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Abstract

This work reports on modeling and numerical experience in solving the long-term design and operation planning problem of the
Brazilian natural gas network. A stochastic approach to address uncertainties related to the gas demand is considered.Representing
uncertainties by finitely many scenarios increases the sizeof the resulting optimization problem, and therefore the difficulty to solve
it. We calculate the value of applying a stochastic programming framework. The numerical tractability of the problem isobtained
by applying state of the art techniques of optimal scenario reduction and decomposition by bundle methods. The benefits of each
approach are considered. Numerical experiments in a real-life case are assessed.
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1. Introduction

Expansion and operation planning of existent supply chain
is a key activity in the natural gas market. By expansion, one
can consider physical expansion of pipelines, construction of
new ones, and negotiation of prices and volumes for supply and
demand contracts – new or existent ones. There is also a need
for an integration between expansion and operation plans, due
to the quest for a higher profitability. Thus, existent and new
infrastructure must be operated in an optimal way, considering
the following options for natural gas use:
◦acquisition– production or purchase of imported gas or liq-

uefied natural gas (LNG) loads;
◦ consumption– local distribution companies demand, internal

consumption, and thermoelectric power plants fueling.
In Figure 1 an example of a natural gas supply chain is shown.
This chain starts with exploration and production activities that,
together with importation activity, correspond to gasacquisi-
tion. Gas is shipped to delivery nodes that representconsump-
tion. Activities covered by the model presented in this work are
marked with a rectangle.

Investments in new natural gas sources usually take up to
ten years until production is initiated reliably and safelyand
involve large sums of money. Thereby, long-term planning of
a natural gas supply chain, taking into account infrastructure
development and long-term operation of the system, is of great
importance for the profitability of the natural gas industry, Li
et al. (1).

In Brazil, natural gas is expected to have a more relevant role
in the energy market over the coming decades. In its major-
ity, Brazilian natural gas is associated to oil production and this
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Figure 1: Activities of natural gas supply chain

portion should be expanded as soon as more pre-salt oil fields
come into operation. In 2012 natural gas average supply was
about 2.65 BCF/day, of which 1.39 BCF/day is related to do-
mestic production, 0.95 BCF/day were imported from Bolivia
and the remaining 0.31 BCF/day refers to LNG loads, specially
from Nigeria and Trinidad and Tobago. These numbers corre-
spond to a 22% increase, if compared to 2011 numbers.

As of 2019, Brazilian natural gas consumption should be
about 6 BCF/day, of which 30% must be related to industrial
sector and about 9.5% must be used for energy generation. In
that same year, Brazil/Bolivia 20-year supply contract must be
renegotiated.

Natural gas has several uses: in residences, in industries,in
oil fields for re-injection purposes, as fuel for refineries and rigs,
for vehicles, and for energy generation. Some of these demands
can be deterministically forecasted due to its low variability,
such as residences, industries, and vehicles consumption.How-
ever, gas demand for energy generation purposes can be highly
uncertain, as explained below. This characteristic turns the nat-
ural gas network planning into a stochastic problem.

The Brazilian generating system is hydro dominated and
characterized by large reservoirs with multi-year regulation ca-
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pability, arranged in complex cascades over several river basins.
Hydroelectric plants are responsible for about 85% of the total
annual energy generation. Due to this hydro predominance, op-
eration is driven by the rainfall events – occurrence and fore-
casting. As an example, if hydroelectric reservoirs are at low
levels and a dry period (in terms of rainfall) is expected, then
thermoelectric dispatch is high, in order to save the water in
hydroelectric reservoirs. On the other hand, if reservoirsare
at regular or high levels, and no dry period is being expected
in the coming months, so thermoelectric dispatch tends to be
small because there is no need to save water.

Therefore, thermoelectric dispatch depends on the rainfall,
which is uncertain. As a consequence, thermoelectric dispatch
is also uncertain. This dispatch is centralized by an independent
system operator (ONS) supported by a computational model,
described in Maceira et al. (2). This model is based on the
Stochastic Dynamic Dual Programming technique, introduced
by Pereira and Pinto (3). One of the outputs of this model is a
set of scenarios of thermoelectric dispatch that can be usedto
represent the stochasticity of the gas demand for energy gener-
ation purposes.

A natural way to address gas demand uncertainties in the
Brazilian natural gas network planning problem consists in
modeling the problem into the framework of stochastic pro-
gramming with recourse, as defined in Birge and Louveaux (4).
By using this framework, a set of possible scenarios (represent-
ing uncertain data realizations) approximates thereal stochastic
distribution of these uncertainties.

More precisely, in this work we consider a case based on a
real-life natural gas industry problem from PETROBRAS, the
Brazilian oil and gas company. Such problem, which is of large-
scale and difficult to solve, was modeled as a two-stage stochas-
tic linear problem, meaning that some decisions – investments
in infrastructure and new contracts – are ofhere-and-nowtype,
i.e., they do not depend directly on the uncertain data. In each
scenario the decision maker canwait-and-seethe uncertainty
revealed, and take recourse decisions such as natural gas vol-
umes, pipelines use and thermoelectric plants operation.

