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Abstract

DC Programming and DCA have been introduced by Pham Dinh Tao in 1986 and extensively developed
by Le Thi Hoai An and Pham Dinh Tao since 1993. These approaches have been successfully applied to
solving real life problems in their large scale setting. In this paper, by using the Lojasiewicz inequality for
nonsmooth subanalytic functions, we investigate the convergence of DC (difference of convex) algorithm
(DCA) for solving DC program with subanalytic data. The convergent rate which depends on the so-called
Lojiasiewicz exponent has been established.
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1 Introduction

Let Γ0(Rn) denote the convex cone of all lower semicontinuous proper convex functions on Rn. The vector space
of DC functions, DC(Rn) = Γ0(Rn)− Γ0(Rn), is quite large to contain almost real life objective functions and
is closed under all the operations usually considered in Optimization.

Consider the standard DC program

α := inf{f(x) := g(x)− h(x) : x ∈ Rn} (Pdc)

with g, h ∈ Γ0(Rn). The function f is called a DC function on Rn. Remark that the closed convex constraint set
C is incorporated in the first convex DC component g with the help of its indicator function χC (χC (x) := 0
if x ∈ C,+∞ otherwise). Recall the natural convention +∞ − (+∞) = +∞ and that α ∈ R implies dom
g := {x ∈ Rn : g(x) < +∞} ⊂ dom h.

DC programming and DCA (DC Algorithms) have been introduced by Pham Dinh Tao in 1985 and ex-
tensively developed by Le Thi Hoai An and Pham Dinh Tao since 1994. DC programming plays a key role in
nonconvex programming because almost nonconvex programs encountered in practice are DC programs. Based
on local optimality conditions and DC duality, DCA is one of efficient algorithms for nonconvex programs,
especially for nonsmooth ones. Due to its local character it cannot guarantee the globality of computed solu-
tions for general DC programs. However, we observe that, with a suitable starting point, it converges quite
often to a global one. In practice, DCA was successfully applied to a lot of different and various nonconvex
programs to which it gave almost always global solutions and proved to be more robust and more efficient than
related standard methods, especially in the large-scale setting. On the other hand, it is worth noting that, with
appropriate DC decompositions, DCA permits to find again standard optimization algorithms for convex and
nonconvex programming (see [7], [8], [14], [15] and references therein).
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In this paper, we consider DC programming with subanalytic data. The class of subanalytic functions
which contains analytic functions, has been first introduced by Lojasiewicz ([10], [9], [11]) and, next has been
extensively studied by many authors (see, e.g., [3], [5], [18] and references therein). This class of functions
possesses many interesting properties; it is sufficiently rich to cover many practical optimizations problems. Due
to the Stone-Weierstrass theorem, in principle, every continuous functions can be approximated by a subanalytic
DC function with any desired precision. Recently, in [2], Attouch-Bolte have proved a result on the convergence
of the proximal method for solving nonsmooth optimization problems by using the Lojiasiewicz inequality. This
Lojasiewicz inequality is an ingredient tool in Subanalytic Geometry as well as in its applications to subanalytic
continuous/descrete dynamical systems, which has been first established by Lojasiewicz for analytic functions,
and recently generalized to nonsmooth subanalytic functions by Bolte-Daniilidis-Lewis in [3].

In this paper, by using the Lojiasiewicz inequality for nonsmooth subanalytic function as well as , we
establish the convergence of the DC algorithm for DC programming with subanalytic data. As shown in [14],
the proximal algorithm in Convex optimization can be consider as a special case of DCA, the convergent result
in this paper therefore generalizes the result of Attouch-Bolte ([2]) in the context of Convex Optimization.

2 Subanalytic functions and Lojasiewicz inequality

We briefly recall the notion of subanalytic functions (see [10], [11]).

