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Abstract

In this paper we address a deterministic scheduling problem in which two agents compete
for the usage of a single machine. Each agent decides on a fixed order to submit its tasks
to an external coordination subject, who sequences them according to a known priority
rule. We consider the problem from different perspectives. First, we characterize the set of
Pareto optimal schedules in terms of size and computational complexity. We then address
the problem from the single-agent point-of-view, that is we consider the problem of deciding
how to submit one agent’s tasks only taking into account its own objective function against
the other agent, the opponent. In this regard, we consider two different settings depending on
the information available to the agents: In one setting the considered agent knows in advance
all information about the submission sequence of the opponent, in the second setting (as in
minimax strategies in game theory) the agent has no information on the opponent strategy
and wants to devise a strategy that minimizes its solution cost in the worst possible case.
Finally, we assess the performance of some classical single-agent sequencing rules in the
two-agent setting.

Keywords: scheduling, multi-agent optimization, bicriteria optimization.

1 Introduction

Classical scheduling problems deal with situations in which a set of tasks has to be processed on
some processing resource. In addition, in two-agent scheduling problems there are two agents,
each task belongs to one agent, and each agent is only interested in optimizing his/her own
performance index. Although these problems can be viewed as a special case of bicriteria
scheduling problems [22], their specific properties and applications have spurred a considerable
amount of research since the seminal work by Agnetis et al. [2] and Baker and Smith [7]. For
a detailed and exhaustive view on multiagent scheduling problems, one can refer to the recent
book [1].
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In the scenarios considered so far in the literature, the analysis mainly focused on the char-
acterization of reasonable compromise solutions. The most basic and relevant concept in this
respect is that of a Pareto optimal solution, where no better solution exists for one agent without
increasing the other agent’s cost function. In most previous studies, the viewpoint commonly
adopted assumes that complete information concerning the agents’ tasks is available, either to
the agents themselves, or to an external coordinator. In this view, the coordinator role is to
compute and actually submit to the agents certain compromise schedules (e.g., chosen among
those Pareto optimal schedules that also ensure a certain degree of fairness, see [5]).

Here we take a different view, justified by the fact that two additional features may hold in
practice. One is that it might be undesirable or technically difficult for the agents to disclose
all the information concerning their tasks or strategies to any external subject, either to a
coordinator or a competing agent (Incomplete information). Another is that the coordinator
does not have a facilitating role, rather he/she is specifically involved in the scheduling process,
e.g., being the owner of the processing resource. As a consequence, the coordinator may have its
own objective, which may be independent from, or even conflicting with, the agents’ objectives
(Third-party objective).

Examples of the above situations can be found in the literature. When information is only
partially exchanged, some sort of mechanism has to be devised to reach a mutually acceptable
resource allocation. In this respect, several authors have analyzed various auction mechanisms
[12, 23], in which the auctioneer is the owner of the resource and the agents bid for resource time
slots, hence giving explicit monetary evaluations of the various slots (or combinations thereof).
Yet, in certain cases the objective of each agent is better expressed by means of traditional
logistic measures, such as average completion time, makespan, tardiness etc. An example is the
setting described by [21], in which different airlines, each having an earliness/tardiness-related
cost function, compete for the usage of runways of an airport, and they are not going to disclose
detailed cost information to other companies or to airport managers.

Situations in which a third-party is involved in the scheduling process can be found in some
manufacturing contexts. For instance, different orders (agents) share a machine, and there is a
due date attached to each task. However, the machine owner also has a global throughput objec-
tive which can be expressed in terms of total flow time minimization [20], corresponding to the
minimization of average work-in-process. These situations have been addressed as multi-agent
scheduling problems with a global objective function [13]. Also, scenarios have been analyzed in
which multiple organizations, owning multiple tasks, partially share their computing resources.
Scheduling algorithms have been proposed to reconcile individual objectives of each organization
[8]. Similar circumstances also occur in telecommunication systems, where a capacity planner
must schedule a channel to two or more users in order to maximize their on-time traffic [6].
Additionally, the design and analysis of coordination mechanisms for machines, which aim to
minimize the so-called price of anarchy, have been addressed in [24].

In this work we propose a different model, introduced in [3], which accounts for both incom-
plete information exchange and resource owner’s objectives. There are two agents, call them A
and B, each owning a set of nonpreemptive tasks that require a single machine to be processed
and each agent with its own objective. There is also one coordinator (e.g., the machine owner),
who is interested in maximizing the machine throughput (a typical goal in many manufactur-
ing settings), which can be defined as the number of processed tasks per time unit. Since the
coordinator has no detailed information on the number and length of the tasks which will be
submitted by the agents, he/she sensibly gives precedence to shorter tasks, among those that
are promoted for execution. More precisely, to regulate access to the machine, the coordinator
defines a selection mechanism, consisting of the iterative application of the following steps.
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1. Each agent submits one of its tasks.

2. The coordinator selects the shortest between submitted tasks for processing.

3. The selected task is scheduled at the end of the current schedule, which is initially empty.

Each repetition of the above steps is a round, and the selected task is referred to as the winner
of the round. At the beginning, each agent decides which task to submit for the first round.
Then, the agent whose task has been selected submits a new task for the second round, while
the losing task remains automatically submitted for the second round, and so on. The above
steps are repeated until all tasks of one agent have been processed (the remaining tasks of the
other agent are appended thereafter). The mechanism is supposed to be common knowledge for
the agents. Some variants of this protocol are discussed in Sections 5 and 6.

Note that, under this mechanism, the coordinator’s objective plays an important role and
heavily affects the agents’ strategies and behavior. This reflects a specific interest of the coordi-
nator. If the coordinator were a neutral subject, other mechanisms would be sensible (e.g. round
robin, in which agents simply take turns in submitting the next task to the machine). As a con-
sequence, here the coordinator is not interested in enforcing fair solutions, and the agents have
to account for this when deciding their submission sequence. A variant of this mechanism which
takes a certain fairness aspect into account will be briefly investigated in Section 5. Actually,
in [14] simulation experiments are presented for a computer grid in which a central scheduler
selects jobs for processing according to the SPT rule, and this apparently results in enhanced
throughput.

In many technical environments it may not be easy (or even possible) for an agent to withdraw
a submitted task, i.e., once an agent has submitted a task to the machine, it only submits a new
task after the previous task is accepted and hence processed on the machine. In other words,
the losing task in each round remains submitted until it wins. Note that this does not imply
that the agents must decide beforehand the whole submission sequence, but they can decide on
the next submission based on their experience from the previous rounds. This situation can also
be represented by two linear conveyor belts, one for each agent, transporting parts (tasks) to
the machine. As soon as an agent puts a part on the conveyor, it can not remove it anymore.
Hence, at each round, one of the two candidate tasks is the loser of the preceding round.

Looking at the final schedule, the tasks of one agent appear exactly in the order they were
submitted by that agent, but interrupted by tasks of the other agent. For this reason, the output
of any algorithm (or strategy) that suggests an agent the tasks to submit, may be regarded as a
chain of tasks. In this context we say that a schedule σ is feasible if there exists a pair of chains,
i.e., one sequence of tasks for each agent, which allows to obtain σ as a result of the described
scheduling mechanism. Note that not all schedules are feasible.

In this scenario, we consider the problem from different perspectives.

• Centralized perspective. This analysis, as in a bicriteria optimization problem, aims at
characterizing the set of Pareto optimal solutions for the two agents in terms of size and
computational complexity. In fact, the two agents may be willing to cooperate and possibly
compensate each other in the face of a schedule that favors one of the agents. For this
purpose, the agents need to elaborate on the schedules which can actually be attained as
a result of the application of the coordinator’s selection mechanism.

• Single agent perspective. Considering an agent (say, B), its strategy consists in deciding
which task to submit at each round, taking into account its own objective function. As in
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[10, 16, 17, 18] we consider two different settings concerning the information available to
agent B.

– Offline. Agent B knows in advance the length of each task of the opponent, as well
as its submission sequence. In this case, B wants to determine how to sequence its
tasks under such an advantageous asymmetry of information.

– Online. Agent B knows the length of each task of the opponent (agent A), but B has
no information at all on A’s strategy. In this case, B may want to select a strategy
that minimizes its solution cost in the worst possible case, i.e., for any strategy of A.
This corresponds to what is usually called minimax strategy in game theory.

Also, in this context one is interested in assessing the performance of some well-known,
classical single-agent sequencing rules in the two-agent setting.

In this paper we consider that the agents pursue the minimization of the most commonly used
objective functions in scheduling problems, i.e., makespan, total flow time and total weighted
flow time.

The paper is organized as follows. In Section 2 we formally introduce the problem and
the notation, and summarize all the results of the paper in a table. Section 3 deals with the
centralized perspective. We show that there can be an exponential number of Pareto optimal
schedules and finding one of them is an NP-complete problem. Section 4 considers the algorith-
mic perspectives for one agent: Minimization of makespan and total completion time are easy
to handle as shown in Section 4.1. Far more involved is the case of weighted total completion
time which is considered in Sections 4.2 - 4.4. Section 5 reports results concerning a variation
of the coordinator selection rule in which some fairness issues are taken into account. Finally,
in Section 6 some conclusions are drawn.

2 Problem formulation and notation

2.1 Notation and problem setting

Let A and B denote the two agents. Each agent owns a set of n nonpreemptive tasks1 to be
performed on a single machine. Tasks have nonnegative integer deterministic processing times
a1 ≤ a2 ≤ . . . ≤ an for agent A and b1 ≤ b2 ≤ . . . ≤ bn for agent B. All tasks are available
at time 0. All processing times are known to both agents. To keep notation simple, we will
frequently identify tasks by their processing times and we denote the task sets as A and B
whenever this does not create confusion. Sometimes each task also has a weight indicating its
importance. We will only need explicit weight values for agent B and thus define a weight wj
for each task bj , j = 1, . . . , n.