Some authors have already studied the use of stochastic pro-
gramming methods in one or more planning levels – strate-
gic, tactical or operational. In Sagastizábal (5) one can find
an extensive list of examples of decomposition models applied
to energy systems optimization. Santoso et al. (6) present a
stochastic model for supply chain network design under un-
certainty. The goal of the latter work was to route the flow
of products from a supplier to customers, and to define which
processing centers should be built. The modeling results ina
mixed-integer linear problem, which is solved via sample aver-
age approximation, Kleywegt et al. (7). Schütz et al. (8) also
studied supply chain design under uncertainty, for the Norwe-
gian meat industry. The authors apply sample average approx-
imation and Lagrangian relaxation techniques to the resultant
two-stage stochastic problem. Cutting-plane Kelley (9) and
bundle methods Hiriart-Urruty and Lemaréchal (10) are used
to solve the Lagrangian dual problem. Another example of in-
tegrated design and operation problem is presented by Li et al.
(11), who propose a large-scale mixed-integer problem solved

by the so called Nonconvex Generalized Benders Decomposi-
tion Algorithm, Li et al. (12).

Due to the size and complexity of the Brazilian natural gas
network planning problem, we have chosen to model it in a con-
tinuous framework, instead of using a mixed-integer approach.
We study a compromise between uncertainty representation and
solvability for the considered application: considering alarge
number of gas demand scenarios the resulting problem is solved
by applying a decomposition technique akin L-Shaped method
Slyke and Wets (13), but using a bundle method instead. An
additional approach consists in selecting a much smaller but
representativeamount of scenarios to represent the gas demand
uncertainties. The representative scenarios are selectedby ap-
plying the optimal scenario reduction technique developedin
Heitsch and R̈omisch (14).

The main contributions of this work are the empirical com-
parison of the benefits of decomposition techniques and opti-
mal scenario reduction, as well as their effect over a natural gas
network planning problem - the Brazilian case. The paper is
organized as follows. In Section 2 some characteristics of the
considered problem are explained and the mathematical model-
ing is presented. In order to validate the stochastic approach for
the problem, stochastic measures are reviewed and comparedin
Section 3. A decomposition technique and a bundle method are
considered in Section 4. Section 5 address the optimal scenario
reduction technique. Some concluding remarks are reportedin
Section 6. Numerical experiments for a 20-year horizon plan-
ning problem are given throughout Sections 3, 4 and 5.

2. The long-term planning problem

2.1. Problem statement

The Brazilian natural gas network planning problem is com-
posed of:
– natural gas supply nodes – representing domestic gas produc-

tion, imported gas, and LNG loads;
– demand nodes – representing local distribution companies

and internal consumption (e.g. fertilizers factories and re-
fineries);

– pipelines for the gas transportation;
– compressors to help with the gas transportation through

pipelines;
– natural gas processing units – NGPU; and
– thermoelectric plants.
As we are dealing with a long-term (20-years horizon) plan-
ning problem, operational constraints are modeled with farless
details than they would be in a short-term model, but some of
them are still present in the model, such as pipelines maximum
allowed flows and the use of a heat rate to convert natural gas
into energy at thermoelectric plants.

The main goal of the model is to determine an optimal invest-
ment plan, including pipelines capacities expansion (or pipeline
construction), volumes for new demand contracts (with, e.g.,
local distribution companies) and optimal operation of the
whole network, i.e, gas flows through pipelines, gas volumes
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sent to demand nodes and absorbed in supply nodes, and ther-
moelectric plants operation.

In the modeled problem, a company buys natural gas at some
input nodes (supply nodes) and must carry this gas to demand
nodes or thermoelectric plants through its own pipelines net-
work. For the sake of simplicity, we consider that no gas loss
occurs during transportation. Each demand node expects to re-
ceive a certain amount of gas, varying from a minimal to a max-
imal value. If the optimal decision is to deliver less than the
minimal natural gas demand at a node, company must pay for
this unsatisfied amount of gas. Thermoelectric plants demands
are related to their dispatch levels, i.e, energy dispatch is con-
verted into gas demand taking into account generator machines’
efficiency.

Investments may be made in certain periods within the plan-
ning horizon and are offered in projects. A project may consist
of any combination of investment in: new pipelines or expan-
sion of existent ones, supplying contracts minimal and maximal
volumes, and demand contracts minimal and maximal volumes.
As an example, a project may consist of a new pipeline to carry
gas from a developed field to a new demand node, also included
in the project, with minimal and maximal demand values.

The expansion and operation planning problem consists of
deciding (i) which investment projects must be made, when and
at which level, and (ii) given an optimal investment policy,vol-
umes of gas to be bought at supply nodes, delivered at demand
nodes (including thermoelectric plants), and volumes carried by
pipelines.

In Figure 2 a simple representation of the problem is given.
Supply nodes, where natural gas can be bought by the company,
are represented by boxes with capital letter S, while demand
nodes, where natural gas is delivered, are represented by boxes
with capital letter D. Gas can also be delivered to thermoelectric
plants. Company internal network is composed of pipelines,
compressors, and natural gas processing units (NGPU), repre-
sented by capital letters C e U, respectively.

Figure 2: Natural gas network representation

2.2. Mathematical Model
Let us first define two main sets:N andP stand for the set

of nodes and pipelines, respectively. Each noden ∈ N can rep-
resent a gas input (resp. output) point, representing a supplier
(resp. demand) or a concentration point, at which two or more
pipelines segments converge to or diverge from. Two nodes can
be connected by a pipeline segment, a compressor or a process-
ing unit. Compressors and processing units sets are represented
by setsC andU, respectively. Each thermoelectric plantθ ∈ Θ
consists of a set of enginesEθ with different heat rates1. Supply
and demand nodes are represented by setsS ⊂ N andD ⊂ N .
It turns out that the set of thermoelectric is contained in the set
of demand note, i.e.,Θ ⊂ D. Finally, letI denote the set of
investment projects andT the set of periods. The decision vari-
ables of the considered problem are:
– xt

i ∈ [0,1], the percentage of investmenti to be made at period
t;