Definition 2.1 (i) A subset C of Rn is said to be semianalytic if each point of Rn, there exists a neighborhood
V such that C ∩ V is of the following form:

C ∩ V =
p⋃
i=1

q⋂
j=1

{x ∈ V : fij(x) = 0, gij(x) > 0},

where fij , gij : V → R (1 ≤ i ≤ p, 1 ≤ j ≤ q ) are real-analytic functions.
(ii) A subset C of Rn is called subanalytic if each point of Rn, there exists a neighborhood V such that

C ∩ V = {x ∈ Rn : ∃y ∈ Rm, (x, y) ∈ D},

where D is a bounded seminalytic subset of Rn × Rm with m ≥ 1.
(iii) A function f : Rn → R ∪ {+∞} is said to be subanalytic if its graph gph f is a subanalytic subset of

Rn × R.

It is obvious that the class of subanalytic sets (resp. functions) contains all analytic sets (resp. functions). Let
us list some of the elementary properties of subanalytic sets and subanalytic functions (see, e.g., [5], [10], [18]):

- Subanalytic sets are closed under locally finite union and intersection. The complement of a subanalytic
set is subanalytic.

- The closure, the interior, the boundary of a subanalytic set are subanalytic.
-A closed C ⊆ Rn is subanalytic iff its indicator function χC , defined by χC(x) = 0 if x ∈ C and +∞

otherwise, is subanalytic.
- Given a subanalytic set C, the distance function dC(x) := infz∈C ‖x− z‖ is a subanalytic function.
- Let f, g : X → R be continuous subanalytic functions, where X ⊆ Rn is a subanalytic set. Then the sum

f + g is subanalytic if f maps bounded sets on bounded sets, or if both two functions are bounded from below.
- Let X ⊆ Rn, T ⊆ Rm be subanalytic sets, where T is compact. If f : X × T → R is a continuous

subanalytic function, then g(x) := mint∈T f(x, t) is continuous subanalytic.
-Let X ⊆ Rn be subanalytic set and let f, g : X → R be subanalytic functions. Then, f + g is subanalytic

if f maps bounded sets on bounded sets, or both two functions are bounded from below.

The following proposition gives the subanalyticity of conjugate functions.
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Proposition 2.2 If f : Rn → R ∪ {+∞} is a lower semicontinuous subanalytic strongly convex function then
its conjugate f∗ is a C1,1 (the class of functions whose derivative is Lipschitz) subanalytic convex function.

Proof. It is well-known that the conjugate of a lower semicontinuous strongly convex function is of the class
C1,1. Let us prove that f∗ is subanalytic. Let ρ > 0 is the modulus of the strong convexity of f. Take ρ1 ∈ (0, ρ)
and set h(x) := f(x)− ρ1

2 ‖x‖
2, x ∈ Rn. Then h is a strongly convex function. One has, by the definition of the

conjugate

f∗(x) = − infy∈Rn{f(y)− 〈x, y〉} = − infy∈Rn{h(y) + ρ1
2 ‖y‖

2 − 〈x, y〉}
= − infy∈Rn{h(y) + ρ1

2 ‖x/ρ1 − y‖2}+ 1
2‖x‖

2 = −ϕ(x) + ρ
−1/2
1
2 ‖x‖2,

where,
ϕ(x) = inf

y∈Rn
{h(y) +

ρ1

2
‖x/ρ1 − y‖2}, x ∈ Rn.

According to Proposition 2.9 in ([3]), the function ϕ is subanalytic. Thus f∗ is subanalytic.

Let us recall some notions from Convex Analysis and Nonsmooth Analysis, which will be needed thereafter
(see [12], [16], [17]). In the sequel, the space Rn is equipped with the canonical inner product 〈·〉. Its dual space
is identified with Rn itself. S(Rn) denotes the set of lower semicontinuous functions f : Rn → R ∪ {+∞}. The
open ball with the center x ∈ Rn and radius ε > 0 is denoted by B(x, ε); while the unit ball (i.e., the ball with
the center at the origin and unit radius) is denoted by B. A function f : Rn → R ∪ {+∞} is called ρ−convex
for some ρ(f) ≥ 0, if for all x, y ∈ Rn, λ ∈ [0, 1] one has

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)− ρ

2
λ(1− λ)‖x− y‖2.

The supremum of all ρ ≥ 0 such that the above inequality is verified is called the convex modulus of f, which
is denoted by ρ(f).

