
A Trust-Region Method for Unconstrained
Multiobjective Problems with Applications in

Satisficing Processes

Kely D. V. Villacorta∗

Department of Scientific Computing, CI
Federal University of Paraíba, Brazil

kelydvv@ci.ufpb.br

Paulo Roberto Oliveira†

Department of Systems Engineering and Computer Sciences, COPPE
Federal University of Rio de Janeiro, Brazil

poliveir@cos.ufrj.br

Antoine Soubeyran
Aix-Marseille University (Aix-Marseille School of Economics)

CNRS & EHESS, France
antoine.soubeyran@gmail.com

May 19, 2013

Abstract

Multiobjective optimization has a significant number of real life applications.
For this reason, in this paper, we consider the problem of finding Pareto criti-
cal points for unconstrained multiobjective problems and present a trust-region
method to solve it. Under certain assumptions, which are derived in a verynatu-
ral way from assumptions used by Conn et al. [1] to establish convergence results
of the scalar trust-region method, we prove that our trust-region methodgener-
ates a sequence which converges in the Pareto critical way, this means that our
generalized marginal function, which generalizes the norm of the gradient for the
multiobjective case, converges to zero. In the last section of this paper,we give an
application to satisficing processes in Behavioral Sciences. Multiobjectivetrust-
region methods appear to be remarkable specimens of much more abstract satisfic-
ing processes, based on “variational rationality” concepts. One of theirimportant
merits is to allow for efficient computations. This is a striking result in Behavioral
Sciences.

∗This work was partially supported by CNPq - Brasil.
†This author’s research was partially supported by CNPq
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1 Introduction.

In this work, we extend the traditional scalar trust-regionmethod to find Pareto crit-
ical points for unconstrained multiobjective problem, where each component, of our
objective function, is twice continuously differentiable.

Before we begin our study, it is appropriate to give a brief survey and description
of the trust-region methods.

The concept of this kind of method has matured over 60 years, but just from 1970
onwards, the subject was taken on actively by the research community, resulting in
a proliferation of results and ideas. The last decade has seen considerable progress in
this theory for scalar-valued problems, also they enjoy of agood reputation based on its
remarkable confidence numbers, as well as a solid and complete theory of convergence,
see e.g. Ahookhosh and Amini [2], Bastin et al. [3], Conn et al. [1], Erway and Gill
[4], Gardaševíc Filipović [5], Ji et al. [6], Yu et al. [7] and their references. In trust-
region methods are considered a modelmk of the objective function and an “adequate”
trust-region, which is a neighborhood of the current iteration. This neighborhood is
often represented by a ball in some norm, the radius∆k is “updated” from iteration to
iteration, in relation to how wellmk approximates to the objective function in the “trial
point”.

In the scalar case, when there is only one objective, under mild assumptions, one
can prove that trust-region algorithms produce a sequence of iterates for which the
norm of the gradient, evaluated at this points, converges tozero. This kind of proofs
are often called first-order convergence proofs. These proofs are global convergence
proofs because they do not assume that there is an iterate which is sufficiently close to
a critical point, but only assume that all iterates lie in a region in which the objective
function is bounded below. Unfortunately, it is not usuallypossible to produce global
proofs of convergence of the sequence of iterates, without additional assumptions.

One of the main reasons to work in an extension of this method is that although
trust-region methods provide an efficient approach to solvescalar non-convex opti-
mization problem, few studies are found in the literature that apply this theory to mul-
tiobjective and/or vector optimization, see e.g. Peng et al. [8], Yao et al. [9], Xi and Shi
[10].

On the other hand, multiobjective trust-region methods appear to be remarkable
specimens of much more abstract satisficing processes, based on “variational rational-
ity” concepts. In behavioral sciences, Simon [11] spends his whole life to convince
economists that agents do not always optimize. He first proposes a bounded rationality
approach which explains why agents do not optimize, a criticof the substantive opti-
mization approach widely, if not exclusively, used in economics. Simon [11] says that
agents cannot optimize because they have limited capabilities to perceive, compare,
judge, estimate, and explore new alternatives, and limitedstocks of resources, time,
money and energy to spend enough efforts to set several conflicting goals, strive these
goals and revise them. A bounded rational agent will try to improve, knowing more or
less precisely that improving is costly. Then, he must spendcosts to know the costs to
improve and so on.... To be perfectly rational it will require to enter in an infinite costs
regression....This is not an economizing process !

But, if agents do not optimize what do they do? Simon [11] is the father of the sat-
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isficing concept which represents a procedural approach of bounded rationality where
agents set goals they find satisficing, search until they reach them, and stop there. While
researchers globally agree with his view, they consider hisformalization as very in-
complete. What does mean that a goal is satisficing (“improving enough”, but “what is
enough?”), how agents set these goals, why they stop as soon they reach them, because
a satisficing goal is not free of un-met needs? Using his recent “variational rationality”
approach of stability and change theories [12, 13] has been able to provide, as an ap-
plication, a more complete and dynamic model of satisficing,which gives an answer
to all these questions. This approach has generated a lot of applications in Applied
Mathematics (variational analysis, optimization) concerning proximal algorithms, lo-
cal search algorithms, convergence to a Nash equilibrium, dual equilibrium problems,
variational inequalities [14, 15, 16, 17, 18, 19, 20, 21, 22,23, 24, 25]. However this
variational model, being very general, does not provide computational aspects. This is
a weakness. In the last section we remedy to this important point. Because trust-region
methods are efficient computational methods to find an optimum, we provide, among
very few, a specific multi criteria satisficing model which works at the computational
level.

The outline of this paper is as follows. In Section 2, we recall some results to be
used throughout the paper. In section 3, we present a trust-region method. In section 4,
we establish the assumption of a “sufficient reduction of themodel function”, and show
when it is satisfied. In section 5, it is proved that the error between the scalarization
function value and its model approximation is bounded. In section 6, it is proved that
the entire sequence generated by the method converges to a Pareto critical point of
the problem. In section 7, on applications, we want to show how multiobjective trust-
region methods provide a striking and complete specific model of much more abstract
satisficing processes. Finally, in the last section we give our conclusions.

2 Preliminaries

Since we are working with multiobjective optimization, we consider the Paretian cone,
IRp

+, to induce a partial order� in IRp. In other words, giveny, y′ ∈ IRp, y� y′ (y≺ y′)
meansyi ≤ y′i (yi < y′i) for i = 1, . . . , p. In this paper, we find Pareto critical points for
the following unconstrained multiobjective problem:

(MOP) min{F(x) : x∈ IRn},

whereF(x) = (F1(x) . . . ,Fp(x))T , Fi : IRn → IR, i = 1, . . . , p and eachFi is twice con-
tinuously differentiable. In other words, we present a trust-region method which finds
x∗ ∈ IRn such that

∀d ∈ IRn
, ∃ i0 = i0(d) ∈ {1, . . . , p} : 〈∇Fi0(x

∗),d〉 ≥ 0.