– wt
i j ≥ 0, the flow of gas from nodei to nodej at periodt;

– et
θ
≥ 0, representing the amount of energy generated in plant

θ, at periodt; and
– ut

j ≥ 0, natural gas deficit in nodej, periodt.
The deterministic version of the considered natural gas network
planning problem can now be stated and symbolized by

min
x,w,e,u
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(1a)

s.t.
∑

k∈N
wt

jk + ut
j ≥ vt

j +
∑

i∈I

(

xt
i · vii j

)

, ∀ j ∈ S,∀t ∈ T (1b)

∑

k∈N
wt

jk ≤ υt
j +
∑

i∈I

(

xt
i · υi i j

)

, ∀ j ∈ S,∀t ∈ T (1c)

∑

k∈N
wt

k j + ut
j ≥ vt

j +
∑

i∈I

(

xt
i · vii j

)

, ∀ j ∈ D\Θ,∀t ∈ T

(1d)
∑

k∈N
wt

k j ≤ υt
j +
∑

i∈I

(

xt
i · υi i j

)

, ∀ j ∈ D\Θ,∀t ∈ T (1e)

wt
i j ≤ φt

i j +
∑

i∈I

(

xt
i · φi i j

)

(1f)

hrθ · et
θ =
∑

k∈N
wt

kθ, ∀θ ∈ Θ,∀t ∈ T , (1g)

et
θ ≥ edt

θ, ∀θ ∈ Θ, t ∈ T , (1h)

xt
i − xt−1

i ≥ 0, ∀i ∈ I,∀t ∈ T , (1i)

w ∈ F ,e ∈ Σ, x ∈ X. (1j)

In this model,cii represents the total investment cost for project
i and it is applied to the difference

(

xt
i − xt−1

i

)

, which is equiva-
lent to the amount of investment made at periodt. Parameters

1Heat rate is an expression of the conversion efficiency of power generating
engines in terms of their consumption – in the considered case,natural gas
consumption.
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cgj and rg j denote unitary acquisition cost and sale price for
natural gas at nodej, respectively. Additional cost termcsj

is included to penalize gas shortfall. Energy remunerationis
represented by parameterreθ, for thermoelectric plantθ. Thus,
objective function (1a) consists of minimizing investment, gas
acquisition and penalty costs minus demand and thermoelec-
tric remuneration. In other words, solving the above problem is
equivalent to maximize the total profit of the company subject
to operational and investment constraints.

Constraints (1b) and (1c) require that minimum and maxi-
mum values of natural gas acquisition be satisfied. Parame-
tersvt

j andvii j represent minimum amounts of natural gas to be
bought – the former one represents original minimal value, and
the later one represents the minimal values due to investments.
A similar analysis can be done to parametersυt

j and υi i j for
maximal values and constraints (1d) and (1e) represent the same
requirements for demand nodes,mutatis mutandis. Pipelines
capacities are represented in constraint (1f).

Energy generation is represented by constraints (1g) and (1h)
– the former one shows the relation between natural gas con-
sumption,

∑

wt
kθ, and energy generation,et

θ
at thermoelectric

plant θ, and the latter one ensures a minimal generation, rep-
resenting energy dispatch. In constraint (1i), investments are
forced to be non-decreasing, i.e., disinvestment is not allowed.
SetsF , Σ, andX, in constraint (1j) represent other (linear) re-
strictions, such as maximum energy generation of a plantθ.

2.3. Compact formulation

For convenience, model (1a)-(1j) is represented with the
more compact notation



















minx,y c>x+ q>y
s.t. T x+Wy= h

x ∈ X, y ≥ 0 ,
(2)

where vectorx keeps representing investment decisions, and
decision variabley = (w e u s)>, being s a slack variable
with appropriate dimension. Thus, cost vectorc = ci, while q
is defined by

q = ((cg− rg) − re cs 0)>.

The polyhedral setX represents (1i) and the operational con-
straintsx ∈ X. NotationT represents a matrix composed of
parametersvi, υi, andφi. Vectorh is composed of parameters
v, υ, φ, anded, and also parameters of constraintsΣ andF in
(1j). Matrix W, among others, incorporates coefficients of con-
straintsΣ andF , and coefficients of the slack variables.

For practical interests, problem (2) (and thus (1)) might be
simplistic. In fact, some parameters involved in problem (2)
may not be considered deterministic, such as the energy dis-
patch represented by parameteredt

θ
whose reasons were pre-

sented in Section 1. Thereby, the deterministic model symbol-
ized by problem (1) needs to be examined in a stochastic con-
text.

3. Incorporating stochasticity into the problem

The question we address in this section is the following one:
Is there a significant gain by introducing stochasticity into the
model represented by problem (1)?

In order to answer this question we use energy dispatch (gas
demand) scenarios represented by the random vectorξ =

{

edt
θ

}

in appropriated probability space (Ξ, σ(Ξ),P). The resulting
formulation is as follows



















minx,y E[c>x+ q>y(ξ)]
s.t. T x+Wy(ξ) = h(ξ)

x ∈ X, y(ξ) ≥ 0 a.s.,

where E stands for the expectation operator with respect to
probability measureP (a.s.means almost surely).

It is assumed throughout this work that the random variable
ξ is approximated by finitely manyN scenariosξ1, ξ2, . . . , ξN,
with associated probabilitypi > 0 for all i = 1, . . . ,N. For the
considered problem, a set of 2,000 gas demand scenariosξi is
available by a computational program responsible, among oth-
ers, for dispatching thermal energy generation to meet a power
load in the Brazilian electric energy system; see Maceira etal.
(2) for more details.

