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Abstract

The alternating direction method of multipliers (ADMM) has emerged as a powerful technique
for large-scale structured optimization. Despite many recent results on the convergence properties of
ADMM, a quantitative characterization of the impact of the algorithm parameters on the convergence
times of the method is still lacking. In this paper we find the optimal algorithm parameters that
minimize the convergence factor of the ADMM iterates in the context of ¢s-regularized minimization
and constrained quadratic programming. Numerical examples show that our parameter selection rules

significantly outperform existing alternatives in the literature.

Index Terms

Optimization algorithm, ADMM, convergence rate, optimal step-size

I. INTRODUCTION

The alternating direction method of multipliers is a powerful algorithm for solving structured
convex optimization problems. While the ADMM method was introduced for optimization in
the 1970’s, its origins can be traced back to techniques for solving elliptic and parabolic partial

difference equations developed in the 1950’s (see [1]] and references therein). ADMM enjoys the
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strong convergence properties of the method of multipliers and the decomposability property of
dual ascent, and is particularly useful for solving optimization problems that are too large to be
handled by generic optimization solvers. The method has found a large number of applications in
diverse areas such as compressed sensing [2], regularized estimation [3], image processing [4],
machine learning [5], and resource allocation in wireless networks [[6]. This broad range of
applications has triggered a strong recent interest in developing a better understanding of the
theoretical properties of ADMM [7]]-[9]].

Mathematical decomposition is a classical approach for parallelizing numerical optimization
algorithms. If the decision problem has a favorable structure, decomposition techniques such as
primal and dual decomposition allow to distribute the computations on multiple processors [10],
[11]. The processors are coordinated towards optimality by solving a suitable master problem,
typically using gradient or subgradient techniques. If problem parameters such as Lipschitz
constants and convexity parameters of the cost function are available, the optimal step-size
parameters and associated convergence rates are well-known (e.g., [12]]). A drawback of the
gradient method is that it is sensitive to the choice of the step-size, even to the point where
poor parameter selection can lead to algorithm divergence. In contrast, the ADMM technique is
surprisingly robust to poorly selected algorithm parameters: under mild conditions, the method
is guaranteed to converge for all positive values of its single parameter. Recently, an intense
research effort has been devoted to establishing the rate of convergence of the ADMM method.
It is now known that if the objective functions are strongly convex and have Lipschitz-continuous
gradients, then the iterates produced by the ADMM algorithm converge linearly to the optimum
in a certain distance metric e.g., [7]. The application of ADMM to quadratic problems was
considered in [9]] and it was conjectured that the iterates converge linearly in the neighborhood
of the optimal solution. It is important to stress that even when the ADMM method has linear
convergence rate, the number of iterations ensuring a desired accuracy, i.e., the convergence
time, 1s heavily affected by the choice of the algorithm parameter. We will show that a poor
parameter selection can result in arbitrarily large convergence times for the ADMM algorithm.

The aim of the present paper is to contribute to the understanding of the convergence properties
of the ADMM method. Specifically, we derive the algorithm parameters that minimize the
convergence factor of the ADMM iterations for two classes of quadratic optimization problems:

ly-regularized quadratic minimization and quadratic programming with linear inequality con-
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straints. In both cases, we establish linear convergence rates and develop techniques to minimize
the convergence factors of the ADMM iterates. These techniques allow us to give explicit
expressions for the optimal algorithm parameters and the associated convergence factors. We
also study over-relaxed ADMM iterations and demonstrate how to jointly choose the ADMM
parameter and the over-relaxation parameter to improve the convergence times even further. We
have chosen to focus on quadratic problems, since they allow for analytical tractability, yet have
vast applications in estimation [13]], multi-agent systems [14] and control [15]]. Furthermore,
many complex problems can be reformulated as or approximated by QPs [16], and optimal
ADMM parameters for QP’s can be used as a benchmark for more complex ADMM sub-
problems e.g., ¢;-regularized problems [1]. To the best of our knowledge, this is one of the first
works that addresses the problem of optimal parameter selection for ADMM. A few recent papers
have focused on the optimal parameter selection of ADMM algorithm for some variations of
distributed convex programming subject to linear equality constraints e.g., [17], [18]. Moreover,
[7] has recommended certain choices of the step-size parameter for the case when objective
functions are strongly convex, have Lipschitz-continuous gradients, and the constraint matrices
satisfy some full-rank assumptions. Compared to their results, we offer tighter bounds to compute
the step-size parameter for quadratic programing problems.

The paper is organized as follows. In Section [[I, we derive some preliminary results on fixed-
point iterations and review the necessary background on the ADMM method. Section [I1]] studies
ly-regularized quadratic programming and gives explicit expressions for the jointly optimal
step-size and acceleration parameter that minimize the convergence factor. We then shift our
focus to the quadratic programming with linear inequality constraints and derive the optimal
step-sizes for such problems in Section We also consider two acceleration techniques and
discuss inexpensive ways to improve the speed of convergence. Our results are illustrated through
numerical examples in Section [V} In Section |V|we perform an extensive Model Predictive Control
(MPC) case study and evaluate the performance of ADMM with the proposed parameter selection
rules. A comparison with an accelerated ADMM method from the literature is also performed.

Final remarks and future directions conclude the paper.
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A. Notation

We denote the set of real numbers with /R and define the set of positive (nonnegative) real
numbers as R, (R,). Let 8" be the set of real symmetric matrices of dimension n X n. The
set of positive definite (semi-definite) n X n matrices is denoted by S7_ (S}). With [ and 1,
we symbolize the identity matrix and the identity matrix of a dimension m X m, respectively.

Given a matrix A € R™™, let N(A) £ {z € R™| Ax = 0} be the null-space of A and
denote the range space of A by Im(A) = {y € R"| y = Az, v € R™}. We say the nullity of
A is 0 (of zero dimension) when N (A) only contains 0. The transpose of A is represented by
AT and for A with full-column rank we define AT £ (AT A)"'AT as the pseudo-inverse of A.
Given a subspace X C R", IIy € R™" denotes the orthogonal projector onto X, while X'+
denotes the orthogonal complement of X

For a square matrix A with an eigenvalue A we call the space spanned by all the eigenvectors
corresponding to the eigenvalue A the \-eigenspace of A. The i-th smallest in modulus eigenvalue
is indicated by \;(-). The spectral radius of a matrix A is denoted by r(A). The vector (matrix)
p-norm is denoted by || - ||, and || - || = || - ||2 is the Euclidean (spectral) norm of its vector
(matrix) argument.

Given z € R", the diagonal matrix Z € R™*" with Z;; = z; and Z;; = 0 for j # i is denoted
by Z = diag(z). Moreover, z > 0 denotes the element-wise inequality, |z| corresponds to the
element-wise absolute value of z, and Z, (z) is the indicator function of the positive orthant
defined as Z,(z) = 0 for z > 0 and Z, (z) = 400 otherwise.

Consider a sequence {z*} converging to a fixed-point 2* € R"™. The convergence factor of

the converging sequence is defined as

(£ sup | ey

k: xkAx*
The sequence {z*} is said to converge Q-sublinearly if ( = 1, Q-linearly if ¢* € (0,1), and
Q-superlinearly if ( = 0. Moreover, we say that convergence is R-linear if there is a nonnegative
scalar sequence {v}} such that ||2* — 2*|| < v, for all k& and {v;} converges Q-linearly to

0 [19] Iﬂ In this paper, we omit the letter Q while referring the convergence rate.

'The letters Q and R stand for quotient and root, respectively.
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We define the e-solution time 7. as the smallest iteration count to ensure that ||z* — z*|| < e

holds for all k¥ > m_, in the worst case of all initial points 2° for which ||z°—z*|| < o. For linearly

1 —1
converging sequences with ¢ € (0,1) the e-solution time is given by 7, = og(0) og(a). If

—log(¢)

the 0-solution time is finite for all 2°, we say that the sequence converges in finite time. As for

linearly converging sequences ( < 1, the e-solution time 7. is reduced by minimizing (.

II. BACKGROUND AND PRELIMINARIES

This section presents preliminary results on fixed-point iterations and the ADMM method.