For a function f : Rn → R ∪ {+∞} be a lower semicontinuous real extended valued function. The Fréchet
subdifferential of f at x ∈ Dom f is defined by

∂F f(x) =
{
x∗ ∈ Rn : lim inf

h→0

f(x+ h)− f(x)− 〈x∗, h〉
‖h‖

≥ 0
}
.

For x /∈ Dom f, we set ∂f(x) = ∅. A point x0 ∈ Rn is called a (Fréchet) critical point for the function f, if
0 ∈ ∂F f(x0).

When f is a convex function , then ∂F coincides with the subdifferential in the sense of Convex Analysis.
Moreover, if f is a d.c. function, i.e., f := g − h, where g, h is convex functions, then

∂F f(x) ⊆ ∂g(x)− ∂h(x)

wherever h is continuous at x. Especially, if h is differentiable at x, then one has the equality:

∂F f(x) = ∂g(x)−∇h(x).

Let us recall the nonsmooth version of the Lojasiewicz inequality established by Bolte-Daniliidis-Lewis ([3]),
which is needed in the convergence analysis of DCA in the sequel.

Theorem 2.3 (Theorem 3.1, [3]) Let f : Rn → R∪{+∞} be a subanalytic function such that its domain Dom f
is closed and f |Dom f is continuous and let x0 is a Fréchet critical point of f. Then there exist θ ∈ [0, 1), L > 0
and a neighborhood V of x0 such that the following inequality holds.

|f(x)− f(x0)|θ ≤ L‖x∗‖ for all x ∈ V, x∗ ∈ ∂F f(x),

where a convention 00 = 1 is used.

The number θ in the theorem is called a Lojasiewicz exponent of the critical point x0.
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3 Convergence Analysis of DCA

We consider now a standard d.c. program, that is, a optimization problem of the form:

(P) α = inf{f(x) := g(x)− h(x) : x ∈ Rn}

where g, h belong to Γ0(Rn), the class of lower semicontinuous proper convex functions on Rn. The dual problem
of (P is defined by

(D) α = inf{h∗(y)− g∗(y) : y ∈ Rn}.

where g∗, h∗ are the conjugate functions of g, h, respectively, i.e.,

g∗(y) := sup{〈x, y〉 − g(x) : x ∈ Rn}.

A point x∗ ∈ Rn (resp. y∗ ∈ Rn) is called a critical point of d.c problem (P) if 0 ∈ ∂g(x∗) ∩ ∂h(x∗) (resp.
0 ∈ ∂g∗(y∗) ∩ ∂h∗(y∗).

For a d.c. optimization problem with a set constraint:

inf{f(x) : x ∈ C},

where f is a d.c. function and C ⊆ Rn is a nonempty convex set, we can equivalently transform it into a
standard d.c. program by using the indicator function of C as follow.

inf{f(x) + χC(x) : x ∈ Rn}.

Note that if f is a subanalytic function and C is a subanalytic set then so is the function f + χC .

In the convex approach to DC programming, the DCA, based on local optimality and DC duality. The DCA
consists in the construction of the two sequences {xk} and {yk} (candidates for being primal and dual solutions,
respectively) that we improve at each iteration (thus, the sequences {g(xk) − h(xk)} and {h∗(yk) − g∗(yk)}
are decreasing) in an appropriate way such that their corresponding limits x∞ and y∞ satisfy local optimality
conditions.

DC Algorithm (DCA) (simplified form) consists of constructing the two sequences {xk} and {yk}, starting
a given x0 ∈ Dom g by setting

(DCA) yk ∈ ∂h(xk); xk+1 ∈ ∂g∗(yk).

The proofs of the following theorems are based on the nonsmooth version of the Lojasiewicz inequality
(Theorem 3.1, [3]), inspired by Lojasiewicz [10] and Attouch- Bolte [2].

Theorem 3.1 Let us consider DC problem P with α ∈ R. Suppose that the sequences {xk}, {yk} are defined
by the DC Algorithm .

