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Abstract

Multiobjective optimization has a significant number of real life applications.
For this reason, in this paper, we consider the problem of finding Parigito c
cal points for unconstrained multiobjective problems and present &rag®n
method to solve it. Under certain assumptions, which are derived in anatuay
ral way from assumptions used by Conn et al. [1] to establish cormegegesults
of the scalar trust-region method, we prove that our trust-region megbodr-
ates a sequence which converges in the Pareto critical way, this meamaitha
generalized marginal function, which generalizes the norm of the grifiiethe
multiobjective case, converges to zero. In the last section of this papeyive an
application to satisficing processes in Behavioral Sciences. Multiobjectise
region methods appear to be remarkable specimens of much morecabatisfic-
ing processes, based on “variational rationality” concepts. One ofithportant
merits is to allow for efficient computations. This is a striking result in Behavio
Sciences.
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1 Introduction.

In this work, we extend the traditional scalar trust-regmethod to find Pareto crit-
ical points for unconstrained multiobjective problem, wheach component, of our
objective function, is twice continuously differentiable

Before we begin our study, it is appropriate to give a brigf/ey and description
of the trust-region methods.

The concept of this kind of method has matured over 60 yeatgubt from 1970
onwards, the subject was taken on actively by the reseancimemity, resulting in
a proliferation of results and ideas. The last decade hasg®@esiderable progress in
this theory for scalar-valued problems, also they enjoygid@d reputation based on its
remarkable confidence numbers, as well as a solid and camthbsiry of convergence,
see e.g. Ahookhosh and Amini [2], Bastin et al. [3], Conn e{H| Erway and Gill
[4], GardaSew Filipovic [5], Ji et al. [6], Yu et al. [7] and their references. In trus
region methods are considered a maugbf the objective function and an “adequate
trust-region, which is a neighborhood of the current iierat This neighborhood is
often represented by a ball in some norm, the radius “updated” from iteration to
iteration, in relation to how welin, approximates to the objective function in the “trial
point”.

In the scalar case, when there is only one objective, underassumptions, one
can prove that trust-region algorithms produce a sequefidgerates for which the
norm of the gradient, evaluated at this points, converge®to. This kind of proofs
are often called first-order convergence proofs. Thesefp@a@ global convergence
proofs because they do not assume that there is an iteratl wglsufficiently close to
a critical point, but only assume that all iterates lie in gioa in which the objective
function is bounded below. Unfortunately, it is not usuadbyssible to produce global
proofs of convergence of the sequence of iterates, withaditianal assumptions.

One of the main reasons to work in an extension of this methdbat although
trust-region methods provide an efficient approach to sebaar non-convex opti-
mization problem, few studies are found in the literatus gpply this theory to mul-
tiobjective and/or vector optimization, see e.g. Peng.483lYao et al. [9], Xi and Shi
[10].

On the other hand, multiobjective trust-region methodseappo be remarkable
specimens of much more abstract satisficing processes] bas®ariational rational-
ity” concepts. In behavioral sciences, Simon [11] spendswiiole life to convince
economists that agents do not always optimize. He first gega bounded rationality
approach which explains why agents do not optimize, a avitithe substantive opti-
mization approach widely, if not exclusively, used in eamics. Simon [11] says that
agents cannot optimize because they have limited capebitib perceive, compare,
judge, estimate, and explore new alternatives, and linstedks of resources, time,
money and energy to spend enough efforts to set severalatonflgoals, strive these
goals and revise them. A bounded rational agent will try tpriowe, knowing more or
less precisely that improving is costly. Then, he must spErsts to know the costs to
improve and so on.... To be perfectly rational it will re@uio enter in an infinite costs
regression....This is not an economizing process !

But, if agents do not optimize what do they do? Simon [11] esftther of the sat-



isficing concept which represents a procedural approacbwided rationality where
agents set goals they find satisficing, search until theyhréeen, and stop there. While
researchers globally agree with his view, they consideffdrisalization as very in-
complete. What does mean that a goal is satisficing (“impgpeimough”, but “what is
enough?”), how agents set these goals, why they stop aslsepretach them, because
a satisficing goal is not free of un-met needs? Using his téwanational rationality”
approach of stability and change theories [12, 13] has bbknta provide, as an ap-
plication, a more complete and dynamic model of satisficigich gives an answer
to all these questions. This approach has generated a Igptitations in Applied
Mathematics (variational analysis, optimization) comieg proximal algorithms, lo-
cal search algorithms, convergence to a Nash equilibriwral, @quilibrium problems,
variational inequalities [14, 15, 16, 17, 18, 19, 20, 21,22, 24, 25]. However this
variational model, being very general, does not providematational aspects. This is
a weakness. In the last section we remedy to this important.@gdecause trust-region
methods are efficient computational methods to find an optimwe provide, among
very few, a specific multi criteria satisficing model whichnk® at the computational
level.

The outline of this paper is as follows. In Section 2, we resaie results to be
used throughout the paper. In section 3, we present a &g&isr method. In section 4,
we establish the assumption of a “sufficient reduction oftleelel function”, and show
when it is satisfied. In section 5, it is proved that the erremieen the scalarization
function value and its model approximation is bounded. ktiea 6, it is proved that
the entire sequence generated by the method converges teta Bdtical point of
the problem. In section 7, on applications, we want to show hltiobjective trust-
region methods provide a striking and complete specific hofdauch more abstract
satisficing processes. Finally, in the last section we giwveconclusions.

2 Preliminaries

Since we are working with multiobjective optimization, waensider the Paretian cone,
IR?, to induce a partial ordex in IRP. In other words, givew,y € IRP,y <y (y<Y)
meansy; <V, (yi <yi) fori=1,...,p. In this paper, we find Pareto critical points for
the following unconstrained multiobjective problem:

(MOP) min{F(x) : x € IR"},

whereF (x) = (F1(x)...,Fp(x))T, F : R" = IR, i = 1,..., p and eacl is twice con-
tinuously differentiable. In other words, we present attnegion method which finds
x* € IR" such that

vd e R, Jig=io(d) € {1,..., p} : (OF,(x"),d) > 0.

