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Abstract—The restricted isometry constants (RICs) play an
important role in exact recovery theory of sparse signals via
£4(0 < g < 1) relaxations in compressed sensing. Recently, Cai
and Zhang [6] have achieved a sharp bound 6, < /1 —1/t
for ¢t > % to guarantee the exact recovery of £k sparse signals
through the ¢; minimization. This paper aims to establish new
RICs bounds via /,(0 < g < 1) relaxation. Based on a key
inequality on /, norm, we show that (i) the exact recovery can
be succeeded via ¢ /5 and ¢; minimizations if 6, < /1 — 1/t for
any t > 1, (ii)several sufficient conditions can be derived, such as
for any ¢ € (0, %), dor < 0.5547 when k > 2, for any ¢ € (%, 1),

02k < 0.6782 when k > 1, (iii) the bound on ¢ is given as well

for any 0 < g < 1, especially for ¢ = 1,1, we obtain J, < %

3
when k(> 2) is even or §; < 0.3203 when k(> 3) is odd.

Index Terms—compressed sensing, restricted isometry constan-
t, bound, ¢/, minimization, exact recovery

I. INTRODUCTION

HE concept of compressed sensing (CS) was initiated

by Donoho [13], Candeés, Romberg and Tao [7] and
Candes and Tao [8] with the involved essential idea—recovering
some original n-dimensional but sparse signal\image from
linear measurement with dimension far fewer than n. Large
numbers of researchers, including applied mathematicians,
computer scientists and engineers, have paid their attention to
this area owing to its wide applications in signal processing,
communications, astronomy, biology, medicine, seismology
and so on, see, e.g., survey papers [1], [19] and a monograph
[14].

To recover a sparse solution x € R™ of the underdetermined
system of the form &z = y, where y € R™ is the available
measurement and ® € R™*"™ is a known measurement matrix
(with m < n ), the underlying model is the following /g
minimization:

min ||z]|o, st Pz =y, (1)

where ||z is p-norm of the vector « € R", i.e., the number
of nonzero entries in « (this is not a true norm, as || - ||o is
not positive homogeneous). However (1) is combinatorial and
computationally intractable.

One natural approach is to solve (1) via convex ¢y mini-
mization:

min ||z||1, st Pz =y. 2)
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The other way is to relax (1) through the nonconvex ¢, (0 <
q < 1) minimization:

min [z]|I, s.t @z =y, 3)
where [z =37, [z;]7. Motivated by the fact lim ||z[|7 =
q—0t

lz]lo, it is shown that there are several advantages of using
this approach to recover the sparse signal [18]. This model for
recovering the sparse solution is widely considered, see [9],
[10], [11], [12], [15], [16], [17], [18], [20].

One of the most popular conditions for exact sparse recovery
via {1 or ¢, minimization is related to the Restricted Isometry
Property (RIP) introduced by Candes and Tao [8], which was
recalled as follows.

Definition I.1. For k € {1,2,--- ,n}, the restricted isometry
constant is the smallest positive number &y such that
(1= d0)llzll3 < |@]3 < (1+80)]z]3 )

holds for all k-sparse vector © € R", ie., ||z|o < k.

It is known that §; has the monotone property for k (see,
e.g., [2], [3D), Le.,

Sk < Opyy i k1 < ko <. 5)

Current upper bounds on the restricted isometry constants
(RICs) via £4(0 < ¢ < 1) minimization for exact signal
recovery were emerged in many studies [9], [12], [15], [16],
[17], [18], [20], such as o, < 0.4531 for any ¢ € (0,1] in
[16], b2 < 0.4531 for any ¢ € (0, go] with some ¢y € (0, 1] in
[18] and 2y, < 0.5 for any ¢ € (0,0.9181] in [20]. Comparing
with those RIC bounds, Cai and Zhang [6] recently have given
a sharp bound dof, < % via ¢; minimization.

Motivated by results above, we make our concentrations on
improving RIC bounds via ¢, relaxation with 0 < ¢ < 1.
The main contributions of this paper are the following three
aspects:

(i) If the restricted isometry constant of ® satisfies 0, <
\/(t —1)/t for t > 1, which implies do5 < ﬁ, then exact
recovery can be succeeded via / 1 and /; minimizations.

(ii) For any k£ > 1, the bound for dof is an nondecreasing
function on ¢ € (0,%) and ¢ € (3,1). Moreover, several
sufficient conditions are derived, such as for any ¢ € (0, %),
dor, < 0.5547 when k > 2, for any g € (%, 1), da < 0.6782
when k > 1. The detailed can be seen in Tab. 2 of the Section
III, which are all better bounds than current ones in terms of
£4(0 < ¢ < 1) minimization.

