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Abstract

Chance constrained programming is an effective and convenient approach to control risk
in decision making under uncertainty. However, due to unknown probability distributions of
random parameters, the solution obtained from a chance constrained optimization problem can
be biased. In addition, instead of knowing the true distributions of random parameters, in
practice, only a series of historical data, which can be considered as samples taken from the
true (while ambiguous) distribution, can be observed and stored. In this paper, we derive
stochastic programs with data-driven chance constraints (DCCs) to tackle these problems and
develop equivalent reformulations. For a given historical data set, we construct two types of
confidence sets for the ambiguous distribution through nonparametric statistical estimation of its
moments and density functions, depending on the amount of available data. We then formulate
DCCs from the perspective of robust feasibility, by allowing the ambiguous distribution to run
adversely within its confidence set. After deriving equivalent reformulations, we provide exact
and approximate solution approaches for stochastic programs with DCCs under both moment-
based and density-based confidence sets. In addition, we derive the relationship between the
conservatism of DCCs and the sample size of historical data, which shows quantitatively what

we call the value of data.
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1 Introduction

1.1 Motivation and Literature Review

To assist decision making in uncertain environments, significant research progress has been made in
stochastic optimization formulations and their solution approaches. One effective and convenient
way of handling uncertainty arising in constraint parameters employs chance constraints. In a
chance constrained optimization problem, decision makers are interested in satisfying a constraint,

which is subject to uncertainty, by at least a pre-specified probability at the smallest cost,

min (z) (1a)
st PA©z <bO)} >1-a. (1b)
x e X, (1c)

where 9 : R™ — R often represents a convex cost function, X represents a computable bounded
convex set (e.g., a polytope) in R”, ¢ € R represents a K-dimensional random vector defined on
a probability space (€2, F,Pr), and the set function P{-} represents the probability distribution on
RE induced by &, i.e., P{C} = Pr{¢"}(O)}, YC € B(R¥). In addition, the linear inequality system
A(&)x < b(€) represents the constraints to be satisfied, where A(§) € R™*™ and b(§) € R™ denote
the technology matrix and right-hand side subject to uncertainty, and x € R™ denotes the decision
variable. Constraint (1b) is called a single chance constraint when m = 1 (i.e., the matrix A(§)
reduces to a row vector), and otherwise it is called a joint chance constraint. In addition, « value
represents the risk level (or tolerance of constraint violation) allowed by the decision makers, and
usually « is chosen to be small, e.g., 0.10 or 0.05.

Chance constraints emerge naturally as a modeling tool in various decision making circum-
stances. For example, decision makers in the finance industry may attempt to ensure that the re-
turn of their portfolio meets a target value with high probability. The study of chance constrained
optimization problems has a long history dating back to Charnes et al. [9], Miller and Wagner [22],
and Prékopa [30]. Unfortunately, constraint (1b) remains challenging to handle because of two
key difficulties: (i) chance constraints are non-convex in general, and (ii) the probability associ-
ated with the chance constraints can be hard to compute since it requires a multi-dimensional

integral. To address the first difficulty and recapture convexity, previous research identifies im-



portant cases under which chance constraints are nonlinear but convex (see, e.g., Charnes and
Cooper [8], Prékopa [31], and Calafiore and El Ghaoui [7]), and provides conservative convex ap-
proximations (see, e.g., Pintér [28], Nemirovski and Shapiro [24], Rockafellar and Uryasev [32], and
Chen et al. [10]). To address the second difficulty, previous research proposes scenario approxi-
mation approaches (see, e.g., Calafiore and Campi [5, 6], Nemirovski and Shapiro [23], Luedtke
and Ahmed [20], and Pagnoncelli et al. [25]), which are computationally tractable and can guaran-
tee to obtain a solution satisfying a chance constraint with high probability. In addition, integer
programming (IP) techniques are successfully applied in exactly solving chance-constrained prob-
lems (see, e.g., Luedtke et al. [21], Kiiglikyavuz [17], Luedtke [19], and Lejeune [18]). An alternative
of the chance constraint approach is the robust optimization (RO) approach (see, e.g., Soyster [37],
Ben-Tal and Nemirovski [2], Bertsimas and Sim [3], Calafiore [4] and Ben-Tal et al. [1]), which
requires the constraint A(§)x < b(€) to be satisfied for each £ in a pre-defined uncertainty set
UCRK ie.,

supgcr{A(§)z —b(&)} <0, (2)

where the operator supgcp{-} is considered constraint-wise without loss of generality. One impor-
tant merit of the RO approach is that, by a priori adjusting the uncertainty set U, one can ensure
that the constraint P{A(&)x < b(§)} > 1 — ag for a pre-specified risk level ay is satisfied under any
probability distribution P. Hence, the RO approach can be viewed as a conservative approximation
of chance constraints.

A basic, and perhaps the most challenging, question on chance constraints is the accessibility
of the probability distribution P. Most literature on chance constraints listed above assumes the
decision makers have perfect knowledge of IP. In practice, however, it might be unrealistic to make
such an assumption. Normally, decision makers have only a series of historical data points, which
can be considered as samples taken from the true (while ambiguous) distribution. Based on the
given data set, there are two potential issues for the classical chance constrained model (1): (i) it
might be challenging to assume a specific probability distribution and to generate a large number of
scenarios accordingly in the scenario approximations, and (ii) the solution might be sensitive to the
ambiguous probability distribution and thus questionable in practice. To address these drawbacks,

distributionally robust (or ambiguous) chance constrained (DRCC) models are proposed (see, e.g.,



Erdogan and Iyengar [15], Calafiore and El Ghaoui [7]|, Nemirovski and Shapiro [24], Vandenberghe
et al. [38], Zymler et al. [41], Xu et al. [39], and El Ghaoui et al. [14]). In DRCC models, P is
assumed to belong to a pre-defined confidence set D with given first and second moment values
(rather than being known with certainty), and the chance constraints are required to be satisfied

under each probability distribution in D:

inf P{AE)z < b} 2 1-a. (3)

Most current literature proposes approximation approaches to solve DRCC, and to the best of our
knowledge, only Vandenberghe et al. [38] and Zymler et al. [41] target deriving exact equivalent
reformulations for the problem with the former providing an equivalent semidefinite programming
reformulation and the latter providing a conditional value-at-risk (CVaR) approximation which
is tight for the single chance constraint case. In this paper, we focus on data-driven approaches
to construct the confidence set D. Accordingly, we refer the constraints in the form of (3) data-
driven chance constraints (DCCs). In our approach, we attempt to construct the confidence set D
based only on the historical data sampled from the true probability distribution and the statistical
inferences obtained from the data. Intuitively, since real data are involved in its estimation, D can
get tighter around the true probability distribution P with more data samples, and accordingly
the DCC can become less conservative. In this paper, we propose ezxact approaches to handle
both single and joint DCCs under different types of confidence sets by deriving their equivalent
reformulations. Furthermore, we show the relationship between the conservatism of DCCs and the

sample size of historical data, which depicts quantitatively the value of data.
1.2 Model Settings and Confidence Sets

In uncertain environments, people utilize historical data in various ways to help describe random
parameters through statistical inference. For example, decision makers in the finance industry
commonly describe the uncertainty in rate of return (RoR) of the investments by their mean and
covariance matrix statistically inferred by the historical data. Hence, a confidence set D can be
naturally defined as all probability distributions whose first and second moments agree with the

inference. For this case, we can denote the confidence set D as D shown as follows (cf. Delage and



Ye [12]):