A. Fixed-point iterations

Consider the following iterative process
Ik—l—l — Tl'k7 (2)

where 2% € R" and T € §™*". Assume T has m < n eigenvalues at 1 and let VV € R™™ be a
matrix whose columns span the 1-eigenspace of 7" so that TV = V.
Next we determine the properties of 7" such that, for any given starting point z°, the iteration

in converges to a fixed-point that is the projection of the x° into the 1-eigenspace of T, i.e.

*x A 7. k _ 71: k_ 0 0
x —]}1_{2101’ —klggoT x —HIm(V)x. 3)

Proposition 1: The iterations (2)) converge to a fixed-point in Im(V") if and only if

P (T =Ty < 1. (4)

Proof: The result is an extension of [20, Theorem 1] for the case of 1-eigenspace of 1" with
dimension m > 1. The proof is similar to this citation and is therefore omitted. [ ]
Proposition [I| shows that when 7" € S™, the fixed-point iteration (2)) is guaranteed to converge
to a point given by (3) if all the non-unitary eigenvalues of 7" have magnitudes strictly smaller

than 1. From one sees that

g = <T — HIm(v)) b = (T — HIm(v)) (2% — %)

Hence, the convergence factor of (2)) is the modulus of the largest non-unit eigenvalue of the

symmetric matrix 7.
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B. The ADMM method
The ADMM algorithm solves problems of the form

minimize f(z) 4 g(z) 5
subject to Ax + Bz =c¢

where f and ¢ are convex functions, x € R", z € R™, A € RP*", B € RP*™ and ¢ € R?;
see [[1]] for a detailed review.

Relevant examples that appear in this form are, e.g., regularized estimation, where f is the
estimator loss and ¢ is the regularization term, and various networked optimization problems,

e.g., [1], [21]]. The method is based on the augmented Lagrangian
p
Ly(x,2, 1) = f(x) + 9(2) + Sl Az + Bz — |3
+ u"(Az + Bz — ¢),

and performs sequential minimization of the x and z variables followed by a dual variable update:

2" = argmin L, (z, 2%, y¥),

T

2 = argmin L,(z

z

ML i), (6)

Mk-‘rl — ,uk —I—p(AZL“k+1 +sz+1 . C),

for some arbitrary 2° € R", 2 € R™, and p° € RP. It is often convenient to express the

iterations in terms of the scaled dual variable u = u/p:

P = argunin {f(2) + Gl Av + B — e a3

T

M1 = argmin {g(z) + gHAxk“ + Bz —c+ uk||§} : (7

z

uFt = b Akl 4 Boktl
ADMM is particularly useful when the x- and z-minimizations can be carried out efficiently, for
example when they admit closed-form expressions. Examples of such problems include linear and
quadratic programming, basis pursuit, /;-regularized minimization, and model fitting problems
to name a few (see [1] for a complete discussion). One advantage of the ADMM method is
that there is only a single algorithm parameter, p, and under rather mild conditions, the method
can be shown to converge for all values of the parameter; see [1], [22] and references therein.

As discussed in the introduction, this contrasts the gradient method whose iterates diverge if
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the step-size parameter is chosen too large. However, p has a direct impact on the convergence
factor of the algorithm, and inadequate tuning of this parameter can render the method slow.

The convergence of ADMM is often characterized in terms of the residuals
rFtl = Azt 4 B2 ¢ (8)

P = pATB(2FT — 29, &)

termed the primal and dual residuals, respectively [[1]. One approach for improving the con-

vergence properties of the algorithm is to also account for past iterates when computing the

next ones. This technique is called relaxation and amounts to replacing Az**! with hF+! =
af Axhtl — (1 — o¥)(BzF — ¢) in the z- and w-updates [1]], yielding

ZF = argmin {g(z) + g ||h’C+1 +Bz—c+ ukHz} :

- (10)

uF = ok 4 BT 4 BT —

The parameter o € (0,2) is called the relaxation parameter. Note that letting of = 1 for all
k recovers the original ADMM iterations (7). Empirical studies show that over-relaxation, i.e.
letting o > 1, is often advantageous and the guideline o* € [1.5, 1.8] has been proposed [23]]. An
alternative way of accelerating the ADMM iterates is to assign different quantities to the penalty
parameter and the dual step-size parameter. While certain accelerations in the algorithm are
reported in the literature the stability of the algorithm is also restricted by this design choice [7].

In the rest of this paper, we will consider the traditional ADMM iterations (6] and the relaxed
version (I0) for different classes of quadratic problems, and derive explicit expressions for the

step-size p and the relaxation parameter « that minimize the convergence factors.

III. OPTIMAL CONVERGENCE FACTOR FOR /5-REGULARIZED QUADRATIC MINIMIZATION
Regularized estimation problems
o O g
minimize f(z) + §||a:||p

where § > 0 are abound in statistics, machine learning, and control. In particular, ¢-regularized
estimation where f(x) is quadratic and p = ¢ = 1, and sum of norms regularization where f(x)

is quadratic, p = 2, and ¢ = 1, have recently received significant attention [24]. In this section
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we will focus on ¢,-regularized estimation, where f(z) is quadratic and p = ¢ = 2, i.e,,

1 )
minimize —z'Qz +q'z + =||2|3
5 Q q 5 12113 (11)
subject to x — z =0,
for Q € St ., x,q,2 € R™ and constant regularization parameter ¢ € R,. While these problems
can be solved explicitly and do not motivate the ADMM machinery per se, they provide insight

into the step-size selection for ADMM and allow us to compare the performance of an optimally

tuned ADMM to direct alternatives (see Section [V).

A. Standard ADMM iterations

The standard ADMM iterations are given by

e =(Q+ p) N (p2h — it =),
o _ 1 4 pat !
d+p

PR = gk (kL — gk

(12)

Y

k1 prF+l) so the p-update can be re-written as

The z-update implies that p* = (6 + p)z
L= (8 4 p) 2T — pa o p(ah L = Ry = ok

Hence, to study the convergence of (12) one can investigate how the errors associated with x*

or z* vanish. Inserting the z-update into the z-update and using the fact that p* = §z*, we find

- (61 +p(p—=6)(Q+pD)") 2

= \6——# p
B (13)
P -1
——(Q+pl )
5 p(Q pI)"q
T -1
Let z* be a fixed-point of (I3)), i.e. z* = Fz* — %Q- The dual error eF+! 2 A+l — x
then evolves as

eFtt = Bek. (14)

A direct analysis of the error dynamics (14)) allows us to characterize the convergence of (12)):
Theorem 1: For all values of the step-size p > 0 and regularization parameter 6 > 0, both

2% and z* in the ADMM iterations (12) converge to z* = z*, the solution of optimization
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problem (TT). Moreover, 2**1 — z* converges at linear rate ¢ € (0,1) for all £ > 0. The pair of

the optimal constant step-size p* and convergence factor (* are given as

Vo (Q) if 6 < A\ (Q),

;

p = A (Q) if 0 > A\, (Q),
\5 otherwise.
( —1
15
A C)) it 5 < M(Q), (1)
2/0M(Q)
-1
C=Y (1 Q) if § > M\, (Q),
21/ (Q)
L otherwise.
\ 2
Proof: See appendix for this and the rest of the proofs. [ ]

Corollary 1: Consider the error dynamics described by and E in (13). For p =4,
NE)=1/2,  i=1,....n,

and the convergence factor of the error dynamics is independent of ().

Remark 1: Note that the convergence factors in Theorem [l| and Corollary |I| are guaranteed
for all initial values, and that iterates generated from specific initial values might converge even
faster. Furthermore, the results focus on the dual error. For example, in Algorithm with
p = ¢ and initial condition 2 =0, ,uo = 0, the z-iterates converge in one iteration since
' = —(Q + 61)~'q = x*. However, the constraint in (TT) is not satisfied and a straightforward
calculation shows that e**! = 1/2¢*. Thus, although z¥ = 2* for k¥ > 1, the dual residual
|e¥|| = ||z* — 2*|| decays linearly with a factor of 1/2.