(iii) The bound on §j is given as well for any 0 < ¢ < 1.
Especially for ¢ = %, 1, we obtain §; < % when k is even or
dr < 0.3203 when k(> 3) is odd.



The organization of this paper is as follows. In the next
section, we establish several key lemmas. Our main results on
04, with ¢t > 1 and & will be presented in Sections III and IV
respectively. We make some concluding remarks in Section V
and give the proofs of all lemmas and theorems in the last
section.

II. KEY LEMMAS

This section will propose several technical lemmas, which
play an important role in the sequel analysis. We begin
with recalling the lemma of the sparse representation of
a polytope stated by Cai and Zhang [6]. Here, we define
[|2]lco := max; {|z;|} and ||z||—0o := min; {|z;|} (In fact,
|_ is not a norm since the triangle inequality fails).

Lemma IL.1. For a positive number o and a positive integer
s, define the polytope T'(o, s) C R™ by

T(a,s) ={v eR" | ||v]|leo < a,||v|1 < sa}.

For any v € R", define the set U(a,s,v) C R™ of sparse
vectors by

U(a,s,v) = {u€R" | supp(u) C supp(v), ||ullo < s,
ully = Jv]l1; lullo < a}.

Then v € T(«,s) if and only if v is in the convex hull of
U(a, s,v). In particular, any v € T(«, s) can be expressed as
N
v =", \iu;, where
N
0<A<LY N=1Lu €U(a,sv),i=12--,N.
i=1
Next we establish an interesting and important inequality in
the following lemma, which gives a sharpened estimation of
¢y with £, 04, foe and £_o

Lemma I1.2. For q € (0,1] and x € R", we have

]
2 < 1/qq1 + Pgn([lzlloc = [ —c0);

(6)

where

1

. P .
Pg =gt =g 7

Moreover, p, is a nonincreasing and convex function of q €
[0, 1] with

po := lim p, =1 and p; := hm L pg = 0.
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Fig. 1. Plot of pg € [0,1] as a function of ¢ € [0,1], and p1 = i.
2

Remark IL3. Actually, we can substitute n with ||x|o in
inequality (6), which leads to

Iz,
|z < —=e
]l

+ pallzllo(lz]loe =[] —o0)- (®)
Moreover, combining with the Holder Inequality and (8),

we have

Proposition IL.4. For g € (0,1] and x € R™, we have

1-1 1—-1
nxowmusmhs0m0q+mmo)ﬂu )

Here, (9) is an interesting inequality. Although (9) will not
be applied in our proof, it manifests the relationship between
¢, and £, norm.

In order to analyze a sequent useful function more clearly,
we first observe the function qq%l of ¢ € (0,1), whose figure
is plotted below.
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Fig. 2. Plot of qq%l as a function of ¢ € [0, 1].
It is easy to check that

lim ¢7-7 =e. (10)

q—1-

P

ql—lgl‘*' = 1
So q# can be defined as a function of ¢ on [0, 1], and it is
a nondecreasing function.

In addition, for any glvqln integer k > 1, it is trivial that if
qi- 71 is an integer, then g<—1 k apparently is an mteger as well
for instance ¢ = 1/2. However, the 1ntegnty of ga-1 is not
necessary to ensure the integrity of g a1k, such as q=2/3
and k = 4.

Based on analysis above, we now define a real valued
function g(q, k) : (0,1) x {1,2,3,---} = R by

9(q.k) 1= [q7 k'~ 4 py g7 ],
€(0,1), k€{1,2,3,---}, (1)

where p, is defined as in (7) and [a] denotes the smallest
integer that is no less than a.

Lemma IL 5 Let g(q, k) be defined as in (11). Then g(q, k) =
k when qi-Tk is an integer and otherwise g(q, k) < k + p,.
Moreover,

g(0,k) := lim g(q,k) =k +1,
q—0t

9(L,k) == lim g(q, k) = k.
q—1-

Therefore, g(q, k) can be regarded as a function of ¢ on [0, 1],
and the image of g(q, k) with the special case k = 1, where
9(0,1) =2,9(3,1) =1,9(1,1) = 1, is plotted in Fig.3.
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Fig. 3. Plot of g(g,1) as a function of ¢ € [0, 1].

