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Abstract

In this paper we obtained new approach for the problem, which it is
described in reference[1,2]. In the references [1], the authors are studied
Decomposition of Linear-Quadratic optimal Control problems for Two-
Steps Systems. In [1], the authors assumed the switching point t1 is fixed
and it is given algorithm for solving Linear-Quadratic optimal Control
problem. But in presented paper author assumed more general case, in
the case of switching point is unknown and by using transformation, it is
reduced to the problem which is defined in the ref. [1,2]. The unknown
switching point case is more practical than the case of known switching
point (see, ref. [3-12])
Keywords: Optimal control, switching system.

1 Introduction

In the paper [1], it is studied following following minimizing optimal control
problem:
ProblemI: Minimizing the functional

J(u, t1) =
1

2
〈C1x1(t1)− C2x2(t1), F (C1x1(t1)− C2x2(t1))〉 (1.1)

+

2∑
j=1

∫ tj

tj−1

(〈xj(t),Wj(t)xj(t)〉 + 〈uj(t), Rj(t)uj(t)〉)dt

, where u = (u1, u2), (in the reference [1], the cost functional is not depend from
the point t1, because intermediate point is fixed) with respect to trajectories of
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the system

ẋj(t) = Aj(t)xj(t) +Bj(t)uj(t), tj−1 ≤ t ≤ tj , j = 1, 2 (1.2)

x1(0) = x0, x2(T ) = xT .
Here, 0 = t0 < t1 < t2 = T, the values t1, t2 are fixed; xj(t) ∈ Xj , uj(t) ∈
Uj , Aj(t),Wj ∈ L(Xj), Bj(t) ∈ L(Uj , Xj), Rj(t) ∈ L(Uj) for all t ∈ [tj−1, tj ], j =
1, 2; C1 ∈ L(X1, Y ), C2 ∈ L(X2, Y ), F ∈ L(Y ), Xj , Uj , Y are real finite di-
mensional Euclidean spaces, the operators F,Wj(t) ≥ 0, Rj(t) > 0 for all
t ∈ [tj−1, tj ];x

0 ∈ X1, x
T ∈ X2 are given and symmetric, the operators F,C1, C2

are independent of t, but the other operators depend continually on t in the
corresponding segment [tj−1, tj ], j = 1, 2, < ., . > means an inner product in
appropriate spaces.
Note1. In the reference [1], it is assumed the intermediate point t1 is fixed.
For this, the minimization functional has the form
J(u) = 1

2 〈C1x1(t1)− C2x2(t1), F (C1x1(t1)− C2x2(t1))〉
+
∑2

j=1

∫ tj
tj−1

(〈xj(t),Wj(t)xj(t)〉+ 〈uj(t), Rj(t)uj(t)〉)dt,
i,e., in the paper [1,2], minimization functional is not depend from the switching
point t1 because t1 is fixed. But in the present paper, it is considered the point
t1 is unknown.
Let us make following substitution u(t) = (u1(t), u2(t)) and x(t) = (x1(t), x2(t)).
DefinitionI: The triple w = (t1, u(t), x(t) is called admissible, if it satisfies all
constraints of the ProblemI (about the constraints see, ref.[1])
DefinitionII:The triple w0 = (t1, u(t), x(t)) is called optimal control, if J(w0) ≤
J(w) for all admissible process w.

2 Transformation

Let us take following transformation. Assume new parameter xn+1 such us sat-
isfies following differential equation with initial condition in [t0, t2],
dxn+1(t)

dt = 0 with initial condition xn+1(0) = t1. It means xn+1 is constant in
[t0, t2].
Next, a new independent time variable τ is introduced as:

t =

{
t0 + (xn+1 − t0)τ, 0 ≤ τ < 1;
xn+1 + (t2 − xn+1)(τ − 1), 1 ≤ τ ≤ 2. (2.1)

Then we can write that

dt =

{
(xn+1 − t0)dτ, 0 ≤ τ < 1;
(t2 − xn+1)dτ, 1 ≤ τ ≤ 2. (2.2)