Note that in the scalar case,p= 1, we recover the first-order condition “gradient equal
to zero”.

In order to establish our trust-region algorithm, denoted by TRMPA, it is necessary
to define some auxiliary functions and review some properties about them. From now
on, I will denote the set of indices{1, . . . , p}.
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We start by defining the marginal functionω : IRn → IR, associated to our problem,
given by

ω(x) :=− min
‖d‖≤1

(
max
i∈I

{
〈∇Fi(x),d〉

})
, (1)

Observe that whenp= 1, the scalar case, then the optimal solution and value are
given by d∗(x) = − ∇F(x)

‖∇F(x)‖ and ω(x) = ‖∇F(x)‖, respectively. On the other hand,

Fliege and Svaiter [26] show some proprieties ofω(x) related to the concept of Pareto
critical points. In order to remember these properties we denote the set solution of (1)
by D(x).

Lemma 2.1. [26, Lemma 3]

i ) ω(x)≥ 0, for all x ∈ IRn;

ii ) If x is Pareto critical of(MOP), then0∈ D(x) andω(x) = 0;

iii ) If x is not Pareto critical of(MOP), thenω(x)> 0 and for any d∈ D(x) we have
that

〈∇Fj(x),d〉 ≤ max
i∈I

{〈∇Fi(x),d〉}< 0, ∀ j ∈ I ,

i.e., d is a descent direction of(MOP);

iv) The application x7→ ω(x) is continuous;

v) If xk converges tōx, dk ∈ D(xk) and dk converges tod̄, thend̄ ∈ D(x̄).

Note that functionω is essential for the validity of our extension because it will
play the role of the norm of the gradient, besides it gives us information about Pareto
criticality.

Now we consider another scalar functionφ : IRn → IR, given by

φ(x) := max
i∈I

Fi(x).

Note that the main reason to considerφ is that the following problem

min
x∈IRn

φ(x),

is a strict scalar representation of(MOP).
On the other hand, with the goal of dribbling the problem of working with functions

not necessarily differentiable neither convex, it is necessary to introduce the Clarke
directional derivative and the Clarke subdifferential.

Definition 2.1. Let f : IRn → (−∞,+∞] be locally Lipschitz around the point x∈ IRn.
Then, the Clarke directional derivative is the function

d ∈ IRn 7→ f ◦(x,d) = lim
t→0+

sup
y→x

f (y+ td)− f (x)
t

,

and the Clarke subdifferential of f at x is the nonempty compact convex set

∂◦ f (x) = {ν ∈ IRn : 〈ν ,d〉 ≤ f ◦(x,d) for all d ∈ IRn}
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Lemma 2.2. [27, Lemma 2.1]Let f : IRn → IR be a locally Lipschitzian function. Then

i ) f ◦(x;d) = max{〈ξ ,d〉 : ξ ∈ ∂◦ f (x)}.

ii ) The set-valued mapping∂◦ f (·) is locally bounded and upper-semicontinuous.

iii ) Let f(x) = max{ fl (x) : l ∈ Λ}, where the index setΛ ⊂ IR is a compact topo-
logical space (e.g. a finite set in discrete topology). If each fl is continuously
differentiable at x, then

∂◦ f (x) = conv{∇ fl (x) : l ∈ Λ(x)},

whereΛ(x) = {l ∈ Λ : fl (x) = f (x)}.

Using this lemma, it is easy to prove that the critical set of the functionφ is con-
tained in the Pareto critical set ofF , i.e., 0∈ ∂◦φ(x∗) implies

∀d ∈ IRn
, ∃i0 = i0(d) ∈ I : 〈∇Fi0(x

∗),d〉 ≥ 0.

Remark 2.1. We must note that we can assume without loss of generality that Fi is
lower bounded, for all i∈ I. If this does not hold, then the objective function F(x) can
be replaced by(exp(F1(x)), ...,exp(Fp(x))) and instead of(MOP) we can consider the
following unconstrained multiobjective problem:

(MOP1) min
{(

exp
(
F1(x)

)
, . . . ,exp

(
Fp(x)

))T
: x∈ IRn

}
.

It is not difficult to check that the Pareto critical sets of(MOP) and (MOP1) are the
same.

Remark 2.2. By the above remark it is immediately clear that

−∞ < inf{φ(x) : x∈ IRn}.

3 A Trust-Region Method

The following method, denoted by “TRMP”, is based on the basic algorithm of trust-
region to unconstrained non-convex scalar optimization problems, presented by Conn
et al. [1].

Before presenting our algorithm, we have to define the following local approxima-
tion of φ :

m(x,H,d) := max
i∈I

{Fi(x)+ 〈∇Fi(x),d〉}+
1
2
〈d,Hd〉, with H ∈ S

n×n
.

Remark 3.1. Althoughφ and m are not necessarily differentiable neither convex func-
tions, from their definitions andLemma 2.2, we have, given x∈ IRn

∂◦φ(x) = conv{∇Fi(x) : i ∈ I(x)}
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where I(x) = { j ∈ I : φ(x) = Fj(x)}; and given d∈ IRn, x∈ IRn and H∈ S
n×n fixed,

we get
∂ d
◦ m(x,H,d) = conv{∇Fi(x) : i ∈ J(d)}+Hd

where J(d) = { j ∈ I : m(x,H,d) = Fi(x)+ 〈∇Fi(x),d〉} and ∂ d
◦ m(x,H,d) denote the

Clarke subdifferential of m with respect to d.
So, the function m at(x,H,0) is a “good” first-order approximation ofφ at x,

because we have

m(x,H,0) = φ(x) and ∂ d
◦ m(x,H,0) = ∂◦φ(x).

Since in thek−th iteration,xk, ∆k andHk are given, we establish that

mk(·) := m(xk
,Hk, ·)

and the trust-region with respect tok−th iteration is denoted by

Bk := {d ∈ IRn : ‖d‖ ≤ ∆k}.

TRMP Algorithm.

Step 0. Data:
0< η1 ≤ η2 < 1 and 0< γ1 ≤ γ2 < 1. (2)

Step 1. INITIALIZATION: Choose x0, H0 and∆0. Set k:= 0.

Step 2. STEP CALCULATION: Compute a step dk ∈ Bk that “sufficiently reduces”
the function mk.

Step 3. ACCEPTANCE OF THE TRIAL POINT: Computeφ(xk+dk) and define

ρk =
φ(xk)−φ(xk+dk)

mk(0)−mk(dk)
. (3)

If ρk ≥ η1, then define xk+1 = xk+dk; otherwise define xk+1 = xk.