Another two useful functions are introduced and analyzed
in the following lemma, which will ease sequent analysis of
our main results.

Lemma IL.6. Fort > 1 and 8 > 0,p > 0, we define

VE+FI-1DE-1)+1-¢
9 )
p—p
5= p+ (L + oityy)

Then v (u (t,0),0) is a nonincreasing function on 0 when t
is fixed while a nondecreasing function on t when 0 is fixed.

pu(t, 0)

v(p,0) =

12)

13)

I1I1.

Now we give our main results on &y, with ¢ > 1:

Theorem IIL.1. For any q € (0,1], if

q,k q,k
gy (t—1)+k < (u (t, g - )) , 9 ’ )>

holds for some t > 1, then each k-sparse minimizer of the {,
minimization (3) is the sparse solution of (1). Furthermore,
settingt = 1+ (;(;}k))k with T > 1, then the sufficient condition
(14) of exact signal recovery can be reformulated as

§Tk<7(ﬂ (H(T—l)k g(q,k‘)>’g(q,k)>.

9(a. k)~ Kk k
From Lemma II.5, when ¢ =

MAIN RESULTS ON &y, WITHE > 1

(14)

(15)

1 or qq%lk is an integer
(such as ¢ = 3), it follows that g(q,k) = k. Associating
with (14) in Theorem III.1, we have d;;, = 5g(q7k)(t_1)+k <
v (p(t,1),1) = /%51, Therefore, a corollary can be elicited
as below.

Corollary IIL.2. For ¢ = 1 or q € (0,1) such that gk is
% holds with some t > 1 and k > 1,

then each k-sparse minimizer of the {, minimization (3) is the
sparse solution of (1).

an integer, if Oy, <

In particular, taking ¢t = 2, 3, 4, we obtain dof, < g ~ 0.7071,

O3r < 0.8164, d41 < 0.8660 respectively. It is worth mention-
ing that 6y, < y/%5* is the sharp bound for ¢; minimization
which has been proved by Cai and Zhang [6]. Because exact
recovery can fail for any ¢ € (0, 1] if the bound of daj, is no
less than ? (see [12]), dox < ? is also the sharp bound for
l 1 minimization.

Actually, besides ¢ = %, k > 1, there are several oth-
q

er (q,k)s satisfying that qa-Tk are integers, for instance

(0.2025,2), (2,4). Thus &y, < \/?

is also a sharp RIC
bound for such (g, k)s.

Remark IIL3. (i) For any k > 1, we can check

9(q, k
9(q,1) = (k )
Then from Lemma 11.6 and (15) in Theorem IIL1, for k > 1
and any q € (0, 1], it yields that

ook <Y (u (1 + gT(lel)yg(% 1)) ,9(q, 1)) ;

whose figure (with T = 2) is plotted as follows.

(16)
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Fig. 4. Plot of bounds on o as a function of ¢ € (0,1] when k > 1.

(ii) Moreover, under some assumptions k > ko(kg =
1,2,3,--+), since for q € (%,1]
i 94 Ko) > max{ lim g(q,k), g(q,ko)}
q—>%+ 0 q—>% k k?()
and for q € (0, %]
- 9(q, ko) _g(g. k) g(q, ko)
lim &=2— > lim =—— .
Jm, = zmaxd lim =5, TR

Then from Lemma I1.6, we have Tab. 2 by calculating limits
for cases ¢ — 0T and q — %+ of the right-hand side of (15)
with k = k.

82k 83k Sak
ae(0d) qet 1) qe0d) get1) qe0d) qedn)
k=1 | 04472 06782 05773 07938 06546 08478
k=2 | 05547 06983 06859 08096 07559  0.8605
k=3 0.6000 0.7029 0.7276 0.8132 0.7924 0.8634
k=4 | 06246 07046 07492 08146 08108  0.8645

Tab. 2: Bounds on da, 3%, 045 for any g € (0, %) and g € (%, 1).

IV. MAIN RESULTS ON §y,

In this section, we state the bound on dy, for any ¢ € (0, 1]
in the following results:



Theorem IV.1. For any q € (0,1], if
1

5, < 1+2[g(1q,kﬂ/k’

1+ 2[g(q. k)1 /VIZ 1

holds, then each k-sparse minimizer of the {, minimization
(3) is the sparse solution of (1).

for even number k > 2,

, for odd number k > 3,

Particularly, for the case ¢ = 1 or qq%lk to be an integer
(such as ¢ = % ), we have the corollary below by applying
Lemma IL.5.