Remark 2: The analysis above also applies to the more general case with cost function
l:ETQ:I: +q'z+ ngpz where P € S".. A change of variables © = PY2z, = = P2z,

2
q= P72, and Q = P~'/2QP~'/? is then applied to transform the problem into the form (11).
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10

B. Over-relaxed ADMM iterations

The over-relaxed ADMM iterations for can be found by replacing z**1 by az1 + (1 —
«)z" in the z— and p-updates of (12). The resulting iterations take the form
P = (Q+pD) (2" — 1k —q),
L W ezttt + (1 - a)2b)
d+p
PR = i p (e — ) 4 (1 — a) (2K — 24H)).

The next result demonstrates that in a certain range of « it is possible to obtain a guaranteed

Zk-i—

(16)

Y

improvement of the convergence factor compared to the classical iterations (12)).

Theorem 2: Consider the /,-regularized quadratic minimization problem (11]) and its associ-
ated over-relaxed ADMM iterations (I6). For all positive step-sizes p > 0 and all relaxation
parameters o € (0, 2min{(\;(Q) +p)(p+9)/(pd + pXi(Q))}), the iterates z* and z* converge to
the solution of (TT). hjloreover, 2P — 2% converges at linear rate (i € [0,1) for all k > 0. For
a given step-size p, the convergence factor (p < 1 is strictly smaller than that of the classical
ADMM algorithm (I2) if 1 < o < 2miin{()\i(Q) +p)(p+0)/(pd+pAi(Q))}. The jointly optimal

step-size, relaxation parameter, and the convergence factor (p*, a*, (};) are given by
pr=0, a*=2, (=0. (17)

With these parameters, the ADMM iterations converge in one iteration.

Remark 3: The upper bound on a which ensures faster convergence of the over-relaxed
ADMM iterations compared to depends on the eigenvalues of @), A\;(Q), which might
be unknown. However, since (p + 0)(p + \i(@)) > p(A\i(Q) + J) the over-relaxed iterations are

guaranteed to converge faster for all o € (1, 2], independently of Q.

IV. OPTIMAL CONVERGENCE FACTOR FOR QUADRATIC PROGRAMMING

In this section, we consider a quadratic programming (QP) problem of the form

. . . 1 T T
minimize - (Jr+q'x
5 Qr +q (18)
subject to Ax < c¢

where Q € ST, g€ R", A€ R™ " is full rank and c € R™.
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11

A. Standard ADMM iterations

The QP-problem (I8)) can be put on ADMM standard form (5) by introducing a slack vector

z and putting an infinite penalty on negative components of z, i.e.

1
minimize EQZTQx +q'z+ T (2)

(19)
subject to Ax —c+z=0.
The associated augmented Lagrangian is
1
Ly(w,z,u) = 52T Qu+q o+ Lo (2) + 5| Az — e+ 2 4 ul}3,
where u = u/p, which leads to the scaled ADMM iterations
Pt = —(Q + pATA) g+ pAT (2" +uF — ¢,
21 = max{0, —Ax* ! — uF + ¢}, (20)
ubtl = gk Akl g kL

To study the convergence of we rewrite it in an equivalent form with linear time-varying
matrix operators. To this end, we introduce a vector of indicator variables d* € {0,1}" such
that d¥ = 0 if u¥ = 0 and df = 1 if u¥ # 0. From the z- and u- updates in (20), one observes
that zF #£ 0 — uf =0, i.e. u¥ #£ 0 — 2F = 0. Hence, d¥ = 1 means that at the current iterate,
the slack variable z; in equals zero; i.e., the i*" inequality constraint in is active. We
also introduce the variable vector v* £ 2* + u* and let D* = diag(d*) so that D*v* = u* and
(I — D*)v* = 2*. Now, the second and third steps of imply that 0¥t = |AzFH + uk — ¢| =
FF(Ag"! 4 DFyR — ) where F*! £ diag (sign(Az*™ + D*v* — ¢)) and sign(-) returns the
signs of the elements of its vector argument. Hence, (20) becomes

o= —(Q+ pATA) g+ pAT (0" — o)),

s S ‘A$k+1 + Dkyk — c‘ = FRHL(Agk+t 4 DEyk — ), 1)

1
Dk+1 — §(I+Fk+1),

where the D**!-update follows from the observation that

(0, =1) if P = —(Azkt! b —¢)

(Dk.+1, F.k.+1) _
(1,1) if of = Agh b —c
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12

Since the v*-iterations will be central in our analysis, we will develop them further. Inserting

k+1

the expression for "' from the first equation of (2] into the second, we find

oFH — Fk+1< (D" — A(Q/p+ ATA)1AT) Uk)

(22)
_ R (A(Q 4 pATA) (g — pATe) + c).
1

Noting that D* = §(I + F*) and introducing

M= AQ/p+ATA)IAT, (23)
we obtain
Fk:—‘rlvk—‘rl . Fk k_ <£ . M) (’Uk _Uk—l)

. 24)

1
+ 5 (Fkvk . Fk'—lvk—l) )
We now relate v* and F*v* to the primal and dual residuals, r* and s*, defined in and @):

Proposition 2: Consider r* and s* the primal and dual residuals of the QP-ADMM algo-

rithm (20) and auxiliary variables v* and F*. The following relations hold

1
PRI phgk = pb 1 Z RFH Ty amy (27 = 2), (25)
1
HrkJrlu S HFkJrl,UkJrl o FkUkH, (27)
S < v — vl
[s*FH < pll A FM o — PR (28)

where

(i) R=A(ATA)™" and My yr) =1 — A(ATA)"' AT, if A has full column-rank;
(i) R=(AAT)'A and Iya7y = 0, if A has full row-rank;
(ii)) R=A""and [Ty 47) = 0, if A is invertible.

The next theorem guarantees that (24]) converges linearly to zero in the auxiliary residuals (25))
which implies R-linear convergence of the ADMM algorithm (20) in terms of the primal and
dual residuals. The optimal step-size p* and the smallest achievable convergence factor are

characterized immediately afterwards.
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Theorem 3: Consider the QP and the corresponding ADMM iterations (20). For all
values of the step-size p € R, the residual F' ktlpktl — Fkyk converges to zero at linear
rate. Furthermore, 7* and s*, the primal and dual residuals of (20), converge R-linearly to zero.

Theorem 4: Consider the QP and the corresponding ADMM iterations (20). If the con-
straint matrix A is either full row-rank or invertible then the optimal step-size and convergence
factor for the F*+1y*+l — Ry residuals are

o = (VAAQ AN (AQTAT))
M (AQ-LAT) (29)
(AQTAT) + /M(AQ TAT N (AQ TAT).
Although the convergence result of Theorem [3|holds for all QPs of the form (I8), optimality of

Cz)\n

the step-size choice proposed in Theorem {]is only established for problems where the constraint
matrix A has full row-rank or it is invertible. However, as shown next, the convergence factor
can be arbitrarily close to 1 when rows of A are linearly dependent.

Theorem 5: Define variables

s _IM@* =" s D" = DM

= 0 =
€k [FFok — FE=Tyk=1]|" B[ FRok = FRLphL)
TN pA(AQTIAT) 1] 1
)=, Ai(AIggl?l}ilT)w{’1+p/\i(AQ_1AT) 2| Tag

and gk = |5k - €k|-

The convergence factor ¢ of the residual F¥T1vF*+!t — FFy* is lower bounded by

(& max <1 (30)

Furthermore, given an arbitrarily small £ € (0, 5) and p > 0, we have the following results:

(i) the inequality ¢ < C(p) < 1 holds for all 6, € [0, 1] if and only if the nullity of A is zero;

(ii) when the nullity of A is nonzero and ¢, > 1 — ¢, it holds that ¢ < C~ (p) + \/g :

(iii) when the nullity of A is nonzero, d; > 1 —¢&, and ||TLy 47y (0" — 0" 1)||/[Jo" — 0" 71| >

V1 —&2/||M|]?, it follows that ¢ > 1 — 2¢.