Since the numberN of scenarios is finite, the above problem
can be written in thedeterministic equivalentform

zRP :=



















minx,yi c>x+
∑N

i=1 pi [q>yi ]
s.t. T x+Wyi = h(ξi)

x ∈ X, yi ≥ 0 for all i = 1, . . . ,N.
(3)

In the quest of answering the stated question, we now review
and apply some useful measures in stochastic programming.

3.1. Stochastic Measures

In this section we describe two important measures in
stochastic programming: the expected value of perfect informa-
tion (EVPI) and the value of stochastic solution (VSS). A more
detailed discussion of these measures can be found in Birge and
Louveaux (4).

3.1.1. The Value of Stochastic Solution
In practice, it is not unusual to find situations in which the

deterministic equivalent problem (3) is not solvable. Thismay
occur when this problem is large enough to become computa-
tionally intractable or when solving time is too excessive.In-
stead of applying more sophisticated techniques to solve the
problem one may be attempted to solve a much simpler prob-
lem, replacing all uncertain parameters by their expected val-
ues: ξ :=

∑N
i=1 piξi . In this case, the measureVSS is useful to

evaluate the cost of ignoring uncertainty in making a decision.
With purpose of defining the measureVSS, one has to solve

the following problem, called the expected value problem (EV)

zEV :=



















minx,y c>x+ q>y
s.t. T x+Wy= h(ξ)

x ∈ X, y ≥ 0 .
(4)
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We denote (xEV, yEV) its optimal solution andzEV its correspon-
dent objective value. In order to measure how good decisionxEV
is, one may test this solution by solving the following problem
and by evaluating the expected cost of using theEV solution:

zEEV := c>xEV +
N
∑

i=1

pi

{

min
yi≥0

q>yi : Wyi = h(ξi) − T xEV

}

. (5)

Since problem (5) is decomposable for each scenario, its opti-
mization is not a too much time-consuming task, in general.

As defined in Birge and Louveaux (4), one may calculate the
value of the stochastic solutionVSS as

VSS = zEEV − zRP ,

wherezRP is the optimal value of problem (3), consideringN
scenarios. As previously said,VSS represents the cost of ig-
noring uncertainty in the problem. Therefore, a small valuefor
VSS means that there is no (enough) gain in solving the much
more difficult problem (3), instead of solving (4).

3.1.2. The Expected Value of Perfect Information
Another important measure in stochastic programming is the

expected value of perfect information– EVPI. This value rep-
resents obtained gain if complete and accurate informationon
future is available at the moment decision is made. Therefore,
it is a useful measure to evaluate the scenarios used to define
problem (3).

The EVPI is defined as the difference between the optimal
value zRP of the deterministic equivalent problem (3) and the
wait-and-see optimal value, given by

zWS :=
N
∑

i=1

pi

{

min
xi∈X,yi≥0

c>xi + q>yi : T xi +Wyi = h(ξi)

}

, (6)

i.e.,
EVPI := zRP − zWS .

The biggerEVPI is the more important is the role played by the
uncertainties. Therefore, more effort should be made in order to
obtain a representative set of scenarios. It is shown in Birge and
Louveaux (4) that the optimal values of the given formulations
satisfy

zWS ≤ zRP ≤ zEEV .

3.2. VSS andEVPI measures for the considered problem

We now report some numerical results obtained by applying
the stochastic measures described in the previous subsection to
the Brazilian natural gas network planning problem.

3.2.1. Test problem
The test problem is based on a realistic Brazilian network

planning problem, composed of 65 supply nodes, 305 demand
nodes, 33 thermoelectric plants and 68 pipeline segments. The
planning horizon is 20 years, split into 76 planning periods–
each time period can represent either a month or a whole year,
depending on the proximity of this period.

Nine investments projects are offered: four of them are re-
lated to the expansion of pipelines capacities, three represent
new supplying contracts opportunities and the remaining two
represent new demand contracts that need to be evaluated. It
is important to the company to decide if it is worth to invest in
these contracts. As stated above, only thermoelectric dispatch
was considered to be uncertain in this work. With purpose of
representingreal uncertainty, we used a set ofN = 200 scenar-
ios randomly selected from a sample of 2,000 thermoelectric
dispatch scenarios given by the official Brazilian energy plan-
ning program described in Maceira et al. (2).

All computations were carried out on a Intel Xeon X5650
2.67GHz, with 2 processors, 48 Gbyte of RAM Memory, run-
ning 64 bit Windows Server 2008. All implementations were
performed using AIMMS 3.13 and Gurobi 5.1 to solve resul-
tant linear problems.

3.2.2. Numerical assessment
Table 1 reports on the difference between wait-and-see prob-

lem optimal value and the optimal values of the deterministic
problem equivalent (3) and the expected cost problem (5). Val-
ues are given in thousand US$. We chose to inform the dif-
ferences between the optimal values so that the magnitudes of
these differences are more easily understood. Problem (3) was
solved according to the method to be described in Section 4.

RP EEV WS

2 323.31 39 928.40 0

Table 1: Difference between optimal values

We give in Table 2 the stochastic measures, also in thousand
US$.

VSS EVPI

37 605.09 2 323.31

Table 2: Stochastic measures

Note thatVSS is about US$ 37.6 million, whileEVPI is about
US$ 2.3 million. The moderate value ofEVPI means that the
set of N = 200 scenarios represents the problem’s uncertain-
ties in a satisfactory way. On the other hand, a bigVSS means
that there is a huge loss of profitability if one chooses to solve
theEV problem (4) instead of solving deterministic equivalent
problem (3). A solution to the stochastic version of the consid-
ered problem provides an increase in profit of around US$ 37.6
million, when compared to the deterministic variant. Hence,
results presented in Table 2 indicate that a stochastic approach
should be used in the considered problem.