Step 4. TRUST-REGION UPDATE: Set

∆k+1 ∈





[∆k,∞[ , if ρk ≥ η2;
[γ2∆k,∆k] , if η1 ≤ ρk < η2;
[γ1∆k,γ2∆k] , if ρk < η1;

(4)

Update Hk to Hk+1. Set k= k+1 and go toStep 1.

4 Pareto Cauchy, Optimal and Approximate local So-
lutions

A crucial point, in this algorithm, is to determine, inStep 2, the stepdk which “suf-
ficiently reduces” the functionmk within the trust-regionBk, because this reduction
can or cannot guarantee global convergence. In the following subsections, we derive
a formal definition of this property, which is derived, in a natural way, from the idea
given in the scalar case, see e.g. Conn et al. [1], Nocedal andWright [28].
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Pareto Cauchy Point Reasoning in the same way as in the scalar trust-region meth-
ods, one of the simplest possible strategies for reducing the model within the trust-
region is to examine the behavior of the model along the steepest descent belonging
to D(x), the set solution of (1), within the trust-regionBk. In other words, given
d∗

k ∈ D(xk), we calculate the scalarαk ≥ 0 such that

min
α≥0

{mk(αd∗
k) : αd∗

k ∈ Bk}, (5)

and define the Pareto Cauchy point asdC
k := αkd∗

k .

Lemma 4.1. The Pareto Cauchy Point dC
k satisfies

mk(0)−mk(d
C
k )≥

1
2

ω(xk)min

{
ω(xk)

βk
,∆k

}
,

whereω(x) is defined by(1) and

βk = 1+‖Hk‖. (6)

Proof. We first note that,d∗
k ∈D(xk) implies that‖d∗

k‖ ≤ 1, which in turn implies that,
for all α ∈ [0,∆k], αd∗

k ∈ Bk. Thus the problem (5) is equivalent to

max
0≤α≤∆k

{mk(0)−mk(αd∗
k)}. (7)

On the other hand, for allα ≥ 0, frommk at αd∗
k it follows that

mk(0)−mk(αd∗
k) ≥ −α max

i∈I
{〈∇Fi(x

k),d∗
k〉}−

1
2

α2〈d∗
k ,Hkd

∗
k〉

Thus, from the definition ofω atxk, i.e.,

ω(xk) =−max
i∈I

{〈∇Fi(x
k),d∗

k〉}, (8)

the Cauchy-Schwarz inequality,‖d∗
k‖ ≤ 1 and (6),

mk(0)−mk(αd∗
k) ≥ αω(xk)−

1
2

α2βk.

Then, from (7) and the above inequality, we get

max
0≤α≤∆k

{mk(0)−mk(αd∗
k)} ≥ max

0≤α≤∆k

{
αω(xk)−

1
2

α2βk

}
.

In others words,

mk(0)−mk(d
C
k ) ≥ max

0≤α≤∆k

{
αω(xk)−

1
2

α2βk

}
.

Now, we will analyze the right side of this inequality. Sincethe functionα 7→
αω(xk)− 1

2α2βk in concave and non-negative, it needs to analyze two possibilities for
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the maximum above. Before, we denote the unconstrained maximizer of this function
by α∗, so

α∗ =
ω(xk)

βk
≥ 0

with maximum value equal to
1
2

ω(xk)2

βk
≥ 0.

a) If 0 ≤ α∗ < ∆k, then

max
0≤α≤∆k

{
αω(xk)−

1
2

α2βk

}
=

1
2

ω(xk)2

βk
.

b) If α∗ ≥ ∆k, then

max
0≤α≤∆k

{
αω(xk)−

1
2

α2βk

}
= ∆kω(xk)−

1
2

∆2
kβk.

But, α∗ ≥ ∆k also implies that

∆kω(xk)−
1
2

∆2
kβk ≥

1
2

∆kω(xk).

Consequently

mk(0)−mk(d
C
k ) ≥ min

{
1
2

ω(xk)2

βk
,
1
2

∆kω(xk)

}

=
1
2

ω(xk)min

{
ω(xk)

βk
,∆k

}
.

For classical optimization, we havep = 1. In this case, the natural choice is the

steepest descent directiond∗
k = ∇F(xk)

‖∇F(xk)‖
, and we have thus recovered an elementary

result in trust-region theory, see, e.g., [1, Theorem 6.3.1] and [28, Lemma 4.5].

Corollary 4.1. Consider the scalar problem

min
d∈Bk

mk(d). (9)

Then every optimal solution dk of this problem verifies the following inequality

mk(0)−mk(dk)≥
1
2

ω(xk)min

{
ω(xk)

βk
,∆k

}
.

Proof. As dk is a solution of the problem (9), it follows that

mk(0)−mk(dk)≥ mk(0)−mk(d), ∀d ∈ Bk.

So, the result follows from the fact thatdC
k ∈ Bk.

Remark 4.1. The result of this corollary was first established inXi and Shi [10], but
the minimum in(1) is considered onBk and not on unit ball, as our case.
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Backtracking to get approximate solutions Although Lemma 4.1 and Corollary 4.1
are sufficient for establishing convergence results of the sequence generated by TRMPA.
To obtain exact minimizers of the problems (5) and (9), respectively, could be a diffi-
cult task. Furthermore, in practice, it is not desirable to have a high computational cost
in obtaining the new iterate, inexact algorithms must be considered.

In these conditions, it is interesting to note that following the idea of Armijo’s line-
search, [see 29], it is possible to consider abacktrackingtechnique on some direction
d ∈ D(xk) (since all these directions are descent directions, ifxk is not Pareto critical),
in order to obtain a length step which will provide a “good” decrease of the value func-
tion mk. More precisely, determine the smallest non-negative integer j = j∗ such that
the direction

d∗
k( j) = (κbck)

j∆kd
∗
k (10)

satisfies the following condition

mk(d
∗
k( j))≤ mk(0)−κlsi(κbck)

j∆kω(xk), (11)

whered∗
k verifies (8),κlsi ∈]0, 1

2[ andκbck ∈]0,1[ are constants. As it is expected in the
scalar case,p= 1, inequality (11) is reduced to the Armijo’s linesearch, inthe direction
−∇F(xk). Then, defining this direction by

dapx
k := d∗

k( j∗),

we establish the following result.

Lemma 4.2. The approximate direction dapx
k is well defined in the sense that j∗ is finite.

Moreover,

mk(0)−mk(d
apx
k )≥ κdpaω(xk)min

{
ω(xk)

βk
,∆k

}
, (12)

whereκdpa∈]0,1[ is a constant independent of k.