Clearly, τ = 0 corresponds to t = t0, τ = 1 corresponds to t = t1, and τ = 2 to
t = t2. By introducing xn+1 and τ , and substitutions yi(τ) = xi(t(τ)), vi(τ) =
ui(t(τ)), i = 1, 2 main problem is transcribed into the following equivalent form.
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ProblemII:

dy1(τ)

dτ
= (xn+1 − t0) (A1(τ)y1(τ) +B1(τ)v1(τ)) (2.3)

dxn+1

dτ
= 0, xn+1(0) = t1, τ ∈ [0, 1) (2.4)

and

dy2(τ)

dτ
= (t2 − xn+1) (A2(τ)y2(τ) +B2(τ)v2(τ)) (2.5)

dxn+1

dτ
= 0, xn+1(0) = t1, τ ∈ [1, 2] (2.6)

and minimizing functional takes the form

J̃(v, xn+1) =
1

2
〈C1y1(1)− C2y2(1), F (C1y1(1))− C2y2(1))〉+∫ 1

0

(xn+1 − t0)(〈y1(τ),W1(τ)y1(τ)〉 + 〈v1(τ), R1(τ)v1(τ)〉)dτ +

∫ 2

1

(t2 − xn+1)(〈y2(τ),W2(t)y2(τ)〉 + 〈v2(τ), R2(τ)v2(τ)〉)dτ (2.7)

After this transformation, we reduce ProblemI, to the ProblemII. In the Prob-
lemII, state trajectory is y(τ) = (y1(τ), y2(τ)) and control is
v(τ) = (v1(τ), v2(τ), xn+1), 0 ≤ τ ≤ 2
Note2: Since xn+1 is unknown constant (parameter) in the interval [0, 2] (see,
(2.4) and (2.6)), after the transformation, the dimensional of the ProblemII
will be same as the dimensional of the ProblemI. There is one-to-one corre-
sponding between admissible process (t1, x(t), u(t)) and the admissible process
(y(τ), v(τ)).
In fact by using transformation from the admissible process (t1, x(t), u(t)),
we obtained admissible process (y(τ), v(τ)). Let us prove inverse opinion. If
(y(τ), v(τ) is admissible process (where v(τ) = (v1(τ), v2(τ)) in problem (2.3)-
(2.6), then by using relation(2.1) we can say, if we take τ = 0 then t = t0, τ = 1
then t = xn+1 (in fact xn+1(0) = t1), and for τ = 2 then t = t2. It means we
obtained intervals [t0, t1] and interval [t1, t2]. From the relation (2.1), we can
τ = t−t0

xn+1−t0
, 0 ≤ τ ≤ 1 and τ = t−xn+1

t2−xn+1
, 1 ≤ τ ≤ 2. Then, if we denote,

x1(t) = y1(τ(t)) and x2(t) = y2(τ(t)) then we obtain, ẋ1 = ẏ1(τ(t))
1

xn+1−t0

and ẋ2 = ẏ2(τ(t))
1

t2−xn+1
. If we consider this in the equations (2.3) and (2.5),

we can come to the point that, (t1, x(t), u(t)) is the admissible process for the
equations (2.1).
Note3: This corresponding between the admissible processes (t1, x(t), u(t)) and
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(y(t), v(t)) for the equations (1.2) and (2.3),(2.5) preserve the value of the cost
functionals (1.1) and (2.7).
In fact, assume process (t01, x

0(t), u0(t)) is optimal control for the ProblemI.
Let us take process (y0(τ), v0(τ)), which is obtained from the optimal process
(t01, x

0(t), u0(t)) above mentioned transformation. Assume that,
(y0(τ), v0(τ)), is not optimal process and there exist another optimal process
(ỹ(τ), ṽ(τ)) with J̃(ỹ(τ), ṽ(τ)) ≤ J(y0(τ), v0(τ)). Take corresponding admissible
process, which is obtained inverse transformation from the process (x̃n+1, ỹ(τ), ṽ(τ))
and denote it by (t1, u(t), x(t)). Then it is clear that,
J(t1, u(t), x(t)) = J̃(ỹ(τ), ṽ(τ)) ≤ J̃(y0(τ), v0(τ) = J̃(t01, x