(i) Suppose that the d.c. function f := g−h is subanalytic such that Dom f is closed; f |Dom f is continuous
and that g or h is differentiable on Dom h or Dom g, respectively with locally Lipschitz derivative. Assume that
ρ(g) + ρ(h) > 0, where ρ(g), ρ(h) are modulus of the strong convexity of g, h, respectively. If either the sequence
{xk} or {yk} is bounded then {xk} and {yk} are convergent to critical points of (P) and (D), respectively.

(ii) Similarly, for the dual problem, suppose that h∗ − g∗ is subanalytic such that Dom (h∗ − g∗) is closed;
(h∗ − g∗) |Dom (h∗−g∗) is continuous and that g∗ or h∗ is differentiable on Dom g∗ or Dom h∗, respectively with
locally Lipschitz derivative. If ρ(g∗) +ρ(h∗) > 0 and either the sequence {xk} or {yk} is bounded then {xk} and
{yk} are convergent to critical points of (P) and (D), respectively.
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Proof. In view of the DC duality (see, e.g., [15]), it suffices to prove statement (i). Set ρ = ρ(g) + ρ(h) > 0.
Due to Proposition 2.2, either g∗ or h∗ is of the class C1,1. Since xk+1 ∈ ∂g∗(yk) and xk ∈ ∂h∗(yk), then {xk}
is bounded iff {yk} is bounded. Moreover, by the differentiability of either g or h, if {xk} is convergent then
{yk} is also convergent. Thus, we can assume that {xk} is bounded.

If xk+1 = xk for some k, then xk is a critical point of (P) as shown in (Theorem 3.7, [15]). Assume now
that xk+1 6= xk for all k. According to Theorem 3.7 in [15], one has

f(xk)− f(xk+1) ≥ ρ

2
‖xk − xk+1‖2, for all k = 0, 1, ... (1)

and any limit point of {xk} is a critical point of (P). This follows that {f(xk)} is decreasing. By the boundedness,
then {f(xk)} is a convergent sequence and therefore, limk→∞ ‖xk − xk+1‖ = 0. Without loss of generality, we
can assume that limk→∞ f(xk) = 0. Denote by C the set of all limit points of {xk}. By assumption, {xk} is
bounded, then obviously C is a compact set. Let us consider the following cases.

Case 1. g is differentiable and its derivative is locally Lipschitz. For each x ∈ C, there exist κ(x), ε(x) > 0
such that

‖∇g(u)−∇g(v)‖ ≤ κ(x)‖u− v‖ ∀u, v ∈ B(x, ε(x)). (2)

On the other hand, according to the Lojasiewicz inequality, applied for the subanalytic function −f , by shrinking
ε(x) if necessary, for each x ∈ C, we can find L(x) > 0; θ(x) ∈ [0, 1) such that

|f(u)|θ(x) ≤ L(x)‖u∗‖ for all u ∈ B(x, ε(x)); u∗ ∈ ∂F (−f)(u). (3)

By the compactness of C, there exist z1, z2, ..., zp ∈ C such that C ⊆
⋃p
i=1B(zi, ε(zi)/2). By relabeling if

necessary, we can assume that

xk ∈
p⋃
i=1

B(zi, ε(zi)/2) and ‖xk − xk+1‖ < ε/2, k = 0, 1, ...,

where ε = min{ε(zi)/2 : i = 1, ..., p}. Hence, by relations and, one obtaines

‖∇g(xk)−∇g(xk+1)‖ ≤ κ‖xk − xk+1‖; |f(xk)|θ ≤ L‖xk∗‖ for all k = 0, 1, ...; xk∗ ∈ ∂F (−f)(xk), (4)

where, θ = max{θ(zi) : i = 1, ..., p}; κ = min{κ(zi) : i = 1, ..., p}; L = min{L(zi) : i = 1, ..., p}. Since g is
differentiable, and by the definition of {xk} by (DCA), then

∇g(xk+1)−∇g(xk) = yk −∇g(xk) ∈ ∂h(xk)−∇g(xk) = ∂F (−f)(xk).