4. Decomposition

We have concluded in the previous section that considering
uncertainties about the demand gas is an important matter for
the considered natural gas network planning problem. There-
fore, in order to make a better planning decision, problem (3)
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must be solved considering a given set of gas demand scenarios
ξi , i = 1, . . . ,N. Notice that problem (3) is a linear program-
ming problem, which is expected to be easily solved by com-
mercial LP solvers. However, for the considered application
and N = 80 gas demand scenarios, the problem has approxi-
mately 20,883,165 variables and 6,752,380 constraints; being
too hard to be solved by traditional LP solvers even using a
powerful computer like the one described in § 3.2.1. In this
manner, for solving the problem withN ≥ 80 scenarios one
may consider using decomposition techniques.

4.1. Two-stage stochastic linear programming formulation

Following the lead of Shapiro et al. (15), linear problem (3)
can be decomposed as

min
x

f (x) s.t. x ∈ X with f (x) := c>x+
N
∑

i=1

piQ(x, ξi), (7)

where
∑N

i=1 piQ(x, ξi) is the expectation of the second stage
costs given by

Q(x, ξ) :=



















miny q>y
s.t. Wy= h(ξ) − T x

y ≥ 0 .
(8)

Given the characteristics of problem (1) and slack variables in-
clusion in problem (2), problem (8) has a solution for every
given pointx ∈ X, and for all scenariosξi , i = 1, . . . ,N. This
property is known in the stochastic programming literatureas
relatively complete recourse. Given these assumptions, it is
well known that problem (7)-(8) is convex, finite valued, but
nonsmooth; see (Shapiro et al. (15), § 2.1) for further informa-
tion.

Most optimization techniques for solving nonsmooth prob-
lems rely only on first-order information provided by an ora-
cle (black-box). For the considered two-stage stochastic linear
problem (7)-(8), an oracle is a decomposable optimization pro-
cedure that for a given feasible pointx, it computes the value
of the objective function and a subgradient at this point. Such
procedure is described below:

Oracle 4.1. (Oracle for two-stage stochastic linear problems).

. Step 0
1: Input: xk ∈ X

. Step 1
2: for i = 1,2, . . . ,N do
3: Solve problem(8) for x = xk andξ = ξi
4: Get the optimal value Q(xk, ξi)
5: Obtain a Lagrange multiplier ui for (8)
6: end for

. Step 2
7: Compute the value of the function:

f (xk)← c>xk +
∑N

i=1 piQ(xk, ξi)
8: Compute a subgradient:

gk ← c−∑N
i=1 piT>ui

9: Output: ( f (xk),gk).

Proposition 2.2 in Shapiro et al. (15) ensures thatgk com-
puted above is indeed a subgradient off at pointxk, i.e.,

f (x) ≥ f (xk) + g>k (x− xk) for all x ∈ R
n .

In the following section we present the optimization tool em-
ployed in this work for solving problem (7)-(8), making using
of Oracle 4.1.

4.2. Proximal bundle method

Bundle methods are designed to solve nonsmooth convex op-
timization problems by making use of only first-order informa-
tion, see Hiriart-Urruty and Lemaréchal (10) and Bonnans et al.
(16). Such methods are well known by their robustness and by
having an efficient stopping test. Moreover, differently from
cutting-plane methods like L-Shaped Slyke and Wets (13), most
bundle methods have limited memory: the bundle of oracle in-
formation can be kept bounded saving computational memory
without impairing convergence. This is particularly interesting
for large-scale optimization problems, as the considered one.

This section restricts itself to the presentation of a proximal
bundle algorithm suitable for solving problem (7)-(8). We refer
to Ruszczýnski (17), F́abían (18), F́abían and Sz̋oke (19), and
Oliveira and Sagastizábal (20) for more bundle method variants
for solving two-stage stochastic linear programming problems.

4.2.1. Description of the method
The method generates a sequence of feasible iterates{xk} ⊂

X. For each pointxk, Oracle 4.1 is called to computef (xk) and
a subgradientgk. With such information, the method creates the
linearization

f̄k(x) := f (xk) + g>k (x− xk) (≤ f (x)) .

At iterationk a polyhedralcutting-planemodel of f is available:

f̌k(x) := max
j∈Bk

f̄ j(x) with Bk ⊂ {1, . . . , k} . (9)

The set{x j , f (x j),g j} j∈Bk is called information bundle. For
instance, the L-Shaped method Slyke and Wets (13) takes
Bk = {1, . . . , k} for all k. In contrast, bundle methods can keep
Bk with only two well-chosen linearizations, as shown in Re-
mark 4.2 below.

Given a parametertk > 0 and denoting ˆxk a stability center
(the best past iterate) at iterationk, the next iteratexk+1 is the
unique solution to the quadratic program

min
x

f̌k(x) +
1

2tk
|x− x̂k|2 s.t. x ∈ X , (10)

which is equivalent to


















minx,r r + 1
2tk
|x− x̂k|2

s.t. f̄ j(x) ≤ r, ∀ j ∈ Bk

x ∈ X, r ∈ R .

(11)

Denoting byiX the indicator function of the setX, the optimality
conditions for (10) give

xk+1 = x̂k − tkĝk, (12)
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with

ĝk = pk
f + pk

X and



























pk
f :=
∑

j∈Bk

αk
jg j ∈ ∂ f̌k(xk+1)

pk
X := − xk+1 − xk

tk
− pk

f ∈ ∂iX(xk+1) .