Each agent chooses a strategy, i.e., a submission sequence (chain) of its tasks denoted by
σA and σB. The application of the coordinator selection mechanism to σA and σB results in a
schedule σ =M(σA, σB). Each agent wants to optimize its own objective function, which only
depends on the completion times of its tasks: fA(σ) = fA(σA, σB) = fA(CA1 (σ), . . . , CAn (σ))
and, similarly, fB(σ) = fB(σA, σB) = fB(CB1 (σ), . . . , CBn (σ)), where CXi (σ) is the completion
time of task i of agent X (i = 1, . . . , n, X = A,B) in σ. In this paper, we will consider various
objective function pairs (fA, fB), namely we consider the minimization of

1. makespan fX = max{CX1 , . . . , CXn }.
1Note that this assumption is without loss of generality: The case in which the two agents tasks sets have

different cardinality can be easily addressed by considering dummy tasks with 0 processing times and weights.
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2. total completion time fX =
∑n

i=1 CXi

3. total weighted completion time, e.g. fB =
∑n

i=1 wiC
B
i

The machine can process only one task at a time and each agent wants to optimize its own
cost function. The decision process is divided into 2n rounds in which each agent submits one
task — if available — for possible processing. The shortest between the two submitted tasks
is selected and scheduled at the end of the current schedule, which is initially empty. Ties are
broken by giving preference to one of the agents, e.g. agent A. In the following, we say that
the agent owning the selected task wins against the adversary agent that, therefore, loses. Note
that in the last rounds, possibly only one agent has available tasks to submit, because all the n
tasks of the other agent have been already processed.

At the beginning, each agent decides which task to submit for the first round. Then, the
winning agent submits a new task for the second round, while the losing task remains auto-
matically submitted for the second round, and so on. Recalling the definition of Section 1, any
schedule obtained through this mechanism is feasible.

A feasible solution can be viewed as a sequence of A-blocks and B-blocks alternately:

〈A1, B1, A2, B2, . . . Aq, Bq〉 (1)

where an A-block (resp., B-block) is a maximal subsequence of consecutive A-tasks (resp., B-
tasks). Note that the first and the last blocks A1 and Bq may be empty. Each A-block starts
with some task a′ which wins against some task b′, i.e. a′ ≤ b′. Since b′ remains submitted until
it wins, the A-block may contain a number of additional tasks also winning against b′. The block
ends when A submits an item losing against b′, which now starts a new B-block. Obviously, the
first task of each block is longer than all the tasks in the preceding block.

2.2 Problem definitions and summary of results

Hereafter, we formally define the addressed problems and summarize our contributions.
From a centralized viewpoint, in bicriteria and multi-agent optimization one is usually in-

terested in Pareto optimal solutions. Since different schedules may produce the same objective
functions values, in this paper we consider such schedules as equivalent. Thus, for each pair of
objective function values (f̄A, f̄B) for which a Pareto optimal schedule exists, we are interested
in finding just one Pareto optimal schedule σ such that fA(σ) = f̄A and fB(σ) = f̄B, and
not all of them, if several exist. In other words, we regard two Pareto optimal schedules σ′, σ′′

as distinct only if (fA(σ′), fB(σ′)) 6= (fA(σ′′), fB(σ′′)). We denote the set of Pareto optimal
solution value pairs as P.

The first problem consists in counting the number of elements in P, i.e. its size.

Problem P1(fA, fB) (size of P). Given the two task sets A = {a1, . . . , an}, B = {b1, . . . , bn},
and the two objective functions fA, fB, what is the size of the set P of Pareto optimal feasible
schedules?

Concerning the size of P, note that for a given upper bound K on the size of the largest
processing time, the range of values for each objective function is bounded by a polynomial in n
and K. Thus, P will always have pseudopolynomial size. By the same argument, the size of P
can only be exponential in the number of input values, if we allow processing times exponential
in n. As an answer to problem P1(fA, fB) we will either show that a problem has a strictly
polynomial number of Pareto optimal solutions or that there exists an instance (necessarily
containing processing times exponential in n) where |P| is exponential in n.
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Problem P2(fA, fB) (Recognition problem). Given the two task sets A = {a1, . . . , an},
B = {b1, . . . , bn}, the two objective functions fA, fB, and two integers QA and QB, is there a
feasible schedule σ such that fA(σ) ≤ QA and fB(σ) ≤ QB?

From the agent B perspective, when the submission sequence σA is given, it is clearly inter-
esting to ask for the best response of B which is the subject of problem P3(fA, fB).

Problem P3(fA, fB) (Offline problem). Given the two task sets A = {a1, . . . , an}, B =
{b1, . . . , bn}, the submission sequence σA, and the objective function fB, find a submission se-
quence for B that minimizes fB(σA, σB), i.e., a sequence σ∗ such that

σ∗ = arg min
σB
{fB(σA, σB)}

However, if σA is not known to B, then agent B might look for a strategy that minimizes
its costs in the face of the worst possible (for B) sequence σA, i.e., the minimax schedule.

Problem P4(fA, fB) (Minimax problem). Given the two task sets A = {a1, . . . , an}, B =
{b1, . . . , bn} and the objective function fB, find a submission sequence σ∗ for B such that

σ∗ = arg min
σB
{max
σA

fB(σA, σB)}

We will see that both problems P3(fA, fB) and P4(fA, fB) are trivially solvable when fB =
CBmax or fB =

∑
CBj . When fB =

∑
wjC

B
j , these problems are still polynomially solvable,

through a more sophisticated algorithm, presented in Section 4.2. For this case, we also want
to evaluate the quality of the schedule B attains, when its tasks are sequenced by applying a
certain standard, single-agent heuristic rule H, compared to the optimal schedule for agent B.
Letting σBH denote the submission sequence of B obtained by applying H, we analyze the value
of the performance ratio

r(H) ≤ max
σA

fB(σA, σBH)

minσB{fB(σA, σB)}
. (2)

As usual, we call a performance bound r(H) tight, if no larger value than r(H) exists which
fulfills (2). We will provide bounds for r(H) when H is either the shortest processing time first
(SPT) or the weighted shortest processing time (WSPT) rule.

Tables 1, 2 and 3 summarize the results of this paper.

P1(fA, fB) P2(fA, fB)
(fA, fB) size of P Complexity of Recognition Problem

(CA
max, C

B
max) 1 trivial (Section 3.1)

(CA
max,

∑
j C

B
j ) O(n) trivial (Section 3.2)

(CA
max,

∑
j wjC

B
j ) exponential NP-complete (Section 3.3)

(
∑

j C
A
j ,
∑

j C
B
j ) exponential NP-complete (Section 3.4)

Table 1: Summary of results for the centralized perspective (Section 3).

3 Centralized perspective

In this section, we address the problem of characterizing the set P of Pareto optimal solutions
for various objective functions, i.e., we address problems P1(fA, fB) and P2(fA, fB) . Note that
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P3(fA, fB) P4(fA, fB)
(fA, fB) Offline Problem Minimax Problem

(fA, CB
max) O(n log n) (SPT, Section 4.1) O(n log n) (SPT, Section 4.1)

(fA,
∑

j C
B
j ) O(n log n) (SPT, Section 4.1) O(n log n) (SPT, Section 4.1)

(fA,
∑

j wjC
B
j ) O(n2) (Section 4.2) O(n2) (Section 4.3)

Table 2: Complexity results for the agent perspective (Section 4).

H r(H)
SPT r(SPT ) = n
WSPT

√
n/2 ≤ r(WSPT ) ≤ n

Table 3: Performance ratios for standard sequencing rules when fB =
∑
wjC

B
j (Section 4.4).

in Sections 3.1 and 3.2 problem P2(fA, fB) can be answered trivially by constructing all Pareto
optimal solutions.

3.1 Makespan minimization

First assume that both agents want to minimize their makespan, i.e., consider the pair of objec-
tive functions (CAmax, C

B
max). Since the largest task can never win against any opponent’s task,

the owner of the largest task, either an or bb, will always have a makespan of
∑

j aj +
∑

j bj .
Hence, there is only one Pareto optimal solution, precisely the one in which the largest task is
played in the first round. As a consequence, the other agent wins the first n rounds (regardless
of its submission sequence). So, both problems P1(CAmax, C

B
max) and P2(CAmax, C

B
max) are trivial.

3.2 Minimization of makespan and total completion time

Consider now the problems in which agent A wants to minimize its makespan, while agent B
has the objective of minimizing the total completion time.

Proposition 1 For problem P1(CAmax,
∑

j C
B
j ) there are at most n Pareto optimal schedules.

Proof. Case 1. an > bn:
In this case A cannot avoid to reach CAmax =

∑
j aj +

∑
j bj since all B-tasks will be processed

before an. Hence, there is only one Pareto optimal solution arising when A submits an in the
first round. It consists of the following schedule:

〈b1, . . . , bn, an, a1, . . . , an−1〉

The solution is clearly optimal for B since the B-tasks are scheduled in SPT order. Of course,
tasks a1, . . . , an−1 can be scheduled in arbitrary order.

Case 2. an ≤ bn:
Let t := min{j | bj ≥ an}. For any k = 0, 1, . . . , t − 1 the following Pareto optimal solution
arises if B starts its submission sequence with tasks b1, . . . , bk, bt, while A starts with an :

〈b1, . . . , bk, an, a1, . . . , an−1, bt, bk+1, . . . , bt−1, bt+1, . . . , bn〉

This means that B can split the tasks b1, . . . , bt−1 into a first part scheduled before the A-tasks
and a second part scheduled after the A-tasks (and after bt), see Figure 1 for an example.
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Figure 1: Example of a Pareto optimal solution when fA = CAmax and fB =
∑

j C
B
j in which

bn = 20 > an = 15.

Clearly, any deviation of B from the partial SPT ordering would only worsen the objectives
for both agents as can be shown by a simple exchange argument. Moreover, if A submits any
task before an, it would still have CAmax =

∑n
j=1 aj +

∑k
j=1 bj as before, but B’s objective might

increase. Altogether, there are exactly t ≤ n Pareto optimal schedules. �

Since there are at most n Pareto optimal schedules, problem P2(CAmax,
∑

j C
B
j ) is trivially

solved in polynomial time.

3.3 Minimization of makespan and total weighted completion time

In this section we show that as soon as agent B assigns weights to the completion times the
problem changes from easy to difficult. More precisely, we show that when fA = CAmax and fB =∑
wjC

B
j there are exponentially many Pareto optimal solutions and problem P2(CAmax,

∑
wjC

B
j )

is NP-complete.

Theorem 2 There are exponentially many PO solutions for problem P1(CAmax,
∑
wjC

B
j ).