Note that in the scalar casp= 1, we recover the first-order condition “gradient equal
to zero”.

In order to establish our trust-region algorithm, denotgd BMPA, it is necessary
to define some auxiliary functions and review some propeghout them. From now
on, | will denote the set of indicegl, ..., p}.



We start by defining the marginal function: IR" — IR, associated to our problem,
given by

()=~ min (mgx{<DF.<x),d>}) , (1)
Observe that whep = 1, the scalar case, then the optimal solution and value are
given by d*(x) = f”gEEQH and w(x) = ||OF (x)||, respectively. On the other hand,

Fliege and Svaiter [26] show some proprietiesafk) related to the concept of Pareto
critical points. In order to remember these properties wetkethe set solution of (1)
by 2(x).

Lemma 2.1. [26, Lemma 3]
i) w(x) >0, forall xe IR
i) If x is Pareto critical of(MOP), then0 € 2(x) and w(x) = 0;

iii ) If x is not Pareto critical of MOP), thenw(x) > 0 and for any de 2(x) we have
that
{0F;(),d) < max{(DFi(x),d)} <0, Vjel,
e

i.e., d is a descent direction 6MOP);
iv) The application = w(X) is continuous;
v) If xk converges ta;, d, € Z(x¥) and d, converges tal, thend € 2(x).

Note that functionw is essential for the validity of our extension because it wil
play the role of the norm of the gradient, besides it givesfmriation about Pareto
criticality.

Now we consider another scalar functipn IR" — IR, given by

9(x) = Mand ().
Note that the main reason to consideis that the following problem

min @(x
min ¢(x),
is a strict scalar representation(@®OP).

On the other hand, with the goal of dribbling the problem ofkireg with functions
not necessarily differentiable neither convex, it is neaeg to introduce the Clarke
directional derivative and the Clarke subdifferential.

Definition 2.1. Let f: IR" — (—oo, 4] be locally Lipschitz around the pointxIR".
Then, the Clarke directional derivative is the function

de R fo(x d) = lim sup Y1 =)

t*>0+y_>x t ’
and the Clarke subdifferential of f at x is the nonempty carhpanvex set

0,f(x)={velR":(v,d) < f°(x,d) foralld € IR"}



Lemma2.2.[27, Lemma 2.1] et f: IR" — IR be a locally Lipschitzian function. Then
i) fo(xd)=max{(&,d): & €ad,f(x)}.
ii ) The set-valued mappin@, f (-) is locally bounded and upper-semicontinuous.

i ) Let f(x) = max{fi(x) : | € A}, where the index set C IR is a compact topo-
logical space (e.g. a finite set in discrete topology). Iftedcis continuously
differentiable at x, then

0, f(x) = con{Ofi(X) : 1 e A(X)},
whereA(x) = {l e A: fi(x) = f(X)}.

Using this lemma, it is easy to prove that the critical sethef functiong is con-
tained in the Pareto critical set Bf i.e., 0c d,@(x") implies

vd e R", Jig=io(d) €1 : (R, (x*),d) > 0.

Remark 2.1. We must note that we can assume without loss of generalityrtha
lower bounded, for all E I. If this does not hold, then the objective functiofxcan
be replaced byexp(Fi(x)), ...,exp(Fp(x))) and instead ofMOP) we can consider the
following unconstrained multiobjective problem:

(MOR) min{ (exp(Fl(x)) - 7exp(Fp(x))>T X €E IR”}.

It is not difficult to check that the Pareto critical sets@1OP) and (MOR,) are the
same.

Remark 2.2. By the above remark it is immediately clear that

—oo < inf{e(x) : x€ R"}.

3 A Trust-Region Method

The following method, denoted by “TRMP”, is based on the basjorithm of trust-
region to unconstrained non-convex scalar optimizatiable@ms, presented by Conn
et al. [1].

Before presenting our algorithm, we have to define the fahgwWocal approxima-
tion of ¢:

m(x,H,d) := rrilezlax{F.(x) +(0OR(x),d)} + %(d,Hd), with H e S™".

Remark 3.1. Althoughg and m are not necessarily differentiable neither convex{fun
tions, from their definitions andemma 2.2we have, given g IR"

do(x) =confOR(X):i€l1(x)}



where (x) = {j € | : @(x) = Fj(x)}; and given de IR", x e IR" and H € S"™" fixed,
we get
d9m(x,H,d) = con{OR(x) : i € J(d)} + Hd

where Jd) = {j €1 : m(x,H,d) = F(x) + (OF(x),d)} and dm(x,H,d) denote the
Clarke subdifferential of m with respect to d.

So, the function m afx,H,0) is a “good” first-order approximation ofp at x,
because we have

m(x,H,0) = @(x) and d%m(x,H,0) = d.¢(x).
Since in thek—th iteration XX, A andHy are given, we establish that
mk(-) = m(x, H, )
and the trust-region with respectke-th iteration is denoted by
P ={deR":|d| <Ak}
TRMP Algorithm.

Step 0. Data:
O<m<n<l and O<y<p<l (2)

Step 1. INITIALIZATION: Choose % Hqg andAg. Set k= 0.

Step 2. STEP CALCULATION: Compute a step & % that “sufficiently reduces”
the function m.

Step 3. ACCEPTANCE OF THE TRIAL POINT: Compme(k +dy) and define
PX) — p(+ k)

my(0) — my(dk)
If p > N1, then define’ ! = xK 4 dy; otherwise define’¢t = xX.