Corollary IV.2. For ¢ =1 or g € (0,1) such that qa—%k is
an integer, if

1/3, for even number k > 2,
0 < 1
—————————  for odd number k > 3,
14 2k/VEk? -1 f

hold, then each k-sparse minimizer of the £, minimization (3)
is the sparse solution of (1).

Taking ¢ = %7 1, then ¢(g, k) = k from Lemma IL.5, which
produces the bound ¢ < % if £ > 2 is even. Meanwhile
8 < 3 for k > 2 is the sharp bound for ¢; minimization that
has been gotten by Cai and Zhang [4]. From Theorem IV.1

and Corollary IV.2, we list the following table.

1 1
qe@D\{3} q=3.1
k=2 8 <0.2500 1
k is even O <z
k>4 8y <0.2857 3
k=3 8 <0.2612 8 <0.3203
k is odd
k=5 8) <0.2898 8 <0.3288

Tab. 3: Upper bounds on dy, for different q.

V. CONCLUDING REMARKS

In this paper, we have generalized the upper bounds for
RICs from ¢; minimization to ¢,(0 < ¢ < 1) minimization,
and established new RIC bounds through ¢, minimization with
q € (0, 1] for exact sparse recovery. An interesting issue which
deserves future research would be: how to improve these new
bounds for some ¢ € (0, 1] when q%k is not an integer.

VI. PROOFS

Proof of Lemma II.2

Stimulated by the approach in [20], without loss of generality,
we only need to prove the case x € Q := {(x1, 22, -+ ,zy) #
0]z > a2 > -+ > x, > 0} due to the symmetry of
components |z1|, |xa|, - ,|z,|. Clearly, z; # 0. Notice that
if the inequality (6) holds for any (1,x2,- - ,x,) € Q, then
we can immediately generalize the conclusion to all x € )
through substituting =/z1,2 € Q into (6) and eliminating the
common factor 1/x;. Henceforth, it remains to show

g
nl/a—1

2]l < + pgn(l — ), (17

with z € {(1,22, - ,2,) | 1 > 22 > -+ > x, > 0}, where
Dq is a function of ¢ specified in (7).
First, for any given ¢ € (0, 1] define that

() = [l —n' =2l

It is easy to verify that f(x) is a convex function on R’.
Since the maximum of a convex function always arrives on
the boundary, we have

max

s o= 1
hen) 1, JLaz T,
= f(l,"',l,l'n,"'

Letting the distribution of 1 appear for r times (1 < r < n)
in the maximum solution of f, we have

)

&), Tp €[0,1]

(r(1 — ) + nag)'*

h(z,) =r(l —z,) + ne, — sy

By the convexity of h and h(1) = 0, it follows that
h(xn) < (1 —2,)h(0) + 2,h(1) = (1 — x,)R(0).

Then it holds that

fl@) < h(za) < (1 —2,)h(0)
= (1 —xz,)(r—nt"Vapl/a)
< (1-=,) max {r—n'"Yal/a
re{l,2,---,n
Z1/g.1
< (1 . xn) 03}?}%{”{7’1 . nl 1/qT1/Q}

= (1 - xn)pq”a

where p, is defined as (7) and the last equality holds when
r1 =qTan € (0,n] for any ¢ € (0,1].

By computing the first and second order partial derivatives
of p, on g, it is easy to verify that p, is a nonincreasing convex
function of ¢ € (0,1] and

lim =1and lim =0.
q—0t Pq q—1— Pq

Thus the proof is completed. O
Proof of Lemma IL5

If qq%lk is an integer, then

9(q. k) (7T k) YRV 4 p (g7 )
= gk Vagt/a 4 (q%q B qth)(qq%lk)
= ght(1-qk=k
If g7-7k is not an integer, then
gla.k) < (q7TR) VIR py (T Tk 4 1)
= g TR 4 (¢ - g ) (g7 TR+ 1)
= gk+(1—q)k+py=k+p,

Due to limg_,;- qﬁ = e and lim,_,;- p, = 0, we have

g(l,k): = m g(q, k)
= lim

i

q—1

lim {[qq"jkv—l/qkl/q _i_pq[q;%l]ﬂ}
= k+0=k.