Proof. Consider an instance of our problem with the following processing times:

ai =

{
ε i = 1, . . . , n− 1;
M i = n

bi = wi =

{
2i i = 1, . . . , n− 1;
M + ε i = n

where ε � 1 and M � 2n. Note that for simplicity of presentation we relax the integrality
assumption for processing times. However, the instance and its analysis could be easily adapted
to integer values by scaling arguments. Let S ⊆ {1, . . . , n− 1}, S̄ = {1, . . . , n− 1} \S. We build
a solution sequence σ(S) assuming that agent A submits its tasks in SPT order and agent B
submits tasks bi for all i ∈ S (in any order) first, then bn, and eventually tasks bi for all i ∈ S̄
(in any order). The resulting schedule and the lengths of its parts are illustrated hereafter:

〈a1, . . . , an−1︸ ︷︷ ︸
(n−1)ε

| B-tasks in S︸ ︷︷ ︸∑
i∈S 2i

| an︸ ︷︷ ︸
M

| bn︸ ︷︷ ︸
M+ε

| B-tasks in S̄︸ ︷︷ ︸∑
i∈S̄ 2i

〉.

Note that, since for each B-task its processing time equals its weight, once the set S is chosen,
the relative order of B-tasks in the blocks preceding and succeeding bn is irrelevant for B.

We claim that, for all S ⊆ {1, . . . , n−1}, σ(S) is Pareto-Optimal. In fact, let w(S) =
∑

i∈S 2i

be the total weight (equal to the total duration) of the B-tasks corresponding to set S and,
similarly, w(S̄) that of tasks corresponding to S̄, while W denotes the total weight of all B-
tasks.
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For simplicity, but w.l.o.g. we will set ε = 0 in the following. The objective function values
for the two agents are:

fA(σ(S)) = w(S) +M (3)

fB(σ(S)) =
∑
j∈S

wj∑
i∈S
i≤j

bi

+M(w(S) + 2M) +
∑
j∈S̄

wj
w(S) + 2M +

∑
i∈S̄
i≤j

bi




= 2M2 +M (w(S) + 2w(S̄))︸ ︷︷ ︸
=W+w(S̄)

+
∑
j∈S

wj∑
i∈S
i≤j

bi

+
∑
j∈S̄

wj
w(S) +

∑
i∈S̄
i≤j

bi


 (4)

If we consider a different subset S′ 6= S with w(S) < w(S′), then fA(σ(S)) < fA(σ(S′)) and
clearly w(S̄) > w(S̄′). Comparing fB(σ(S)) to fB(σ(S′)) it suffices to consider terms depending
on M , since M can be chosen arbitrarily large and thus obliterates the influence of the sum terms
in (4). Hence we get that fB(σ(S))− fB(σ(S′)) is of order M(w(S̄)− w(S̄′)) > 0 and thus M
can be chosen such that fB(σ(S)) > fB(σ(S′)).

Since there are exponentially many sets S all with different weights the statement follows.
�

The coefficients of the instance used in the proof of Theorem 2 are exponential in n, which
might be seen as a drawback. However, as we pointed out in Section 2.2 any constant bound K
on the coefficients would immediately imply that the number of PO solutions is polynomially
bounded in K.

For the next proof we use the classical, weakly NP-complete knapsack problem:

Knapsack:
Instance: a set of items I = {1, . . . , n}, having nonnegative integer utilities
{u1, . . . , un} and volumes {v1, . . . , vn}, two integer target values UT and V T .
Question: Is there a subset S ⊆ I of items such that∑

i∈S
ui ≥ UT ? (5)

and
∑
i∈S

vi ≤ V T (6)

Theorem 3 Problem P2(CAmax,
∑
wjC

B
j ) is NP-complete.

Proof. We reduce Knapsack to P2(CAmax,
∑
wjC

B
j ). Denote by U =

∑n
i=1 ui the total utility

and by V =
∑n

i=1 vi the total volume of all items in Knapsack.
Given an instance of Knapsack, define the following instance of P2(CAmax,

∑
wjC

B
j ) with

n+ 1 tasks for each agent, where M � UV is a large enough integer and ε� 1 (again we allow
processing times to deviate from the integers w.l.o.g.).

ai =

{
ε i = 1, . . . , n;
M i = n+ 1

bi =

{
vi i = 1, . . . , n;
M + ε i = n+ 1
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wi =

{
ui i = 1, . . . , n;
ε i = n+ 1

QA = V T +M
QB = 2M(U − UT ) + UV.

For simplicity, we will set ε = 0 and assume w.l.o.g. that A submits its tasks in SPT order.
We first observe that any feasible solution has the following structure:

〈a1, . . . , an︸ ︷︷ ︸
nε

| first block of B-tasks | an+1︸ ︷︷ ︸
M

| bn+1︸ ︷︷ ︸
M+ε

| second block of B-tasks〉.

Hence, a feasible solution is completely defined by the position of bn+1 in the submission se-
quence of B. We call first block and second block the two sets of B-tasks scheduled before and,
respectively, after the two long tasks an+1 and bn+1.

We want to show that P2(CAmax,
∑
wjC

B
j ) has a solution if and only if Knapsack has a

solution. Given a yes-solution σ to P2(CAmax,
∑
wjC

B
j ), take as set S in the Knapsack instance

the set of items corresponding to the tasks scheduled in the first block in σ. Hence, the total
length of the B-tasks in the first block in σ equals the total volume of these items, and since
CAmax(σ) ≤ QA = V T +M , one has that (6) is satisfied. If we let US denote the total utility of
the items corresponding to the tasks in the first block in σ, the total weight of the tasks in the
second block is U − US . Hence, the contributions to fB of the first, resp. second block, do not
exceed V US , resp. (2M + V )(U − US), which yields

fB(σ) ≤ 2M(U − US) + UV (7)

Now we can show that US ≥ UT . Assume by contradiction that US ≤ UT − 1: Then the
contribution of the second block would be at least 2M(U − (UT − 1)) = 2M(U − UT ) + 2M ,
and this would exceed QB, since M > UV . Hence, US ≥ UT and (5) is verified.

Viceversa, given the set S in a yes-instance of Knapsack, we build a schedule σ as indicated
in (3.3), identifying the first block of B-tasks with the tasks in S. Clearly, (6) implies that
CAmax ≤ QA. Similarly, from (5), the total weight US of the tasks in the first block (i.e., the total
utility of the items in S) is at least UT and hence, from (7), one has fB(σ) ≤ QB. �

The above reduction from Knapsack only shows that P2(CAmax,
∑
wjC

B
j ) is weakly NP-

complete. In the following we develop a pseudopolynomial dynamic programming algorithm for
the associated optimization problem P̃ which consists in finding a feasible solution minimizing∑
wBj C

B
j subject to CAmax ≤ QA. This shows that problem P2(CAmax,

∑
wjC

B
j ) is not strongly

NP-complete.
If an > bn, then task an will always lose against any task of agent B, and as a consequence it

will be processed only after all B-tasks. As a consequence, in any schedule CAmax =
∑

j aj+
∑

j bj .

Hence, P̃ has a feasible solution if and only if QA ≥
∑

j aj+
∑

j bj , and if so, the optimal schedule
is obtained when A submits an first, and the other tasks in any order. This allows agent B to
schedule all of its tasks in an optimal way, namely in WSPT order before all A-tasks.

From now on we consider the case an ≤ bn. Our algorithm is based on the following observa-
tion. If A completes all its tasks before time QA, the most favorable situation for B occurs when
all A-tasks are consecutively performed to complete as close as possible to (but not later than)
time QA. This can be reached if agent A submits an as first task. As long as B schedules tasks
shorter than an, these are consecutively performed until the submission of any task bk ≥ an. At
this point, all A-tasks can be consecutively performed, after an, in arbitrary order. Thereafter,
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the remaining B-tasks will be scheduled. Hence, the optimal solution of P̃ has the following
structure:

〈 B(1) A b̄ B(2) 〉

All B-tasks are grouped into two blocks B(1) and {b̄}∪B(2) respectively preceding and following
the single block of A-tasks. A task b̄ ≥ an is scheduled at the beginning of the second B-block.
B-tasks in B(1) and B(2) are scheduled in SPT order. All B-tasks with length at least an are in
the second block.

Hence, once the task b̄ is fixed, the problem consists in deciding how to partition the remain-
ing B-tasks into the two blocks B(1) and B(2), given that the A-block must complete within QA
and that B(2) contains all B-tasks larger than an. The whole set of A-tasks can be regarded
as a single block of length t(A) :=

∑
j aj (although of course it will not behave as a single task

from the viewpoint of the scheduling mechanism). In what follows, for simplicity we temporarily
remove b̄ from B (leaving it with n − 1 tasks) and suppose that the remaining tasks in B are
numbered according to WSPT.

We now define the dynamic programming array F (k, t1, t2) to represent the optimal value of
a subproblem restricted to the first k B-tasks plus A and b̄, in which the machine continuously
works between 0 and t1, it is idle from t1 to t2, and block A starts at time t2. Note that
this means that each B-task is either processed between time 0 and t1 (i.e., in B(1)), or after
t2 + t(A) + b̄ (i.e., in B(2)). In particular, for each k = 1, . . . , n− 1, a decision on task bk based
on the values of F (k − 1, ·, ·) must be taken.

Because of the WSPT ordering and based on the definition of F there are two possible cases
in an optimal solution to the restricted problem:

Case (i): task bk completes at time t1.
Note that if bk > an, then it must necessarily belong to the second block, and one has:

F (k, t1, t2) = F(i)(k, t1, t2)
·

=

{
F (k − 1, t1 − bk, t2) + wkt1 if bk < an
+∞ otherwise.

(8)

Case (ii): task bk is the last task in the schedule.
In this case bk completes at time (t2 − t1) + t(A) + b̄+

∑k
j=1 bj , and therefore:

F (k, t1, t2) = F(ii)(k, t1, t2)
·

= F (k − 1, t1, t2) + wk

(t2 − t1) + t(A) + b̄+

k∑
j=1

bj

 . (9)

As a consequence, from (8) and (9), one has:

F (k, t1, t2) = min
{
F(i)(k, t1, t2), F(ii)(k, t1, t2)

}
. (10)

We have the following boundary conditions for recursion (10):

• F (0, 0, t2) = w̄(t2 + t(A) + b̄) for any t2 > 0

• F (k, t1, t2) = +∞ for any t1 < 0 or t1 > t2

• F (0, t1, t2) = +∞ for any t1 > 0, since the machine must be continuously working between
0 and t1

• F (k, t1, t2) = +∞ for any t2 > QA − t(A), since in this case CAmax would exceed QA.
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Clearly, the optimal schedule for a fixed task b̄ must be searched among solutions corre-
sponding to values of F (k, t1, t2) having t1 = t2, since there should be no idle times. Its value is
given by

min
0≤t≤QA−t(A)

F (n− 1, t, t).