Proof. We first consider the case where condition (11) is violated for somej, i.e.,

mk(d
∗
k( j))> mk(0)−κlsi(κbck)

j∆kω(xk). (13)

Now, from definition ofmk, we see that

mk(d
∗
k( j)) = max

i∈I
{Fi(x

k)+ 〈∇Fi(x
k),d∗

k( j)〉}+
1
2
〈d∗

k( j),Hkd
∗
k( j)〉

≤ mk(0)+(κbck)
j∆k max

i∈I
{〈∇Fi(x

k),d∗
k〉}+

1
2
((κbck)

j∆k)
2〈d∗

k ,Hkd
∗
k〉

= mk(0)− (κbck)
j∆kω(xk)+

1
2
((κbck)

j∆k)
2〈d∗

k ,Hkd
∗
k〉. (14)

As ‖Hk‖ ≤ βk and‖d∗
k‖ ≤ 1, we obtain from Cauchy-Schwarz’s inequality that

〈d∗
k ,Hkd

∗
k〉 ≤ βk. (15)
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Now, combining (15), (14) and (13), we get

(κbck)
j
>

2(1−κlsi)ω(xk)

∆kβk
.

However,κbck < 1. Therefore there must be somej∗ finite such that

(κbck)
j∗
<

2(1−κlsi)ω(xk)

∆kβk
, (16)

for which (11) is verified. Then, the approximate directiondapx
k is well-defined, and we

get from (10) and (11)

mk(0)−mk(d
apx
k )≥ κlsi(κbck)

j∗∆kω(xk). (17)

As j∗ ≥ 1 and since it is the smallestj which guarantees (16), we may deduce that

(κbck)
j∗ = κbck(κbck)

j∗−1 ≥ 2κbck(1−κlsi)
ω(xk)

∆kβk
,

which together with (17) imply that

mk(0)−mk(d
apx
k )≥ 2κbckκlsi(1−κlsi)

ω(xk)2

βk
.

On other hand, ifj∗ = 0 then (17) reduces to

mk(0)−mk(d
apx
k )≥ κlsi∆kω(xk). (18)

Combining (17) and (18), it follows that (12) is verified with

κdpa= min{κlsi,2κlsiκbck(1−κlsi)}< 1.

Then, in light of Lemma 4.1, Corollary 4.1 and Lemma 4.2, it isacceptable to
require that “sufficiently reduction”of the functionmk is given by the following as-
sumptions.

Assumption 1. For all k,

mk(0)−mk(dk)≥ κdasmω(xk)min

{
ω(xk)

βk
,∆k

}
,

for some constantκdasm ∈]0,1[, whereω(xk) andβk are defined by(1) and(6), respec-
tively.

Remark 4.2. As noted earlier, in the scalar case we haveω(xk) = ‖∇F(xk)‖, and
thereby recover the Hypothesis A.A.1 required byConn et al. in [1].
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5 How good is the model Function?

We are now able to prove that the error between the function valueφ and its approxima-
tion mk at xk is bounded. First, we need some assumptions to establish thenext result
as well as the convergence results of TRMPA. In this way, we make the following
assumptions:

Assumption 2. There exists a positive constantκlbF such that, for all x∈ IRn,

‖∇2Fi(x)‖ ≤ κlbF , for all i ∈ I .

Assumption 3. The matrix Hk is uniformly bounded, that is, there exists a constant
κufhm ≥ 1 such that:

‖Hk‖ ≤ κufhm−1, for all k.

Note that these assumptions are a natural way of extending the assumptions used
in Conn et al. [1] to establish convergence results of the scalar trust-region method.
Although, in the scalar case, there are works with weaker assumptions [see 30, 2, and
their respective references], there are also recent works considering the same assump-
tions as [1], see [3]. Moreover, observe that our convergence analysis extends naturally
to the casep= 1 in [1].

Remark 5.1. Note that assumption 2 implies that∇Fi is Lipschitz continuous, for each
i ∈ I, which in turn implies the uniform continuity ofω.

Proposition 5.1. Suppose thatAssumptions 2 and 3are verified. Then

|φ(xk+dk)−mk(dk)| ≤ κlsh∆2
k. (19)

where
κlsh := max{κlbF ,κsahm}

Proof. Fi is twice continuously differentiable, thereby by the mean value theorem, for
eachi ∈ I , there existsαi ∈ [0,1]:

Fi(x
k+dk) = Fi(x

k)+ 〈∇Fi(x
k),dk〉+

1
2
〈dk,∇2Fi(ξ i

k )dk〉, (20)

whereξ i
k = xk+αidk. Consequently,

max
i∈I

{Fi(x
k+dk)} ≤ max

i∈I

{
Fi(x

k)+ 〈∇Fi(x
k),dk〉

}
+max

i∈I

{
1
2
〈dk,∇2Fi(ξ i

k )dk〉

}
.

Now, adding and subtracting12〈dk,Hkdk〉 in the right-side of above inequality, it gets

φ(xk+dk)−mk(dk) ≤ max
i∈I

{
1
2
〈dk,(∇2Fi(ξ i

k )−Hk)dk〉

}
. (21)

1“lbF” stands for “lower bound on the objective function”.
2“ufhm” stands for “upper bound on the objective function’s Hessian”.
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On the other hand, (20) can also be written as

Fi(x
k+dk)−

1
2
〈dk,∇2Fi(ξ i

k )dk〉= Fi(x
k)+ 〈∇Fi(x

k),dk〉

for eachi ∈ I . Then

φ(xk+dk) ≥ max
i∈I

{
Fi(x

k)+ 〈∇Fi(x
k),dk〉

}
−max

i∈I

{
−

1
2
〈dk,∇2Fi(ξ i

k )dk〉

}
,

or equivalently,

φ(xk+dk) ≥ max
i∈I

{
Fi(x

k)+ 〈∇Fi(x
k),dk〉

}
+min

i∈I

{
1
2
〈dk,∇2Fi(ξ i

k )dk〉

}
.

Again, adding and subtracting12〈dk,Hkdk〉 in the right-side of this inequality imply that

φ(xk+dk)−mk(dk)≥ min
i∈I

{
1
2
〈dk,(∇2Fi(ξ i

k )−Hk)dk〉

}
. (22)

So, combining (21), (22) and using the fact‖dk‖ ≤ ∆k for all k∈ IN, we have

∣∣∣∣φ(x
k+dk)−mk(dk)

∣∣∣∣ ≤ max





∣∣∣∣min
i∈I

{
1
2〈dk,(∇2Fi(ξ i

k )−Hk)dk〉

}∣∣∣∣,

∣∣∣∣max
i∈I

{
1
2〈dk,(∇2Fi(ξ i

k )−Hk)dk〉

}∣∣∣∣





≤ max
i∈I

∣∣∣∣
1
2
〈dk,(∇2Fi(ξ i

k )−Hk)dk〉

∣∣∣∣

≤
1
2

(
max
i∈I

‖∇2Fi(ξ i
k )‖+‖Hk‖

)
∆2

k.