The previous result establishes that slow convergence can occur locally for any value of p when

the nullity of A is nonzero and ¢ is small. However, as section (ii) of Theorem [5] suggests, in
these cases, (29) can still work as a heuristic to reduce the convergence time if \;(AQ1AT) is
taken as the smallest nonzero eigenvalue of AQ'AT. In Section V| we show numerically that

this heuristic performs well with different problem setups.
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B. Over-relaxed ADMM iterations

k+1

Consider the relaxation of (20) obtained by replacing Ax in the z- and w-updates with

aAx*t — (1 — a)(2* — ¢). The corresponding relaxed iterations read

# = —(Q+ pATA) g+ pAT(F + uF = )],
1 = max{0, —a(Az* —¢) + (1 — a)2* — uF}, (31)
uk+1 _ uk + a(A:L,k+1 + Zk+1 _ c) + (1 _ O[)(Zk+1 _ Zk)

In next, we study convergence and optimality properties of these iterations. We observe:

Lemma 1: Any fixed-point of (31)) corresponds to a global optimum of (19).
Like the analysis of (20), introduce v* = zF 4+ u* and d* € R" with d¥ = 0if uf = 0 and df =1
otherwise. Adding the second and the third step of (31) yields v* ™ = |a(Az* ™ — ¢) — (1 — a)2F + u*|.

Moreover, D* = diag(d*) satisfies D*v* = u* and (I — D¥)v* = 2*, so (BI)) can be rewritten as

M = —(Q+ pATA) g + pAT (0" — )],
oFHl kit (a (Az*+1 4 DRk — ) >
32
ke ((1 —a)(I - 2Dk)uk), G2
DkJrl — l(]+ F'kJrl)7

2
where

F*1 £ diag (sign <oz(Axk+1 + DRk — ¢)
—(1—a)( - 2Dk)vk)).
Defining M = A(Q/p + ATA)"'AT and substituting the expression for z**! in (32) into the

expression for v**! yields

P = FkH( (—aM + (2 — a)D* — (1 - a)I) vk>
(33)
_ FhH (aA(Q 4 pATA) (g — pATe) + ac).

1
As in the previous section, we replace D" by 5([ + F*) in (33) and form F*Hiphtl — fhoyk.

«

Fhtl gkl _ gk 5 (I —2M) (Uk _ Uk—l)

o k,k _ k-1 k—1 (34)
+(1 2)(Fv Frlyh=h)

The next theorem characterizes the convergence rate of the relaxed ADMM iterations.
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Theorem 6: Consider the QP and the corresponding relaxed ADMM iterations (31). If
pE R++7 OS <Oa 2]7 (35)

then the equivalent fixed point iteration (34) converges linearly in terms of F*Tiphtl — Fkyk
residual. Moreover, 7* and s*, the primal and dual residuals of (31)), converge R-linearly to zero.
Next, we restrict our attention to the case where A is either invertible or full row-rank to be
able to derive the jointly optimal step-size and over-relaxation parameter, as well as an explicit
expression for the associated convergence factor. The result shows that the over-relaxed ADMM
iterates can yield a significant speed up compared to the standard ADMM iterations.

Theorem 7: Consider the QP and the corresponding relaxed ADMM iterations (31)). If
the constraint matrix A is of full row-rank or invertible then the joint optimal step-size, relaxation

parameter and the convergence factor with respect to the F¥T1o*+1 — %k residual are

—1
o= <\//\1(AQ—1AT) )\n(AQ—lAT)> C ar=2,
A(AQAT) — /A (AQTAT) A, (AQ-TAT) (36)
M(AQ—TAT) + /M (AQ TAT) A (AQ 1AT)

Moreover, for a given step-size p, when the iterations (34) are over-relaxed; i.e., « € (1,2] their

Cr =

iterates have a smaller convergence factor than that of (24).

C. Optimal constraint preconditioning

In this section, we consider another technique to improve the convergence of the ADMM
method. The approach is based on the observation that the optimal convergence factors ¢* and (y,
from Theorem 4] and Theorem [7|are monotone increasing in the ratio A, (AQ ™' AT)/\ (AQ™1AT).
This ratio can be decreased —without changing the complexity of the ADMM algorithm (20)— by
scaling the equality constraint in (T9) by a diagonal matrix L € ST’ ,

by L(Az —c+2) = 0. Let A 2 LA, 2 2 Lz, and ¢ & Lc. The resulting scaled ADMM
iterations are derived by replacing A, z, and ¢ in and by the new variables A, z, and ¢,

i,e., replacing Ar—c+z =0

respectively. Furthermore, the results of Theorem [ and Theorem [7] can be applied to the scaled
ADMM iterations in terms of new variables. Although these theorems only provide the optimal
step-size parameters for the QP when the constraint matrices are invertible or have full row-rank,
we use the expressions as heuristics when the constraint matrix has full column-rank. Hence, in

the following we consider \,(AQ 'AT) and \;(AQ'AT) to be the largest and smallest nonzero
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eigenvalues of AQ 'AT = LAQ 'ATL, respectively and minimize the ratio \,/)\; in order to
minimize the convergence factors ¢* and (3. A similar problem was also studied in [25], [26].

Theorem 8: Let RyR; = Q' be the Choleski factorization of Q' and P € R™"* be a
matrix whose columns are orthonormal vectors spanning Im(RqTAT) with s being the dimension
of N(A) and let \,(LAQ *ATL) and \;(LAQ'ATL) be the largest and smallest nonzero
eigenvalues of LAQ A" L. The diagonal scaling matrix L* € S7", that minimizes the eigenvalue

ratio \,,(LAQ*ATL)/X\(LAQ *ATL) can be obtained by solving the convex problem

minimize ¢
tER, wER™
subject to W = diag(w), w > 0,
tl — R;ATWAR(] € SY,

P (RJATWAR,—I)P € 8",

(37)

and setting L* = w2,

So far, we characterized the convergence factor of the ADMM algorithm based on general
properties of the sequence { F*v*}. However, if we a priori know which constraints will be active
during the ADMM iterations, our parameter selection rules and may not be optimal. To
illustrate this fact, we will now analyze the two extreme situations where no and all constraints

are active in each iteration and derive the associated optimal ADMM parameters.

D. Special cases of quadratic programming

The first result deals with the case where the constraints of are never active. This could
happen, for example, if we use the constraints to impose upper and lower bounds on the decision
variables, and use very loose bounds.

Proposition 3: Assume that F**! = F* = —T for all epochs k € R in and (32). Then

the modified ADMM algorithm (34) attains its minimal convergence factor for the parameters
a=1, p—=0. (38)

In this case (34)) coincide with (24) and their convergence factor is minimized: ( = (g — 0.
The next proposition addresses another extreme scenario when the ADMM iterates are operating
on the active set of the quadratic program (18]). This could happen, for example, if the constraints

are defined in a way that, at optimality, all the inequality constraints are satisfied with equality.
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Proposition 4: Suppose that F*™ = F* = [ for all k € R, in and (32). Then the

relaxed ADMM algorithm (34) attains its minimal convergence factor for the parameters
a=1, p— oo. 39)

In this case (34) coincides with (24) and their convergence factors are minimized: ( = (g — 0.
It is worthwhile to mention that when (18] is defined so that its constraints are all active

(inactive) then the s* (r*) residuals of the ADMM algorithm remain zero for all k£ > 2 updates.

V. NUMERICAL EXAMPLES

In this section, we evaluate our parameter selection rules on numerical examples. First, we
illustrate the convergence factor of ADMM and gradient algorithms for a family of /y-regularized
quadratic problems. These examples demonstrate that the ADMM method converges faster
than the gradient method for certain ranges of the regularization parameter J, and slower for
other values. Then, we consider QP-problems and compare the performance of the over-relaxed
ADMM algorithm with an alternative accelerated ADMM method presented in [27]. The two
algorithms are also applied to a Model Predictive Control (MPC) benchmark where QP-problems

are solved repeatedly over time for fixed matrices () and A but varying vectors ¢ and b.