Step 4. TRUST-REGION UPDATE: Set

Pk = 3)

[A, 0] if P > n2;

Dirr € [liA, N <pe<ng; (4)
[Vil, Vo], i px < N1

Update H to Hy 1. Set k= k+ 1 and go toStep 1

4  Pareto Cauchy, Optimal and Approximate local So-
lutions

A crucial point, in this algorithm, is to determine, 8tep 2 the stepdyx which “suf-
ficiently reduces” the functiomy within the trust-region#y, because this reduction
can or cannot guarantee global convergence. In the folpwibsections, we derive
a formal definition of this property, which is derived, in aual way, from the idea
given in the scalar case, see e.g. Conn et al. [1], Nocedahaight [28].



Pareto Cauchy Point Reasoning in the same way as in the scalar trust-region meth-
ods, one of the simplest possible strategies for reduciagrbdel within the trust-
region is to examine the behavior of the model along the st&egescent belonging

to 2(x), the set solution of (1), within the trust-regio#y. In other words, given

di € 2(x¥), we calculate the scalar > 0 such that

gngg{rrk(adk) Jadg € By, (5)

and define the Pareto Cauchy point@s= axd;.
Lemma 4.1. The Pareto Cauchy PoinfCdsatisfies

1ou(x") min{ wéxk) ,Ak} ,

k

m(0) —my(dy) >

N

wherew(x) is defined by1) and
Bc= 1+ [|Hu]|- (6)

Proof. We first note thatgy € 2(x¥) implies that||d;|| < 1, which in turn implies that,
forall a € [0,Ay], ad; € %k. Thus the problem (5) is equivalent to

max {my(0) —mx(ady)}. (7)

0<a<Ag

On the other hand, for att > 0, frommy at ad; it follows that
* * 1 * *
M(0) —me(adg) > —amax(OF(x),d)} - Sa*(dg, Hidk)
Thus, from the definition ofo atx¥, i.e.,
Q(x) = — max{ (OF (¢, 6) . (8)
the Cauchy-Schwarz inequalitygy || < 1 and (6),
. K1 o
mg(0) —mg(adg) > aw(X’)— éa Bk

Then, from (7) and the above inequality, we get

max {m(0) —mc(adi)} > max {aw(xk)—;azﬁk}.

O<a <Ay 0<a <Ay

In others words,

m(0) —m(d®) > max {aw(xk)—;azﬁk}.

O<a <Ay

Now, we will analyze the right side of this inequality. Sinttee functiona —
aw(xX) — %azﬁk in concave and non-negative, it needs to analyze two pdiistbfor



the maximum above. Before, we denote the unconstrainednmei of this function
by a*, so

k
Bk
with maximum value equal to
ky2
100" g,
2 B
a) If 0 < a* < Ay, then
1 1 w(x<)2
K 2
max { aw(X\)—=a == .
0<a<Ak{ () 2 Bk} 2 B

b) If a* > Ay, then

max {aw(xk) - ;azﬁk} = M (XK) — %Aﬁﬁk.

O<a <Ay

But, a* > Ay also implies that

1 1
DX — EAEBK > éAkw(Xk)'

Consequently

k\2
ma0) - mae) = mind 3 Zaones |

_ } Ky s (JJ(Xk)
= 2w(x)m|n{ Bl ,Ak}.

O

For classical optimization, we haye= 1. In this case, the natural choice is the

k
steepest descent directiofi = IIBEE;‘;H’ and we have thus recovered an elementary

result in trust-region theory, see, e.g., [1, Theorem §ahil [28, Lemma 4.5].

Corollary 4.1. Consider the scalar problem

d”QLEL m(d). ©)

Then every optimal solutiory@f this problem verifies the following inequality

k
m0) - md = 0min{ 20 o

Proof. As di is a solution of the problem (9), it follows that
M (0) —my(dk) > m(0) —m(d), Vd e Z.
So, the result follows from the fact thdf € %. O

Remark 4.1. The result of this corollary was first establishedd¥hand Shi [10] but
the minimum in(1) is considered o4 and not on unit ball, as our case.



Backtracking to get approximate solutions Although Lemma 4.1 and Corollary 4.1
are sufficient for establishing convergence results ofélgeisnce generated by TRMPA.
To obtain exact minimizers of the problems (5) and (9), respely, could be a diffi-
cult task. Furthermore, in practice, it is not desirabledaaena high computational cost
in obtaining the new iterate, inexact algorithms must beswtered.

In these conditions, it is interesting to note that followthe idea of Armijo’s line-
search, [see 29], it is possible to considdragktrackingtechnique on some direction
d € 2(X) (since all these directions are descent directiond i not Pareto critical),
in order to obtain a length step which will provide a “goodtdease of the value func-
tion my. More precisely, determine the smallest non-negativegerte= j* such that
the direction

Ak (j) = (Kpck)! Al (10)
satisfies the following condition
M(di (j)) < Mk(0) — Kisi(Knek) ! Bo(X¥), (11)

whered;, verifies (8),ks; €]0, %[ andkpck €]0, 1] are constants. As it is expected in the
scalar casep = 1, inequality (11) is reduced to the Armijo’s linesearchthia direction
—OF (X). Then, defining this direction by

4P = (i),
we establish the following resuilt.

Lemma 4.2. The approximate directioq(aﬂx is well defined in the sense thdtis finite.
Moreover,

M(0) — M(dF™) > Kpato(x) min { ‘”g“ ,Ak}, (12)

wherekgpa €]0,1[ is a constant independent of k.