0(t), u0(t)).
But it is contradiction of the optimality of the process (t01, x

0(t), u0(t)).
The inverse opinion can be prove same way.
Note4. Then we can say, if the process (t01, x

0(t), u0(t)) gives minimum for the
ProblemI, then the process (y0(τ), v0(τ)), which is obtained after transforma-
tion, gives minimum value for the ProblemII, and vice versa.
Note5. If there are K numbers of switchings, then it is no difficulty in apply-
ing the previous method to the problems with several subsystems. If there exist
nonfixed the switchings, t1, t2, ..., tK with 0 = t0 < t1 < t2 <, ..., < tK < T = 0,
then we can transcribe the problem into an equivalent problem by introducing
K new state variables xn+1, xn+2, ...., xn+K which correspond to the switching
instants t1, t2, ..., tK and satisfies,
dxn+i

dτ = 0, xn+i(0) = ti, τ ∈ [1, 2], i = 1, 2, ...,K
The new independent time variable τ has a linear relationships with t where
τ = 0 corresponds to t = t0, τ = 1 corresponds to t = t1....τ = K + 1 corre-
sponds to t = tT .

3 An Example.
This example is taken from the ref. [2], but it is added the case of the switching
point t1 to be unfixed.We will try reduce the unknown switching case to the
known switching case, which after this can be used all the procedure in the ref.
[1].
Consider following problem of minimizing the functional,
J(x, u, t1) =

1
2 ((x11(t1)+x21(t1))+

∫ t1
0
(x2

11(t)+2x11(t)x12(t)+x2
12(t)+u1(t))dt+∫ 2

t1
(x2

21(t) + 8x2
22(t) + u2

2(t)))dt, where u = (u1, u2)
with respect the trajectories of the system
ẋ11(t) = x11(t), x12(t) + u1(t) = 0, x11(0) = −1, t ∈ [0, t1]
ẋ21(t) = 0 x22(t)− u2(t) = 0, x21(2) = 1, t ∈ [t1, 2]
Let us following transformation. For this aim, take new variable ẋn+1(t) =
0, xn+1(0) = t1. From this differential equation, it is clear xn+1 = t1 is unknown
constant in [0, 2]. Take also, yi,j(τ) = xi,j(t(τ)), vi(τ) = ui(t(τ)) where i, j =
1, 2. Let us use also interval transformation in (2.1) with t0 = 0 and t2 = 2. Then
we can come the point that, if τ = 0 then t = 0, if τ = 1 then t = xn+1 = t1,
and, if τ = 2 then t = 2. If we use all these transformation, then minimizing
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functional and state equations will take following form,

J(y, v, t1) =
1
2 ((y11(1)+y21(1))

2+t1
∫ 1

0 (y
2
11(τ)+2y11(τ)y21(τ)+3y212+v1(τ))dτ+

(2− t1)
∫ 2

1
(y221(τ) + 8y222(τ) + v22(τ)))dτ , where v = (v1, v2),

and state equations takes the form
ẏ11(τ) = t1y11(τ), y11(0) = 0, τ ∈ [0, 1],
ẏ(τ) = (2− 0)0 = 0, y22(τ) − v2(τ) = 0, τ ∈ [1, 2].
We can see, state equations are defined in known intervals [0, 1] and [1, 2], the
boundary of the integral of minimizing functional is known as in example the
ref. [2]. Only difference is that, right side of the minimizing functional appears
new variable t1. But it is constant unknown all the interval [0, 1] and is not
change dimensionality of the control v. Then we can consider the couple (v, t1)
as a new control and after this we can apply all the procedure and algorithms
in (ref.1, theorem3, (8),(17),(18),(20),(22),(23),(24)).
4 Conclusion. We considered New approach for the Decomposition of Linear-

Quadratic Optimal Control problems for Two-Steps Systems, which is studied
in ref.[1]. But, for this system, we assumed switching point is unknown. After
suitable transformation, we reduced this problem to the problem with known in-
termediate point. After these, we can consider the theorem3 in the ref.[1], use all
the procedure and algorithms in (ref.1, theorem3, (8),(17),(18),(20),(22),(23),(24)).
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