition of sf(a)),
(2.8), (4.49), (4.46), and (4.50) that

1
AP (s (o)ian) = A (i) = — (f (ski 2, Bi) = o/ (s (0)ion, Br))

1 Coys
> ALY (55 - f:AU S; 1- ——4¢
= l (Skaxk) O_CQ 14 (Sk ‘T’k) < UAKU(SZ;(EIC))
> n, AL (sh; ) for o > p(o.,) and k' < k € K. (4.52)

We may now use the definition of &', (4.52), the fact that s{ (%) = ¥, (2.14), and (2.15) to show that
=1, sp=s}, and AG? (sp; hy Bry Opy1) > n¢Aq¢(sﬁ;xk,Bk,ak+1) for ke S’ (4.53)

since ng € (0,1) in Algorithm 1. Next, it follows from (4.53), (2.8), By > 0, the fact that s} = sz(ak)
and s} minimizes ¢?(s; zy, By, o%), (4.45), the fact that p(oy) > pu(0..s) for k € §’, and (4.52) that

AW(Sk;xk,ak) > Aq‘b(sz;xk,Bk,ok) > Aq‘b(si (u(ak));xk,Bk,ak) > ZlUkAEU(Sﬁ(M(ak));xk)

v

> 777700'1@ (no ALY (575 21)) = orne ALY (s7; 1) for k€ S'. (4.54)

We now conclude from (4.53), (4.54), (2.18), and the fact that the weighting parameter is only increased
in lines 12 and 34 of Algorithm 1, that oy is increased a finite number of times on K. O

We now consider feasible limit points at which the MFCQ [31] holds.

LEMMA 4.19. Suppose that Assumptions 4.1-4.4 are satisfied, (4.42) holds, x. is a limit point of
{z1} at which v(z.) = 0 and the MFCQ holds. Then, the following hold for all x) sufficiently close to
z, and oy, sufficiently large: (i) AL°(sy;x) = v(zg); (i) sp = sh; and (iil) oy is not increased during
iteration k.

Proof. We may use [7, Lemmas 3.12 and 3.13] since the proofs only used the properties of the
MFCQ), the continuity of the problem functions f and g, and the convexity of their penalty and steering
subproblems. Their subproblem [7, Equations 2.7(a—d)] is equivalent to our predictor subproblem (2.11)
and both methods minimize the same quadratic model of the penalty function. A small difference is that
our predictor subproblem is designed so that if £ (s};zx) = 0, then £”(s}; ) = 0 as well; they satisfy
this requirement by increasing their penalty parameter in Step 4a [7, Eqn 2.11] and re-solving for a new
step. Their steering subproblem [7, Equations 2.9(a—e)] is equivalent to (2.9).
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The assumptions of this lemma and [7, Lemma 3.12] imply the existence of r > 0 and k&’ > 0 so that
0(sh o) =v(xy) forall k€ S, (4.55)

where &’ := {k : ||zx — x| <r and k > k’}, which proves part (i). The inequality A¢V(s};x) > 0,
(4.55), and the definition of A¢Y imply

AL (s ) > v(ag) — (s xk) = AL (s 25) > ALY (s ) for ke S,

where 7, € (0,1) is defined in (2.15). Thus, we conclude from (2.15) that 7, = 1 and s, = s}, for k € &',
which proves part (ii). Finally, it follows from [7, Lemma 3.13] and the assumptions of this lemma, that

Aq¢(s§; Tk, B, 0k) > oxnov(xg) > oxne ALY (sh;zp) for ke S, (4.56)

where the last inequality follows from the definition of A¢v. It then follows from part (ii) of this lemma,
(2.8), By > 0, and (4.56) that

AL (sy; 2y, 0%) = AW(sﬁ;mk,ok) > Aq‘b(si;xk,Bk,Jk) > opne ALY (s x) for ke S

We may conclude from this inequality, (2.18), and the fact that oy will not be increased on Line 34 as
a result of part (ii) of this lemma, that o1 = oy for k € §’, which proves part (iii). O

THEOREM 4.20. If Assumptions 4.1—4.4 and (4.42) hold, there is a limit point x,. such that either

(i) x4« is an infeasible stationary point; or

(ii) x is feasible, but the MFCQ does not hold.

Proof. Let D to be the infinite index set consisting of the iterations for which the weighting pa-
rameter is increased. Then, let x, be a limit point of {zj}rep, which must exist as a consequence
of Assumptions 4.1 and 4.2. First, suppose that v(z,) > 0. It then follows from Lemma 4.18 that if
ALY(s8; ) > 0 (s2 is defined in Lemma 4.18), then the weighting parameter is updated only a finite
number of times along D, which is a contradiction. Therefore, we deduce that Af¥(s%;z,) = 0 and
consequently that z, is an infeasible stationary point. Second, suppose that v(z.) = 0. It then follows
from Lemma 4.19 that if the MFCQ holds at z,, then o; only be increased a finite number of times
along D. This is a contradiction and, therefore, the MFCQ does not hold at z,. O

5. Conclusions. In this paper, we presented a new filter linesearch method that replaced the tra-
ditional restoration phase with a penalty mode that systematically decreased an exact penalty function.
Importantly, we solved a single strictly convex quadratic program subproblem during each iteration that
was always feasible. Each search direction was defined as a convex combination of a steering step (a
solution of a linear program) that represented the best local improvement in constraint violation and a
predictor step that reduced our strictly convex quadratic model of the exact penalty function. We also
allowed for the computation of an accelerator step defined as a solution to a simple equality constrained
quadratic program (plus trust-region constraint) to promote fast local convergence. In this manner, the
trial step always incorporated information from both the objective function and constraint violation. To
further promote step acceptance, we utilized second-order information in the computation of Cauchy
steps that provided realistic measurements of the decrease one might expect from the nonlinear problem
functions. An additional contribution was the use of local feasibility estimates that emerged during
the steering process to define a new and improved margin (envelope) of the filter. This new definition
encouraged the acceptance of steps that make reasonable progress, but might very well be considered
inadmissible by a traditional filter. Under standard assumptions, we proved global convergence of our
algorithm.
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