Proof. We first consider the case where condition (11) is violateddmej, i.e.,
My (i (1)) > Mk(0) — Kisi (Knek) Akw(xX). (13)

Now, from definition ofmy, we see that

m(d(j)) = qum(xk)+<DF.(xk),d|i(j)>}+%(di(J),de;‘(J‘»
< m(0) + (Kock) ' Ay max{ {LF; (X, di)} + %((Kbck)‘Ak)zwi, Hidy)
= m(0) — (Kpek) Axeo(XF) + %((Kbck)jAk)2<df2, Hyd;). (14)

As ||Hg|| < Bc and||d;|| < 1, we obtain from Cauchy-Schwarz’s inequality that

(d, Hedy) < B (15)



Now, combining (15), (14) and (13), we get

. K k
(kg1 > 20—,

However,kpck < 1. Therefore there must be sorjiefinite such that

2(1— Kisi) W(X¥)
NS ’

for which (11) is verified. Then, the approximate directaft*is well-defined, and we
get from (10) and (11)

(Kook)!™ < (16)

Mk(0) — M(dEP") > Kisi(Kpek) ! Akeo(X¥). (17)
As j* > 1 and since it is the smallegtwhich guarantees (16), we may deduce that

K
. L W(X
(Kpek)!” = Kook(Kbek) > 2Kpek(1— Klsi)g,
DB

which together with (17) imply that

k\2
n]((O) - mK(dpr) > 2KpekKisi(1— Klsi)ﬁ

On other hand, if* = 0 then (17) reduces to
mk(0) — M (AP > Kisikw(X¥). (18)
Combining (17) and (18), it follows that (12) is verified with
Kdpa= Min{Kisi, 2KisiKbck(1 — Kisi) } < 1.
O

Then, in light of Lemma 4.1, Corollary 4.1 and Lemma 4.2, iatceptable to
require that “sufficiently reduction”of the functiomy is given by the following as-
sumptions.

Assumption 1. For all k,

k
M(0) — Me(Gh) > Kaasn2 (%) min{ “’g ),Ak} 7

for some constartyagn €]0, 1], wherew(x¥) and B are defined by1) and (6), respec-
tively.

Remark 4.2. As noted earlier, in the scalar case we hawéx) = ||OF (x¥)||, and
thereby recover the Hypothesis A.A.1 requireddmnn et al. in [1]

10



5 How good is the model Function?

We are now able to prove that the error between the functibvewvaand its approxima-
tion me atxX is bounded. First, we need some assumptions to establiste#t@esult
as well as the convergence results of TRMPA. In this way, w&anrthe following

assumptions:

Assumption 2. There exists a positive constaqt such that, for all xc IR",
|0%R(X)|| < kpe, forall iel.

Assumption 3. The matrix K is uniformly bounded, that is, there exists a constant
Kufhm > 1 such that:
[Hkl < kutm—1, for all k.

Note that these assumptions are a natural way of extendsmgsbumptions used
in Conn et al. [1] to establish convergence results of théasdaust-region method.
Although, in the scalar case, there are works with weakamagtons [see 30, 2, and
their respective references], there are also recent wanksidering the same assump-
tions as [1], see [3]. Moreover, observe that our convergamalysis extends naturally
to the casep = 1in[1].

Remark 5.1. Note that assumption 2 implies thaF, is Lipschitz continuous, for each
i €1, which in turn implies the uniform continuity od.

Proposition 5.1. Suppose thaAssumptions 2 and 8re verified. Then

| + die) — mi(dk)| < KishAZ. (19)

where
Kish := MaX{KipF , Ksatm}

Proof. F is twice continuously differentiable, thereby by the meatue theorem, for
eachi € |, there existsy; € [0,1]:

1 .
R+ di) = R () + (TR (X9), dh) + 5 (che, 07Fi (&) ), (20)
whereé] = x* + aidg. Consequently,
1 .
max(R(¢+d} < max{R(&) + (OR(),do b+ max{<dk, DZE(E.L)dk>} .
icl icl iel | 2
Now, adding and subtracti@(dk, Hydk) in the right-side of above inequality, it gets

oot -md) < max{ 2 (PRE) M| @)

14b F” stands for “lower bound on the objective function”.
2«yfhm’ stands for “upper bound on the objective function’s Hessia

11



On the other hand, (20) can also be written as
RO+ ) — 5 {dho 02 (81)dk) = R %)+ (R (),
for eachi € 1. Then
oirc) > maxd RO+ (R 09,00 - max - S PR (gD |

or equivalently,
P +d) > rpeallX{ R (X) + (OR (XX), dk>} +min { % (dk, 2R (& )dk>} :
Again, adding and subtractirydk, Hydk) in the right-side of this inequality imply that
PO+ d) —my(dk) > min { 2 (e (C2R(ED) - Hk>dk>} | (22)

So, combining (21), (22) and using the f§dk|| < Ay for all k € IN, we have

’rlne'ln {%(dk, (O%R (&) - Hk)dk>} ‘,

(X + di) — me () max

i€l

max{%(dk, (O?Fi(&) — Hk)dk>} ‘

< max %<dk, (O?Fi (&) — Hi)d)

le

l .
- 2(rpE?XIIDZE(E&)HHHk||>AE~

Therefore, the assumptions 2 and 3 imply that
Q(X+d) —m(dh)| < Kisn.

where
Kish := Max{Kipr, Kufhm} -

6 Convergence to Pareto Critical Points

We will show that the TRMP algorithm globally converges tosadRo critical point, in
the sense thab(x¥) converges to zero. In order to establish these results, firedbe
set of indices of theuccessful iterations” denoted and defined by

S ={keN:pc=mj}.
Similarly, the set of indices ofery successfuterations?” is denoted and defined by

7 ={keIN:px>nz}.

12



Proposition 6.1. Suppose thaAssumptions 1, 2 andBold. If X is not Pareto critical
and
_ K
A < Kdasn(1 — N2) w(X )7 (23)
Kish

then the iteration k belongs t§ and
Dy > D (24)
Proof. Observe first that conditionz, kgpa€]0, 1] implies that
Kdasn(1—n2) < 1.