Therefore, the assumptions 2 and 3 imply that

|φ(xk+dk)−mk(dk)| ≤ κlsh∆2
k.

where
κlsh := max{κlbF ,κufhm} .

6 Convergence to Pareto Critical Points

We will show that the TRMP algorithm globally converges to a Pareto critical point, in
the sense thatω(xk) converges to zero. In order to establish these results, we define the
set of indices of thesuccessful iterationsS denoted and defined by

S = {k∈ IN : ρk ≥ η1}.

Similarly, the set of indices ofvery successfuliterationsV is denoted and defined by

V = {k∈ IN : ρk ≥ η2}.

12



Proposition 6.1. Suppose thatAssumptions 1, 2 and 3hold. If xk is not Pareto critical
and

∆k ≤
κdasm(1−η2)ω(xk)

κlsh
, (23)

then the iteration k belongs toV and

∆k+1 ≥ ∆k. (24)

Proof. Observe first that conditionη2, κdpa∈]0,1[ implies that

κdasm(1−η2)< 1.

Thus condition (23) andβk = 1+‖Hk‖ imply that

∆k <
ω(xk)

βk
. (25)

As a consequence, Assumption 1 implies directly that

mk(0)−mk(dk)≥ κdasmω(xk)min

{
ω(xk)

βk
,∆k

}
= κdasmω(xk)∆k.

In these conditions, from (19), above inequality and (25) wededuce that

|ρk−1|=

∣∣∣∣
φ(xk+dk)−mk(dk)

mk(0)−mk(dk)

∣∣∣∣≤
κlsh

κdasmω(xk)
∆k ≤ 1−η2.

Therefore,ρk ≥ η2, shows that an iteration is very successful. Furthermore, the updat-
ing of ∆k, (4), ensures that (24) holds.

We may now prove that the trust-region radius cannot become too small as long as
a Pareto critical pointis not approached. This property is obtained as a consequence
of the above proposition. The technique of the proof is similar to [1, Theorem 6.4.3].
It also indicates how small the trust-region radius has to berelative toω(xk) in order to
guarantee the success of iteration.

Proposition 6.2. Suppose thatAssumptions 1, 2 and 3hold. Suppose furthermore that
there exists a constantκliω > 0 such thatω(xk)≥ κliω for all k. Then there is a constant
κli∆ > 0 such that

∆k ≥ κli∆, for all k.

Proof. Assume, for the purpose of deriving a contradiction, that for eachκ > 0 there
existsk̂ such that

∆k̂ < κ .

In particular, we consider

κ =
γ1κdasmκliω(1−η2)

κlsh
,

13



and letk̂ be the first iteration such that

∆k̂ <
γ1κdasmκliω(1−η2)

κlsh
. (26)

On the other hand, by updating the trust-region, (4), we get

γ1∆k̂−1 ≤ ∆k̂.

So, these two inequalities imply

∆k̂−1 <
κdasmκliω(1−η2)

κlsh
. (27)

Thus the assumption onω(xk) and (27) imply that (23) is verified. Then iterationk̂−1
is very successfuland

∆k̂−1 ≤ ∆k̂.

But this contradicts the fact that iterationk̂ is the first such that (26) holds, and our
assumption is therefore impossible.

Using the preceding two results and if there are only finitelymany successful iter-
ations, we can stablish the Pareto criticality of the uniqueaccumulation point.

Proposition 6.3. Suppose thatAssumptions 1, 2 and 3hold. Furthermore, suppose
that, given x0, there are only finitely many successful iterations. Then xk = x∗ for all
sufficiently large k and x∗ is a Pareto critical point.

Proof. From definition of TRMPA we ensure thatx∗ = xk0+1 = xk0+ j for all j ∈ IN,
wherek0 is the index of the last successful iterate. Moreover, sinceall iterations are
unsuccessful for sufficiently largek, (2) – (4) imply that the sequence∆k converges to
zero, ask go to+∞. Therefore, ifxk0+1 is not Pareto critical point, Proposition 6.1
implies that there must be a successful iteration whose index is larger thank0, which is
impossible. Hence,xk0+1 = x∗ is a Pareto critical point.

Proposition 6.4. Suppose thatAssumptions 1, 2 and 3hold. Then

liminf
k→∞

ω(xk) = 0

Proof. Suppose, for the purpose of establishing a contradiction, that for allk,

ω(xk)≥ ε

for someε > 0. By Proposition 6.2 there existsκli∆ > 0 such that

∆k ≥ κli∆, ∀k.

Now consider a successful iteration with indexk. The fact thatk ∈ S , together
with Assumption 1, give

βk ≤ κsahm
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and above inequality implies

φ(xk)−φ(xk+1)≥ η1(mk(0)−mk(dk))≥ κdasmεη1min

{
ε

κsahm
,κli∆

}
.

Summing now over all successful iterations from 0 tok we obtain

φ(x0)−φ(xk+1) =
k

∑
j=0

k∈S

(φ(x j)−φ(x j+1))≥ σkκdasmεη1min

{
ε

κsahm
,κli∆

}
,

whereσk is the number of successful iterations up to iterationk. But since there are
infinitely many such iterations, we have that

lim
k→∞

σk =+∞,

and the difference betweenφ(x0) andφ(xk+1) is unbounded, which clearly contradicts
the fact thatφ(x) is bounded below, commented on Remark 2.2. Therefore the result
follows.

In the scalar case, wherep = 1, this proof and the following ones are known as
global convergence proofs, because it is not necessary to assume that somexk is suffi-
ciently close to a critical point.

Remark 6.1. We must note that, if the sequence of iterates is bounded, then Propo-
sition 6.4 implies that there is at least one accumulation point, of this sequence, such
that it is a Pareto critical point. Now, we prove the strongest result.

Theorem 6.1. Suppose thatAssumptions 1, 2 and 3hold. Then

lim
k→∞

ω(xk) = 0

Proof. Suppose, for the purpose of deriving a contradiction, that there exists a subse-
quence of successful iterates, with index{t j} ⊆ S such that

ω(xt j )≥ 2ε > 0 (28)

for someε > 0 and for all j. Then Proposition 6.4 ensures, for eacht j , the existence
of a first successful iterationl(t j) > t j such thatω(xl(t j )) < ε. Denotingl j = l(t j), we
thus obtain that there is another subsequence ofS indexed by{l j} such that

ω(xk)≥ ε for t j ≤ k< l j and ω(xl j )< ε . (29)

Now we analyze the subsequence of iterations whose indices are in

K := {k∈ S : t j ≤ k< l j}

wheret j andl j belong to the two subsequences defined above.