The whole procedure has to be repeated for each B-tasks as a candidate for b̄.
Let us now turn to complexity issues. Once the B-tasks are ordered, the computation of

each value F (k, t1, t2) can be done in constant time. Considering that for all t1, t2 there is
t1 ≤ t2 ≤ QA − t(A), and that the whole procedure has to be repeated for all n possible choices
of b̄, we have the following result.

Theorem 4 Problem P̃ and thus P2(CAmax,
∑
wjC

B
j ) can be solved in O(n2Q2

A) time.

Unfortunately, choosing b̄ is not an obvious task and we currently see no way of avoiding
the n iterations over all B-tasks. Clearly, a natural choice would be to select among all B-task
larger than an the first one in WSPT order. However, the following example shows that this is
not always optimal.

Example 5 Consider a scenario where B(2)∪ b̄ consists of 3 tasks with lengths b1 = 1, b2 = 10,
b3 = 2, and weights w1 = 10, w2 = 11 and w3 = 2. Suppose an = 1 + ε so that the only possible
choices for b̄ are b2 and b3. If we choose b̄ = b2 according to WSPT (w2/b2 = 1.1 > w3/b3 = 1),
the resulting schedule

σ = 〈B(1) A b2 b1 b3〉

– neglecting the contributions of B(1) and the A block – would cost f(σ) ≈ 11× 10 + 10× 11 +
2× 13 = 246. If, on the other hand, b̄ = b3 is chosen, then the schedule

σ′ = 〈B(1) A b3 b1 b2〉

would cost f(σ′) ≈ 2× 2 + 10× 3 + 11× 13 = 177 and, obviously, σ′ is better than σ.

3.4 Minimization of total completion times

As in the previous section, we show that there are exponentially many Pareto optimal solutions
when both agents want to minimize their total completion times and that P2(

∑
CAj ,

∑
CBj ) is

NP-complete. However, the proofs are far more complicated due to the more complex objective
function of agent A.

Regarding the characterization of Pareto optimal solutions, it is easy to note that, when both
agents submit their tasks in SPT order, the outcome is a Pareto optimal solution. Note that
because of the selection mechanism, this results in an overall SPT schedule, thereafter denoted
as σSPT , which is obviously the schedule minimizing

∑
j C

A
j +

∑
j C

B
j .

Let us first address problem P1(
∑
CAj ,

∑
CBj ). Consider the following instance denoted as

POexp. Let M be a large enough number. Each agent owns n tasks, defined as follows:

POexp:

a1 = 1 +M b1 = 2 +M b2 = 3 +M a2 = 4 +M
a3 = 1 +M2 b3 = 2 +M2 b4 = 3 +M2 a4 = 4 +M2

. . . . . . . . . . . .
a2i−1 = 1 +M i b2i−1 = 2 +M i b2i = 3 +M i a2i = 4 +M i

. . . . . . . . . . . .

an−1 = 1 +Mn/2 bn−1 = 2 +Mn/2 bn = 3 +Mn/2 an = 4 +Mn/2.
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We call each subset of 4 tasks a2i−1, a2i, b2i−1, b2i a quartet Qi. We call quasi-SPT a schedule
in which the tasks of Qi are all scheduled before the tasks of Qi+1, for all i = 1, . . . , n/2− 1.

Proposition 6 There exist 2n/2 quasi-SPT schedules for instance POexp.

Proof. In any quasi-SPT schedule, for each quartet Qi there are exactly two nondominated
feasible modes of being scheduled, namely σSPT (Qi) = 〈a2i−1, b2i−1, b2i, a2i〉 (which we denote
as SPT-mode, since it is obtained when A submits its tasks in SPT order) and σLPT (Qi) =
〈b2i−1, b2i, a2i, a2i−1〉 (denoted as LPT-mode, since it is obtained when A submits its tasks in
LPT order). See Figure 2 for a pictorial representation of the two modes. Since each quartet
can be scheduled independently of the others, the thesis follows. �

a2i−1 a2ib2ib2i−1

a2i−1a2ib2ib2i−1

σSPT (Qi)

σLPT (Qi)

Figure 2: Structure of a quartet Qi scheduled in SPT-mode and LPT-mode.

Proposition 7 No quasi-SPT schedule is dominated by a non-quasi-SPT schedule for instance
POexp.

Proof. We compare the total cost of schedules, i.e. fA + fB. Clearly, the optimal total cost f∗

is obtained by scheduling all tasks by SPT. Now we first bound the difference between f∗ and
the total cost of the worst possible quasi-SPT schedule, call it σ̂, which is obtained by choosing
LPT-mode σLPT (Qi) for all i. A trivial calculation yields fA(σ̂) + fB(σ̂)− f∗ ≤ 3n.

On the other hand considering the combined sequence of tasks of both agents any non-quasi-
SPT schedule must have at least one position where a task from some quartet Qi+p is followed
by a task from a quartet Qi with p ≥ 1. Calculating the difference of this configuration from an
optimal SPT schedule with respect to the total completion times we get in the best case for the
non-quasi-SPT schedule, i.e. p = 1, a deviation of 1 +M i+1 − 4−M i ≥M(M − 1)− 3 which is
strictly larger than 3n for M sufficiently large. Hence, any non-quasi-SPT schedule has a total
cost larger than that of a quasi-SPT schedule and the statement follows. �

Proposition 8 All quasi-SPT schedules are Pareto optimal for instance POexp.

Proof. Given a quasi-SPT schedule σ, it is easy to show that, letting Xi =
∑i

k=1(a2k−1 + a2k +
b2k−1 + b2k), i = 1, . . . , n/2, for each quartet scheduled in SPT-mode one has

fA(σSPT (Qi)) = 2Xi−1 + 11 + 5M i and fB(σ1(Qi)) = 2Xi−1 + 9 + 5M i (11)

while, for each quartet scheduled in LPT-mode

fA(σLPT (Qi)) = 2Xi−1 + 19 + 7M i and fB(σ2(Qi)) = 2Xi−1 + 7 + 3M i. (12)
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Now let QSPT (σ) and QLPT (σ) denote the set of quartets scheduled in SPT and LPT modes
in σ respectively. From (11) and (12) one can then compute

fA(σ) = 2

n/2−1∑
i=1

Xi + 11|QSPT (σ)|+ 19|QLPT (σ)|+ 5
∑

i∈QSPT (σ)

M i + 7
∑

i∈QLPT (σ)

M i (13)

fB(σ) = 2

n/2−1∑
i=1

Xi + 9|QSPT (σ)|+ 7|QLPT (σ)|+ 5
∑

i∈QSPT (σ)

M i + 3
∑

i∈QLPT (σ)

M i. (14)

In what follows, consider two distinct quasi-SPT schedules σ, σ′. Clearly QSPT (σ) 6=
QSPT (σ′) and QLPT (σ) 6= QLPT (σ′). Let k be the largest index of a quartet such that Qk is
processed in different modes in σ and σ′, and suppose that Qk ∈ QSPT (σ) and Qk ∈ QLPT (σ′).
From (13) and (14), even if Qi ∈ QLPT (σ) and Qi ∈ QSPT (σ′) for all i = 1, . . . , k− 1, switching
from σ to σ′ implies that the cost for B decreases by at least 2(Mk −Mk−1 −Mk−2 − · · · −M)
and the cost of A increases by at most the same amount (disregarding terms of smaller order).
For large enough M , this means that fB(σ′) < fB(σ) and fA(σ′) > fA(σ). On the contrary, if
Qk ∈ QLPT (σ) and Qk ∈ QSPT (σ′), then fB(σ′) > fB(σ) and fA(σ′) < fA(σ). In conclusion,
if the cost to one agent decreases, the cost to the other agent necessarily increases. So, no two
quasi-SPT schedules dominate each other. From Proposition 7 it follows that no quasi-SPT
schedule is dominated by a non-quasi-SPT schedule and the thesis follows. �

Note that Proposition 8 does not imply that all Pareto optimal schedules are quasi-SPT
schedules for instance POexp. Summarizing, Propositions 6 and 8 imply the following result.

Theorem 9 There can be exponentially many Pareto optimal solutions for P1(
∑
CAj ,

∑
CBj ).

In the following, we will show the NP-completeness of P2(
∑
CAj ,

∑
CBj ) by reducing Even-

Odd Partition [11] to the latter problem.

Even-Odd Partition:
Instance: an even integer n = 2m, nonnegative integers S = {s1, . . . , sn}, with
sj < sj+1 j = 1, 2, . . . , n− 1 and

∑n
j=1 sj = U .

Question: Is there a subset S′ ⊆ S such that exactly one between s2i−1 and s2i

belongs to S′ for each i, and∑
j∈S′

sj =
∑

j∈S\S′
sj = U/2 ?

Theorem 10 Problem P2(
∑
CAj ,

∑
CBj ) is NP-complete.

Proof. Problem P2(
∑
CAj ,

∑
CBj ) trivially belongs to NP.

Given an instance of Even-Odd Partition we assume w.l.o.g. that the items are multiplied
by a suitable positive constant so that si � 1. We define the corresponding instance of our
problem P2(

∑
CAj ,

∑
CBj ) as follows:

Extending the construction of instance POexp by adding the value si to each quartet Qi
and duplicating all quartets we get an instance (POcomp) where each agent has 2n = 4m tasks.
Here, an odd quartet Q2h−1 is the subset of 4 tasks a2h−1, b2h−1, b2h, a2h and an even quartet Q2h
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Table 4: Instance POcomp

octet quartet tasks

O1
Q1: a1 = 1 + s1 + M1 b1 = 2 + s1 + M1 b2 = 3 + s1 + M1 a2 = 4 + s1 + M1

Q2: ā1 = 1 + s2 + M1 b̄1 = 2 + s2 + M1 b̄2 = 3 + s2 + M1 ā2 = 4 + s2 + M1

. . . . . . . . . . . . . . . . . .

Oh
Q2h−1: a2h−1 = 1 + s2h−1 + Mh b2h−1 = 2 + s2h−1 + Mh b2h = 3 + s2h−1 + Mh a2h = 4 + s2h−1 + Mh

Q2h: ā2h−1 = 1 + s2h + Mh b̄2h−1 = 2 + s2h + Mh b̄2h = 3 + s2h + Mh ā2h = 4 + s2h + Mh

. . . . . . . . . . . . . . . . . .