(13)
The simplicial multiplierαk satisfies the following relations for
all j ∈ Bk

∑

j∈Bk

αk
j = 1 , αk

j ≥ 0 ,

αk
j [ f̌k(xk+1) − f̄ j(xk+1)] = 0,

and can be used to save storage without impairing convergence.
More precisely, “inactive” indices, correspondingαk

j = 0, can

be dropped:Bk+1 ⊃ { j ∈ Bk : αk
j , 0}.

Now comes an important convergence parameter:

φk := f(x̂k) − f̌k(xk+1) − ĝ>k xk+1 .

It is shown in Oliveira et al. (21), § 3 that a proximal bundle
algorithm can stop with a satisfactory solution ˆxk when both
φk and |ĝk| are small. In fact, Oliveira et al. (21), Theorem 3.2
ensures that convergence amounts to obtaining the following
property:

a subsequence{(φk, ĝk)}k∈K converges to (φ,0) with φ ≤ 0.

A rule decides whether to move the center ( ˆxk+1 = xk+1,
descent-step) or to keep it ( ˆxk+1 = x̂k, null-step). This rule
views f (x̂k) as a threshold, which each iteration strives to im-
prove: a descent-step is performed if it improves the threshold
by a definite amount; say

f (xk+1) ≤ f(x̂k) − κvk, (14)

with vk := f (x̂k) − f̌k(xk+1) and some fixedκ ∈ (0,1).
Algorithm 1 outlines the considered proximal bundle method

variant. If (xk+1, rk+1) is a solution to problem (11), then
rk+1 = f̌ (xk+1). Hence, the updating rule ofvk on line 9 of
the algorithm coincides with the definition in (14).

Remark 4.2 (Bundle compression). It is worth mentioning that
the setBk gathering bundle information can be kept with at
most Mmax indices, for some chosen integer Mmax ≥ 2. In fact,
if at Step 4 of Algorithm 1 one has|{ j ∈ Bk : αk

j , 0}| =
Mmax, one can choose any two indices j, i ∈ Bk and replace the
two triples(x j , f (x j),g j) and (xi , f (xi),gi) by the artificial one
(xk+1, f̌k(xk+1), ĝk). In this manner, one of the indices j or i will
be related to the triple(xk+1, f̌k(xk+1), ĝk), while the other one
can be eliminated from the setBk. Since the bundle updating
incorporates the new index k+ 1 intoBk+1, the bundle size will
remain Mmax. This strategy is calledbundle compression, and
it is an efficient manner to keep the auxiliary problem(11)easy
to solve, without impairing convergence of the algorithm.

Another proximal bundle method variant designed for two-
stage stochastic linear programming is the so calledregularized
decomposition, proposed by Ruszczyński (17). Algorithm 1 is
more general than the regularized decomposition in the sense

Algorithm 1 Proximal bundle method
. Step 0: initialization

1: Selectκ ∈ (0,1) andt1 ≥ tmin > 0
2: Choosex1 ∈ X and stopping tolerances, tolφ, tolg > 0
3: Call Oracle 4.1 to compute (f (x1),g1)
4: Set x̂1← x1 andB1← {1},
5: for k = 1,2, . . . do

. Step 1: Next iterate
6: Obtain (xk+1, rk+1) andαk by solving (11)
7: ĝk ← (x̂k − xk+1)/tk

8: vk ← f (x̂k) − rk+1

9: φk ← vk − ĝ>k xk+1

. Step 2: Stopping test
10: if φk ≤ tolφ and|ĝk| ≤ tolg) then
11: return x̂k and f (x̂k)
12: end if

. Step 3: Oracle call
13: Call oracle 4.1 to compute (f (xk+1),gk+1)
14: Definetaux = 2tk[1 + ( f (x̂k) − f (xk+1))/vk]
15: if f (xk+1) 6 f (x̂k) − κvk then
16: x̂k+1 ← xk+1

17: tk+1 = min{taux,10tk}
18: else
19: x̂k+1 ← x̂k

20: tk+1 = min{tk, max{taux, tmin}}
21: end if

. Step 4: Bundle management
22: ChooseBk+1 ⊃ { j ∈ Bk : αk

j , 0} ∪ {k+ 1}
23: end for

that Algorithm 1: (i) does not assume that the problem has a
solution; (ii) its stopping test is more sophisticate (see Oliveira
et al. (21) for more details); and (iii) its uses the bundle com-
pression mechanism. Convergence analysis of Algorithm 1 can
be obtained in Hiriart-Urruty and Lemaréchal (10), and in a
more general manner in Oliveira et al. (21).

4.3. Numerical assessment

As mentioned, for the considered planing problem and com-
puter whose description was given in § 3.2.1, formulation (3)
becomes computationally intractable for 80 gas demand sce-
narios or more. To solve the deterministic equivalent problem
usingN = 200 scenarios we then used Algorithm 1 and Ora-
cle 4.1.

The corresponding problem has more than 52 million vari-
ables and almost 17 million constraints, and it was solved in
79 iterations for tolerances tolφ = 10−3√n and tolg = 10−3√n,
with

√
n = 684.