15



The Assumption 1, the fact ofK ⊆ S and (29) imply that, fork∈ K ,

φ(xk)−φ(xk+1)≥ η1(mk(0)−mk(dk))≥ κdasmεη1min

{
ε

κsahm
,∆k

}
. (30)

But, the sequence{φ(xk)} is monotonically decreasing and bounded below, by Re-
mark 2.2, thereby convergent. Therefore, the left-side of (30) must converge to zero,
ask go to+∞. So, we get

lim
k→∞
k∈K

∆k = 0.

As a consequence, from minimum of (30) we obtain that, fork ∈ K sufficiently
large,

∆k ≤
1

κdasmεη1

(
φ(xk)−φ(xk+1)

)
.

Then we deduce from this bound that, forj sufficiently large,

‖xt j −xl j‖ ≤
l j−1

∑
i=t j
i∈K

‖xi −xi+1‖ ≤
l j−1

∑
i=t j
i∈K

∆i ≤
1

κdasmεη1

(
φ(xt j )−φ(xl j )

)
.

Again, from lower bounded ofφ and the monotonicity of sequence{φ(xk)} the right-
side of inequality converges to zero, and therefore we get that

lim
j→∞

‖xt j −xl j‖= 0.

Thereby, by uniform continuity ofω, Remark 5.1, we thus deduce that

lim
j→∞

|ω(xt j )−ω(xl j )|= 0.

However, this is impossible because of the definitions of sequences{t j} and{l j}. It
follows that

|ω(xt j )−ω(xl j )| ≥ ε .
Hence, no subsequence satisfying (28) can exists, and the theorem is proved.

Remark 6.2. This theorem implies that if the sequence{xk} has accumulation points,
then all of them are Pareto critical points. The proof of thisaffirmation follows directly
by contradiction, i.e., suppose that there is an accumulation point such that it is not a
Pareto critical point, and use Lemma 2.1 (iii). Unfortunately, it is not usually possible
to produce global proofs of convergence for the sequence of iterates, without additional
assumptions.

Remark 6.3. In this work we do not consider the updating of the matrix Hk. In the
scalar case it is performed by an approximation of the Hessian matrix ∇2F(xk), for
example using the technique of Quasi-Newton BFGS update. For more details see[1].
Yigui and Qian in[27] also had a way to get an update of Hk which is symmetric and
positive definite. However, it depends on both the exact solution and the Lagrange
multiplier associated with it for problem(9), which is not a realistic assumption from
the point of view of implementation.
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7 Multiobjective Trust-Region Methods as Computa-
tionable Satisficing Processes

In this last section we give an application to satisficing processes in Behavioral Sci-
ences, using the general variational approach of stabilityand change theories [12, 13]
as a benchmark. However this qualitative approach has been silent on computational
aspects (a more quantitative view). Multiobjective trust-region methods (TRM) rem-
edy to this weakness. We will show that they are a specific but very important case
which allows efficient computations. For this purpose we will offer a parallel between
variational concepts and key ingredients of the trust-region methods.

1) The static satisficing process Suppose that an agent has a choice problem to solve,
defined by a subset of available and known alternativesF ⊂ X and a scalar utility
functiong(·) : x∈ X −→ g(x) ∈ IR. The agent does not know the utility or satisfaction
level g(x) of each alternative. To know each of them, he will have to pickit and
estimate its utility, spending some effort to do that. If he optimizes he will try to find
some alternativex∗ ∈ F such thatg(x∗)≥ g(x), for all x∈ F . The process used to find
such an optimal alternative remains unclear

The static model of satisficing [11] is the following. If the subset of available
alternatives is too big, he faces too much choices ( choice overload). Then, Simon
[11] proposes that he will set a given utility levelg̃∈ IR (but how?) that he considers
as satisficing (but why?) and tries to find (but how?) some alternative x̃ ∈ F such
that g(x̃) ≥ g̃. which he will consider as satisficing. But why? This is because he
can feel some residual frustration to do not have improved more, i.e., to have set a
too low satisficing level̃g ). In order to satisfice, Simon [11] supposes that the agent
uses a “sequential rejection-acceptance” principle. Thisis a two periods model with
search and exploitation. First he picks alternatives in a given order (a sequential search
process), rejects all alternatives as long as they do not satisfice and accepts the first
alternative which satisfices. Then, he exploits his choice.Notice carefully that Simon
[11] and his followers wrongly choose the term “aspiration level” instead of the right
term “satisficing level” for̃g. This has introduced a lot of confusion in this literature,
because, in Psychology [31, 32] an aspiration level is defined as a distal goal̂g (dream,
vision, wish ) which is very different from a satisficing level g̃≤ ĝ which is a proximal
goal.

2) From satisfaction levels to unmet needs Now we come back to our present pa-
per. Consider a setX of available alternativesx ∈ X = ℜn and an agent, say a con-
sumer, who considersp criteria i ∈ I to evaluate the satisfaction provided by choosing
and, then, consuming the bundle of goodsx = (x1,x2, . . . ,xn) ∈ X. Let Gi(x) ∈ IR
be his satisfaction level relative to criteriai ∈ I andG(x) = (G1(x),G2(x), . . . ,Gp(x))
be his vector of satisficing levels relative to alternativex. His multicriteria satisfac-
tion function isG(·) : x ∈ X −→ G(x) ∈ IRp. Let us suppose that, for each crite-
ria, his satisfaction levelGi(·) is bounded above. Then, relative to each criteriai,
Gi = sup{Gi(x) : x∈ X} < +∞ represents a global aspiration level. The vector of as-
pirations levels will beG= (G1,G2, . . . ,Gp). In this caseF(x) = G−G(x)≥ 0 models
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the unmet needs the agent tries to minimize, as it is the case in our paper. If, in a
repeated choice problem, the consumer passes from alternative x to alternativey, his
variation isy−x= d and if, in periodk, he passes fromxk to xk+1, his variation will be
xk+1−xk = dk.

Let ψ(x) = min{Gi(x) : i ∈ I} be the lowest satisfaction level and

φ(x) = max{Fi(x) : i ∈ I}

the highest unmet need with respect to all criteria. In the paper the consumer goal is to
reach a Pareto critical point of the vectorial minimizationproblem min{F(x) : x∈ X}.
Pareto critical points concern marginal satisfaction functions or marginal unmet needs
functionsω(x) (see 2.1).

We use as a scalarization function, the lowest satisfactionlevel

ψ(x) = min{Gi(x) : i ∈ I}

or the highest unmet need

φ(x) = max{Fi(x) : i ∈ I}

with respect to all criteria. This scalar function does not require any weighting process.
Then, it escapes to big trade off problems which are time consuming, and a source of a
lot of emotions (ex ante stress and hesitations, ex post regrets, etc.).