Om
Qn−1: an−1 = 1 + sn−1 + Mn/2 bn−1 = 2 + sn−1 + Mn/2 bn = 3 + sn−1 + Mn/2 an = 4 + sn−1 + Mn/2

Qn: ān−1 = 1 + sn + Mn/2 b̄n−1 = 2 + sn + Mn/2 b̄n = 3 + sn + Mn/2 ān = 4 + sn + Mn/2

is the subset of 4 tasks ā2h−1, b̄2h−1, b̄2h, ā2h, for h = 1, . . . , n/2. The subset of tasks consisting of
quartets Q2h−1 and Q2h is called octet Oh. Table 4 summarizes the structure and tasks lengths
of instance POcomp.

Similarly to the schedules introduced in Section 3.4, we consider solution schedules for
POcomp in which the tasks of Qi are all scheduled before the tasks of Qi+1, for all i =
1, . . . , n/2 − 1. In any such schedule, for each quartet Qi there are exactly two nondominated
feasible modes of being scheduled, namely

1. SPT mode: σSPT (Qi) = 〈ai, bi, bi+1, ai+1〉 or σSPT (Qi) = 〈āi−1, b̄i−1, b̄i, āi〉
obtained when A submits its tasks in Qi in SPT order or

2. LPT mode: σLPT (Qi) = 〈bi, bi+1, ai+1, ai〉 or σLPT (Qi) = 〈b̄i−1, b̄i, āi, āi−1〉
obtained when A submits its Qi tasks in LPT order.

Consider the schedule σSPT obtained by scheduling all tasks in SPT order (note that
this schedule is organized in quartets which are all in SPT-mode). We indicate by fASPT =∑

j C
A
j (σSPT ) and fBSPT =

∑
j C

B
j (σSPT ) the values of the objective functions of the two agents

for schedule σSPT . Now we ask whether there is a schedule σ such that

fA(σ) =
∑
j

CAj (σ) ≤ PA = fASPT + 4n+ U + 2

n/2∑
i=1

M i (15)

fB(σ) =
∑
j

CBj (σ) ≤ PB = fBSPT − n− U − 2

n/2∑
i=1

M i (16)

Now we will prove the following statement: The given instance of Even-Odd Partition is
a yes-instance if and only if POcomp with (15) and (16) is a yes-instance.

(=⇒) Given the solution S′ to Even-Odd Partition, we can derive a solution to POcomp
by building a quasi-SPT-plus schedule in which the items of set S′ correspond to the tasks of
the quartets in LPT mode, i.e., for each item si in S′, the quartet Qi is scheduled in LPT mode
(conversely, for each item si not in S′, the quartet Qi is scheduled in SPT mode). If we compare
the resulting schedule with σSPT we observe that, if a quartet Qi is scheduled differently from
σSPT , i.e. in LPT mode, A’s objective increases by bi + bi+1 + ai+1 − ai or b̄i−1 + b̄i + āi − āi−1

which are both equal to 8 + 2si + 2M di/2e, while B’s objective decreases by 2ai or 2āi−1, i.e. by
2 + 2si + 2M di/2e. Recalling that |S′| = n/2, by summing up on all n quartets, A’s objective,
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with respect to σSPT , is increased by

∑
i∈S′

(
8 + 2si + 2M di/2e

)
= 4n+ U + 2

n/2∑
i=1

M i.

Analogously, B’s objective, with respect to σSPT , decreases of

∑
i∈S′

(
2 + 2si + 2M di/2e

)
= n+ U + 2

n/2∑
i=1

M i.

Hence, given a solution S′ to Even-Odd Partition we can build in polynomial time a
schedule σ satisfying conditions (15) and (16).

(⇐=) Given a feasible schedule σ for POcomp fulfilling (15) and (16), we have to show that
a solution to Even-Odd Partition exists.

Here, a schedule is called quasi-SPT-plus if, (1) the tasks of quartet Qi precede those of Qi+1

for all i = 1, . . . , n− 1 and (2) in each octect Oh its quartets Q2h−1 and Q2h are scheduled one
in SPT mode and the other in LPT mode for all h = 1, . . . , n/2. The proof proceeds by showing
that if our instance is a yes-instance, then σ must be quasi-SPT-plus. In particular, we prove
that:

Fact 1. The last eight tasks of schedule σ must be those of octet On/2, i.e. tasks with processing

times 1 + sn−1 + Mn/2, 2 + sn−1 + Mn/2, 3 + sn−1 + Mn/2, 4 + sn−1 + Mn/2, 1 + sn +
Mn/2, 2 + sn +Mn/2, 3 + sn +Mn/2, 4 + sn +Mn/2;

Fact 2. The tasks of the last octet On/2 are arranged in a quasi-SPT-plus schedule.

This argument can be repeated for the second last octet and so on down to the first one,
proving that any solution of a yes-instance of our problem must be a quasi-SPT-plus schedule.
To this purpose the M ’s are chosen so that the durations of the tasks of octet Oi are suitably
larger than those of any task in octet Ok with k < i.

Proof of Fact 1. Given any schedule σ, let f(σ) = fA(σ) + fB(σ) indicate its total cost.
Any schedule σ satisfying Equations (15) and (16) must have f(σ) − f(σSPT ) ≤ 3n. It is

easy to observe that any schedule σ such that the last eight tasks are not those of the last octet,
has f(σ) − f(σSPT ) ≥ Mn/2 −Mn/2−1 >> 3n. In fact, disregarding whether tasks belong to
agent A or B, if a task whose processing time is order of Mn/2 precedes another one whose
processing time is order of Mn/2−1 the total cost of the schedule increases by at least (order of)
Mn/2 −Mn/2−1 with respect to f(σSPT ).

Proof of Fact 2. In order to obtain a schedule satisfying (15) and (16), we observe that the
contribution of the tasks in octet On/2 (neglecting the constant and the si values) must be order

of 20Mn/2 +4Tn/2 for agent A and 16Mn/2 +4Tn/2 for agent B, where Ti is a constant indicating
the starting time of octet Oi in σSPT . This means that, with respect to σSPT (in which A and
B tasks contribute order of 18Mn/2 + 4Tn/2 each), in the last octet A’s objective is increased

by order of 2Mn/2 and B’s objective is decreased by the same quantity. This argument can be
applied from the last octet down to the first one, i.e. tasks of octet Oi are sequenced so that
their contribution to A’s objective is order of 20M i, while B’s objective is order of 16M i.

To consider all such schedules, we note that Oi consists of 8 tasks all with completion
times order of h(M i + Ti) for h = 1, . . . , 8. It easy to see that only subsets S ⊆ {1, . . . , 8}
having cardinality 4 and summing up to 20 correspond to possible position assignments for
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A-tasks. Here is a list of all such subsets: S1 = {1, 4, 7, 8}, S2 = {1, 5, 6, 8}, S3 = {2, 3, 7, 8},
S4 = {2, 4, 6, 8}, S5 = {2, 5, 6, 7}, S6 = {3, 4, 5, 8}, S7 = {3, 4, 6, 7}. Clearly, the position
assignments for B is given by the complement of Si.

Observe that subsets S5 and S7 do not correspond to any feasible schedule since agent
A, owning the largest task, will always occupy the last position of the octet, i.e. position 8.
Moreover, also S2 and S4 do not correspond to feasible schedules since they cannot be obtained
with any submission list of A and B.

The remaining subsets correspond to feasible schedules depicted in Figure 3, namely S1

corresponds to schedules σ1 and σ2, S3 corresponds to schedule σ3, and finally S6 corresponds
to schedules σ4 and σ5. Clearly, these five schedules are not the only feasible ones, however
they are the only non dominated ones. In fact, by swapping some tasks of the same agent it
is possible to obtain different but still feasible schedules (in particular b2i can be swapped with
b2i−1, b̄2i with b̄2i−1, and a2i with ā2i−1). Note that σ1 and σ4 are the desired quasi-SPT-plus
schedules.

a2i−1 ā2i−1 b̄2i−1 b̄2i ā2i a2ib2ib2i−1

σ1

σ2

σ3

σ4

σ5 a2i−1ā2i−1 b̄2i−1 b̄2i ā2ia2ib2ib2i−1

a2i−1 ā2i−1b̄2i−1 b̄2i ā2ia2i b2ib2i−1

a2i−1 ā2i−1 b̄2i−1 b̄2i ā2ia2ib2ib2i−1

a2i−1 ā2i−1b̄2i−1 b̄2i ā2ia2ib2ib2i−1

a2i−1 ā2i−1 b̄2i−1 b̄2i ā2ia2ib2ib2i−1σSPT (Oi)

Figure 3: Pictorial representation of scheduling modes of octet Oi in the proof of Theorem 10.

Hereafter we compute for each of these five schedules the contributions of octet Oi to the
objective functions of both agents, fAi (σj) and fBi (σj), and report the differences to the corre-
sponding values of σSPT , for j = 1, . . . 5.
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schedule σ
of octet Oi agent X fXi (σ) ∆X

i (σ) = fXi (σ)− fXi (σSPT )

σSPT
A 4Ti + 18M i + 13s2i−1 + 5s2i + 42 0
B 4Ti + 18M i + 13s2i−1 + 5s2i + 38 0

σ1
A 4Ti + 20M i + 13s2i−1 + 7s2i + 50 2M i + 2s2i + 8
B 4Ti + 16M i + 13s2i−1 + 3s2i + 36 −2M i − 2s2i − 2

σ2
A 4Ti + 20M i + 17s2i−1 + 3s2i + 44 2M i + 4s2i − 2s2i−1 + 2
B 4Ti + 16M i + 13s2i−1 + 3s2i + 30 −2M i − 2s2i − 8

σ3
A 4Ti + 20M i + 13s2i−1 + 7s2i + 52 2M i + 2s2i + 10
B 4Ti + 16M i + 12s2i−1 + 4s2i + 38 −2M i − s2i − s2i−1

σ4
A 4Ti + 20M i + 15s2i−1 + 5s2i + 50 2M i + 2s2i−1 + 8
B 4Ti + 16M i + 11s2i−1 + 5s2i + 36 −2M i − 2s2i−1 − 2

σ5
A 4Ti + 20M i + 14s2i−1 + 6s2i + 50 2M i + s2i + s2i−1 + 8
B 4Ti + 16M i + 11s2i−1 + 5s2i + 36 −2M i − 2s2i−1 − 2

Consider now a schedule σ satisfying (15) and (16). Assume each octet is scheduled in one
of the five modes above. Let Fj indicate the set of octets scheduled according to mode σj ,
j = 1, . . . , 5. Neglecting the higher order terms M i, Equations (15) and (16) can be rewritten
as follows:

fA(σ)− fASPT =
∑
i∈F1

(2s2i + 8) +
∑
i∈F2

(4s2i − 2s2i−1 + 2) +
∑
i∈F3

(2s2i + 10)+

+
∑
i∈F4

(2s2i−1 + 8) +
∑
i∈F5

(s2i + s2i−1 + 8) ≤ 4n+ U (17)

fB(σ)− fBSPT =−
∑
i∈F1

(2s2i−1 + 2)−
∑
i∈F2

(2s2i + 8)−
∑
i∈F3

(s2i + s2i−1)+

−
∑
i∈F4

(2s2i−1 + 2)−
∑
i∈F5

(2s2i + 2) ≤ −n− U (18)

Summing up inequalities (17) and (18), we obtain

6|F1|+
∑
i∈F2

2(s2i − s2i−1 − 3) +
∑
i∈F3

(s2i − s2i−1 + 10) + 6|F4|+
∑
i∈F5

(s2i − s2i−1 + 6) ≤ 3n

(19)

Since s2i − s2i−1 >> 1, all terms in the summations of the left-hand-side of (19) are greater
than 6 which yields a contradiction unless F2 = F3 = F5 = ∅, i.e. only schedules σ1 and σ4 can
occur.