Thus condition (23) anf = 1+ ||Hk|| imply that

w(xX)
B
As a consequence, Assumption 1 implies directly that
w(X )
B«
In these conditions, from (19), above inequality and (25)deduce that

A < (25)

Mk (0) — Mi(d) > Kdasn@(X¥) min{ ,Ak} = Kdasn@(X)Ax.

(X + d) — mic(dk)
m(0) — my(dk)

Kish

|
=1 = - Kdasmw(xk)

Ay <1-no.

Therefore ok > n», shows that an iteration is very successful. Furthermbeeypdat-
ing of Ay, (4), ensures that (24) holds. O

We may now prove that the trust-region radius cannot becomerall as long as
a Pareto critical pointis not approached. This property is obtained as a consegquenc
of the above proposition. The technique of the proof is sintib [1, Theorem 6.4.3].
It also indicates how small the trust-region radius has teelsive tow(xX) in order to
guarantee the success of iteration.

Proposition 6.2. Suppose thaAssumptions 1, 2 and3old. Suppose furthermore that
there exists a constarfj,, > 0 such thah)(x") > Kiie for all k. Then there is a constant
Kiia > O such that

Dy > Kjp, forall k.

Proof. Assume, for the purpose of deriving a contradiction, thagfachk > 0 there
existsk such that
AR < K.

In particular, we consider

K — Y1KdasnKiiw(1—12)
Kish

9
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and letk be the first iteration such that

B < Y1KdasnKiiw(1—12) ' (26)
Kish

On the other hand, by updating the trust-region, (4), we get
by, < O
So, these two inequalities imply

. KdasnKiiw(1— 12)
B 1 < = ke (27)
Thus the assumption an(x¥) and (27) imply that (23) is verified. Then iteratign- 1
is very successfudnd
Oy <A
But this contradicts the fact that iteratidnis the first such that (26) holds, and our
assumption is therefore impossible. O

Using the preceding two results and if there are only finiteny successful iter-
ations, we can stablish the Pareto criticality of the unigoeumulation point.

Proposition 6.3. Suppose thafssumptions 1, 2 and Bold. Furthermore, suppose
that, given &, there are only finitely many successful iterations. Thea: x* for all
sufficiently large k and*xis a Pareto critical point.

Proof. From definition of TRMPA we ensure that = x*+1 = x%*i for all j € IN,
wherekg is the index of the last successful iterate. Moreover, saltgerations are
unsuccessful for sufficiently larde (2) — (4) imply that the sequendg converges to
zero, ask go to +o. Therefore, ifxt1 is not Pareto critical point, Proposition 6.1
implies that there must be a successful iteration whoseirsdarger tharkg, which is
impossible. Hencedot! = x* is a Pareto critical point. O

Proposition 6.4. Suppose thaAssumptions 1, 2 and Bold. Then
liminf w(X)=0
Proof. Suppose, for the purpose of establishing a contradictiat for allk,
w(X) > ¢
for somee > 0. By Proposition 6.2 there exiskga > 0 such that

N> Kip, Yk

Now consider a successful iteration with index The fact thak € .7, together
with Assumption 1, give

B < Ksam
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and above inequality implies

P(X) — @(X*) > N1(m(0) — My (dk)) > KgasnEN1 min{ K;m, KIiA} .

Summing now over all successful iterations from &iwe obtain

K i i . £

() — PRTL) = Z (o(x)) — @(x1*1)) > OkKgagn€N1 Min { P 7KIiA} ;

= sam
ke.s

wheregy is the number of successful iterations up to iteratorBut since there are
infinitely many such iterations, we have that

lim oy = +oo,
k—00

and the difference betweeas(x®) and@(x<*1) is unbounded, which clearly contradicts
the fact thatp(x) is bounded below, commented on Remark 2.2. Therefore thdt res
follows. O

In the scalar case, whege= 1, this proof and the following ones are known as
global convergence proofs, because it is not necessargtmasthat somgX is suffi-
ciently close to a critical point.

Remark 6.1. We must note that, if the sequence of iterates is bounden,Riagpo-
sition 6.4 implies that there is at least one accumulatiompmf this sequence, such
that it is a Pareto critical point. Now, we prove the stronpessult.

Theorem 6.1. Suppose thaAssumptions 1, 2 andBold. Then
lim w(X) =0
k—sco

Proof. Suppose, for the purpose of deriving a contradiction, theaitet exists a subse-
quence of successful iterates, with indgx C .7 such that

w(X)>2e>0 (28)

for somee > 0 and for allj. Then Proposition 6.4 ensures, for eaghhe existence
of a first successful iteratiolft;) > tj such thatw(X ) < . Denotinglj = I(t;), we
thus obtain that there is another subsequenc# @fidexed by{l;} such that

wX)>¢ for tj<k<l; and w(xi)<e. (29)
Now we analyze the subsequence of iterations whose indiegn a
H ={ke s tj<k<lj}

wheret; andl; belong to the two subsequences defined above.
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The Assumption 1, the fact o C .7 and (29) imply that, fok € ¢/,

)~ POE) = ()~ () > ksmemmin{ £ af. (30)
But, the sequencég(x¥)} is monotonically decreasing and bounded below, by Re-
mark 2.2, thereby convergent. Therefore, the left-side86j (nust converge to zero,
ask go to+. So, we get
Lm N =0.
ket
As a consequence, from minimum of (30) we obtain thatkfer.z" sufficiently

large,
1 k k+1
< X)) — @(x .
kS K £m ((P( ) — o ))

Then we deduce from this bound that, fosufficiently large,

|j71 |j71
ti i i i+1
X —xI|| < X —X < A< ——M—
| I< i:ztj | I< ith = Kdasn€l1
iex iex

(00 —90¢1).