Di={PeMy: (E]—p) A HEE] - p) <m, E[(€—p)(€—n)'] 2724}, (4)

where M represents the set of all probability distributions, ¢ and A > 0 represent the inferred
mean and covariance matrix respectively, and v; > 0 and 2 > 1 are two parameters obtained from
the process of inference. One advantage of D; is that we can construct it with a relatively smaller
amount of data, since usually the first and second moments of £ can be effectively estimated by the
sample mean and covariance matrix. In addition, D; considers moment ambiguity (i.e., moment
estimation errors are allowed) and develops nonparametric bounds on the mean and covariance
matrix. One special case of D; can be constructed without considering moment ambiguity, e.g.,
DY ={Pec M, :E[¢] =puRE[ET] = pu" 4+ A}. For this special confidence set setting, readers are
referred to nice works accomplished recently by Vandenberghe et al. [38] and Zymler et al. [41].
Besides the moments, decision makers can also resort to the density function of the random
vector £. For example, power system operators often describe random wind power available in a
time unit at a wind farm by estimating its density function. A natural extension of such a “point”
estimation is a “confidence set” estimation built around the point estimate, i.e., the decision makers
might believe that although their estimate could suffer from some errors, the true density function
is not too “far away” from it. One convenient and commonly used way of modeling the distance

between density functions is by ¢-divergence, which is defined as

_ JE)
Datsllio) = [ o($5) e

where f and fy denote the true density function and its estimate respectively, and ¢ : R — R is a

convex function on R such that

(C1) ¢(1) =0,

1‘ —r 100 f ’
(C2) 0g(x/0) ;:{ o ¢(p)/p ;fﬁi&

(C3) ¢(z) = +oo for z < 0.
Three examples of ¢-divergence are as follows:

e Kullback-Leibler (KL) divergence: ¢(x) = xlogz —x + 1 for = > 0,



e x divergence of order 2: ¢(x) = (z — 1) for z > 0,
e Variation distance: ¢(x) = |x — 1| for x > 0.

For general ¢-divergence and other examples, interested readers are referred to Pardo [26] and

Ben-Tal et al. [1]. Based on ¢-divergence, the decision makers can build a confidence set as follows:
Dy ={P e My : Dy(fllfo) <d, f=dP/dE}, ()

where the divergence tolerance d can be chosen by the decision makers to represent their risk-
aversion level, or can be obtained from statistical inference. It can be observed that using D5 as a
confidence set for DCCs can perform better than using D;, because we can depict the profile of the
ambiguous distribution PP more accurately by its density function than first two moments alone.
Therefore, DCCs based on Dy can be less conservative than those based on D;.

In this paper, we develop modeling and solution approaches for DCCs under both moment-based
(e.g., D) and density-based confidence sets (e.g., D2). We describe the construction of confidence
sets, show how to equivalently reformulate DCCs, and discuss exact and approximate solution
approaches for data-driven chance constrained programs (DCCPs) based on their equivalent refor-
mulations. To the best of our knowledge, this paper provides the first study of DCCs under D7 and
Ds. The remainder of this paper is organized as follows. At the end of this section, we introduce
notation and uncertainty settings to be used throughout this paper. We discuss the moment-based
confidence sets (D;) in Section 2. In Section 3, we discuss the density-based confidence set (Ds).
In addition, in this section, we discover the relationship between the conservatism of DCCs and
the sample size of historical data, which shows quantitatively the value of data. In Section 4, we
execute a numerical study to compare the performances of D;, Dy and myopic approaches and
verify the effectiveness of our proposed approaches. Finally, we summarize this paper in Section 5.
Notation and Uncertainty Settings. For a given vector x € R¥, we let ||z|| represent the L2-
norm of z, i.e., ||z|| = VzTx, and ||z||s represent the norm of z induced by a symmetric and positive
semidefinite matrix A € SX*K ie., ||z||a = VT Az. We specify the technology matrix A(¢) and
right-hand side b(§) by assuming that A(&) and b(§) are affinely dependent on £ (a K-dimensional
vector in the form & = (&,...,&x) "), ie.,

K K
A©) = Ao+ ) Ar&r, b)) =bo+ > br&, (6)
k=1 k=1
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where A and by represent the deterministic part of A(€) and b(&), and each element in A(§) and b(§)
is an affine function of £. This uncertainty setting has been adopted in the literature of stochastic
programming and robust optimization (cf. Chen et al. [10] and Chen and Zhang [11]). Under this

uncertainty setting, we can reformulate constraint A(&)x < b(€) as follows:

K K
Az <bE) & Aox+ ) (Aw)er b+ D bi&r & A(w)E < b(a),
k=1 k=1

where vector b(x) = by — Agz, and A(z) is an m x K matrix defined as

A(z) = [Ayw — by, Az —by, ..., Agz—bg]|.

Accordingly, DCC (3) can be generally reformulated as

. .

ﬁngjp{f €Ci>1-aqa, (7)

where C' = {£ € RE . A¢ < b} is a polyhedron whose parameters A and b depend upon z. In
the remainder of this paper, we use DCC (3) and its general reformulation (7) interchangeably for

notation brevity.

2 DCC with Moment-based Confidence Set

In this section, we consider constraint (7) with D = D;. In Section 2.1, we discuss the construction
of D; by using a series of independent historical data {¢'} | obeying the true distribution P.
In Section 2.2, we show a general equivalence relationship between a group of infinite nonconvex
constraints and a group of linear matrix inequalities (LMIs). We apply this equivalence relationship
to reformulate the single DCC under Dy, i.e., infpep, P{{ € C'} > 1 — «, as LMIs with polyhedron
C replaced by its interior, int(C') = {¢ € RX : A¢ < b}. Furthermore, we extend the study to other
single DCCs, e.g., DCCs with polytopic and marginal moment information, and show that they
can also be reformulated as LMIs or even nicer second-order cone (SOC) constraints. In addition,

we show the continuity of infpep, P{{ € C'} > 1 — a over the polyhedron C, i.e.,

min () = min ()
R >1-— t. i i >1_
s.t Pleanl P{ceC}t>1-a s.t Plengl P{¢ € int(C)} 21 —a,



to accomplish the reformulation of (7). In Section 2.3, we further our study for joint DCCs. We
observe that the joint DCCs under D; cannot be reformulated as LMIs although its left-hand
side (i.e., infpep, P{¢ € int(C)}) can be evaluated in polynomial time, and we develop tractable
approximation for the joint DCCs. Finally, in Section 2.4, we extend our study for the worst-case

value-at-risk constraints.
2.1 Construction of Confidence Set

Given a series of independent historical data samples {&° fil drawn from the true distribution P
of the random vector &, we want to estimate the first and second moments of £. First, the point

estimates of the mean and covariance matrix can be obtained by the sample moments

1 & 1 &
B . B . 4 T
M_szl’ A—NZ(fl—N)(fl—M) ;
i=1 i=1
where p and A are maximum likelihood estimators of E[¢] and cov(&), respectively. Second, we

follow the procedure described in Delage and Ye [12] to construct a nonparametric confidence set

for the mean and covariance matrix of £ as follows:

Dy ={Pe M (BlE)—n) AT EE) -0 <, ElE—m)E—n)) <Al

where the parameters v; > 0 and 2 > 1 can be obtained from the process of inference (see Delage

and Ye [12] for details).
2.2 Reformulation of the Single DCCs

In this subsection, we investigate the reformulation of the single DCC under D;,

. _T s
]P1€ngl Pla' éE<b}>1—a, (8)

where a € R is a K-dimensional vector and b € R is a scalar, both of which are affine functions
of decision variable x as discussed in Section 1.2. Note that we reformulate the strict version of
the DCCs (i.e., P{a'¢ < b}) first, and then recover the soft version (i.e., P{a'¢ < b}) in later
Proposition 1. The reformulation relies on a general equivalence relationship between a group
of infinite nonconvex constraints and a group of LMIs. Moreover, we find that this equivalence
relationship can be extended to other single and even joint DCCs. We first show the equivalence

relationship in Lemma 1.