Figure 3 shows the evolution of{− f (xk)} along iterations 10
to 79. Circular markers indicate iterations at which a descent-
step was found. We recall that for the considered application,
minimizing the objective function in problem (3) corresponds
to maximizing the total profit of the company:− f (x) is the
profit provided by decisionx. Algorithm 1 using Oracle 4.1
was able to solve the deterministic equivalent problem, butit
took 45 hours and 48 minutes in order to satisfy the stopping
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Figure 3: Evolution of− f (xk), k = 10, · · · ,79.

criteria. It turns out that each call to Oracle 4.1 takes around 34
minutes. Roughly speaking, allocating computational memory
and solving problem (8) for a givenx andξ takes 10 seconds of
CPU time. Therefore, supposing problem (3) withN = 1,000
scenarios (a good representation of the gas demand uncertain-
ties) and estimating 80 iterations for Algorithm 1 to stop, the
total CPU time for solving the resulting problem would be more
than 9 days. In strategic level of planning, as it is considered in
this work, this amount of CPU time may be acceptable. How-
ever, other strategies should be tested as an attempt to reduce
solving time while still considering uncertainties.

As a first attempt one could suggest to solve a smaller prob-
lem by randomly choosing a smaller number of scenarios. This
approach was considered as follows. We solved the original
problem 100 times considering 10 scenarios randomly chosen
from the same reference sample with 200 scenarios used pre-
viously. After this, it is possible to estimate the probability of
having profit losses by using this kind of scenario selectionap-
proach.

Figure 4 shows on the x-axis the loss` and on the y-axis
the probability of having a loss greater or equal to`, i.e, the
ordinate component of the curve,y, represents

y = P(zRP − f200(x̄10) ≥ `)

with x̄10 denoting a solution to problem (3) with 10 scenarios
randomly chosen, andf200 denoting the objective function in
problem (3) considering the reference sample withN = 200
scenarios. Therefore, we can see that there is a significant prob-
ability – about 20%, of having, for instance, US$ 5 million or
more of profitability loss.

In Table 3 some statistics on these losses are presented, such
as the average, standard deviation, minimum and maximum val-
ues. One can conclude that choosing randomly a 10 scenarios
set can lead to losses of up to approximately US$ 33 million.
On average, the losses are around US$ 4 million. Thereby, we
conclude that a smaller set of scenarios should not be chosen
randomly but, as showed below, by using a more sophisticated
procedure.

Figure 4: Probability of profitability losses

Statistics (103 US$)
Average 3 938.26
Std Deviation 6 168.83
Min 0
Max 32 881.94

Table 3: Statistics on objective function values

5. Optimal scenario reduction

In this section we show how to select efficiently, among all
scenarios{ξ1, ξ2, . . . , ξN} with probability pi for i = 1, . . . ,N,
a reduced subset with fewer representative scenarios. Namely,
reducing the number of scenarios entails redistributing the ini-
tial set of probabilitiesP := {pi : i = 1, . . . ,N} by taking an
index setIrep ⊂ {1,2, . . . ,N} such that:

P̃ := {p̃i : i = 1, . . . ,N} with

{

p̃i = 0 for i < Irep
∑

i∈Irep p̃i = 1 .

With such a redistributioñP, the resulting (smaller size) deter-
ministic equivalent problem is

min
x

f̃ (x) s.t. x ∈ X with f̃ (x) = c>x+
∑

i∈Irep

p̃iQ(x, ξi) . (15)

Let VAL(P) andVAL(P̃) be the optimal values for the prob-
lems (7) and (15), respectively. Accordingly,S(P) ⊂ X and
S(P̃) ⊂ X are the respective solution sets (it is assumed that both
S(P) andS(P̃) are nonempty sets). LetNrep = |Irep| (the num-
ber of representative scenarios) be given. Naturally,Nrep < N.
What one wishes is to determinẽP such that the distance be-
tween the optimal values|VAL(P) − VAL(P̃)| and the errorε ≥ 0
such thatS(P̃) ⊂ S(P) + εB(0,1) are as small as possible (here
B(0,1) stands for the unit ball inRn). In order to do so, Heitsch
and R̈omisch (14) propose to use a probabilistic metric to esti-
mate the distance between the optimal values, which allows at
same time for stability on the solution sets, i.e., a smallε ≥ 0.

Given Nrep, the best redistributioñP of P is determined by
solving a combinatorial optimization problem, as shown below.

8



The result in (Dupacov́a et al. (22), Thm. 2) shows that given a
norm or pseudonormd : Ξ × Ξ → R+ (for instance,d(ξi , ξ j) =
|ξi − ξ j |2 can be the Euclidean norm) and a setI ⊆ {1, . . . ,N},
the particular case of the Monge-Kantorovich functional

MK(I ) :=
∑

j<I

p j min
i∈I

d(ξ j , ξi)

is (except for a multiplicative constant) an upper bound forthe
distance between the given probabilityP and the new onẽP,
defined by

for eachi ∈ I p̃i = pi +
∑

j∈Ji

p j , (16)

where Ji := { j < I : i ∈ arg min
l∈I

d(ξ j , ξl)} .