Again, from lower bounded ap and the monotonicity of sequen¢e(x¥)} the right-
side of inequality converges to zero, and therefore we gt th

lim || —Xi|| = 0.
oo
Thereby, by uniform continuity ofo, Remark 5.1, we thus deduce that
lim |w(xXi) — w(Xi)| = 0.

j—e
However, this is impossible because of the definitions otisaqges(t;} and{l;}. It
follows that
lw(Xi) — w(X1)] > &.

Hence, no subsequence satisfying (28) can exists, andeheeth is proved. O

Remark 6.2. This theorem implies that if the sequer{o&} has accumulation points,
then all of them are Pareto critical points. The proof of tafirmation follows directly
by contradiction, i.e., suppose that there is an accumailagioint such that it is not a
Pareto critical point, and use Lemma 2.1 (iii). Unfortunigtet is not usually possible
to produce global proofs of convergence for the sequenderattés, without additional
assumptions.

Remark 6.3. In this work we do not consider the updating of the matrix th the
scalar case it is performed by an approximation of the Hessietrix 02F (x¢), for
example using the technique of Quasi-Newton BFGS updatenéie details se§l].
Yigui and Qian in[27] also had a way to get an update of iWhich is symmetric and
positive definite. However, it depends on both the exactisoland the Lagrange
multiplier associated with it for probler®), which is not a realistic assumption from
the point of view of implementation.
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7 Multiobjective Trust-Region Methods as Computa-
tionable Satisficing Processes

In this last section we give an application to satisficingcesses in Behavioral Sci-
ences, using the general variational approach of stalility change theories [12, 13]
as a benchmark. However this qualitative approach has hlesm an computational

aspects (a more quantitative view). Multiobjective trregiion methods (TRM) rem-

edy to this weakness. We will show that they are a specific brt important case

which allows efficient computations. For this purpose wé offer a parallel between

variational concepts and key ingredients of the trustenegnethods.

1) The static satisficing process Suppose that an agent has a choice problem to solve,
defined by a subset of available and known alternatives X and a scalar utility
functiong(-) : x€ X — g(x) € IR. The agent does not know the utility or satisfaction
level g(x) of each alternative. To know each of them, he will have to ptcand
estimate its utility, spending some effort to do that. If itimizes he will try to find
some alternative* € F such thag(x*) > g(x), for all x e F. The process used to find
such an optimal alternative remains unclear

The static model of satisficing [11] is the following. If thebset of available
alternatives is too big, he faces too much choices ( choiegl@ad). Then, Simon
[11] proposes that he will set a given utility lev@k IR (but how?) that he considers
as satisficing (but why?) and tries to find (but how?) somerati/e X € F such
thatg(X) > g. which he will consider as satisficing. But why? This is bexmahe
can feel some residual frustration to do not have improvedemice., to have set a
too low satisficing leve§ ). In order to satisfice, Simon [11] supposes that the agent
uses a “sequential rejection-acceptance” principle. Thatwo periods model with
search and exploitation. First he picks alternatives irvamgorder (a sequential search
process), rejects all alternatives as long as they do nisffisatand accepts the first
alternative which satisfices. Then, he exploits his cholatice carefully that Simon
[11] and his followers wrongly choose the term “aspiratiewdl” instead of the right
term “satisficing level” forg. This has introduced a lot of confusion in this literature,
because, in Psychology [31, 32] an aspiration level is défasea distal godj (dream,
vision, wish ) which is very different from a satisficing lé\ge< g which is a proximal
goal.

2) From satisfaction levels to unmet needs Now we come back to our present pa-
per. Consider a se{ of available alternatives € X = 0" and an agent, say a con-
sumer, who consideng criteriai € | to evaluate the satisfaction provided by choosing
and, then, consuming the bundle of goods (x1,%2,...,%)) € X. Let Gi(x) € R

be his satisfaction level relative to critefia | andG(x) = (G1(x),G2(X),...,Gp(X))

be his vector of satisficing levels relative to alternativeHis multicriteria satisfac-
tion function isG(-) : x € X — G(x) € IRP. Let us suppose that, for each crite-
ria, his satisfaction leveG;(-) is bounded above. Then, relative to each critéria
Gj = sup{Gj(x) : x € X} < 4+ represents a global aspiration level. The vector of as-
pirations levels will beG = (G, Gy, ..., Gp). In this casé= (x) = G— G(x) > 0 models
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the unmet needs the agent tries to minimize, as it is the caseri paper. If, in a
repeated choice problem, the consumer passes from alterrab alternativey, his
variation isy— x = d and if, in periock, he passes fromt to X', his variation will be
Xk+l _ Xk — dk-

Let ¢(x) = min{Gi(x) : i € 1} be the lowest satisfaction level and

o(xX) =max{R(x):iel}

the highest unmet need with respect to all criteria. In thpepéhe consumer goal is to
reach a Pareto critical point of the vectorial minimizatoblem min{F (x) : x € X}.
Pareto critical points concern marginal satisfaction fioms or marginal unmet needs
functionsw(x) (see 2.1).

We use as a scalarization function, the lowest satisfatticsl

Y(x) =min{Gi(x):iel}
or the highest unmet need
o(x) =max{R(x):iel}

with respect to all criteria. This scalar function does mafuire any weighting process.
Then, it escapes to big trade off problems which are timewwnirsy, and a source of a
lot of emotions (ex ante stress and hesitations, ex posttegtc.).

3) Trust-regions as consideration sets Consider a repeated choice problem. In his
variational approach [12, 13] supposes that, at pekidthe agent starts from some-
where, a chosen alternativé € X. Before trying to choose a new alternative= xX,
the agent will choose the context to choose this new altemad consideration set
%€ (x€) c X. This allow him to escape to “ too much choices”. This implikat, in
this first period, the agent will choose to ignore all the ralédives outsid@f(x“). The
given satisfaction leveB(x¥) € IRP is his lower frame (the present statu quo).