A. Uy-regularized quadratic minimization via ADMM

We consider (»-regularized quadratic minimization problem (IJ) for a @ € S1% with condition
number 1.2 x 10® and for a range of regularization parameters . Fig. [I| shows how the optimal
convergence factor of ADMM depends on 4. The results are shown for two step-size rules: p = ¢
and p = p* given in (13). For comparison, the gray and dashed-gray curves show the optimal

convergence factor of the gradient method

2" = ab — 4 (Qa* + g + 6a"),
with step-size v < 2/(A\,(Q) + J) and a multi-step gradient iterations on the form

M = b — a(Qa* + g + 52 + b(aF — 2,

This latter algorithm is known as the heavy-ball method and significantly outperforms the

standard gradient method on ill-conditioned problems [28]. The algorithm has two parameters:
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a<2(1+b)/(A(Q)+0), and b € [0,1]. For our problem, since the cost function is quadratic
and its Hessian V2 f(z) = Q + &1 is bounded between [ = \;(Q) + ¢ and u = \,(Q) + 4, the
optimal step-size for the gradient method is v* = 2/(I + u) and the optimal parameters for the
heavy-ball method are a* = 4/(v/1 + /u)?, and b* = (v/u — V1)?/ (V1 + /u)? [28].

Figure [I] illustrates the convergence properties of the ADMM method under both step-size
rules. The optimal step-size rule gives significant speedups of the ADMM for small or large
values of the regularization parameter §. This phenomena can be intuitively explained based
on the interplay of the two parts of the objective function in (TI]). For extremely small values
of 9, one sees that the z-th part of the objective is becoming dominant compared to z-th part.
Consequently, using the optimal step-size in (15), z- is dictated to quickly follow the value of
x-update. A similar reasoning holds when ¢ is large, in which the z- has to obey the z-update.

It is interesting to observe that ADMM outperforms the gradient and heavy-ball methods for
small ¢ (an ill-conditioned problem), but actually performs worse as J grows large (i.e., when
the regularization makes the overall problem well-conditioned). It is noteworthy that the relaxed

ADMM method solves the same problem in one step (convergence factor (7 = 0).

1r
—gradient
5 08| - -heavy ball
*g — ADMM p=5
Y =='ADMM optimal p
o 0.6
o
c
(D) ‘\o“
o4
> f'
c 0
(@] S
OCozf ¢
0 1 1
10° 10"

10°
o/cond(Q)
Fig. 1: Convergence factor of the ADMM, gradient, and heavy-ball methods for ¢, regularized

minimization with fixed ¢)-matrix and different values of the regularization parameter 9.
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B. Quadratic programming via ADMM

Next, we evaluate our step-size rules for ADMM-based quadratic programming and compare
their performance with that of other accelerated ADMM variants from the literature.

1) Accelerated ADMM: One recent proposal for accelerating the ADMM-iterations is called
fast-ADMM [27] and consists of the following iterations

M = argmin L,(z, ¥, 4F),
x
A = argmin L, (1) 2, @),
W — gk 4 gt 4 B (40)
SR = Rl g (1 = a2k,
ak—l—l — akuk-i-l + (1 - O/ﬂ)uk'

The relaxation parameter o* in the fast-:ADMM method is defined based on the Nesterov’s

order-optimal method [12] combined with an innovative restart rule where o is given by

Bt et
ok = pEEL T max([|rE [ [lsE) (1)
1 otherwise,

1+1/1+ 48+
where 8! = 1, and p**! = 5 for k > 1. The restart rule assures that is

updated in the descent direction with respect to the primal-dual residuals.

To compare the performance of the over-relaxed ADMM iterations with our proposed param-
eters to that of fast-ADMM, we conducted several numerical examples. For the first numerical
comparison, we generated several instances of (I8)); Figure [2] shows the results for the two
representative examples. In the first case, A € R*"*!% and @ € S with condition number
1.95x 10%; 32 constraints are active at the optimal solution. In the second case, A € R?°*1%0 and
Q € Siof, where the condition number of @ is 7.1 x 103. The polyhedral constraints correspond
to random box-constraints, of which 66 are active at optimality. We evaluate for four algorithms:
the ADMM iterates in (31)) with and without over-relaxation and the corresponding tuning rules
developed in this paper, and the fast-ADMM iterates (40) with p = 1 as proposed by [27] and
p = p* of our paper. The convergence of corresponding algorithms in terms of the summation
of primal and dual residuals ||7*|| + ||s*|| are depicted in Fig. [2| The plots exhibit a significant

improvement of our tuning rules compared to the fast-ADMM algorithm.
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To the best of our knowledge, there are currently no results about optimal step-size parameters
for the fast-ADMM method. However, based on our numerical investigations, we observed that
the performance of fast-ADMM algorithm significantly improved by employing our optimal
step-size p* (as illustrated in [2)). In the next section we perform another comparison between
three algorithms, using the optimal p-value for fast-ADMM obtained by an extensive search.

2) Model Predictive Control: Consider the discrete-time linear system
Tiy1 = th + Jut + Jr'f’, (42)

where ¢t > 0 is the time index, x; € R is the state, u; € R™ is the control input, r € R"™ is a
constant reference signal, and H € R™*"= J € R"*>*™ and J, € R™*™ are fixed matrices.
Model predictive control aims at solving the following optimization problem
. 1 _
minimize = S 0% (2 — 2,) T Qulai — )
{ui}é\’p—l 2

+(u; — UT)TR(ui —u,) + (QTNP — Ln)TQN(iN,, — )

subject to x4y = Hxy + Juy + Jr Vi, (43)
Ty € Cx Vt,
U € Cu Vt,

where z, z,, and u, are given, ), € 1%, R € 8%, and Qn € S}7 are the state, input, and
terminal costs, and the sets C, and C, are convex. Suppose that the sets C, and C, correspond
to component-wise lower and upper bounds, i.e., C, = {z € R™|1,,, Tmin < = < 1,,, Tnas } and
Co ={ueRm™
v, =" .o, can be rewritten as Y = Oxy + v + ®,v,. The latter relationship can

Ly, Umin < @ < 1y, Upag }- Defining x = [z ... 28 |7, 0 = [ug ... uy 4]"

b

be used to replace x; for t = 1,..., N, in the optimization problem, yielding the following QP:
1
minimize —v' Qu+q'v
v 2 AR (44)
subject to  Av < b,
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no. iterations
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no. iterations
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Fig. 2: Convergence of primal plus dual residuals of four ADMM algorithms with n decision

variables and m inequality constraints.
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Fig. 3: Number of iterations &k : max{||r*||, ||s*||} < 107® for ADMM applied to the MPC
problem for different initial states xy. The dashed green line denotes the minimum number of
iterations taken over all the initial states, the dot-dashed blue line corresponds to the average,

while the red solid line represents the maximum number of iterations.

and Q = R+0TQ® and ¢ = 2] OTQ®+v  dTOD —a] (1;}7 ® Inz> Q®—u] (1& ® Inu) R.

Below we illustrate the MPC problem for the quadruple-tank process [29]]. The state of the
process © € R* corresponds to the water levels of all tanks, measured in centimeters. The
plant model was linearized at a given operating point and discretized with a sampling period
of 2s. The MPC prediction horizon was chosen as N, = 5. A constant reference signal was
used, while the initial condition x, was varied to obtain a set of MPC problems with different
non-empty feasible sets and linear cost terms. In particular, we considered initial states of the
form ¢ = [xy 2wy w324)" where z; € {10, 11.25, 12.5, 13.75, 15} for i = 1,...,4. Out of
the possible 625 initial values, 170 yields feasible QPs (each with n = 10 decision variables
and m = 40 inequality constraints). We have made these QPs publicly available as a MATLAB

formatted binary file [30]]. To prevent possible ill-conditioned QP-problems, the constraint matrix
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A and vector b were scaled so that each row of A has unit-norm.

Fig. [3] illustrates the convergence of the ADMM iterations for the 170 QPs as a func-
tion of the step-size p, scaling matrix L, and over-relaxation factor a. Since A" has a non-
empty null-space, the step-size p* was chosen heuristically based on Theorem W| as p* =

1/\/M(AQTAT)N,(AQ1AT), where \; (AQ 1 AT) is the smallest nonzero eigenvalue of AQ 1AT.

As shown in Fig. [3] the heuristic p* results in a number of iterations close to the empirical
minimum. Moreover, performance is improved by setting . = L* and o = 2.

The performance of the Fast-ADMM and ADMM algorithms is compared in Fig. @ for L = I
and a = 2. The ADMM algorithm with the optimal over-relaxation factor « = 2 uniformly

outperforms the Fast-ADMM algorithm, even with suboptimal scaling matrix L.