Providing that the set feasibleX is compact, it follows by (22,
Eq. (4) and Thm. 2) that
∣

∣

∣

∣

∣

∣

∣

N
∑

i=1

piQ(x, ξi) −
∑

i∈I
p̃iQ(x, ξi)

∣

∣

∣

∣

∣

∣

∣

≤ L · MK(I ) for eachx ∈ X ,

whereL > 0 is a constant that depends on the problem and on
the chosen pseudonormd. Given the rule (16) for the new prob-
ability P̃, a natural criterion for proximity between solutions
of problems (7) and (15) should strive to minimize the func-
tionalMK(I ), by choosing the best setI = Irep ⊂ {1, . . . ,N} with
Nrep indices. This is a combinatorial optimization problem, and
thus difficult to solve. Following Heitsch and Römisch (14), the
representative scenarios index setIrep is chosen by a heuristic
method, calledFast Forward Selection. More precisely, this
work applies Algorithm 2.4 proposed in Heitsch and Römisch
(14) to select representative scenarios. The main idea of this
algorithm is to iteratively solve problems of the form

min
I⊂{1,2,...,N}

MK(I ) s.t. |I | = N − i ,

for i = N,N−1, . . . ,N−Nrep. For more information on scenario
reduction for two-stage stochastic programming, see Dupacová
et al. (22) and Heitsch and Römisch (14). See also K̈uchler
(23), Heitsch and R̈omisch (24), Oliveira et al. (25) and Pflug
and Pichler (26) for the multistage setting.

5.1. Numerical assessment

By using scenario optimal reduction technique, a subset
ΞNrep

=
{

ξ j1, ξ j2, · · · , ξ jNrep

}

is chosen from the set ofN = 200
scenarios used in § 4. Then, the reduced deterministic equiva-
lent problem (15) is solved, using onlyNrep selected scenarios
ξ ∈ ΞNrep

with new probabilityP̃. As usuallyNrep � N, it takes
less time to solve (15) than to solve problem (7).

We have considered 7 different instances of problem (15),
corresponding to take

Nrep ∈ {10, 20, 30, 40, 50, 60, 70} .

Let x̄Nrep
be an optimal investment decision to problem (15)

and f̃ (x̄Nrep
) = c> x̄Nrep

+
∑

∈Irep

p̃iQ(x̄Nrep
, ξi) be its optimal value.

In Table 4 we compare first stage (investment) cost,c> x̄Nrep
,

expectedsecond stage costs

∑

i∈Irep

p̃iQ(x̄Nrep
, ξi) and

N
∑

i=1

piQ(x̄Nrep
, ξi) , (17)

number of variables and constraints, and CPU time for each
instanceNrep. As expected, the biggerNrep, the better quality
solution x̄Nrep

: compare the values

200
∑

i=1

piQ(x̄Nrep
, ξi) and

200
∑

i=1

piQ(x̄200, ξi) .

Moreover, as reported in Table 4 the values in (17) become
closer to each other asNrep increases, showing effectiveness
of the scenario reduction technique.

5.2. Optimal investments comparison

In many practical applications, decision makers are con-
cerned not only with optimal values deviation, but also with
optimal decision variables deviation. Ultimately, the decision
maker is interested in theoptimal policy- that is, the best first
stage decisions. In our application, deviation on optimal so-
lutions might result in very different company’s actions: for
instance, expanding a pipeline rather than importing gas. Fig-
ure 5 shows different decisions for a specific investment project
when solving the problem with different number of scenarios.

Figure 5: Different investment decisions

The bigger the number of scenariosNrep is, the closer results
are to the optimal decisions (obtained withN = 200 scenarios).
By usingNrep = 30 scenarios or more, optimal decisions are
achieved for this investment project.

6. Concluding remarks

In this work we have analyzed the Brazilian natural gas net-
work planning problem. We have provided numerical results

9



Nrep Obj. Function (106 US$) Problem Size CPU (s)

c> x̄Nrep

∑

i∈Irep

p̃iQ(x̄Nrep
, ξi)

200
∑

i=1

piQ(x̄Nrep
, ξi) Variables Constraints

10 -8.69 4 367.07 4 733.38 2 610 995 845 080 151
20 -8.70 4 473.30 4 733.54 5 221 305 1 688 980 260
30 -8.72 4 515.01 4 733.60 7 831 615 2 532 880 471
40 -8.72 4 566.87 4 733.60 10 441 925 3 376 780 560
50 -8.72 4 597.55 4 733.60 13 052 235 4 220 680 843
60 -8.72 4 645.87 4 733.60 15 662 545 5 064 580 1 025
70 -8.72 4 692.17 4 733.60 18 272 855 5 908 480 1 207
200 -8.72 4 733.60 4 733.60 52 206 885 16 879 180 164 879

Table 4: Problem comparison forNrep ∈ {10, 20, 30, 40, 50, 60, 70}

indicating that a stochastic setting to the problem should be con-
sidered. The gain obtained by using a stochastic approach tothe
problem was estimated to be about US$ 38 million.

Solving the problem with a small sample of gas demand sce-
narios (N = 10) randomly chosen provides unstable optimal
values and investment decisions. On the other hand, solving
the problem for bigger samples, say 80 scenarios or more, is
only possible via decomposition technique and specializednon-
smooth optimization methods. ForN = 200 gas demand sce-
narios the CPU time needed to solve the problem was almost
46 hours, and the estimate of solving time for the case with
N = 1,000 scenarios is of 9 days, using the computer described
in § 3.2.1. The tool used to solve large instances of the de-
composed problem was the (state of the art) proximal bundle
algorithm, presented with details in § 4.2.

Since the CPU time required to solve the problem might not
be affordable for the company’s studies, smaller instances of
the problem were considered and obtained by applying optimal
scenario reduction, described in § 5. We have demonstrated
that the use of this strategy can lead to stable results (indicating
the same optimal investments) in a considerable smaller solving
time.

Finally, we mention that a straightforward extension of this
work is the use of the inexact bundle method as in (Oliveira
et al. (27)), aiming at reducing solving time for larger instances
of the problem.
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[27] Oliveira W, Sagastiźabal C, Scheimberg S. Inexact bundle methods
for two-stage stochastic programming. SIAM Journal on Optimization
2011;21(2):517–44.

11