3) Trust-regions as consideration sets Consider a repeated choice problem. In his
variational approach [12, 13] supposes that, at periodk, the agent starts from some-
where, a chosen alternativexk ∈ X. Before trying to choose a new alternativex = xk,
the agent will choose the context to choose this new alternative, a consideration set
C (xk) ⊂ X. This allow him to escape to “ too much choices”. This impliesthat, in
this first period, the agent will choose to ignore all the alternatives outsideC (xk). The
given satisfaction levelG(xk) ∈ IRp is his lower frame (the present statu quo).

In Management Sciences, the literature on consideration sets abounds ([33, 34], see
also [35], for a very good survey). Within each periodk, the formation of the current
consideration setC (xk) for a given class of products is a categorization process which
follows several stages,

1. Initial stage: available brands (total set)

2. Awareness stage :−→(unaware brands, aware brands)

3. Processing stage :−→ (unprocessed brands or foggy brands, processed brands)

4. Consideration stage:−→(hold brands, reject brands, evoked brands)

5. Preference stage:−→(other evoked brands, first choice)

In Applied Mathematics, trust-region methods (TRM) consider, each step, trust-
regions as balls of variable radiusBk = {d ∈ X : ‖d‖ ≤ ∆k}, where∆k > 0 is the ra-
dius of this ball. In our application to satisficing processes we want to show that these
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methods offer a specific but important model for the choice and the formation of con-
sideration sets (enlargement, shrinking, no change) driven by goal improvement. This
TRM model of consideration sets seems to be important because it can give efficient
computations of consideration sets.

4) Trust-region models: a way to quantify the degree of seriousness of a consid-
eration process [12, 13] emphasizes that one of the main lessons coming from the
literature on consideration sets is that, each period, the consideration process has two
major stages: first the “not immediate rejection” of a subsetof alternatives which de-
fines the awareness set (the extensive aspect, each period, of the consideration process),
ii) a more or less serious consideration of each alternativeinside this awareness set ( its
intensive aspect). The consideration process is extensiveif the awareness set contains
a lot of alternatives. It is intensive if each alternative the agent is aware of is considered
very seriously. The unprocessed (or foggy) set, the hold set, the rejected set, the evoked
set, the first choice and second choice set offer different degree of seriousness.

Then, the problem of the formation of a consideration set hastwo sides:
i) which alternatives the agent is aware off? and how he becomes aware of them?

The answer to these two first questions is either internally (using retrievial memory) or
externally (from incidental exposure and salience of some stimuli, or intentional search
using world of mouth communication, magazines, TV channels, books, etc.)

ii) how seriously the agent will consider each alternative he is aware off? and how
he can perform a serious enough consideration of some of them. The answer to the
second question is: the agent must perform a lot of consideration activities related to
motivation, cognition and affect, like perception, search, exploration, estimation, eval-
uation, goal constructs, using categorization, approximations, heuristics, scaling, and
framing processes, ....The more seriously he will perform each of these activities, the
more serious will be the consideration process. The more criteria he will consider, the
finer the scales he will use to estimate the degree of satisfaction of each criteria, the
less “non compensatory” rules (crude rejection rules) he will use to eliminate some
alternatives, the more compensatory rules he will use to solve trade off between con-
flicting criteria, the more seriously he will consider alternatives in his awareness set.
This will also depend of the use of sequential considerations or parallel considerations,
comparing all alternatives for each criteria, or evaluating each alternative with respect
to all criteria or some of them. The formation of a consideration set requires insertions
of new alternatives, exclusions and conservation of old alternatives of the previous
consideration set. This is a reference dependent process.

To modelize these two sides, [12, 13] defined, not only a consideration set, but also
the degree of seriousness of a consideration process withinthis set. Then, they have
mixed in a new way the theory of consideration sets with the “disconfirmation bias
theory” of consumer satisfaction [36] which makes the distinction between the ex ante
(before usage) expected satisfaction levelĜ(x) and the ex post (after usage) satisfaction
levelG(x). SatisfactionG(x), as a post-usage phenomenon, is purely experiential. It is
related to some performance usually reported on an objective scale bounded by good
and bad levels of performance”. The differenceδ (x) = Ĝ(x)−G(x) = F̂(x)−F(x) ∈
IRp is the disconfirmation bias, the difference between what wasexpected and what
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was observed, the expectation-performance discrepancy being better than or worse than
expected with regard to a product or service . It represents an error of estimation, i.e.,
the degree of accuracy of the consideration process.

The smaller its normδ [C (x)] = sup{‖δ (y)‖ : y∈ C (x)}<+∞, the more serious
is the consideration process withinC (x). Then, the higher the degree of seriousness,
the lower will be the disconfirmation bias index.

Trust-region methods define, each step, a model function. Inthis paper, when the
agent considers his unmet needsF(x), and the related scalarization functionφ the local
approximation function (trust-region model) is

m(x,H,d) = max
i∈I

{Fi(x)+ 〈∇Fi(x),d〉}+ 1
2〈d,Hd〉 with H ∈ Sn×m.

If the agent considers his satisfaction levelsG(x) and the related scalarization func-
tion ψ, the local approximation function is

n(x,H,d) = min
i∈I

{Gi(x)+ 〈∇Gi(x),d〉}+ 1
2〈d,Hd〉.

Proposition 5.1 determines “how good this approximation is”. Under Assump-
tions 2 and 3 it shows that its degree of accuracy is proportional to the square of the
trust-region ball radius. Hence this trust-region model defines in a precise way the dis-
confirmation bias

∣∣φ(xk+dk)−mk(dk)
∣∣ =

∣∣ψ(xk+dk)−nk(dk)
∣∣. The trust-region ap-

proach tells us that the lower is the square of the trust-region radius, the higher is the de-
gree of seriousness of the consideration process,

∣∣φ(xk+dk)−mk(dk)
∣∣=

∣∣ψ(xk+dk)−nk(dk)
∣∣≤

klsh∆2
k.

5) Costs of consideration Consideration activities (perception, exploration, search,
judgment, estimation, evaluation, etc.) are costly and themore serious the considera-
tion process, the more costly it will be. The variational theory of change [12, 13] offers
a detailed theory of consideration costs and more generallyof costs to change that will
not be reproduced here. The comparison of trust-region methods with the variational
approach suggests (see the next section) that expected consideration costsK

[
C (xk)

]

differ when changes∆k > 0 are low or large:

i) if changes are low, i.e.,∆k <
ω(xk)

βk
, then expected consideration costs

K

[
C (xk)

]
= ω(xk)∆k

are proportional to marginal changesω(xk) and the factor of proportionality is the
radius∆k of the trust-regionBk = C (xk).

ii) if changes are high, i.e.,∆k >
ω(xk)

βk
, then expected consideration costs

K

[
C (xk)

]
= (

1
βk

)ω2(xk)

are proportional to the square of the marginal change, and the factor of proportionality
is 1

2.
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The marginal change is

ω(x) =− min
‖d‖≤1

{
max
i∈I

{〈∇Fi(x),d〉}

}

or

ω(x) = max
‖d‖≤1

{
min
i∈I

{〈∇Gi(x),d〉}

}
.