—e—faSt—ADMM max
-e-fast-ADMM .
min
——ADMM
m

ax

no. iterations

1 z

10° 10 10°

Fig. 4: Number of iterations k : max{[|r*|, ||s*||} < 107> for ADMM with L = I and o = 2
and fast-ADMM algorithms applied to the MPC problem for different initial states xy. The line
in blue denotes the minimum number of iterations taken over all the initial states, while the red

line represents the maximum number of iterations.
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3) Local convergence factor: To illustrate our results on the slow local convergence of

ADMM, we consider a QP problem of the form (44) with

10

40.513  0.069
0.069 40.389

0

-1
0.1151 0.9934

~2|

107}

-4

10 |

10°

||Fk+1vk+1 _ Fkka

0.5¢

q=20

b:

10

10}

10

(46)

300

Fig. 5: Slow convergence of ADMM algorithm for the example in with o« =1 and L = 1.

The residuals 7%, s*, and F**'v**! — F*y* and the lower bound on the convergence factor ¢ k

are shown in the left, while the number of iterations for p € [0.1p* 10p*| are shown in the right.

The ADMM algorithm was applied to the former optimization problem with @ = 1 and

L = 1. Given that the nullity of A is not 0, the step-size was chosen heuristically based on
Theorem @ as p* = 1/\/M(AQTAT)\, (AQ1AT) = 28.6 with \;(AQ 'AT) taken to be the

smallest nonzero eigenvalue of AQ 'AT. The resulting residuals are shown in Fig. |5, together
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with the lower bound on the convergence factor ¢ evaluated at each time-step. As expected from
the results in Theorem [3| the residual F**!¢v*+1 — F¥* is monotonically decreasing. However,
as illustrated by ¢ *. the lower bound on the convergence factor from Theorem [5| the auxiliary
residual F**1p**+!t — FkyF and the primal-dual residuals show a convergence factor close to 1
over several time-steps. The heuristic step-size rule performs reasonably well as illustrated in

the right subplot of Fig. [35]

VI. CONCLUSIONS AND FUTURE WORK

We have studied optimal parameter selection for the alternating direction method of multipliers
for two classes of quadratic problems: /s-regularized quadratic minimization and quadratic
programming under linear inequality constraints. For both problem classes, we established global
convergence of the algorithm at linear rate and provided explicit expressions for the parameters
that ensure the smallest possible convergence factors. We also considered iterations accelerated
by over-relaxation, characterized the values of the relaxation parameter for which the over-
relaxed iterates are guaranteed to improve the convergence times compared to the non-relaxed
iterations, and derived jointly optimal step-size and relaxation parameters. We validated the
analytical results on numerical examples and demonstrated superior performance of the tuned
ADMM algorithms compared to existing methods from the literature. As future work, we plan

to extend the analytical results for more general classes of objective functions.
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APPENDIX
A. Proof of Theorem [l|

From Proposition [I| the variables ¥ and 2* in iterations converge to the optimal values
x* and z* of (L) if and only if the spectral radius of the matrix £ in (I3) is less than one. To
express the eigenvalues of F in terms of the eigenvalues of @), let \;(Q)),7 = 1,...,n be the

eigenvalues of () sorted in ascending order. Then, the eigenvalues ((p, A\;(Q)) of E satisfy

p*+ Xi(Q)0
P2+ i(Q)d + (Ni(Q) +0)p

Since \;(Q), p,0 € R4, we have 0 < ((p, \;(Q)) < 1 for all 7, which ensures convergence.

C(p, Mi(Q)) = 47)

To find the optimal step-size parameter and the associated convergence factor (p*,(*), note
that, for a fixed p, the convergence factor ((p) = max,x ||e*!||/||e*|| corresponds to the spectral

radius of F, i.e., ((p) = max; {C(p, \i(Q))}. It follows that the optimal pair (p*, (*) is given by

g = argmin max {C(p, M(Q))}, ¢ = max {C(0", M(@)} (48)
P
From (47), we can see that ((p, \;(Q)) is monotone decreasing in \;(Q)) when p > ¢ and
monotone increasing when p < J. Hence, we consider these two cases separately.

When p > 4, the largest eigenvalue of E is given by ((p, A1(Q)) and p* = argmin ((p, A1 (Q)).
By the first-order optimality conditions and the explicit expressions in we have

RO ¢ (O = (12 TN@)
p = 5)\1(Q)a C_C(pvkl(Q))_(l—i_Q\/m) :

However, this value of p is larger than § only if 6 < A\(Q). When § > \;(Q), the assumption

that p > § implies that 0 < (p — §)® < (p — ) (p — M (Q)), so
_ P>+ Q)0
AR = N @+ @) o
p* + M(Q)0 _
PP+ M(Q)0 + (M(Q) +0)p+ (p—6)(p—M(Q) 2
Since p = 0 attains ((0, A{(Q)) = 1/2 it is optimal.
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A similar argument applies to p < . In this case, max; ((p, \;(Q)) = ((p, \n(Q)) and when
d > M(Q), p* = /I (Q) is the optimal step-size and the associated convergence factor is

o <1+ 6%(@))
24/0M,(Q)

For § < \,(Q), the requirement that p < § implies the inequalities 0 < (6 — p)? < (M\.(Q) —
1
p)(0 — p) and that {(p, \,(Q)) > 5 which leads to p = § being optimal.

B. Proof of Corollary

The proof is a direct consequence of evaluating atp=0fori=1,...,n.

C. Proof of Theorem
The z-update in implies that u* = (6 + p)2* — p(ax®! + (1 — «)2*), and that the p-
update in (T6) can be written as z*+1 = §z¥*1, Similarly to the analysis of the previous section,

inserting the z-update into the z-update, we find

o (01 + 0 (0l = ) (Q+ D)+ (1= a)1)

J/

-~

Egr

- g
5erpa(Qer ) q

1
Consider the fixed-point candidate 2* satisfying z* = ERz*—F pa(Q+pl)~tqand 2FH—z* =
P

ERr(2* — 2*). The z*-update in (T6) converges (and so does the ADMM algorithm) if and only
if the spectral radius of the error matrix in the above linear iterations is less than one. The

eigenvalues of £z can be written as

ap(Ai(Q) +9)
(04 X:(@))(p+ )

(p+0)(p+N(Q))

p(Ai(Q) +90)
|Cr(a, p, Ai(Q))] < 1 for all ¢, which completes the first part of the proof.

(49)

CR(()!7P7 /\Z(Q)) =1-

Since p, 6, and \;(Q) € R, we see that 0 < o < 2min implies that

For a fixed p and §, we now characterize the values of « that ensure that the over-relaxed itera-

tions (16) have a smaller convergence factor and thus a smaller e-solution time than the classical

ADMM iterates (12)), i.e., (r — ¢ < 0. From and we have argmax; Cg(a, p, \i(Q)) =
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argmax; ((p, \;(Q)), since (g and ¢ are equivalent up to an affine transformation and they have

the same sign of the derivative with respect to \;(Q). For any given \;(()) we have
(o A= )N(Q)+0)
P>+ (Ni(Q) +6)p + Ai(Q)6

and we conclude that (r — ( < 0 when a € <1, 2(p :(i)(g;:‘;gcg))

of the proof we conclude that, for given p,0 € R, _, the over-relaxed iterations converge with
4] Yy
a smaller convergence factor than classical ADMM for 1 < a < 2min (p+0)(p+ \i(Q))
i p(Ai(Q) +6)
To find (p*, a*, (};,), we define

). Recalling the first part

(p*,Oé ) - argmln max ’CR(p705 )\ (Q))| )
P (50)

C;% = m?X |CR(p*7 OZ*7 /\Z(Q))| :
One readily verifies that (z(6,2, \;(Q)) = 0 for i = 1,...n. Since zero is the global minimum
of |Cr| we conclude that the pair (p*, a*) = (,2) is optimal. Moreover, for (p*, a*) = (9, 2) the

matrix F'r is a matrix of zeros and thus the algorithm (16]) converges in one iteration.