At this point, we have proved that any solution of a yes-instance of our problem must be
structured into quartets 〈Q1, Q2, . . . Qn〉 and, for each octet one quartet is in LPT mode while
the other is in SPT mode, i.e. it must be a quasi-SPT-plus schedule.

Hence, given a yes-instance and a solution schedule σ, we can build a solution S′ to Even-
Odd Partition in which S′ contains all items si such that the quartet Qi is scheduled in LPT
mode in σ.

In fact, σ satisfies (15) and (16), then A’s objective, with respect to σSPT is increased

by at most 4n + U + 2
∑n/2

i=1M
i, and B’s objective, with respect to σSPT is decreased by
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n + U + 2
∑n/2

i=1M
i. Moreover, since for each quartet in LPT mode, A’s objective increases by

8 + 2si + 2M di/2e and since for each octet there is exactly one quartet in LPT mode, we have
that Equation (15) becomes

∑
i∈S′

(
8 + 2si + 2M di/2e

)
= 4n+

∑
i∈S′

2si + 2

n/2∑
i=1

M i ≤ 4n+ U + 2

n/2∑
i=1

M i.

Analogously, since for each quartet in LPT mode, B’s objective decreases by at least 2 + 2si +
2M di/2e, then Equation (16) becomes

∑
i∈S′

(
2 + 2si + 2M di/2e

)
= n+

∑
i∈S′

2si + 2

n/2∑
i=1

M i ≥ n+ U + 2

n/2∑
i=1

M i.

So,
∑

i∈S′ 2si = U and this completes the proof. �

This result implies that the same recognition version of problem where both agents minimize
their weighted sum of completion times, i.e. P2(

∑
wAj C

A
j ,
∑
wBj C

B
j ), is NP-complete. Note

that Theorem 10 shows the weak NP-completeness of P2(
∑
CAj ,

∑
CBj ). We leave it as an

open problem to derive a pseudopolynomial algorithm for the problem and thus rule out strong
NP-completeness similar to Theorem 4.

4 Single agent perspective

4.1 Minimization of makespan or total completion time

We now focus our attention to the design of algorithms for suggesting agent B which task to
submit at each round, in order to optimize its objective function.

When B’s objective is the minimization of the makespan or total completion time, finding an
optimal strategy forB is trivial. Since in every round the shorter between the two candidate tasks
wins, there is no advantage in deviating from the SPT sequence. More precisely, independently
from A’s submission sequence, by standard pairwise interchange arguments, it is easy to show
that an optimal solution for agent B is attained by submitting tasks in SPT order. Hence, SPT
is both a minimax strategy and an optimal offline algorithm for agent B when fB = CBmax and
fB =

∑
j C

B
j , for any objective fA.

This argument does not hold anymore for the minimization of the weighted sum of completion
times of B-tasks, for which different aspects will be considered in the subsequent sections.

4.2 Minimization of weighted total completion time: optimal offline response

In this section we present an algorithm for solving problem P3(fA,
∑

j w
B
j C

B
j ), i.e. it builds a

sequence which minimizes the total weighted completion time of B-tasks, for a given sequence
of submissions of A. Recall from (1) that the schedule is a sequence of blocks.

Scheduling all the tasks of B in SPT order has the advantage that the tasks are scheduled as
early as possible. This was beneficial in Section 4.1 for the makespan and the total completion
time criteria. However, task weights are not taken into account. It is well known that, in
the classical (single agent) case, a schedule minimizing the total weighted completion time is
obtained by sorting tasks according to the WSPT rule, i.e. in nonincreasing order of weight over
processing time ratios. However, when considering multiple agents, sequencing the tasks of one
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agent in WSPT order may result in a schedule that is not optimal due to the presence of the
other agent’s tasks, which may delay the heavier (and possibly long) tasks. (See Section 4.4 for a
worst case analysis of the performances of SPT and WSPT algorithms as single agent strategies
when B’s objective is fB =

∑
j wjC

B
j .)

We introduce the following notation: The density ρj of a B-task bj is given by the usual
weight over processing time ratio wj/bj . Extending this concept to a sequence ∆ of consecutive
tasks, we define

ρ(∆) =
w(∆)

t(∆)
=

∑
i∈∆∩B wi∑

i∈∆∩A ai +
∑

i∈∆∩B bi
.

Clearly, when ∆ contains only a single B-task bj , we have ρ(∆) = ρj = wj/bj .

The algorithm works as follows: First, it is easy to see (by a simple exchange argument) that,
in any solution minimizing B’s total weighted completion time, the tasks within each block of
B must be ordered in nonincreasing order of density, i.e. in WSPT order. Hence, it remains
to find the optimal arrangement of B-tasks into blocks. To this purpose the algorithm starts
from a partial schedule containing a certain number of auxiliary blocks Dk, initially containing
only A-tasks. In iteration j = 1, . . . , n, the most dense bj task among the unscheduled B-tasks
is included in (appending it at the end of) a suitable block Dk(j). Eventually, the algorithm
returns the sequence 〈D1, D2, . . . , Dq〉 which is proven to be an optimal solution schedule.

Algorithm 1 Algorithm of agent B for P3(fA,
∑

j wjC
B
j )

WSPTinsert

1: Build schedule σ̃ in which B submits its tasks in SPT order while those of A are submitted
in the given order;

2: Consider block structure σ̃ = 〈A1, B1, A2, B2, . . . Aq, Bq〉;
3: Keep a label ` for each task of B pointing to its original block, e.g. `(j) := k if bj ∈ Bk;
4: Generate new sequence of initially empty blocks 〈D1, D2, . . . Dq〉;
5: Initialize Dk := Ak for all k = 1, . . . , q;
6: /* Inserting the tasks of B at the correct (=best) position */
7: Renumber tasks of B in WSPT order: ρ1 ≥ ρ2 ≥ . . . ,≥ ρn;
8: for all tasks bj from j := 1 to n do
9: for all blocks Dk, k = `(j), . . . , q do

10: Compute the objective function if bj is appended at the end of block Dk

11: end for
12: Append bj at the end of block Dk(j) where the smallest objective value is obtained;
13: end for
14: Return the resulting schedule 〈D1, D2, . . . Dq〉

The core of the algorithm is to establish which block Dk(j) the current task bj should be
appended to. To this aim, we first build an initial block structure as follows. We order all
tasks of B in SPT order, and feed the SPT sequence along with σA. The resulting schedule has
structure 〈A1, B1, A2, B2, . . . Aq, Bq〉 and we let `(j) be the index of the block task bj belongs
to in such schedule. We will show that, when assigning task bj to a block it suffices to consider
appending bj to a block Dk where `(j) ≤ k ≤ q. Note also that, since the initial block structure
(Step 2) is obtained when B submits its tasks in SPT order when bj is placed in block B`(j),
the sequence composed of the first task of all blocks has nondecreasing processing times. As a
consequence, the schedule obtained appending task bj at the end of block Dh, with h ≥ `(j), is
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always feasible, i.e., it can be obtained by a specific submission sequence of B task through the
selection mechanism. In conclusion, the algorithm correctly considers all available positions for
the generic task bj (Step 9).

Let ∆k
h be the sequence of all tasks of both agents in blocks Dh+1, . . . , Dk for k > h. The

comparison between two insertion positions for some task bj (cf. Step 10) is given by the following
condition, which can be verified by elementary calculations (see Figure 4).

|Ah, Bh | bj︸ ︷︷ ︸
Dh

|

∆k
h︷ ︸︸ ︷

Ah+1, Bh+1︸ ︷︷ ︸
Dh+1

| . . . | Ak, Bk︸ ︷︷ ︸
Dk

|

Figure 4: Definition of ∆k
h and insertion of bj at the end of Dh (when ρj > ρ(∆k

h)).

Proposition 11 Comparing two blocks Dh and Dk with k > h, it is better to append bj at the
end of block Dh rather than at the end of block Dk if and only if

ρj > ρ(∆k
h) . (20)

Theorem 12 Given the sequence of submissions of agent A, algorithm WSPTinsert finds an
optimal solution of problem P3(fA,

∑
j wjC

B
j ) for agent B.

Proof. The proof is given by induction over the insertion of B-tasks into the D-blocks. The first,
i.e. best task by WSPT will always be scheduled by B as early as possible due to the initial SPT
structure. Indeed, in the first iteration of the for loop starting in Step 8, task b1 will remain in
block D`(1), as in the original SPT structure.

Considering iteration j with task bj for some j > 1, we assume by induction that after
iteration j − 1 an optimal sequence is represented by the D-blocks. Clearly, task bj is inserted
at the best possible position by construction. It remains to be shown, that the insertion of j
does not change the optimality of the position of any task i < j inserted in one of the previous
iterations. Since tasks are considered in nonincreasing order of densities and always appended
at the end of a D-block, all B-tasks are scheduled in WSPT order in each D-block, but we have
to show that each task i was put into the best possible D-block.