Now we prove the remaining part lim, o+ g(q,k) = k + 1.
Since lim,_, o+ q# = 1and qﬁ € (1, €] is a nondecreasing
function on ¢ € (0, 1], for any fixed k, we can set qq%l =
1+ &(g) with sufficient small 0 < e(g) < . Thus

[q7 k] =

It follows readily that

[(1+e(g)k] =k+1, asq(#£0)— 0T,

9(0k): = lim g(q,k)
q—0t
{[q—qﬁlk]lfl/qkl/q -&—pq[q*qzlk]}

{(k n 1)171/%1/(1 + py(k + 1)}

= lim
q—0t

= lim
q—0t

k 1/q
= 0+k+1=k+1.

The whole proof is finished. O

Proof of Lemma II.6

We verify v (i (¢,6) ,0) is a nonincreasing function on 6 > 0
and a nondecreasing function on ¢ > 1. By directly computing
the first order partial derivative of v (u (¢,60),0) on 6 > 0, it
yields

o) —/t+0-1)(t—-1)
gg" 0.0 = =g =0

Likewise, by computing the first order partial derivative of
v (u(t,0),0) ont > 1, we have

5 0
o 00 = =1

Then the desired conclusions hold immediately. O
Before proving Theorem III.1, we introduce hereafter sev-
eral notations. For h € R", we denote hereafter At the vector
equal to h on an index set 1" and zero elsewhere. Especially,
we denote Ayaq (k) as h with all but the largest & entries in
absolute value set to zero, and h_,,4z(k) = N — Pnaw(k)-

Proof of Theorem III.1

The approach of this proof is similar as [6]. First we consider
the case that g(k,q)(t — 1) is an integer. By the Null Space
Property [18] in £, minimization case, we only need to check

for all h € N(®) \ {0},

Hhmaz(k) ”g < ||h—mam(k) Hg

Suppose on the contrary that there exists h € N (®)\{0}, such
that Hhmar(k)Hg > Hh—mar(k)”g Set a = kil/q”hmam(k,)Hq
and decompose h_,q4(x) into a sum of vectors Ay, hr,, .. .,
where T} corresponds to the locations of the [qq%l k] largest
coefficients of h_p,qq(k) 3 T2 to the locations of the [qﬁ k]
largest coefficients of h—mam(k)Tf’ and so on. That is

h_maz) = by + hry + by +

Here, the sparsity of hz, (j > 1) is at most fq# k).

Clearly, k|lh_maz(k)ll% PmacylE = ka?, which
generates [|h_aa(k)llco < . From Lemma I1.2, for j > 1,

Ihryll < Tk ey
+pq[q$k~|(||thHoo - ||th||—oo)- (18)
Then we sum ||, [|; for j > 1 to obtain that
1= mazolls = > Iz Il
j>1
< [qrtk] YN bl
j=1
P
+2q[a7 k] Y (11 lloo — Iz, | -oc)
j>1
< a7 kT O ey 199 + pg a7 k][ lloc.
j>1
< g7 kT K90+ py[qT ko = g(g, ko  (19)

We again divide h_,,qqk) into two parts, h_pazk) =
hD 4+ 12 where

WY = L ()5 525 1

WP = b Lagn s ()1< 220 )

Therefore h(V) is g(g, k)(t — 1)-sparse as a result of facts that
A1 < |h—maz@ll1 < g(g,k)cr and all non-zero entries

of h») has magnitude larger than ;2. Let [|2()||o = m, then
1B = N hmazell = 12D
o
< e b1 -m 2 )
oY
1B < - @1

Applying Lemma IL1 with s = g(q,k)(t — 1) — m, it
makes h(?) be expressed as a convex combination of sparse
vectors: h(?) = Z]\il)\ iu;, where u; is s-sparse, |ju;||1 =
I1E@ |1, ||lui]|oo < 7. Henceforth,

9(¢.k)

R)(f— 1) —

[uill2 < Vg(a, —mlluillc <
For any p > 0, denoting 7; = hyae(k) + Y 4+ pu,, we

obtain

1
= hmam(k) + h(l) + Mh(Q) - 57%

N
Z 3 =

1
= (= €] -
(2 :U’) (hmax( k) +h ) 2,“”1 + ,U/h (22)

where 7;, Z "y Aini — in; — phoare all (g(q,k)(t — 1) + k)-
sparse vectors from the sparsity of ||2,4 (k) |0 <
m and |Ju;lo < s.