From relations in (4), we obtain

|f(xk)|θ ≤ L

κ
‖xk − xk+1‖ for all k = 0, 1, .... (5)

By using the concavity of the function t ∈ R 7→ t1−θ on (0,+∞), one has

f(xk)1−θ − f(xk+1)1−θ ≥ (1− θ)f(xk)−θ(f(xk)− f(xk+1)) ≥ (1− θ)Lρ
κ

‖xk − xk+1‖. (6)

It follows that
∞∑
k=1

‖xk − xk+1‖ ≤ κ

Lρ(1− θ)
f(x0)1−θ.

Thus, the sequence {xk} converges to an unique limit point.
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Case 2. h is differentiable and its derivative is locally Lipschitz. Similar to Case 1, but instead of using
the Lojasiewicz inequality for the function −f, we apply this inequality to the function f, we can find κ > 0;
L > 0 such that

‖∇h(xk)−∇h(xk−1)‖ ≤ κ‖xk − xk−1‖; |f(xk)|θ ≤ L‖xk∗‖ for all k = 1, 2, ...; xk∗ ∈ ∂F f(xk). (7)

Since h is differentiable, and by the definition of {xk} by (DCA), then

∇h(xk−1)−∇h(xk) = yk−1 −∇h(xk) ∈ ∂g(xk)−∇h(xk) = ∂F f(xk).

By (7), one has

|f(xk)|θ ≤ L

κ
‖xk − xk−1‖ for all k = 1, 2, .... (8)

Therefore,

f(xk)1−θ − f(xk+1)1−θ ≥ (1− θ)f(xk)−θ(f(xk)− f(xk+1)) ≥ (1− θ)Lρ‖xk − xk+1‖2

κ‖xk − xk−1‖
.

Hence, by using the inequality a ≤ a2

b + b/4 for any a, b > 0, we derive that

‖xk−xk+1‖ ≤ ‖x
k − xk+1‖2

‖xk − xk−1‖
+‖xk−xk−1‖/4 ≤ ‖xk−xk−1‖/4+

κ

Lρ(1− θ)
(
f(xk)1−θ−f(xk+1)1−θ

)
, k = 1, 2, ...

(9)
Consequently,

∞∑
k=1

‖xk − xk+1‖ ≤ ‖x
1 − x0‖

3
+

4κ
3Lρ(1− θ)

f(x0)1−θ.

This implies that the sequence {xk} is convergent. Therefore, it follows obviously the convergence of {yk}. The
proof is completed.

Corollary 3.2 Suppose that g − h and h∗ − g∗ are subanalytic functions with closed domain such that (g −
h) |Dom (g−h)and (h∗−g∗) |Dom (h∗−g∗) are continuous. Assume that ρ(g)+ρ(h) > 0 as well as ρ(g∗)+ρ(h∗) > 0.
If either the sequence {xk} or {yk} is bounded then these sequences converge to critical points of (P) and (D),
respectively.

Proof. It follows directly from Theorem 3.1 by the fact that the conjugate of a strongly convex function is
differentiable with Lipschitz derivative.

The following theorem gives convergent rates of the sequence {xk}.

Theorem 3.3 Suppose that the assumptions of Theorem 3.1 (i) are satisfied. Let x∞ be the limit point of {xk}
with a Lojasiewicz exponent θ ∈ [0, 1). Then there exists constants τ1, τ2 > 0 such that

‖xk − x∞‖ ≤
∞∑
j=k

‖xj − xj+1‖ ≤ τ1‖xk − xk−1‖+ τ2‖xk − xk−1‖
1−θ
θ , k = 1, 2, .... (10)

As a result, one has

• If θ ∈ (1/2, 1) then ‖xk − x∞‖ ≤ ck
1−θ
1−2θ for some c > 0.

• If θ ∈ (0, 1/2] then ‖xk − x∞‖ ≤ cqk for some c > 0; q ∈ (0, 1).

• If θ = 0 then {xk} is convergent in a finite number of steps.
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Proof. The first inequality in (10) is obvious. Set rk =
∑∞
j=k ‖xj − xj+1‖, k = 0, 1, ....