Lemma 1 For a given group of symmetric and positive semidefinite matrices M; € REXK (ie.,
M; € SfXK), vectors a; € R¥, and scalars b; € R, i = 1,...,m, the following two claims are

SKXK

equivalent corresponding to a symmetric matric H € , a vector p € RX | and a scalar q:

(i) ETHE+p €+ q < Ic(€), VE€RE, where Io(€) =1 if € € C and Ic(€) = 0 otherwise,

(11) There exist {y;}7~, > 0, such that

—-H —1p]
2 >_07
L%PT L-q| =
[ —H —yiM;  —5(p+ yiai)

_ =0, Vi=1,...,m,
—2(p+yia;) " yibi — q ]_

where C' 1= N, C; with C; = {§ € RE 1 ¢T M6 +a € < b;}.

Proof: Following the definitions of C; and C, we first observe that

Ic(§) = HICi(g) = Hl[gTM¢§+aiT§<5i](f)’ Ve e RY,
i=1

=1

and hence, statement (i) is equivalent to
éTHg +pT§ + q S I[ETMZ£+a;FE<BZ](£), V{ € RK,VZ - 1, e,y

which is further equivalent to
§THE+p E+q<1, VEeRK, (9a)
ETME+ae>b = €THE+p €+q<0, VEeRE Vi=1,....m. (9b)
Next we discuss the reformulation of constraint (9a) and implication (9b). First, we observe that
constraint (9a) equivalently requires that the quadratic function &€ H¢ +pT €4 ¢ — 1 is nonpositive

everywhere in RX | and hence, is equivalent to

- H —1p]
2P| . 10
{ ' =g ™ 10
Second, the implication (9b) is equivalent to the statement that, for each i = 1, ..., m, the following

quadratic system

{ ETHE+p E+9>0
(11)

ETMig+a)§—b; >0
has no solution in R¥. We claim that this is equivalent to the following (infinite) quadratic system

having a nonnegative solution y;:

—(ETHE+p €+ q) —yi(¢" M€ +a € —b;) >0, Ve eRE, (12)



To see this, we discuss the following cases:

Case 1 If matrix M; has a strictly positive eigenvalue, then there exists a ¢ € RX such that
ETM;E+ ajg’— b; > 0 since we can choose & to make & M;€ + ELZTE— b; arbitrarily large. Thus,
in this case, the condition of the S-Lemma (cf. Yakubovich [40], Pélik and Terlaky [29],
and Appendix A) is satisfied and accordingly the equivalence is guaranteed following the

S-Lemma.

Case 2 If all the eigenvalues of matrix M; are nonpositive, then M; = 0 because M; > 0 by

assumption. We further discuss the following cases:

Case 2.1 If a; # 0, we observe that there exists a € € R such that ELiTﬁ_ —b; > 0 since we can
choose ¢ to make ELZT € arbitrarily large. In this case, the equivalence is again guaranteed

by the S-Lemma.

Case 2.2 If @; = 0 and b; < 0: First, suppose that (11) has no solution. Since a; ¢ —
b; = —b; > 0 is satisfied, it follows that ¢ HE + p'&€ + ¢ > 0 has no solution, i.e.,
ETHE +pT€4q <0 for all € € RE| which implies that (12) has a solution y; = 0.
Second, suppose that (12) has a solution y; > 0. Since M; = 0, a; = 0, and b; < 0, it
follows that —(¢THE +pT € + q) > —y;b; > 0, which implies that (11) has no solution.

Hence, the equivalence is guaranteed in this case.
Case 2.3 If a; = 0 and b; > 0: Since diT§ —b; = —b; < 0, (11) has no solution, and we only
need to show that (12) has a nonnegative solution. But in view of (9a), we know that

y; = 1/b; > 0 is a solution for (12).

We have proved the equivalence between (11) and (12). Another way of stating (12) is that there
exists some y; > 0, such that the quadratic function —&" (H + y; M;)é — (p + y:a;) '€ + yib; — q is

nonnegative everywhere in R¥, which is equivalent to

—H —yM;  —5(p+ vidy) “ 0

_ 13

—sp+wa)"  wbi—q |~ (13)

Therefore, we have equivalently reformulated statement (i) as LMIs (10) and (13) fori =1,...,m,
which completes the proof. ]

Second, we apply Lemma 1 to reformulate the single DCC (8) as LMIs.

10



Theorem 1 Given a vector a and a scalar b, the DCC infpep, P{a"¢ < b} > 1— « is equivalent

to the following LMIs:

WA 0] [ G —p A 0] [H p )
. . <

0 1} [—pT 1—4 ! [o n) T o) = (142)
[ G —p:| 0 %CL

- . 14b
—p—r 1—r —[%QT gj—f—d—r,u—b (14b)
G -p (K+1)x(K+1) |[H p (K+1)x(K+1)
N |t Pl est . 5>0, (14c)

“o»

where operator in constraint (14a) represents the Frobenius inner product.

Proof: First, we let zp, represent the optimal objective value of the optimization problem on the
left-hand side of the DCC, i.e., zp, = infpep, P{a'& < b}. We specify zp, by the following

optimization problem:

[Primal] zp, = mﬁin /RK Iigrecy) (§)dP (15a)
A §—p
s.t. /RK [(5 0T } dP > 0, (15b)
| (6= mie=mTde <, (150
/ dP =1, (15d)
REK

where constraint (15b) describes the confidence set of E[{] based on Schur complement, constraint
(15¢) describes the confidence set of E[(¢ — p)(& — u) '], and constraint (15d) guarantees that we
are considering probability distributions on RX. We apply the duality theory for conic linear

programming problems and dualize problem (15) as

[Dual] zp, = max —vA-G+r—A-H—vygq (16a)
G.H,p,qr

st (E=p) (=G)E— ) +2p" (€ —p) +7 < Tpreeg(§), VE € RF(16D)

Ge Si{XK, [5_ Z:| c SE’—K+1)X(K+1)’ (160)

where matrix []‘)F—Ir Z ], matrix G, and scalar r represent the dual variables for constraints (15b),
(15¢), and (15d), respectively. Note here that strong duality holds for problems [Primal] and [Dual]
based on established conic linear programming theory (cf. Isii [16], Smith [36], and Shapiro [34]).

Second, we reformulate constraint (16b). By replacing £ with & + p, we have constraint (16b)

11



equivalent to

(=G E+2p e+ 1 < Tgregqry(§), VEERK,

which, in view of Lemma 1, is further equivalent to

G —p 0 3V G -p
|:_T 1—T:|t 1, -T T 7 3 T 1—r toa
D sya'  1+y(a'p—>b) 4

for some y > 0. Hence, infpep, P{a'¢& < b} > 1 — a is equivalent to

_'ygA 0 G —p A O H p
. : <

L0 1} {—pT 1—7“} i [0 " oe = ()
I _ 0 Lya

GT 1 p} 1T 2Er K (17b)
l—p 1-r zya’ 1+y(@ p—"o)
G —p (K+1)x(K+1) |H p (K+1)x (K+1)
o 1—7} e sy C|r Plest L y>0, (17¢)

Now we observe that y > 0, because otherwise (i.e., y = 0) by constraint (17b) we have

=6
—p' 1—r 01

and hence

’}’QAO‘G —p4_[\0‘HQD>72A0‘00_1
0 1| |-p" 1-7 0 | |p" ¢/ =110 1| |0 1| 7

which violates constraint (17a) because o € (0,1). Hence, we let y = 1/y > 0, replace matrices

o 2 [ 2w e ] e
and b and , respectively in LMIs (17a)-(17c),
O e [ P ey S TP a2 7] vespectively in 1At (17a)-(170)

and obtain the reformulation (14a)-(14c). [

Third, we extend the application of Lemma 1 to other single DCCs under various confidence
sets. We present the extensions in the following corollaries, whose detailed proofs are provided in
Appendices B-C for brevity.

(Nonlinear inequality) The above linear inequality a'¢ < b can be extended to a general
quadratic one ¢ T M¢& +a'¢ < b for any given M € Si( *K " We omit the detailed proof for the

following corollary because of its similarity to that for Theorem 1.