D. Proof of Proposition
For the sake of brevity we derive the expressions only for w*™! & Fhtlpktl _ phyh  ag

similar computations also apply to w"™ £ v**1 — ¢* First, since v¥ = 2% + u¥, it holds

that Fko* = (2D* — I)v* = 2D*0* — u* — 2*. From the equality D*v* = u* we then have
FFyF = uF — 2% The residual w*™ can be rewritten as w"™ = u**1 —uF — 2#*1 4 2% From (8)

and (20) we observe that uft! — % = rF+1 g0 w*™ = pAtl — (K41 — 2F) Decomposing

k+1

2 — 28 as g ) (2" = 2%) + Tlyar) (2" — 2*) we then conclude that whtt =kl

My (2" = 2%) = Iyam) (2" — 2¥). We now examine each case (i) — (iii) separately:
(i) When A has full column rank, Iy, = A(ATA) AT and Tyamy = I =Ty,
light of the dual residual (@) we obtain HIm(A)( LRy = 1/pA(ATA) LML
(ii) Note that the nullity of A" is 0 if A is full row-rank. Thus, II N(aTy = 0 and HIm( A= 1.
Moreover, since AA" is invertible, 251 — 2% = (AAT)TAAT (2K —2F) = 1/p(AAT) LAk

(iii)) When A is invertible, the result easily follows.

(A)- In the

We now relate the norm of r**! and s**' to the one of w**'. From (23] and (26), we have

1
I+ = 2\

(ot + [ < I,

| k+1+wk+1H

N} I
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k

where the first inequality is the triangle inequality and the last inequality holds as v"’s are
positive vectors, [|[wit || = [[oF T — oF|| < || FEHoRL — FRyk|| = |lwF ).
For the dual residual, it can be verified that in case (i) and (i1) AT(wﬁ+1 — wliH) = —s"1 so

p

p p
[Eaa =§HAT(w’f“ —with[ < Al ([l —wkrH))
p
< Sl (™M + ) < pllAlffJw® .

2
In case (iii), one finds A(w%"™" —w"™) = Zs*1 and again the same bound can be achieved (by

replacing AT with A in above equality), thus concluding the proof.

E. Proof of Theorem 3]

k

Note that since v* is positive and F* is diagonal with elements in 41, FFriphtl = Fkoyk

implies v*! = v*. Hence, it suffices to establish the convergence of F*v*. From we have
1
| R+ — Rt < : 120 — I jo* — v*1|
1
-, | Pk — P11

Furthermore, as v*s are positive vectors,

ok — Uk—lH < HFkvk _ k=11

, which implies
||Fk+1vk+1 _ Fkka <

G 12M — I + %) | Frok — FEtph=t| G

J/

-~

¢
We conclude that if ||2M — I|| < 1, then ¢ < 1 and the iterations converge to zero at a

linear rate.

To determine for what values of p the iterations converge, we characterize the eigenvalues
of M. By the matrix inversion lemma M = pAQ AT —pAQ'AT(I+pAQ AT 1pAQ1AT.
From [31, Cor. 2.4.4], (I + pAQ~'A")~! is a polynomial function of pAQ~1AT which implies
that M = f(pAQ *A") is a polynomial function of pAQ'AT with f(t) =t —t(1 +t)"'t.
Applying [31, Thm. 1.1.6], the eigenvalues of M are given by f(\;(pAQ 1AT)) and thus
 A(pAQ AT

T M(AGIAT)

If p > 0, then \;(pAQ'A") > 0 and \;(M) € [0,1). Hence ||2M — I|| < 1 is guaranteed

Ai(M) (52)

for all p € R, and equality only occurs if M has eigenvalues at 0. If A is invertible or has
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full row-rank, then M is invertible and all its eigenvalues are strictly positive, so ||[2M — I]| < 1
and (24)) is guaranteed to converge linearly. The case when A is tall, i.e., AT is rank deficient, is
more challenging since M has zero eigenvalues and ||2M — I|| = 1. To prove convergence in this
case, we analyze the 0-eigenspace of M and show that it can be disregarded. From the z-iterates
given in (2I) we have 2" —2*F = —(Q/p+ ATA)~TAT (v* — v*~1). Multiplying the former
equality by A from the left on both sides yields A(z*t1 — z%) = — M (v* — v*~1). Consider a
nonzero vector v® — v*~1 in A(M). Then we have either ¥ = 2% or z**1 — 2% € N(A).
Having assumed that A is full column-rank denies the second hypothesis. In other words, the
0O-eigenspace of M corresponds to the stationary points of the algorithm (2I)). We therefore
disregard this eigenspace and the convergence result holds. Finally, the R-linear convergence of
the primal and dual residuals follows from the linear convergence rate of F¥T1y*+1 — [kyk and

Proposition [2]

F. Proof of Theorem

From the proof of Theorem [3| recall that
HFk+1Uk+1 _ Fkka <

(I2M = I|| + 1) ||F*o* — F*RM |

N —

Define

1 1 1 1
A
2 _2M — || + = = max = |2\(M) — 1| + =

pAi(AQ™TAT)
— Imax —

1
T ongan) 2|2
where the last equality follows from the definition of \;(A/) in (52)). Since p > 0 and for the

1

case where A is either invertible or has full row-rank, \;(AQ'A") > 0 for all i, we conclude
that ¢ < 1.

It remains to find p* that minimizes the convergence factor, i.e.

pA(AQTIAT) 1’ 1}

T+ pn(A0 A7) 2|72

5 (53)

p* = argmin max{
p i

December 11, 2014 DRAFT



32

pAi(AQTAT)
T+ pN(AQIAT)
values of ¢ happen for the two extreme eigenvalues \; (AQ1AT) and \,(AQ'AT):
max {((Ai(AQT'A"), p)} =
1

Since is a monotonically increasing function in \;(AQ'A"), the maximum

< o
L pa(AQtAT) B P= oY
pA(AQTIAT) : *
— if p>p~.
14+ pA(AQ—TAT)
1
Since the left brace of max; {C(N(AQ'AT), p)}, ie. is monotone decreas-

1+ pA(AQTAT)
ing in p and the right brace is monotone increasing, the minimum with respect to p happens at

the intersection point (29).

G. Proof of Theorem 3|

First we derive the lower bound on the convergence factor and show it is strictly smaller
than 1. From @24) we have ||F*loFtl — FRok|| = || D% — DF=1ok=t — M(oF — o*=1)|| . By
applying the reverse triangle inequality and dividing by || F*v* — Fk=1yvk=1]|, we find

HFk+1Uk+1 _ FkUkH > 15
[ Fhok — Fh=1ph=1|| = |0k — €xl.

Recalling from (1)) that the convergence factor ¢ is the maximum over k of the left hand-side
yields the lower bound (30). Moreover, the inequality 1 > ¢ >  follows directly from Theorem
The second part of the proof addresses the cases (i)-(iii) for p > 0. Consider case (i) and let
N(AT) = {0}. It follows from Theorem {4| that the convergence factor is given by ¢(p), thus
proving the sufficiency of N (A") = {0} in (i). The necessity follows directly from statement
(ii1), which is proved later.
Now consider the statement (ii) and suppose N(AT) is not zero-dimensional. Recall that
A (AQ7TAT) is the smallest nonzero eigenvalue of AQ AT and suppose that €, > 1 — &. Next
we show that ¢, > 1—¢ implies ||TLy4m) (0" =) || /[|oF —o* 1| < /2€. Since My 47y =0,
|M]| < 1, and |[o* — o* Y] < ||FRo* — F*~10%~1|| we have
IM(I = Tyam)) (0F = o D2 _ Mg (v° = v D)2

||Fk’Uk _ Fk—lvk—1H2 — Hvk _ Uk—l”Q

My amy (0 =" H)12

JoF = TP

€ =

=1
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Using the above inequality and € > (1 — &)* we obtain |[TLy(47)(v" — oF1)||/||o*F — "1 <

V26 — €2 < V28

The latter inequality allows us to derive an upper-bound on ¢ as follows. Recalling (24), we

have
< [FEHM Y — FRR 1 L[ = 2M) (0 =MD 1
= |[Frok — FRlph=1|| = 2 " 2 |[Fhyk — Fh-lyh-1]| ~ 9
_ (55)
|({ —2M) HIm(A)(”k_U]c ol ||HN(AT)(U — o |12
[Frok — Fh-Tyh=1|]2 [Fhok — Fh-Tyh=1|[2°

Using the inequalities ||v* — v*~Y|| < ||Fko* — FF=1*7Y| and Va2 + b2 < a+ b for a,b € R,
1 1 > .
the inequality (55) becomes ¢ < 5t §H (I =2M )y 011+ \/g <((p)+ \/g, which concludes
the proof of (ii).
As for the third case (iii), note that ¢, < & holds if [Ty am)(v" — o*71)||/[[v* — oF7| >

V1 —E&2/||M|?, as the latter inequality implies that

o [ Mg 9 (0" = 05| HA4H|’ M ay (0" = vl
BT T FROR — FRghr| = [oF — oF1]|

Supposing that there exists a non-empty set K such that 6, > 1 — ¢ and |[TLya7)(v* —
VY[ |[oF =0k > /1 — €2/]| M||? holds for all k € K, we have ¢ > maxex Op—ep > 1—2¢

regardless the choice of p.