If g is differentiable with Lipschitz derivative, then by (6) and (5), one has

rk =
∞∑
j=k

‖xj − xj+1‖ ≤ κ

Lρ
f(xk)1−θ ≤ κ

Lρ(1− θ)
f(xk−1)1−θ ≤ L

1−2θ
θ

(1− θ)ρκ 1−2θ
θ

‖xk − xk−1‖
1−θ
θ .

Suppose now h is differentiable with Lipschitz derivative. By relations (8) and (9), one has

rk ≤
rk + ‖xk − xk−1‖

4
+

κ

Lρ

(
f(xk)1−θ ≤ rk + ‖xk − xk−1‖

4
+

L
1−2θ
θ

(1− θ)ρκ 1−2θ
θ

‖xk − xk−1‖
1−θ
θ .

It follows that

rk ≤
‖xk − xk−1‖

3
+

4L
1−2θ
θ

3(1− θ)ρκ 1−2θ
θ

‖xk − xk−1‖
1−θ
θ ,

and (10) is proved.

Since limk→∞ ‖xk − xk+1‖ = 0, then without loss of generality, we can assume that ‖xk − xk+1‖ < 1 for all
k = 0, 1, .... By setting τ = τ1 + τ2 in (10), one has

• If θ ∈ (1/2, 1], then rk ≤ τ(rk−1 − rk)
1−θ
θ . Hence, by the concavity of the function t 7→ t

1−2θ
1−θ on (0,+∞),

r
1−2θ
1−θ
k − r

1−2θ
1−θ
k−1 ≥

1− 2θ
1− θ

r
−θ
1−θ
k (rk − rk−1) ≥ 2θ − 1

1− θ)τ
.

Thus,

r
1−2θ
1−θ
k = r

1−2θ
1−θ

0 +
k∑
j=1

(
r

1−2θ
1−θ
k − r

1−2θ
1−θ
k−1

)
≥ r

1−2θ
1−θ

0 +
2θ − 1
1− θ)τ

k.

Consequently, rk ≤ ck
1−θ
1−2θ , for some c > 0.

• If θ ∈ (0, 1/2], then rk ≤ τ(rk−1 − rk), k = 1.2, .... Therefore, rk ≤ τ
τ+1rk−1. It follows that rk ≤ cqk,

where, q = τ/(τ + 1); c = r0.

• If θ = 0 then ‖xk − xk+1‖ ≥ 1/L for xk 6= xk+1 with k sufficiently large. From the inequality

f(xk)− f(xk+1) ≥ ρ

2
‖xk − xk+1‖2 ≥ ρ

2L2

for xk 6= xk+1, we derive that (DCA) terminates after a finite number of iteration steps.

In general, the Lojasiewicz exponent is unknown. But in several special cases, one can determine the
Lojasiewicz exponent. Let us consider the case of trust-region subproblems, that is, the problems of minimizing
a (nonconvex) quadratic function over an Euclidean ball in Rn.

min{1
2
xTQx+ 〈b, x〉 : x ∈ Rn, ‖x‖ ≤ R},

or equivalently,

min{f(x) :=
1
2
xTQx+ 〈b, x〉+ χC(x) : x ∈ Rn}, (11)

where, Q is a n× n real symmetric matrix, b ∈ Rn, R is a positive scalar and C := {x ∈ Rn : ‖x‖ ≤ R}; χC(x)
stands for the indicator function of the set C.

The following theorem gives a Lojasiewicz exponent of some critical point of the objective function f under
a suitable assumption. First, we recall the following lemma in ([13], Lemma 4.1).
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Lemma 3.4 Let A be a n × n real symmetric matrix. Then there exists a constant M > 0 such that the
following inequality holds

|xTAx|1/2 ≤M‖Ax‖ for all x ∈ Rn.

Theorem 3.5 Suppose x0 ∈ C is a critical point of problem (11). That is, there exists λ0 ≥ 0 such that

Qx0 + b+ λ0x
0 = 0; λ0(‖x0‖ −R) = 0. (12)

In addition, assume that either ‖x0‖ < R or ‖x0‖ = R and

〈v,Qv + λ0v〉 > 0 for all v ∈ Rn with 〈x0, v〉 = 0, ‖v‖ = 1. (13)

The Lojasiewicz exponent of the critical point x0 is 1/2.