12



Corollary 1 The DCC infpep, P{¢TME+a'€ < b} > 1—a is equivalent to the following LMIs:

[voA 0 G —p A O H »p _
. . <
|0 1] [—pT 1- r] * {0 A (18a)
G —p M L@+ 2Mup)
—p' 1- } = |1z oo s T 7| (18Db)
4 r s@+2Mp)’ g+p Mp+a p—>
G —-p (K+D)x(K+1)  |H p (K+1)x(K+1)
_—pT 1 7} €Sy T g €Sy , y>0. (18c)

(Polytopic ambiguity) D; incorporates the moment ambiguity by considering nonlinear con-
vex sets (e.g., considering the mean within an ellipsoid). An alternative is to consider polytopic
ambiguity. That is, decision makers can name a set of possible means and second moments
P o= {(ui, i) € RE x Si{XK DI uip;, i = 1,...,1}, where the condition ¥; > ,umiT is

used to make P well defined, and construct the probability distribution confidence set as follows:

D' = {Pe My (BIEL,Elge ) € conv(P) },

where conv represents the convex hull, i.e., there exists A € Rfr, such that E[¢] = Zi[:l Nifbis

E[¢€T] = ZLI Ai2i, and Zi]:l Ai = 1. The DCC under D} can be reformulated as LMIs shown

in the following corollary, whose detailed proof is provided in Appendix B.

Corollary 2 The DCC inf,_po P{a'¢ < b} is equivalent to the following LMIs:
1

—r+(1—¢q) < ay, (19a)
S o H4p p—r>0,Vi=1,...,1, (19b)
PL gl I 20, 19¢
[—épT l—q] = [za" §-0 (19¢)
-H —3p (K+1)x(K+1)
BRI , §=0. (19d)
2

Remark 1 One special case of corollary 2 is when I = 1, in which D} reduces to be {P € M :
E[¢] = 1, E[E€T] = %1}, which is simpler than D1 and does not allow moment ambiguity. The
reformulation of the DCC under this special case is nicely described in Vandenberghe et al. [38] and
Zymler et al. [{1].

(Marginal moments) Another variant of D; is to estimate the first two moments of each compo-

nent & separately. That is, if we omit the correlation of each pair & and & and build confidence

13



intervals for E[¢,] and E[¢Z] for k =1,..., K, it results in
Dy = {Pe My uf <Elg] < uf, Blgl) <o, Vh=1,..., K},

where [pf, ] is a confidence interval of E[¢x] and oy, is an upper bound of E[¢7], respectively. Also,
we assume that diag(oy,...,0x) = up' for each p* < p < pV to make D*" well defined. Note
here that we can always increase o}, values to make it happen. It is easier to construct D" than
D; by using a smaller size data set, since we only consider the marginal distribution of the random

vector £&. We state the corollary as follows and the detailed proof is provided in Appendix C.

Corollary 3 The DCC infpcpman P{a"¢ < b} is equivalent to the following SOC constraint:

K
> (kv — kv + okhi) — g < ag — 1, (20a)
k=1
K K -
g+ <1, q+i+Y s <b+1, (20b)
k=1 k=1
pL_pU
ke PR <tp4+hy, VE=1,..., K, (20c)
ty — hg
Pi — Pyt ak
k- k <sp+hp VeE=1,... K, (20d)
s — hy
P pU h >0, §>0,t,>0, s5>0, Vk=1,..., K. (20e)

From the above corollary, we can observe that the resulting reformulation for the DCC under D}*"
is a SOC constraint, which is more computationally tractable than LMIs.

Before closing this subsection, we show the continuity of the DCC infpep, P{{ € C'} > 1—a over
the polyhedron C'. We state the following proposition and provide the detailed proof in Appendix
D.

Proposition 1 Denote z(C) as the optimal objective value of an optimization problem with DCC,
i.e.,

AC) = min (o)

. inf P >1-
s.t gt {{eC} > a,

where X is a convex set, 1)(-) is a conver function, C = {& € RX : @' ¢ < b} with a and b being affine

functions of z, and the Slater condition holds for the optimization problem. Then z(C) = z (int(C)).
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Remark 2 Proposition 1 is trivial if the probability distribution P is absolutely continuous with
respect to Lebesgue measure on RE because in this case P{a' ¢ = b} = 0. Howewver, this proposition

holds for general distributions.

Remark 3 Similar continuity results as Proposition 1 hold for other single DCCs discussed in
corollaries 1-3. That is, Proposition 1 holds with polyhedron C replaced by {¢€ € RE - éTMé+a' ¢ <

b}, with Dy replaced by Df”l, and with D1 replaced by D", respectively.
2.3 Reformulation of the Joint DCCs

In this subsection, we study the joint DCCs. We observe that the joint DCCs under D; can
no longer be reformulated as LMIs although its left-hand side (i.e., infpep, P{A¢ < b}) can be
evaluated in polynomial time, and we develop tractable conservative approximation and relaxation
for the joint DCCs. First, we show the reformulation of the joint DCCs by the following corollary

and omit the proof because of its similarity to that described in Lemma 1 and Theorem 1.

Corollary 4 Given a matriz A and a vector b, the joint DCC infpep, P{A¢ < b} > 1—a is

equivalent to the following constraints:

YA 0 G -p A O H »p
— . — . >1—
_ 0 Ly.a
[GT p}z - Qz_/sz |, vi=1,...,m, (21b)
-p 1= svia;  1+yi(a; p—b;)
G -p } (K+1)x(K+1) H p} (K+1)x(K+1)
€S , €S , > 0. 21c
{_p'l' 1—r + p’ g + Y (21c)
where Ele, e ,EL; represent the m row vectors consisting of matrix A.

Note that the reformulating constraints (21a)-(21c) are no longer LMIs because of the bilinear terms
y;a; in constraints (21b), where y; represents a nonnegative multiplier and a; is an affine function
of decision variable z. However, with the multipliers y fixed, constraints (21a)-(21c) recover as
LMIs. In this case, the worst-case probability bound infpep, P{A¢ < b} equals the left-hand side
of constraint (21a) and can be computed in polynomial time.

Second, we develop a tractable conservative approximation for the joint DCC infpep, P{A¢ <

b} > 1 — a. We observe that the difficulty of the joint DCC, as compared to the tractable single
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DCCs, is that we have to satisfy multiple inequalities at the same time. To utilize the tractability
of the single DCCs, one option is to reformulate the joint DCC as

At P{A¢ <b} = Al P {i:q{é?fm{ajﬁ —bi} < 0} >1—a,
where the function maxi:17,_,,m{d;r§ — Bi} is convex and piece-wise linear over £. This observation
motivates us to approximate this function by using a quadratic function in the form ¢ " Mé+c¢' +d,
in view that we can reformulate the resulting approximation as LMIs by using corollary 1. To make
this approximation conservative, we ensure that €' M&+4cT¢é +d > ELZT{ —b; for all £ € RE and all

i =1,...,m, which implies that

inf P a; € — b} < >'fP{TM T d<}>1—.
B, {i%{%?fm{azf it < 0} 2 gl P& Mete f4ds0p 2 1-a
In addition, to make this approximation as tight as possible, we can treat the approximation
coefficients M, ¢, and d as decision variables, and so we can find an “optimal” approximation on

the way of optimizing over the joint DCC. We summarize the approximation result by the following

proposition, whose detailed proof is provided in Appendix E.

Proposition 2 The joint DCC infpep, P{A¢ < b} > 1 — a can be conservatively approzimated
by the following LMIs:

A 0] [ G —p A 0] [H p )

. . <
L 0 1] [—PT 1 —7‘] i [0 w T g = (222)
G —p M Le+2Mp)
' 1 _7} = T & 2T T ’ (22b)
|—P sc+2Mp)’ g4+p Mp+c'p+d
[ M Lie— a; .
%(C—ELZ')T 2Ei+51>:|t0’ \V/’l:].,...,m, (22C)
G —p (K+D)x(K+1)  |H p (K+1)x(K+1)

> 0.