Lemma 2.1 gives several properties of this marginal change function which is non-
negative. When the consumer uses one criteria to calibrate his unmet needs or his
satisfaction level(p = 1), his marginal changeω(x) = ‖∇F(x)‖ or ω(x) = ‖GF(x)‖
is the norm of the gradient of the unmet needs or the norm of thegradient of the
satisfaction level.

Trust-region methods show that, for a given cost of consideration, the smaller the
consideration set, the smaller will be the disconfirmation bias index.

6) “Sufficient decrease” conditions as “worthwhile changes” One of the main hy-
pothesis of the variational rationality approach [12, 13] is that agents follow worth-
while changes where expected advantages to change are higher than some proportion
of expected costs to change. In the context of trust-region methods, this assumption is
a “sufficient decrease” condition of the model functionmk(·). Let us see why. In our
multi-objective trust-region method, expected advantages to change aremk(0)−mk(dk)

or nk(dk)−nk(0), expected costs to changes areK
[
C (xk)

]
= ω(xk)min

{
ω(xk)

βk
,∆k

}

and the proportion isξ = 1
2. This is exactly the step condition (4.33),mk(0)−mk(dk)≥

κdasmω(xk)min
{

ω(xk)
βk

,∆k

}
.

This means that either,
i) changes are large,ω(xk)< βk∆k, i.e.,

∆k >
ω(xk)

βk
, andmk(0)−mk(dk)≥ (κdasm

βk
)ω2(xk),

or
ii) changes are low,ω(xk)> βk∆k, i.e.,

∆k <
ω(xk)

βk
, andmk(0)−mk(dk)≥ κdasmω(xk)∆k.

Such worthwhile changes exist. Lemma 4.1 provides an optimal solution example
whereκdasm= 1

2 and Lemma 4.2 provides a backtracking example whereκdasm= κdpa.
Cauchy points are well known points which provide sufficientdecrease (see also

the Dogled method and the Two dimensional subspace minimization methods, Nocedal
and Wright [28, chapter 4] ).

7) Acceptance criteria: setting a “satisficing enough” gap The problem is now
to determine how an agent can set a satisficing level. The ideawill be that “ he will
try to improve enough ”. Hence the definition of satisficing as“improving enough”.
“But what is enough?” The variational approach proposes twoways to modelize “what
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is enough”, using different lower and upper frames: i) to seta satisficing gap, with
reference to a statu quo, ii) to fill some portion of some aspiration gap [12, 13]. Trust-
region methods choose the first solution. Let us see how this work. Suppose that the
agent has a scalar satisfaction levelg(·) : z∈ X 7−→ g(z) ∈ IR, and has yet experienced
a given alternativex ∈ X. The statu quo isg(x). Then, to “improve enough” with
respect to the statu quo means to set a satisficing gapε(x, ·)> 0, to define the reference
dependent satisficing level̃g(x, ·) = g(x) + ε(x, ·) and to try to findy ∈ X such that
g(y)≥ g̃(x, ·), where the dot(·) represents some variable. In the present paper,g(x) =
ψ(x) is the scalarization function. Trust-region methods definea satisficing gapε(x, ·)
as follows. They define an acceptance rule such that, at period k, the trial pointxk+1

is accepted if it provides a “worthwhile enough change”. Theagent computesψ(xk+
dk).Then, either

i) xk+1 = xk+dk if ψ(xk+dk)−ψ(xk)≥ ρk
(
nk(dk)−nk(0)

)
with ρk ≥ η1,

ii) otherwise,xk+1 = xk.
This rule can be seen as a “satisficing enough” rule: set the satisficing level
g̃(x, ·) = ψ̃(xk,dk) = ψ(xk)+ρk

(
nk(dk)−nk(0)

)
such thatρk ≥ η1 (a “satisficing

enough” condition)
Then, the satisficing gap isε(xk,dk) = ρk

(
nk(dk)−nk(0)

)
.

The acceptance criteria means that the change is worthwhilenot only for the model
function but also for the scalarization function,

ψ(xk+dk)−ψ(xk)≥ ρk
(
nk(dk)−nk(0)

)
≥ η1κdasmK

[
C (xk)

]
with ρk ≥ η1

8) To update the trust-region: the course of a satisficing process The trust-region
method supposes that the updating rule is the following:

∆k+1 ∈ [∆k,+∞[ if ρk ≥ η2, i.e., increase the radius if the change is “very satisfic-
ing” (very successful in the TRM parlance,ρk ≥ η2)

∆k+1 ∈ [γ2∆k,∆k] if η2 ≥ ρk > η1, i.e., decrease “not too much” the radius if the
change is “satisficing enough” (successful in the TRM parlance,η2 ≥ ρk > η1)

∆k+1 ∈ [γ1∆k,γ2∆k] if η1 > ρk, i.e., decrease “very much” the radius if the change
is “ not satisficing enough” (η1 > ρk)

for 0< η1 ≤ η2 < 1 and 0< γ1 ≤ γ2 < 1.
These conditions show that the satisficing process is adaptive, bracketing the choice

process to divide the difficulty.

9) Global convergence It depends on the approximation solution which obtains at
least a fixed positive fraction of the Cauchy point decrease in the model functionm(·)
[28, Chapter 4, section 4.2]. In behavioral terms, global convergence depends on the
fact that the agent follows worthwhile changes and satisfieseach step. Under As-
sumptions 1, 2 and 3 Proposition 6.1 shows that ifxk is not Pareto critical and if the
radius of the trust-region is less than some portion of the marginal change, then the
iterate is very satisficing, and will increase. Proposition6.2 shows that if, along a path
of changes, marginal changes are larger than some given constant, then, radius of all
trust-regions will be also larger than another given constant. Proposition 6.3 and theo-
rem 6.1 prove that stationarity at a Pareto critical point isobtained in a finite number
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of iterations (when there are finitely many successful iterations) and converges to zero
of the marginal change.

8 Concluding Remarks

This paper has given an extension of trust-region methods for the multiobjective case.
In this context, we get “Pareto critical convergence”, which means thatω(xk) con-
verges to zero. If the sequence generated, by our TRMP, has accumulation points, then
all them are Pareto critical points. Also, it has been shown that such methods offer
a striking computable model of satisficing processes in Behavioral Sciences, using a
recent variational approach where the new concept of “worthwhile changes” plays a
key role.
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