Proof. Obviously, one has

∂F f(x) =
{
{Qx+ b+ λx : λ ≥ 0} if ‖x‖ = R
{Qx+ b} if ‖x‖ < R.

(14)

Let x0 ∈ C be a critical point of the function f satisfying (12). If ‖x0‖ < R then Qx0 + b = 0. According to
Lemma 3.4, there exists M > 0 such that for all x ∈ C, one has

M‖Qx+ b‖ = M‖Q(x− x0)‖ ≥ 1
2
|(x− x0)TQ(x− x0)|1/2 = |f(x)− f(x0)|1/2.

Suppose now ‖x0‖ = R, such that (13) is satisfied. Then, there exists λ0 ≥ 0 such that Qx0 + b+ λ0x
0 = 0. By

again Lemma 3.4, we can find M > 0 such that for all x ∈ C, one has

M‖Qx+ b+ λ0x‖ = M‖Q(x− x0) + λ0(x− x0)‖ ≥ |(x− x0)TQ(x− x0) + λ0‖x− x0‖2|1/2

On the other hand, by using the Taylor expansion,

f(x)− f(x0) =
1
2

(x− x0)TQ(x− x0) + 〈Qx0 + b, x− x0〉 =
1
2

(x− x0)TQ(x− x0)− λ0〈x0, x− x0〉.

Combining the later two relations, one obtains

M‖Qx+ b+ λ0x‖ ≥ |f(x)− f(x0) + λ0(‖x‖2 − ‖x0‖2)|1/2. (15)

Let x ∈ C. For ‖x‖ < R, if λ0 = 0 then by (15),

M‖Qx+ b‖ ≥ |f(x)− f(x0)|1/2;

otherwise, λ0 > 0, then for x sufficiently near x0, one has

M‖Qx+ b‖ ≥Mλ0‖x‖ −M‖Qx+ b+ λ0x‖ ≥ |f(x)− f(x0)|1/2.

Let us show that there exist m, ε > 0 such that for all λ ∈ (λ0 − ε, λ0 + ε), x ∈ B(x0, ε) with ‖x‖ = R, one
has

‖Qx+ b+ λx‖ ≥ m‖Qx+ b+ λ0x‖. (16)

Indeed, assume to contrary that there exist sequences xk → x0 with ‖xk‖ = R and λk → λ0 such that

lim
k→∞

‖Qxk + b+ λkx
k‖

‖Qxk + b+ λ0xk‖
= 0.
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By setting uk = xk − x0, and without loss of generality, assume that uk/‖uk‖ converges to v, then ‖v‖ = 1;
〈x0, v〉 = 0, and one has

lim
k→∞

‖Qxk + b+ λkx
k‖

‖Qxk + b+ λ0xk‖
= lim
k→∞

‖Quk + λku
k + (λk − λ0)x0‖

‖Quk + λ0uk‖
= lim
k→∞

‖Qv + λ0v + (λk − λ0)x0/‖uk‖‖
‖Qv + λ0v‖

= 0.

This implies that there exists t ∈ R such that Qv + λ0v = tx0. therefore, 〈v,Qv + λ0v〉 = 0, which contradicts
(13).

From relation (15) and (16), one obtains, for some L, ε > 0,

L‖Qx+ b+ λx‖ ≥ |f(x)− f(x0)|1/2, ∀λ ∈ (λ0 − ε, λ0 + ε); ∀x ∈ B(x0, ε), ‖x‖ = R. (17)

Finally, for any λ ∈ R with |λ− λ0| ≥ ε, for all x near x0, one has

M‖Qx+ b+ λx‖ ≥M |λ− λ0|‖x‖ −M‖Qx+ b+ λ0x‖ ≥ |f(x)− f(x0)|1/2.

The proof is completed.

Remark 3.6 Note that if the critical point x0 satisfies (13) then x0 is either a local-nonglobal minimizer or a
global minimizer of problem (11) (see, for instance, [15]).
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