' 1—7} €54 pT gf €5 =t (22

A relaxation of the joint DCC can be obtained by noting that

i a, <_} > i a &€ —b;} < > 1-— =1,...
Plenglp{azf_bz > PléllglP Z:m7a>7< {a, §—0}<0p > 1—a, Vi=1,...,m,

where the joint DCC is relaxed to be a single (and tractable) DCC. We can also tighten this
relaxation by adding in single DCC relaxation for each ¢ = 1,...,m, which is presented by the

following proposition.
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Proposition 3 The joint DCC infpep, P{A¢ < b} > 1 — « can be relaved to be the following

LMIs:
-’}/QA 0 Gz —Di A 0 Hi Yo _ .
. . <ay, Yi=1,...,m,
| 0 1} Lpf 1— ?“z} [0 ) el e =
B . . 0 ld‘
Gl—r pz} =, ?Tl |, Vi=1,...,m,
-p; l—m 50; Yit+a;p—Db

G,-T —Di } c SngJrl)x(KJrl)7 []? ];1:| c S(+K+1)><(K+1), 5i>0, Yi=1,....m.

2.4 Reformulation of the Worst-Case Value-at-Risk Constraint

In this subsection, we extend our study on the DCCs to the worst-case value-at-risk constraint.
First, value-at-risk (VaR) is a risk measure frequently used in portfolio optimization problems
(see, e.g., Rockafellar and Uryasev [32], and El Ghaoui et al. [14]). Given a random vector
with probability distribution P, a constraint on the VaR of random variable a'& with risk level o

(denoted as VaR (@' &)) can be defined as
VaRa(a'€) := inf {£ cR: P{a'e<(}>1— a} < b,

where b is a given upper bound for VaR. In practice, P is not always perfectly known or accurately
estimated, and a decision maker can thus consider an alternative worst-case value-at-risk (WVaR)
constraint defined as

VaRy(a'€) <b, VPe Dy, (24)

where D; can be estimated based on historical data samples of £, and constraint (24) is robust
with regard to the underlying probability distribution of £. In the following proposition, we show
the equivalence between constraint (24) and the single DCC infpep, P{a'¢ < b} > 1 — «, and we

provide the detailed proof in Appendix F.

Proposition 4 The WVaR constraint (24) is equivalent to the LMIs (14a)-(14c) defined in The-

orem 1.

Remark 4 From Proposition 4, it is very interesting to observe that the data-driven chance con-
straint and the worst-case value-at-risk constraint lead to the same reformulation. In other words,
with the consideration of the data-driven robustness in the chance constraint, there is no need to

consider the worst-case value-at-risk measure to improve the robustness.
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3 DCC with Density-based Confidence Set

In this section, we consider DCC (7) when density information is taken into account, i.e., with
D = Dy. We first discuss the construction of Ds in Section 3.1. Then, in Section 3.2, we show that
the joint DCCs under D is equivalent to a classical chance constraint (1b) with a deterministic
probability distribution, which can be further solved by scenario approximation approaches. In
addition, by deriving how the sample size of the data reflects the level of conservatism of DCCs,

we depict quantitatively the value of data in Section 3.3.
3.1 Construction of Confidence Set

In this subsection, we discuss the construction of confidence set Dy, which is based on a general

¢-divergence defined as

_ JE)
Datflli = [ o (%) e

where f and fy denote the density function (resp. probability mass function for discrete distribu-
tion) of P and its estimate respectively, and the integral is with respect to Lebesgue measure on RE
(resp. with respect to the counting measure for discrete distribution). For discrete distributions,
histograms are useful in practice for depicting density function profiles. Suppose that we have a
data set {¢'} ;. To draw a histogram, we first construct a nonempty partition {B; : j=1,..., B}
of the sample space, where 2 = Ule Bj and each Bj is called a “bin.” Second, we count the fre-
quency N; = Zfil 1B (&) for each bin B;, where IB; (€%) equals one if £ € Bj, and zero otherwise.
Finally, we can estimate the probability of landing in each bin, i.e., P{B;}, by its empirical relative
frequency NNj/N. For continuous distributions, we cannot directly use the histogram estimate for f
since it is not absolutely continuous with regard to the Lebesgue measure. Instead, we replace the
histogram estimate by its counterpart in estimating continuous density functions, called the kernel

density estimator (KDE), which is defined as follows (see Rosenblatt [33] and Parzen [27]):

L (6—¢
fN(é)ZMKV;H( )

where hy is a positive constant, K is the dimension of £, and H(-) is a smooth function satisfying

H()>0, [H(&)dE =1, [EH(E)dE =0, and [ E2H(€)dE > 0. One example for H(+) is the standard

normal density function. It is shown in Devroye and Gyérfi [13] that KDE converges to the true
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density in L'-norm, i.e., with probability one,

L 150 = F©lds = 0 as N = o,

There are various ways to decide the divergence tolerance d in Dy. First, decision makers can decide
the value of d to reflect their risk-aversion preference, and adjust d to perform post-optimization
sensitivity analysis. For example, decision makers may decide d = J/In(N), where J is a con-
stant and N is the total number of data samples, to reflect an intuition that Ds becomes tighter
as N increases. Second, for discrete distributions, we can estimate the value of d by using the
histogram estimate. Pardo [26] (see, e.g., Theorem 3.1 in [26]) shows that %Dqs(f”fo) con-
verges in distribution to a Chi-square distributed random variable with B — 1 degrees of freedom
as N goes to infinity, provided that ¢”(1) exists and is nonzero. This observation motivates us to
approximate the divergence tolerance d by setting d = ¢" (1)X2B—1,1— 8 /(2N) with large N, where
X2B71,17/3 represents the 100(1 — 8)% (e.g., 5 = 0.05) percentile of the X2B71 distribution. For con-
tinuous distributions, however, there are few literature discussing the estimation of d for a general
¢-divergence. One possible approach is to estimate d by ¢H(1)X2]§_1,1_5/(2N) for large N, as for
the discrete case, motivated by the observation that both the histogram and the KDE converge to
the true distribution as N goes to infinity. In general, in observation of multiple possible ways of
estimating the ¢-divergence tolerance d, in this paper, we assume that d is in general a function of
data sample size N, i.e., d := d(N), d is nonincreasing as N increases, and d tends to zero as N

tends to infinity, in our theoretical analysis.
3.2 Reformulation of DCC

In this subsection, we address the reformulation of the DCCs under Dy with a general ¢-divergence
measure considered. Before giving the main result, we review the definition of conjugate duality.
Given a function g : R — R, the conjugate g* : R — R U {+o0} is defined as
g"(t) = sup{tx — g(x)}.
rz€ER

Also, we present some properties of the conjugate of function ¢ which is used to define ¢-divergence

measures. We provide the detailed proof of the following Lemma in Appendix G for completeness.
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Lemma 2 Let ¢ : R — R be a convex function such that ¢(1) = 0 and ¢(x) = oo for x < 0.

Then ¢* satisfies the following properties:
(i) ¢* is convex;

(ii) ¢* is nondecreasing;

(iii) ¢*(x) > x for all xz € R;

(iv) If ¢* is a finite constant on an interval [a,b] for a,b € R and a < b, then ¢* is a finite constant

on the interval (—oo, b).
Based on properties (ii) and (iv), we have the following definition.

Definition 1 Let ¢ : R — R be a convex function such that ¢(1) = 0 and ¢(z) = +oo for z < 0.
Define m(¢*) := sup{m € R : ¢* is a finite constant on (—oo,m|} and m(¢*) := inf{m € R :
¢*(m) = +oo}.