Recall k(j) is the index of the D-block containing task j in the schedule returned by the al-
gorithm. We first show that task j > i (ρi > ρj) will never be placed in blocks D`(i), . . . , Dk(i)−1,
i.e. any task j with a lower density than i will be placed either in a D-block before `(i), or in
the same D-block k(i) as i or in a later one.

Assume otherwise, i.e. j is appended to some block Ds with `(i) ≤ s < k(i): At iteration i,
it was better for task i to be placed in block Dk(i) than in Ds. Proposition 11 implies that

ρ(∆k(i)
s ) > ρi ≥ ρj .

Hence, block Dk(i) would be a better choice for task j than block Ds. In fact, by the same
argument it follows that no other tasks between i and j were appended to D`(i), . . . , Dk(i) before

considering j, which implies ∆
k(i)
s is not changed between iteration i and j.

Thus, there remain three cases to be considered:

Case 1: k(j) < `(i), i.e. j was positioned before block D`(i). In this case, bj has the same
effect on all positions available for i and its contribution does not affect the criterion of
Proposition 20. Hence, the original decision for i is still the best choice.
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Case 2: k(j) > k(i), i.e. j was positioned in a block later than Dk(i). Clearly, the insertion of
bj does not modify the current schedule until the position of bj in block Dk(j). Hence, if

in iteration i it was better to place task i in block Dk(i) rather than in Ds, s ≤ k(j)†, the
same still applies in the j-th iteration. Consider then the possibility to place task i now in
block Dr with r > k(j). In iteration i, from the criterion of Proposition 11, one had that

ρi ≥ ρ(∆r
k(i)) (21)

since otherwise block r was preferable to k(i). Between iterations i and j, additional tasks
with density lower than ρi were possibly inserted between the position of i in Dk(i) and Dr.
Let w(I) resp. t(I) denote their total weight resp. processing times. Clearly ρi ≥ w(I)/t(I),
so from (21) and recalling ρ(∆r

k(i)) = w(∆r
k(i))/t(∆

r
k(i)), by a straightforward calculation

one obtains

ρi ≥
w(∆r

k(i)) + w(I)

t(∆r
k(i)) + t(I)

. (22)

Hence, the decision for k(i) remains optimal.

Case 3: k(j) = k(i), i.e. j is positioned in the same block as i. As before, bj has no effect on
the D-blocks before Dk(i). Placing task i in some block Ds with s > k(i) can be shown to
be unprofitable by the same argument given in Case 2.

Summarizing, we have shown that reconsidering that decision of placing any task i < j in
iteration j would lead to exactly the same placement of i as before in iteration i. Thus, the
optimality of the sequence remains valid also after iteration j. �

Theorem 13 Algorithm WSPTinsert can be implemented to run in O(n2) time.

Proof. Clearly, the running time of WSPTinsert is dominated by the O(n2) executions of
Step 10. In a naive approach, each computation of the objective function would require linear
time yielding an O(n3) overall running time. However, we can do better by storing for each
block Dk its overall processing time Tk :=

∑
j∈Bk∩A aj +

∑
j∈Bk∩B bj and weight (w.r.t. B)

Wk :=
∑

j∈Bk∩B wj , which can be trivially kept updated.
Given the objective function value z over all D-blocks before inserting bj , we can iteratively

compute the candidate objective function value zk arising if bj is appended at the end of block

Dk by zk = zk−1+wjTk−Wkbj for k = `(j)+1, . . . , q starting with z`(j) = z+wj

(
bj +

∑`(j)
i=1 Ti

)
.

Thus, we can go through all iterations of the for loop in Steps 9, 10 in linear time. �

4.3 Minimization of weighted total completion time: minimax strategy

We have already observed in Section 4.1 that SPT is a minimax strategy of agent B for problems
P4(fA, CBmax) and P4(fA,

∑
j C

B
j ). Hereafter, we show how to exploit the offline algorithm

described in Section 4.2 to derive a minimax strategy of B for problem P4(fA,
∑

j wjC
B
j ).

Lemma 14 For any strategy σB played by B, the maximum value of B’s objective
∑
wjC

B
j is

attained if A plays its tasks in SPT order.

†Since anyway i would be placed before j in block Dk(j), these arguments hold also for s = k(j).
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Proof. Let πB be the sequence of tasks played by B. Assume by contradiction that B’s worst
outcome occurs when A plays a sequence πA = 〈a1, a2, . . . , an〉 where there exists a pair of
tasks ai, ai+1 with ai > ai+1. As usual, the resulting schedule can be seen as sequence of
blocks: σ(πA, πB) = 〈A1, B1, A2, B2, . . . Aq, Bq〉 where the first and the last blocks A1 and Bq
are possibly empty.

Consider now the new schedule in which A plays π̄A obtained from πA by swapping ai and
ai+1. If ai and ai+1 are in the same block Aj of σ(πA, πB), then the objective of B is unchanged
in the new schedule σ(π̄A, πB). Else, if ai is in block Aj and ai+1 in block Aj+1, then in schedule
σ(π̄A, πB), ai and ai+1 are both in block Aj , thus delaying all the tasks of block Bj . This
contradicts the fact that πA is the worst opposing strategy for B. Hence, the thesis follows. �

The above results implies that a minimax strategy for B can be attained by applying the
offline WSPTinsert algorithm of Section 4.2 assuming that A submits its tasks in SPT order.

4.4 Minimization of weighted total completion time: performance of stan-
dard algorithms

When the objective of B is the minimization of the weighted total completion time, neither
SPT nor WSPT are optimal submission strategies for B. Hereafter, we analyze the worst-case
performance of these natural algorithmic strategies compared to an optimal strategy as defined
in Section 2.2.

Recall that it was shown in Lemma 14 that the SPT rule pursued by agent A yields the worst
outcome for any strategy of B. However, this does not imply that SPT of A also maximizes the
worst-case performance ratio r(H) for some heuristic H.

For the SPT strategy our analysis provides a tight performance bound. As can be expected
for weighted total completion times, the performance of SPT can be very bad.

Theorem 15 For the minimization of
∑

j wjC
B
j the SPT heuristic yields the performance bound

r(SPT ) = n.

Proof. To prove the upper bound, let CBj resp. C̃Bj be the completion time of a task bj in the
solution resulting from an optimal strategy resp. from an SPT strategy of B against an arbitrary
strategy of A.

For any bj let SAj denote the A-tasks processed before bj . Since B follows an SPT strategy,

any other strategy of B can not avoid to process all tasks in SAj before bj , but possibly also

others. Thus, the tasks of A cannot contribute more to C̃Bj than to CBj .

However, C̃Bj may be larger than CBj because of tasks of B scheduled before bj by SPT, but
not by the optimal strategy. In the worst case, all tasks (i.e. at most n−1) with processing time
at most bj might precede bj in SPT, but not in the optimal strategy. Thus we get the following
fairly rough bound:

C̃Bj ≤ CBj + (n− 1) bj ≤ nCBj
This suffices to prove the upper bound of n stated in the theorem.

To prove the lower bound we consider the following instance for some large value M :
a1 = . . . = an = 1
b1 = . . . = bn−1 = M , bn = M + 1
w1 = . . . = wn−1 = M , wn = M2
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Since all tasks of A are identical, A has nothing to decide. No matter what B does, A will
win the first n rounds and thus all its tasks are processed before any task of B.

The items of B are sorted according to SPT, which yields:

zBSPT =
n−1∑
k=1

(n+ kM) ·M + (n+ nM + 1) ·M2

Considering only the largest powers of M we get a very rough estimation of zBSPT ≥ nM3.
An optimal solution for B would submit its item by WSPT and thus start with item bn,

which means:

zB = (n+M + 1) ·M2 +

n−1∑
k=1

(n+M + 1 + kM) ·M = M3 +M2(
1

2
n2 + 2n− 1) +M(n2 − 1)

Another estimation of the upper bound for zB yields:

zBSPT
zB

≥ nM3

M3 + (n2/2 + 2n+ 1)M2 +Mn2

M→∞−→ n.

�

It should be noted that in the proof of Theorem 15 the tasks of A do not contribute to
the constructed bounds at all. Thus, the same arguments could be used to show the following
statement for the classical scheduling problem without agents.‡

Corollary 16 Using the SPT heuristic for the classical minimization of the weighted sum of
completion times on a single machine yields a tight worst-case performance ratio of n compared
to the optimal solution obtained by the WSPT rule.

If B pursues the WSPT strategy one could expect a better performance than for SPT.
Indeed, the best lower bound we could find for r(WSPT ) is O(

√
n). Unfortunately, we could

not find a matching upper bound but only a very rough estimate.

Theorem 17 For the minimization of
∑

j wjC
B
j the performance ratio of the WSPT heuristic

can be bounded as follows: √
n/2 ≤ r(WSPT ) ≤ n− 1.

Proof. To show an upper bound we first recall that the WSPT heuristic produces an optimal
schedule for the tasks of B assuming that no A-tasks are present. Thus, we can restrict our
analysis on bounding the possible increase of each term wjC

B
j caused by tasks of agent A. For

convenience we denote the optimal solution for agent B for a given sequence of A as OptB =
minσB{fB(σA, σB)}.

Let SAj denote the A-tasks preceding bj in the schedule produced by the WSPT heuristic,
but not in the optimal schedule of B. Recalling the block structure of the sequence of tasks let
bj′ be the largest B-task of the block containing bj , not scheduled later than bj . This implies
that bj′ is at least as large as the first task of the block containing bj and also bj′ ≥ bj . Since the
sequence consisting of all starting tasks of all blocks is strictly increasing, there must be ai ≤ bj′
‡The result was probably proved elsewhere, but we are not aware of any reference.
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for each task ai ∈ SAj , not matter to which block ai actually belongs to. Thus by the WSPT

ordering we can bound the contribution of ai to the increase of each term wjC
B
j as follows:

wj ai ≤
(
bj
bj′

w′j

)
ai ≤ w′j ai (23)

Next we consider the completion time C∗Bj′ of bj′ in the optimal solution. We claim that all

ai ∈ SAj must be scheduled before bj′ also in the optimal solution. Assume otherwise: Since
ai ≤ bj′ there must exist some āi ≥ bj′ ≥ ai preceding ai in the sequence of A-tasks. But since
the B-block, in which the WSPT heuristic scheduled bj′ , starts with a task at most as large as
bj′ and thus not greater than āi, it follows from above that āi is at least as large as all first tasks
of blocks preceding bj′ and thus can not be scheduled before bj′ in any feasible solution.