It is easy to check the following identity,

Z)‘ | ®( Z)\mg H2 Z)‘ ‘|‘I)771||2~

(23)



Since ®h = 0, together with (22), we have

1

N

1 1

‘I’(Z Ajnj — 5771') = ‘I)((i - :u)(hmaa:(k) + h(l)) - 5#%‘)-
j=1

Setting 1 = (¢, 9(q, k)/k) > 0, if (14) holds, that is

ok ok
0 1= Og(q,k)(t—1)+k <V (# <75, g(qk)> ’g((z)> )

then combining (23) with (24), we get

S 1 y_ L 2
D NlI2((5 = 1) (amasey + 1Y) = Sp) 1
i=1

1 N
LS nen
=1

N
1 2
< (1+9) Z Ai[(§ — 1| Aamaa(ry + RV + ZHWH%]
=1
1-5 Y
- > AillPimaaey + OB + 2 (lui3)
=1
N
1 1—-6
— T((1 )2 ).
S0~ =)
1
[ Rmaz ey + R O3 + §5u2HuiII§}
N
< Z )\thmaz(k) + h(l)Hg !
i=1
1 g(q, k)
2 L 1 ) 2 2
g -k (1 o] e
= Hhmax(k) +h(1)”g '
1 g(q, k)
2 - 1 _JIN\1Y TS 2
w5 ok (1 )
1 (g,k)
_ W2t _ 14 JDE) 2y
Hhmam(k)—’—h ”2(2 M+( + 2]43(1571))# )
9(q, k), g(g, k)
o — t
[ v(u ( S ), ?
< 0,

where the inequality (25) is derived from the following facts:

||hma:1:(k)||% > kl_z/qnhmax(k)‘lg
B2 (ka?)?/ = ka?, (26)
hmaw
luils < /298, o /9@ 1P (k) |2
t—1 ki1
g(Qa k) Hhmax(k) + h(l) ||2 7
< A = .

Obviously, this is a contradiction.
When g(k, q)(t — 1) is not an integer, by setting

[9(k,q)(t = 1)]

t =
g(k,q)

+1,

we have t' > t and g(k,q)(t' — 1) is an integer. Utilizing
the nondecreasing monotonicity of ~ (x (¢,6),60) on t > 0 for
fixed 6 presented in Lemma I1.6, we can get

Og(k,q)(t—1)+k

: 9(g, k) 7 9(q, k)
) ),

which can be deduced to the former case. Hence we complete
the proof. [

In order to prove the result Theorem IV.1, we need another
important concept in the RIP framework the restricted orthog-
onal constants (ROC) proposed in [8].

Og(k,q)(t'—1)+k

A

A

Definition VI.1. Suppose ® € R™*™, define the restricted
orthogonal constants (ROC) of order ki, ko as the smallest
non-negative number 0y, 1, such that

(@R, Pha)| < O, by [P ][22l (28)

for all ki-sparse vector hy € R™ and ko-sparse vector hy €
R™ with disjoint supports.

Proof of Theorem IV.1
Similar to the proof of Theorem III.1, we only need to check
for all h € N(®) \ {0},

Hhmax(k) ||Z < ”h—max(k) Hg

Suppose there exists 4 € N'(®)\ {0}, such that ||200(k) (| >
A —maz(i) |l Set o = kY9 By || g From the proof
of Theorem IIL1, we have [[h_par)lli < g(g, k)a <
[9(q,k)]a and [|h_qz0k)llec < . Then it follows from
Lemma 5.1 in [5] that

‘<q)hma93(k)7 q)hfmaa:(k) >|
Ok, [9(a. k)1 | Pmaz iy 12/ [9(a, k) e
9(q; k
%Hhmax(k)‘b [9(g, k)]
lg(g. k)1
k

<

< Ok

< Ok

)

||hmaz(k)||%7

where the first inequality holds by Lemma 5.4 in [5] and the
second inequality by (26). Thus from the condition

[9(q, k)]

Ok + Ok k 3

<1,
it follows that

0 = |(®haaqe). ®h)|

[(PPmaz(s)s Phmazs) )| = [(Phmas (), ®hmaar))|
(L= 8) | hmawi 13 — akvkw

EULIAN VA

Y

Y

Hhmam(k) ||§

(1 =6k — O
> 0.

Obviously, this is a contradiction. By Lemma 3.1 in [5],

204, for any even k > 2,
Qk < 2k
, —— ;. for any odd k > 3.
\/k‘27 -1 b Y N



Hence, when k > 2 is even, it yields that

2 k
e 20y () 2Me@ R 5
k k
and when k > 3 is odd, it generates that
g(q, k) 2[g(q, k)]
1) —0 14+ —==——) 6.
k+ 2 k< ( + o] k

Therefore the theorem is proved. O

9(q, k)
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