Theorem 2 Given density estimate fo, let Py represent the probability distribution defined by fo.
Then the DCC inf  P{A¢ <b} > 1— «a can be reformulated as

Dy (fllfo)<d
Po{AE <b} >1—d, (25)
where o =1 — inf {d)(ZO‘i‘Z)—Zo—Ozz—i—d}7
2>0, - ¢*(ZO + Z) _ ?b*(z(])
m(¢*)<zo+2<m(¢*)

and x4 = max{x,0} for x € R, if one of the following two conditions is satisfied:
(i) img— 400 ¢(z) /2 = +00,
(ii) fo(€) > 0 almost surely on RX.

Proof: Denoting set C' = {¢ € R : A¢ < b}, we rewrite the left-hand side of the chance constraint

p, = min /R Ie(©)7(€)de (262)
6

S, /]R  o©0( ) < (26b)

|, #ee =1, (26¢)

f(&) >0, VeEeRE, (26d)
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where constraint (26b) bounds the ¢-divergence Dy(f||fo) from above by d, and constraints (26c)
and (26d) guarantee that f is a density function. Since problem (26) is, once again, a semi-infinite

problem, we resort to duality. The Lagrangian dual of problem (26) can be written as

_ . JiG] .
L= sw feg;io{ /R (IC©1©) = 200(€) + 2100 ( 155 ) ) e + 20 d}

= swp {ZO—zd+finf { /RK[uc(s)—zO>f<§>+zfo<§>¢(f(f))}ds}}, (27)

2>0,20€R (€)>0 fo(§)

where z and 2y represent the dual variables of constraints (26b) and (26¢), respectively. Strong
duality between problems (26) and (27) yields that zp, = L and there exist z* > 0 and 2 such
that the supremum in problem (27) is attained. We discuss the following cases for the values of z*.

First, suppose that z* > 0. Then we have

L = ng)e]R {zo —zd — zf?ggo{/RK [(Zo—zfc(f))f(g) - f0(5)¢<%)}d§}}
20 — Io( f(€)
IR GRS | N (G TERVCR I

) e
20— Ic(€)\ ¢ f(§) f€)
" 0.men {ZO_Zd_Zf?;p {/[0(§)>0}[( e )( fo > d)(fo( )ﬂ }} (28)
{ e

= sup
2>0,z0€R

£) 3
zo—zd—z MPON()/S;I;@ZO{(ZO_IC )<fo ) - (’5(]{;{5)} df}

: (ZO‘IC“))fo@)df} (20)
fo(€)>0] o

= sup zo—zd—z

2>0,z0€R

/—/H

= sup
2>0,z0€R

20 — 2d — P {C}o" ( - 1) —2(1-Bo{C})¢* (2)}, (30)
where equality (28) follows from the two assumptions because (i) if limy_s oo ¢(x)/2 = 400, then
whenever fy(£) = 0, f(£) has to be zero to achieve optimality (see property (C2) of ¢ function in
Section 1.2), and (ii) if fo(¢) > 0 almost surely on R¥ then the equality is clear. Equality (29)
follows from the definition of conjugate ¢*, and equality (30) follows from conditional probability,
conditioning on the value of I (€).

Furthermore, to make the DCC satisfied, we observe that we should let the decision variables

2o and z be such that zo/z € [m(¢*),m(¢*)]. To see that, we discuss the following cases:

Case 1. Suppose that zp/z > m(¢*). Then we have ¢*(zp/z) = +00 and so

20 — zd — zPp{C}¢" (ZOZ_ 1) —2(1=Po{C})9* (Z—ZO) = —00,
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in which case the DCC is violated.

Case 2. Suppose that zp/z < m(¢*). Then (29 —1)/z < m(¢*) and hence there exists a finite

o (2) =0 (2) -m

Also, since ¢*(x) = m for each x < m(¢*) by definition of m(¢*), and z < ¢*(x) = m by

constant m such that

property (iii) in Lemma 2, we have m(¢*) < m. It follows that

20

(2= g e
2o — zd — zPp{C'}¢ < . ) z(l IP’O{C})gb ( . )
= zpg—zd—zm
< m(¢p*)z—2zd—z2m < 0,
and hence the DCC is violated.
Hence, we can add constraint zo/z € [m(¢*),m(¢*)] into problem (30), and the DCC zp, > 1 — «

is equivalent to that there exist z > 0 and 2 such that zy/z € [m(¢*), m(¢*)] and

— 20— a+ 20" (2) + 2d
29 () = 29" (27

Therefore, the reformulation (25) is obtained by simultaneously replacing z and zp by 1/z and

Po{C} > © (31)

(20 + 2)/z, respectively, in inequality (31).
Second, suppose that z* = 0. Then we have L = sup {zo + inf / (Ic(&) — zo)f(é)dg}. It
z0€R f(£)20 RE
follows that
Case 1. If C # R¥ | then at optimality 2§ = 0 with L = 0 because we require I¢(£) — 2% > 0 for
each ¢ € RE to achieve optimality. It follows that the DCC zp, > 1 — « is violated because

a € (0,1). On the other side, we notice that the optimal value of (30) is no larger than that

of (27), which indicates that the reformulation (25) is violated as well.

Case 2. If C = R¥ then at optimality z; = 1 with L = 1 because we require Ic(§)—z5 = 1—25 > 0
for each ¢ € RX to achieve optimality. It follows that the DCC zp, = 1 > 1 — a is
satisfied because a > 0. For this case, the reformulation (25) is also satisfied because

Po{A¢ <b} =Po{C} =1 when C =R¥ and 1 — o/, < 1. [
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Remark 5 The two conditions in Theorem 2 are mild because (i) many types of ¢-divergence
measure satisfy limy_ o0 ¢(x)/x = +00, e.g., KL divergence (with ¢(x) := xlogx —x + 1), x
divergence of order 0 (with ¢(z) == |x — 1/® and @ > 1), and Cressie and Read divergence (with
o(x) = % and 0 > 1), and (i) any density estimate fo can be slightly modified to satisfy

fo >0, and an important example is a KDE fo by choosing H(-) as the standard normal density.

Corollary 5 The DCC reformulation Po{A¢ < b} > 1— oy is a conservative approzimation of the

nominal chance constraint Po{ A¢ < b} > 1—q, i.e.,

1—d = ing {¢ (;E)(—i-z—’)_—)Zo;*?Z)—i-d} > 1—a.
2>0, 20+ 2) — ¢*(z
m($*)<sorA<(S) ’ ’
Proof: See Appendix H. [

Henceforth, we call the chance constraint (25) a “reformulated DCC.” Theorem 2 and corollary
5 show that a reformulated DCC is a classical chance constraint with the ambiguous probability
distribution P replaced by its estimate Py, and the risk level o decreased to o/. As compared to

the classical chance constraints, reformulated DCCs provide us the following theoretical merits:

1. In terms of modeling, unlike relying on an ambiguous probability distribution P, we waive the
“perfect information” assumption and resort to Py which can be estimated from the historical

data. Meanwhile, we can make a more accurate Py estimate with more data on hand.

2. In terms of algorithm development, the estimate Py is more accessible than the ambiguous P.
First, the samples taken from Py, which is deterministic, is more trustable than from a guess of
the ambiguous P. Second, we can facilitate the sampling procedure by choosing density functions
that are easier to sample from. For example, we can develop Py as a KDE and choose function
H(-) as a standard normal distribution. This observation motivates us to solve optimization

problems with reformulated DCCs by using the scenario approximation approach.