In Management Sciences, the literature on consideratisrabeunds ([33, 34], see
also [35], for a very good survey). Within each perigdhe formation of the current
consideration set’(x¢) for a given class of products is a categorization processtwhi
follows several stages,

. Initial stage: available brands (total set)

. Awareness stage-—(unaware brands, aware brands)

1
2
3. Processing stage—+» (unprocessed brands or foggy brands, processed brands)
4. Consideration stage:—(hold brands, reject brands, evoked brands)

5

. Preference stage:— (other evoked brands, first choice)

In Applied Mathematics, trust-region methods (TRM) coesjckach step, trust-
regions as balls of variable radiyg, = {d € X : ||d|| < A}, whereAy > 0 is the ra-
dius of this ball. In our application to satisficing processe want to show that these
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methods offer a specific but important model for the choia# the formation of con-
sideration sets (enlargement, shrinking, no change) mitiyegoal improvement. This
TRM model of consideration sets seems to be important bedagsan give efficient
computations of consideration sets.

4) Trust-region models: a way to quantify the degree of seriosness of a consid-
eration process [12, 13] emphasizes that one of the main lessons coming fhem t
literature on consideration sets is that, each period, dngideration process has two
major stages: first the “not immediate rejection” of a sulidetiternatives which de-
fines the awareness set (the extensive aspect, each péiioel consideration process),
il) a more or less serious consideration of each alternatside this awareness set ( its
intensive aspect). The consideration process is exteifgive awareness set contains
a lot of alternatives. It is intensive if each alternative #yent is aware of is considered
very seriously. The unprocessed (or foggy) set, the holdisetejected set, the evoked
set, the first choice and second choice set offer differeguteseof seriousness.

Then, the problem of the formation of a consideration setlWwassides:

i) which alternatives the agent is aware off? and how he besamwvare of them?
The answer to these two first questions is either internabing retrievial memory) or
externally (from incidental exposure and salience of satineudi, or intentional search
using world of mouth communication, magazines, TV chanrmsks, etc.)

ii) how seriously the agent will consider each alternatieehaware off? and how
he can perform a serious enough consideration of some of. tidm answer to the
second question is: the agent must perform a lot of condideractivities related to
motivation, cognition and affect, like perception, seaetploration, estimation, eval-
uation, goal constructs, using categorization, approtona, heuristics, scaling, and
framing processes, ....The more seriously he will perfoatheof these activities, the
more serious will be the consideration process. The moterizrihe will consider, the
finer the scales he will use to estimate the degree of sdisfiacf each criteria, the
less “non compensatory” rules (crude rejection rules) Heuwsge to eliminate some
alternatives, the more compensatory rules he will use teesihde off between con-
flicting criteria, the more seriously he will consider aitatives in his awareness set.
This will also depend of the use of sequential considerat@rparallel considerations,
comparing all alternatives for each criteria, or evalugdach alternative with respect
to all criteria or some of them. The formation of a consideraset requires insertions
of new alternatives, exclusions and conservation of oldriadttives of the previous
consideration set. This is a reference dependent process.

To modelize these two sides, [12, 13] defined, not only a ciemation set, but also
the degree of seriousness of a consideration process wfitisiset. Then, they have
mixed in a new way the theory of consideration sets with thec@hfirmation bias
theory” of consumer satisfaction [36] which makes the didton between the ex ante
(before usage) expected satisfaction l&vgt) and the ex post (after usage) satisfaction
level G(x). SatisfactionG(x), as a post-usage phenomenon, is purely experiential. It is
related to some performance usually reported on an obgestiale bounded by good
and bad levels of performance”. The differeriifer) = G(x) — G(x) = F(x) — F(x) €
IRP is the disconfirmation bias, the difference between what exaected and what
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was observed, the expectation-performance discrepaiy better than or worse than
expected with regard to a product or service . It representsi@r of estimation, i.e.,
the degree of accuracy of the consideration process.

The smaller its normd [€'(x)] = sup{||d(y)|| : y € €(X)} < +, the more serious
is the consideration process withifix). Then, the higher the degree of seriousness,
the lower will be the disconfirmation bias index.

Trust-region methods define, each step, a model functiothisrpaper, when the
agent considers his unmet ne€ds), and the related scalarization functigithe local
approximation function (trust-region model) is

m(x, H,d) = max{F (x) + (R (x),d)} + 3(d, Hd) with H € §™™.

If the agent considers his satisfaction lev8lx) and the related scalarization func-
tion y, the local approximation function is

n(x,H,d) = min{Gi(x) +(0Gi(x),d)} + 3 (d, Hd).

Proposition 5.1 determines “how good this approximatidn ignder Assump-
tions 2 and 3 it shows that its degree of accuracy is proputito the square of the
trust-region ball radius. Hence this trust-region moddinds in a precise way the dis-
confirmation biag@(x< + di) — m(dk)| = [(x+ d) — n(d)|. The trust-region ap-
proach tells us that the lower is the square of the trusbregidius, the higher is the de-
gree of seriousness of the consideration prodggg! + di) — m(dk)| = [ (X + di) — nic(d)| <

Kish%-

5) Costs of consideration Consideration activities (perception, exploration, sbar
judgment, estimation, evaluation, etc.) are costly anchibee serious the considera-
tion process, the more costly it will be. The variationaldheof change [12, 13] offers
a detailed theory of consideration costs and more genaybtlgsts to change that will
not be reproduced here. The comparison of trust-region adsttvith the variational
approach suggests (see the next section) that expectede@ti®n costs?” [Cﬁ(xk)]
differ when changefy > 0 are low or large:

k
i) if changes are low, i.edy < “’g; ) then expected consideration costs

KX [%(x“)} = w(X)Ay
are proportional to marginal changegx) and the factor of proportionality is the

radiusAy of the trust-region#, = € (x¥).
k
i) if changes are high, i.efy > % then expected consideration costs

1
Bk
are proportional to the square of the marginal change, anthttior of proportionality
ol
is 5.

2

H 6] = ()P4
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The marginal change is

o) =~ min {max((OF(.a)} }

[ldj<1 (i€l

or

w(X) = T%{riryln{@G, (x),d>}} .
Lemma 2.1 gives several properties of this marginal changetion which is non-
negative. When the consumer uses one criteria to calibrateret needs or his
satisfaction leve(p = 1), his marginal changex(x) = ||OF (x)|| or w(x) = [|GF(X)]|
is the norm of the gradient of the unmet needs or the norm ofgtadient of the
satisfaction level.