<&

H. Proof of Lemma []|
Let (x*, 2*, u*) denote a fixed-point of (31)) and let x be the Lagrange multiplier associated

with the equality constraint in (T9). For the optimization problem (19), the Karush-Kuhn-Tucker
(KKT) optimality conditions [12] are

0=Qz+q+ ATy, z >0,

0=Az+ 2 -0, 0 = diag(u)z.
Next we show that the KKT conditions hold for the fixed-point (z*, 2*, u*) with u* = 1/pu*.
From the u—iterations we have 0 = a(Az* —¢) — (1 — a)2* + 2% = a(Ax* + 2* — ¢). It follows
that 2* is given by z* = max{0, —a(Az* + 2* — ¢) + z* — v*} = max{0,z* — u*} > 0. The
r—iteration then yields 0 = Qx* + ¢ + pA' (Az* + 2* — ¢+ u*) = Qa* + q + A" p*. Finally,
from z* > 0 and the z—update, we have that zF > 0 = v = 0 and 2z} = 0 = u; > 0. Thus,

pdiag(p*)z* = 0.
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L. Proof of Theorem [0]

Taking the Euclidean norm of (34) and applying the Cauchy-Schwarz inequality yields
HFkHUkH _ Fkvk” < % 120 — 1| Hvk B quH
- k, k k=1, k—1
+|1—§|HFU—F o)

Note that since v*

s are positive vectors we have Hv’“ — vk_lﬂ < ||Fkvk — Fk_lvk‘lH and thus
HFk-i-lvk-&-l _ Fk k”

|[Fhok — Fh-Tpk=1|| =

('O‘| 12M — 1| + ‘1 - —D (56)

J/

CR
Note that p € R, and recall from the proof of Theorem [3] that the 0-eigenspace of M can

1
be disregarded. Let 7 = max §|2/\,(M) — 1| withi=1,...,m—dim(N(M)), where the upper
" 1
bound on 7 is to discard the 0-eigenspace of M. Note that 7 < 5 and we have
CR—aT+|1——|<— |1——|

Hence, we conclude that for p € R, and o € (0,2], it holds that (5 < 1 , which implies
that converges linearly to a fixed-point. By Lemma [I] this fixed-point is also a global
optimum of (T8). Now, denote w**! & Fk+lph+l — Fhyk and wh* £ o1 — ¥, Following

the same steps as Proposition [2} it is easily verified that w®™! = «** — % 4 2% — 2#+1 and

wht = R+t —yF 4 2P 2k from which combined with (3T)) one obtains
AT 1 2 -«
sH = p— 5 (Wit — kRt = wafrl + wh
oY

We only upper-bound ||r**1||, since an upper bound for ||s**1|| was already established in (28).

Taking the Euclidean norm of the second equality above and using the triangle inequality

1
I < ||w’““H+ . L whH < [t (57)

2a
The R-linear convergence of the primal and dual residuals now follows from the linear conver-

gence rate of F*T1yF+1l — Fkyk and the bounds in (28)) and (57).
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J. Proof of Theorem 7]

Define A(AQ™IAT) 1
14Ty PAi - =
Cr(p, o, Mi(AQTTAT)) = a 11 pM(AQ—TATY 2

(8
T (58)
+ 5

Cir = maxmin{Cr(p, o, A(AQT'AT))}.
7 p,o

N(AQTAT 1
. Jpr pﬁ\i(;QélQ—lA)T) 5 <3 it follows that Cg(p, o, A\;(AQ1AT)) is monotone decreas-

ing in «. Thus, (r(p, o, \i(AQ7TAT)) is minimized by o* = 2. To determine

p* = argmin max {Cr(p, 2, \i(AQ"AT))}, (59)
p 1

Since

we note that (53) and (59) are equivalent up to an affine transformation, hence we have the

same minimizer p*. It follows from the proof of Theorem 4{that p* = 1// A\ (AQ1AT) N\, (AQ1AT).
p p p

Using p* in (58) results in the convergence factor (36).
For given A, (), and p, we can now find the range of values of a for which have a

smaller convergence factor than (20), i.e., for which (r — ¢ < 0. By and (56) it holds that
1

«
2

o 1
—(=—=2M -1 1— —||2M — I|| —
r=C=7| I+1=5 =3l I

—(-a) (55l 11).

This means that (r — ( < 0 when a > 1. Therefore, the iterates produced by the relaxed
algorithm (31)) have smaller convergence factor than the iterates produced by (20) for all values

of the relaxation parameter v € (1,2]. This concludes the proof.

K. Proof of Theorem [§|

Note that the non-zero eigenvalues of LAQ ' A" L are the same as the ones of R A'W AR,
where W = L? and R] R, = Q! is its Choleski factorization [31]. Defining \,(R; ATW AR,)
and Al(R;ATWARq) as the largest and smallest nonzero eigenvalues of LAQ 'ATL, the
optimization problem we aim at solving can be formulated as

_ minimize ~ A/A

XeR, AER, IER™

subject to A > M\ (RJATWAR,),
Al(RJATWARq) > ),

W = diag(w), w > 0.

(60)
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In the proof we show that the optimization problem is equivalent to (37).

Define T(\) £ A — R] ATW AR, First observe that A\ > A, (R] ATWAR,) holds if and
only if T'(\) € 8%, which proves the first inequality in the constraint set (37).

To obtain a lower bound on Al(R(ITATWARq) one must disregard the zero eigenvalues of
RqTATWARq (if they exist). This can be performed by restricting ourselves to the subspace
orthogonal to N'(R; ATWAR,) = N(AR,). In fact, letting s to be the dimension of the nullity
of AR, or simply A and denoting P"*"~* as a basis of Im(RqTAT), we have that A < )\ if and
only if 2" PTT(A)Px < 0 for all x € R"~*. Note that for the case when the nullity of A is 0
(s = 0), all the eigenvalues of RqTATWARq are strictly positive and, hence, one can set P = [.
We conclude that A < A\ (R; ATWAR,) if and only if P" (RJATWAR,] — M) P eS8y

Note that )\I(R;ATWARq) > ( can be chosen arbitrarily by scaling W, which does not
affect the ratio A, (R, ATWAR,) /M (R] ATW AR,). Without loss of generality, one can suppose
A = 1 and thus the lower bound on Al(R(]TATWARq) > \* = 1 corresponds to the last

inequality in the constraint set of (37). Observe that the optimization problem now reduces to

minimizing \. The proof concludes by rewriting (60) as (37), which is a convex problem.

L. Proof of Proposition [3|
Assuming F*H = Fk = —], reduces to v*! — vF = (1 — a)I + aM) (v* — v*1). By
taking the Euclidean norm of both sides and applying the Cauchy inequality, we find
o = 0¥ < (1= @)+ aM e - o).

PA(AQ™IAT)
T+ p\(AQTAT)

Since the eigenvalues M are , the convergence factor (p is

PA(AQ™TAT)
1+ pA\(AQ—1TAT)’
It is easy to check that the smallest value of |(g| is obtained when o« = 1 and p — 0. Since

a =1 the relaxed ADMM iterations (31)) coincide with (20) and consequently ¢ = (g.

CR(ﬂ? a, Al(AQilAT» =l-a+a«

M. Proof of Proposition

The proof follows similarly to the one of Proposition (3| but with F**! = F* = J.
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