3. In terms of conservatism, it is intuitive that when faced with probability distribution ambiguity,
one can reduce « to make a classical chance constraint more conservative. Theorem 2 can help
to quantify how much « needs to be reduced, and hence accurately depicts the relationship

between the risk level o and the conservatism.
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For D5 under general ¢-divergence measures, the perturbed risk level o/ in the reformulated DCC
can be obtained by solving a two-dimensional nonlinear optimization problem. Many off-the-shelf
optimization software (e.g., GAMS and AIMMS) and general-purpose optimization packages (e.g.,
MINOS and SNOPT) can be used. In this paper, we take three types of ¢-divergence measure,
i.e., x divergence of order 2, KL divergence, and variation distance, as examples to show how the
perturbed risk level can be obtained. We find that the perturbed risk level for both x divergence
of order 2 and variation distance can be obtained in a closed form. For the KL divergence, it seems
hard to obtain a closed-form perturbed risk level. However, we can efficiently compute it by using
bisection line search, because the computation effort can be shown to be equivalent to minimizing
a univariate convex function. We summarize our results in the following three propositions, whose

proofs are provided in Appendices I-K for brevity.

Proposition 5 Suppose that we develop Dy by using the x divergence of order 2 with ¢(x) :=

(r —1)% and a < 1/2. Then the perturbed risk level is

W \/d2+4d(a—a2)—(1—2a)d.

2d + 2

Proposition 6 Suppose that we develop Dy by using the variation distance with ¢(x) = |x — 1|.

Then the perturbed risk level is

Proposition 7 Suppose that we develop Dy by using the KL divergence with ¢(x) := zlogx—x+1.
Then the perturbed risk level is

—d,l—-«
-1

Wt e (T

z€(0,1) r—1

and can be computed by using bisection line search after ﬂogg(%)] steps to achieve € accuracy.

3.3 The Value of Data

Intuitively, as the sample size N increases we can depict the profile of the ambiguous probability
distribution P more accurately with a smaller ¢-divergence tolerance d. Based on Theorem 2, one

may be interested in two questions:

e Will the perturbed risk level o increase to a as d tends to zero (resp. as N tends to infinity)?
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e How fast will o’ converge as d decreases (resp. as N increases)?

These two questions are important in practice. First, an affirmative answer to the first question
indicates that the conservatism of the DCCs will vanish as N tends to infinity. Second, since
collecting data frequently incurs cost, the convergence rate of o/ helps to estimate how a new set
of data decreases the conservatism of DCC, i.e., the value of data. More specifically, for nominal

risk level given «, we can define the value of data as

/
VoD, = j%,
which represents the increase of o/ value if we marginally enlarge the data set. In this subsection,
we answer the first question in the affirmative for Dy under a general ¢-divergence. Moreover, we
focus on two types of ¢-divergence, i.e., the x divergence of order 2, and the KL divergence, and
discuss the convergence behavior of o/ and their corresponding VoD,,. For discussion consistency,
we assume that d is chosen to be a differential function of N, i.e., d = d(IN), d is nonincreasing as
N increases, and d tends to zero as N tends to infinity. For example, we can follow Pardo [26] and

set the divergence tolerance d = ¢ (1)x%_, | 5 /(2N). We first show the following proposition for

the general ¢-divergence, whose detailed proof is provided in Appendix L.

Proposition 8 For a general ¢-divergence with x = 1 as its unique minimizer, the perturbed risk

level o defined as

- w (SRR
z s Zi Z)— Z
(") <sorA<mi(0") 0 0

increases to « as d decreases to zero (resp. as N increases to infinity).

Next we show the convergence result of o/ and the corresponding VoD, for the y divergence of

order 2 and the KL divergence, respectively. The detailed proofs are provided in Appendices M-N.

Proposition 9 Suppose that we develop Do by using the x divergence of order 2. Then o increases

to a as d decreases to zero. Furthermore, the value of data satisfies

1 (20¢2 —2a+ 1)d(N) 4+ 2(a — 042)
2(d(N) +1)2 VA(N)2 + 4d(N)(a — a?)

VoD, = — (1 —=2a)| d(N),
where d'(N) represents the derivative of d(N) over N.
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Proposition 10 Suppose that we develop Do by using the KL divergence. Then o' increases to «

as d decreases to zero. Furthermore, we can obtain

d= alog(%) +(1 —a)log(ll__z,),

and the value of data satisfies
/ 1— /
VODa — |:O((/Oé):| d,(N)7

o —
where d'(N) represents the derivative of d(N) over N.

We remark that the value of VoD, depends on the choice of d(N), i.e., the relationship between
the ¢-divergence tolerance d and the data sample size N. For discrete distributions, the choice
d(N) = ¢" (1))(2]3_1’1_ 8 /(2N) and accordingly VoD, becomes accurate as N increases to infin-
ity. For continuous distributions, d(N) is used to approximate Dg, and accordingly VoD, cannot
guarantee to be accurate in general. In practice, we can use VoD, to help decision makers ap-
proximately estimate the value of a new set of data, and accurate estimators worth future studies.
For illustration, we depict the relationships between 1 — o/ and N and between VoD, and N in
Figure 1 by using KL divergence under confidence levels with o = 0.90 and bin size B = 30 (e.g.,
for discrete distributions). We observe that with sample size N increasing, both 1 — o/ and VoD,,
decay quickly. However, we need a large sample size (e.g., N > 2000) to guarantee o/ converging to
«a and VoD, converging to zero. That is, we have to draw a large set of historical data to guarantee
an almost exact description of the unknown probability distribution P, and accordingly the risk
level of the reformulated DCC, o/, can be chosen to be near its deterministic counterpart a. This
observation makes sense because we need a large sample size to construct the histogram in the first
place, especially when the dimension of random vectors becomes very large. In practice, we suggest
using density-based confidence sets in an industry that has rich access to data and relies heavily on
data to make decisions. As compared to density-based confidence sets, moment-based confidence
sets are more conservative and only need small data sets for construction, and hence, are suitable

to be used in an industry that has limited access to data.
4 Numerical Experiments

In this section, we conduct a simple numerical experiment to illustrate the application of DCCPs.

We model DCCs with both moment-based and density-based confidence sets in a portfolio opti-
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Figure 1: Evolution of values 1 — o/ and VoD,, against sample size under risk level @ = 0.90 and
confidence levels g = 0.01,0.05,0.10

mization problem. In this experiment, a generic DCCP for the portfolio optimization problem can

be formulated as

n

[DCPO]  max Eléilzi

i=1
> &Giwi = To(303 i), "
s.t. inf P ‘ >1—aq, Zﬂ?i: ,
Feb 2ien; §iti 2 Tj(Lien, ©i), Vi =1,...,J i=1

where n represents the total number of investments, & represents the rate of return (RoR) of
investment 4, x; represents the share of investment i, Ny, ..., Ny represent different portfolio seg-
ments with U}]:1 N; ={1,...,n} (e.g., Ny consists of stocks, Ny consists of bonds, and so on), and
Ty, ..., Ty represent the investment targets of different portfolio segments. To specify which confi-
dence set we use, we denote [DCPO-M] when using a moment-based confidence set (e.g., D = Dy),
and denote [DCPO-D] when using a density-based confidence set (e.g., D = Dy under the KL diver-
gence). Inspired by Delage and Ye [12], we evaluate [DCPO] in this experiment by using a historical
data set of 30 assets from years 2008 to 2011, obtained from the Yahoo! Finance website!. In each
experiment, we randomly choose 4 assets, randomly assign them into J = 2 portfolio segments, and
build a dynamic portfolio with these assets. The assets in the portfolio are updated every thirty

transaction days, through years 2008 to 2011, by adopting optimal investment decisions obtained

IThe 30 assets are AAR Corp., AT&T, Avery Denison Corp., Boeing Corp., Bristol-Myers-Squibb, Cisco Systems,
Dell Computer Corp., Dow Chemical, Duke Energy Company, Du Pont, Eli Lilly and Co., Exelon Corp., FMC
Corp., General Electric, Hewlett Packard, Hitachi, Honeywell, IBM Corp., Ingersoll Rand, Intel Corp., Lockheed
Martin, Merck and Co., Microsoft, Motorola, Northern Telecom, Oracle, Pinnacle West, Texas Instruments, United
Technologies and a 0%-interest-rate deposit.
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from [DCPO]. During any day of the experiment, we collect the most recent 2000 days of RoR data
to construct both confidence sets D; and Ds. In this experiment, we estimate each mean RoR,
i.e., E[§] for each i = 1,...,n, by the sample mean RoR based on the most recent 2000 days data.
We employ the conservative approximation discussed in Section 2.3 to solve [DCPO-M], and the
scenario approximation approach to solve [DCPO-D].