Trust-region methods show that, for a given cost of conatitan, the smaller the
consideration set, the smaller will be the disconfirmati@sndex.

6) “Sufficient decrease” conditions as “worthwhile changes One of the main hy-

pothesis of the variational rationality approach [12, 13that agents follow worth-

while changes where expected advantages to change are tlighesome proportion
of expected costs to change. In the context of trust-regiethaus, this assumption is
a “sufficient decrease” condition of the model functiog(-). Let us see why. In our
multi-objective trust-region method, expected advargagehange aney (0) — my(dy)

or n(dy) — n(0), expected costs to changes afe[% (X<)] = w(x¥) min{%ﬁk),Ak}

and the proportion i§ = % This is exactly the step condition (4.38&),(0) — m(dx) >
. k
Kdasn@(xXX) mm{%,Ak}.
This means that either,
i) changes are largey(x¥) < By, i.e.,

B> X andmy(0) —my(dh) > (M) w?(x6),

or
i) changes are low(X) > Bely, i.e.,

w(x¥)

Ak < B andW(O) — W(dk) > Kdasmw(Xk)Ak.

Such worthwhile changes exist. Lemma 4.1 provides an optpiation example
whereKgasn = % and Lemma 4.2 provides a backtracking example wRgsg = Kdpa

Cauchy points are well known points which provide sufficidatrease (see also
the Dogled method and the Two dimensional subspace miniimizaethods, Nocedal
and Wright [28, chapter 4] ).

7) Acceptance criteria: setting a “satisficing enough” gap The problem is now
to determine how an agent can set a satisficing level. Thevidlehe that “ he will

try to improve enough ”. Hence the definition of satisficing‘iasproving enough”.
“But what is enough?” The variational approach proposes/tays to modelize “what
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is enough”, using different lower and upper frames: i) to@eaatisficing gap, with
reference to a statu quo, ii) to fill some portion of some asjgin gap [12, 13]. Trust-
region methods choose the first solution. Let us see how thik.wSuppose that the
agent has a scalar satisfaction legé) : ze X — ¢(2) € IR, and has yet experienced
a given alternativex € X. The statu quo ig(x). Then, to “improve enough” with
respect to the statu quo means to set a satisficing gap > 0, to define the reference
dependent satisficing levélx,-) = g(x) + &(x,-) and to try to findy € X such that
g(y) > d(x,-), where the dot-) represents some variable. In the present payiry,=
Y(x) is the scalarization function. Trust-region methods dedisatisficing gag(x, )
as follows. They define an acceptance rule such that, atcplrithe trial pointx<+1
is accepted if it provides a “worthwhile enough change”. &gent computegy(x< +
dk).Then, either

i) X = XK - di if (XK + di) — P(XK) > p(M(dk) — nk(0)) with py > g,

i) otherwise xkt1 = XK,

This rule can be seen as a “satisficing enough” rule: set tisfisang level

g(x,) = P de) = WOK) + (i) — ni(0)) such thaipy > s (a “satisficing
enough” condition)

Then, the satisficing gap &Xx¥, dc) = pi(nk(dk) — nk(0)).

The acceptance criteria means that the change is worthndtilenly for the model
function but also for the scalarization function,

YK+ de) — W) > pe(nk(d) = k(0)) > NaiKdasn At [€'(X¥)] with p > 01

8) To update the trust-region: the course of a satisficing proess The trust-region
method supposes that the updating rule is the following:

Dyiq € [Dk, +oo[ if px > N2, i.e., increase the radius if the change is “very satisfic-
ing” (very successful in the TRM parlangg, > n2)

Dy i1 € [y, A if N2 > p > N, i.e., decrease “not too much” the radius if the
change is “satisficing enough” (successful in the TRM paxan, > px > n1)

Dyi1 € [l o2 if N1 > py, i.e., decrease “very much” the radius if the change
is “ not satisficing enough’rfs > py)

forO<m<n<landO<y <y <Ll

These conditions show that the satisficing process is adgptiacketing the choice
process to divide the difficulty.

9) Global convergence It depends on the approximation solution which obtains at
least a fixed positive fraction of the Cauchy point decreasbe model functiom(-)

[28, Chapter 4, section 4.2]. In behavioral terms, globalveogence depends on the
fact that the agent follows worthwhile changes and satigesh step. Under As-
sumptions 1, 2 and 3 Proposition 6.1 shows thakifs not Pareto critical and if the
radius of the trust-region is less than some portion of thegmal change, then the
iterate is very satisficing, and will increase. Propositol shows that if, along a path
of changes, marginal changes are larger than some givetaobnthen, radius of all
trust-regions will be also larger than another given cantstaroposition 6.3 and theo-
rem 6.1 prove that stationarity at a Pareto critical poirdbtained in a finite number
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of iterations (when there are finitely many successful itens) and converges to zero
of the marginal change.

8 Concluding Remarks

This paper has given an extension of trust-region methadbhémultiobjective case.
In this context, we get “Pareto critical convergence”, whineans thato(x) con-
verges to zero. If the sequence generated, by our TRMP, basatation points, then
all them are Pareto critical points. Also, it has been shdwat such methods offer
a striking computable model of satisficing processes in Beha Sciences, using a
recent variational approach where the new concept of “wdrile changes” plays a
key role.
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