Using this observation we can summarize the contribution bounded in (23) over all ai ∈ SAj
and get ∑

i∈SA
j

wjai ≤ w′j
∑
i∈SA

j

ai ≤ w′jC∗Bj′ ≤ OptB. (24)

Thus, for each of the n terms wjC
B
j we obtain an increase of the objective function value in the

WSPT heuristic of at most OptB which proves an upper bound of n on the performance ratio.
Considering that the task with smallest value of

bj
wj

is scheduled as early as possible by the

WSPT heuristic, it follows that its contribution to the objective function can not be improved
by any strategy of B and thus only n− 1 terms have to be accounted for.

To show the lower bound consider the following instance for some arbitrarily small ε > 0
and a parameter value V to be chosen later:

a1 = . . . = an = V + ε
b1 = V + 2ε, b2 = . . . = bn = 1
w1 = V + 3ε, w2 = . . . = wn = 1
Again, since all tasks of A are identical, A has nothing to decide. Obviously, the items of

B are sorted according to WSPT. By the WSPT rule, B loses with b1 against all tasks of A.
Neglecting the value ε we have:

zBWSPT = (n+ 1)V ·V +
n−1∑
k=1

((n+ 1)V +k) · 1 = (n+ 1)V 2 + (n2− 1)V +
1

2
(n2−n) ≥ nV 2 +n2V

An optimal solution for B would first submit all items b2, . . . , bn and win against A. Only at
the end b1 is submitted. We get:

zB =
n−1∑
k=1

k ·1 + (n−1 + (n+ 1)V ) ·V =
1

2
(n2−n) + (n−1)V + (n+ 1)V 2 ≤ n2 +nV + (n+ 1)V 2

The resulting lower bound for r(WSPT ) can be roughly maximized by choosing V :=
√
n.

r(WSPT ) ≥ nV 2 + n2V

n2 + nV + (n+ 1)V 2
=

n2 + n5/2

2n2 + n3/2 + n
≥
√
n

2

�
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5 A modified selection mechanism

As already observed in Section 1, the adopted selection mechanism does reflect a sensible coor-
dinator objective (minimizing average flow time), but it does not take any fairness issues into
account. For instance, it may even happen that all the tasks of one agent are performed only
after all the tasks of the other agent are completed, e.g. if an ≤ b1. In this section we modify
the selection mechanism in order to incorporate some notion of fairness. In particular, we allow
an agent to override the usual mechanism if it did not have access to the machine for at least T
time units. More precisely, we consider the following modified selection rule:

1. Each agent submits one of its tasks.

2. Let X denote the agent who lost the previous round. If the most recently scheduled task
of X was completed at least T time units ago, then the task submitted by X is selected.
Otherwise (standard case) the shortest between the two submitted tasks is selected.

We will refer to T as the tenure time. Note that when T is sufficiently small, the modified
selection mechanism becomes indeed the round robin rule, while the original selection rule is
attained for large T .

We next show that unfortunately such a fairer rule does not allow to efficiently devise an
optimal offline or minmax strategy, even when agent B holds the simplest possible objective
functions. In the proofs we make use of the following variant of the classical bin packing problem,
which allows one item in each bin to exceed the capacity. It was shown to be strongly NP-
complete by [15].

Open-End Bin Packing:
Instance: integers n, k, C, nonnegative integer weights S = {s1, . . . , sn} such that
sj < C for j = 1, . . . , n.
Question: Is there a partition {B1, . . . ,Bk} of S into k bins such that for each bin
the sum of all item weights but the largest is below C, i.e., for all i = 1, . . . , k∑

j∈Bi

sj −max
j∈Bi
{sj} ≤ C − 1 ?

Theorem 18 Under the modified selection rule with tenure period T , problem P3(fA, CBmax) is
strongly NP-hard.

Proof. Given an instance of Open-End Bin Packing, consider an instance of our problem
in which T = C, agent A has k identical tasks of length Q, such that Q > T , and agent B
owns n tasks, of size bj = sj , j = 1, . . . , n. We want to show that there is a schedule such
that CBmax ≤

∑
j bj + (k − 1)Q if and only if the instance of Open-End Bin Packing is a

yes-instance.
Consider a yes-instance of the scheduling problem. In such schedule, we call block the set

of B-tasks between two consecutive A-tasks. Since Q > T , and all B-tasks are shorter than T ,
agent A can schedule one of its tasks only when the tenure period has elapsed (or when B has
no more tasks to schedule). With no loss of generality, we can suppose that the last B-task in a
block is also the longest B-task in the block. Because of the modified selection mechanism, such
last B-task starts at the latest C − 1 time units after the first B-task of the block has started.
Hence, for each block B one has ∑

j∈B
bj −max

j∈B
{bj} ≤ C − 1
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and therefore the block corresponds to a feasible packing of a bin. Since CBmax ≤
∑

j bj+(k−1)Q,
only k−1 A-tasks are performed before all B-tasks are completed, i.e., all B-tasks are partitioned
in at most k blocks. Hence, the number of bins in the bin packing instance is at most k, i.e., it
is a yes-instance.

Viceversa, given a yes-instance of the bin packing problem, clearly the bins define a feasible
schedule in which B-tasks are partitioned into k blocks, i.e., the last B-task completes within∑

j bj + (k − 1)Q. �

Note that in the construction used in the above theorem, all tasks of agent A are identical.
This implies the NP-completeness of the minimax version of the same problem. A very similar
construction establishes that also the case in which agent B’s objective is the minimization of
total flow time, the offline problem is intractable.

Theorem 19 Under the modified selection rule with tenure period T , problem P3(fA,
∑

j Cj) is
strongly NP-hard.

Proof. Given an instance of Open-End Bin Packing, we consider again an instance of our
problem in which T = C and agent B owns n tasks, of size bj = sj , j = 1, . . . , n. Agent A has
k tasks. The first k − 1 tasks are identical, of length Q > T . The last task is very long with
ak > n((k − 1)Q+

∑
j bj).

Agent A submits its tasks in SPT order, i.e., ak is the last task to be submitted. We want
to show that there is a schedule such that

∑
j Cj ≤ ak if and only if the instance of Open-End

Bin Packing is a yes-instance.
The reasoning is very similar to the previous theorem. Consider a yes-instance of the schedul-

ing problem. In such a schedule, no B-task is scheduled after ak, since otherwise the completion
time of any such task would already exceed ak. Conversely, if no task is scheduled after ak, then
certainly

∑
j Cj ≤ ak, since the completion time of any B-task cannot exceed (k− 1)Q+

∑
j bj .

This means that a scheduling instance is a yes-instance if and only if all B-tasks are scheduled in
k blocks. As in Theorem 18, since Q > T and all B-tasks are shorter than T , it is easy to check
that each block corresponds to a feasible packing of a bin. Since there are k blocks, a schedule
with the desired property exists if and only if the bin packing instance is a yes-instance. �

6 Conclusions

In this paper we analyzed a two-agent scheduling situation with an external coordinator, who
enforces a selection mechanism on the task sequence submitted by the two agents. We addressed
the scenario in which, at each round, the shortest submitted task is selected for processing, while
the agents pursue the most common scheduling performance indices (makespan, total weighted
or unweighted completion time). We analyzed various optimization problems related to the
agents’ strategy and behavior.

We wish to underline that the results presented in this paper are strongly related to the fact
that the coordinator uses SPT as a selection rule. This rule aims at minimizing the average time
spent in the system by the tasks, and it is especially sensible in a context in which the system
coordinator has no information on the tasks of the two agents before the tasks show up. Such
selection rule is common knowledge. In Section 4 we have seen that under such mechanism,
when the opponent’s task sequence is known, the optimal strategy of an agent can be found
in polynomial time, either by a simple rule (for makespan or total flow time objective) or by a
fairly elaborate greedy-type algorithm (total weighted flow time objective).

27



To our knowledge, this is one of the first attempts to analyze this type of scheduling structure,
hence more has to be done in this respect. Among future research directions, we can propose
the following.

• Considering that the system coordinator has no information on the tasks of the two agents
before the tasks show up, the SPT selection rule is sensible, since it aims at minimizing the
average time spent in the system by the tasks, i.e., overall system productivity. However,
this is by no means a fair rule, since in general it can result in very unbalanced schedules.
Hence, a more neutral coordinator may decide to enforce different rules, that incorporate
some idea of fairness, e.g. as in Section 5, where it was shown that the resulting offline prob-
lem (for an agent holding total completion time as objective) becomes NP-hard. Another
rule taking into account fairness concepts is round robin, in which the agents simply take
turns in using the resource (as in [4, 9]). We note here that the complexity of the offline
problem with such seemingly simple selection mechanism, when pursuing total weighted
completion time is still open.

Different selection mechanisms may definitely change the agent’s strategy. In this regard
investigating the problems arising from the adoption of new and different coordinator
selection mechanisms is certainly an interesting topic for future research.

• For a given selection rule, the situation described in this paper can be viewed as a classical
noncooperative game, in which for each pair of strategies (σA, σB), the agents get payoffs
fA(σA, σB) and fB(σA, σB) respectively. In a more classical setting, one could analyze
the existence and the properties of equilibria of such game. These equilibria might be also
used by the system owner to enforce solutions from which the agents have no incentive to
deviate.

• When studying the problems faced by the individual agent B, we assumed that the num-
ber and length of the tasks of agent A are known in advance. In a different, perhaps more
realistic setting, an agent may only have limited information on the other agent’s tasks,
e.g., the number and the total duration, or some information on the distribution of tasks’
durations. In principle, this allows an agent to define strategies in a dynamic way, exploit-
ing the information revealed up to a certain point. For instance, if agent A has already
won several rounds, so that it has few tasks left, but the total duration of unscheduled
tasks is still large, most likely the remaining tasks are long, and therefore agent B can
decide that time has come to play longer tasks.

• Different variants of the problem arise if the losing task of each round is not forced to
remain submitted in the next round, as in our linear conveyor model. One possibility
would be a circular conveyor model where the losing task of each round is moved to the
end of the submission sequence of the corresponding agent. This scenario was briefly
discussed by the authors in [3] where a number of preliminary results are given. However,
most questions remain open for these cases. Furthermore, a completely open environment
may allow each agent to withdraw the losing task and submit any unprocessed task in the
next round. In such a case, the worst-case analysis of a strategy for one agent may suffer
from a completely erratic behavior of the opponent. The resulting scenario was studied in
detail in the recent work [19].
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