In this experiment, we evaluate the performance of the investment decisions obtained from
[DCPO] during each trading day against the real data in the following thirty days. That is, after
making the investment decision during each trading day, we will hold the assets for thirty days and
see how it performs in the real market. To set a benchmark, we compare [DCPO-M] and [DCPO-D]
to a myopic model, which maximizes an average return over the last 2000 days. In this experiment,
we run 100 replications in total by choosing four assets (among the 30 assets) in each replication,

and summarize the results obtained from all replications in Table 1 and Figure 2.

Avg. St. dev 10th Perc. 90th Perc.

DCPO-D 1.118 0.194 0.969 1.415
DCPO-M 1.010 0.166 0.823 1.245
Myopic  0.991  0.507 0.499 1.394

Table 1: Comparison of average end wealth and risk in 100 replications through years 2008-2011

From Table 1 and Figure 2, we observe that both [DCPO-D] and [DCPO-M] outperform the
Myopic approach in both end wealth and risk control for the years 2008-2011. In particular, [DCPO-
D] largely outperforms the other two approaches with at least 9.6% more in end wealth and a much
smaller standard deviation as compared to the Myopic approach. It indicates that the density-
based DCCPs can make robust and profitable portfolio selection. [DCPO-M] slightly outperforms
the Myopic approach in terms of end wealth, but has the smallest standard deviation. From
Figure 2, we can also observe that [DCPO-M] clearly outperforms the other two approaches during
years 2008-2009 when the market is depressed. This observation makes sense because [DCPO-M]

considers moment ambiguity and we employ a conservative approximation to solve [DCPO-M].

5 Conclusion

In this paper, we developed exact and approximate approaches for DCCPs. Starting from the

historical data, we described how to construct moment-based and density-based confidence sets
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Figure 2: Comparison of wealth evolution in 100 replications through years 2008-2011

for the ambiguous probability distributions, how to equivalently reformulate DCCs, and how to
effectively solve DCCPs. In general, in this study, we proposed a framework to provide robust
decisions based on the available data set information. Besides guaranteeing the robustness, our
framework ensures that the proposed approach is less conservative when more data information is
on hand. Possible future research directions include the study of DCCs under different confidence
sets and their solution approaches. It is also interesting to study the accurate estimators of the

value of data for general ¢-divergence.
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Appendix A S-Lemma

We state the S-Lemma as follows:

Lemma 3 (S-Lemma, Yakubovich [40]) Let f,g: R™ — R be quadratic functions and suppose that

there is an & € R™ such that g(Z) < 0. Then the following two statements are equivalent.

(i) There is no x € R™ such that
{ f(x) <0

g(z) <0.

(i) There is a nonnegative number y > 0 such that
f(@) +yg(z) 20, VzeR"
Appendix B Proof of Corollary 2

Proof: First, we let zpo represent the optimal objective value of the optimization problem on the
1

left-hand side of the DCC, i.e., Zppol = infy, eppe! P{a'¢ < b}. We specify Zppol by the following
optimization problem:
[Primal,,,] Zppol = Prg\izno /RK Iigrecy)(§)dP (32a)
I
.t dP = A i s 32b
s n Z o (32D)
ggTdP Z i, (32¢)
/ dP =1, (32d)
RK
I
Z A= 1, (32e)
i=1

where constraints (32b), (32c), and (32e) guarantee that (E[¢],E[¢¢T]) € conv(P). We apply the

duality theory for conic linear programming problems and dualize problem (32) as

[Dual,,.,] Zppl = max v +q (33a)
s.t. Si-H+pip—r>0,VYi=1,...,1, (33b)
ETHE+p E+q < Igreey(§), VE € RE, (33¢)
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where p, H € SKXK ¢ and r are dual variables for constraints (32b), (32c), (32d), and (32e)

respectively. Constraint (33c) can be reformulated as the following LMIs by using Lemma 1:

—-H —1p} [ 0 lyd}

20| o g 2971 34a
[—épT 1—q] = [sya" 1-yb (342)
_ 1
[ 1l;IT 1 21;} GSS_K+1)><(K+1)’ (34b)
-1 -

where y > 0. Again, note here that strong duality holds for problems [Primal,,] and [Dual,,] based
on established conic linear programming theory. Hence, the DCC ianerol Pla'¢ <b} >1—-a
1

can be reformulated as

—r+(1—-q) <a, (35a)
Si o H+p p—r>0,Vi=1,...,1, (35b)
=l
20| o g 297 35¢
[—épT 1—q| = [gva" 1-yb (85¢)
-H -1 K K
2

Now we observe that y > 0, because otherwise (i.e., y = 0) we have

-0 -1 00
o =
14 q

by constraint (35¢), and so

—r4+(1—q) > =% H—p'p+(1—9q) (for any ¢ = 1,...,1, by constraint (35b))
_ [22 Nz:| _ [ H —1p]
pi 1] |—3p" 1—g¢
S ow] [o 0]
> )8 - (36)

where the second inequality holds because

Y i -H —ip 00
? v 2 . -
LJ 1]‘0 and [—épT 1—q} [0 1}‘0'

Observation (36) violates constraint (35a) because o € (0,1). Hence, we let ¥ = 1/y and replace
H, p, q, r, and (1 — q) by their y-multipliers, i.e., yH, yp, yq, yr, and y(1 — ¢) in LMIs (35), and
obtain the reformulation as LMIs (19). [
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Appendix C Proof of Corollary 3

Proof: First, we let Zpmen represent the optimal objective value of the optimization problem on the
left-hand side of the DCC, i.e., zpmen = infpepmen P{a'¢ < b}. We specify zpmen by the following

optimization problem:

[Primalmgn] ZD;ngn = H%gl’l /];K I[ELT§<B} (g)dP (37&)
st. pt< / EdP < u, (37b)
RK
EdP <oy, Vk=1,...,K, (37¢)
RK
/ P =1, (37d)
REK

where constraints (37b) describe the confidence interval of E[{] and constraints (37c) describe the
upper bound of E[{i] for each k = 1,..., K respectively. We apply the duality theory for conic

linear programming problems and dualize problem (37) as

M=

[Dual,,y,] zppen = max (Pkik — PRIk — Okhi) +4q (38a)
b b k:l
K
st =Y eG4 (" —p") €+ g < Igrep(§), VEERK, (38b)
k=1
pLapU, h 2 Oa (38C)

where vectors p* and pY, vector h, and scalar ¢ represent the dual variables for constraints (37b),
(37c), and (37d), respectively. Again, note here that strong duality holds for problems [Primal,,,,]
and [Dual,,,] based on established conic linear programming duality theory. To apply Lemma 1,

we first simplify the notation by defining
p=p"—p" and H = diag(—hi,...,—hg). (39)

Now by Lemma 1, constraint (38b) is equivalent to the following constraints

g -1
|:%p'l' 1212} = 0, (40)
~H —3(p +va)
2\ =0 41
[-%(Mya) yb—q |~ (41)
y=>0.
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We now show that (40) is second-order cone representable, and the reformulation of (41) follows
similarly:

hi

—3p' 1—q

K K
S ) & =D ekl + (1= )&k 20, Ve, 6k, Ekpn €R
k=1 k=1

hy =0 = p,=0, Vk=1,... K,

2 K 2
& p
Z Py [fk— (% )&m} (1m0 X G )Eea 20, Vo Etkn € R
poto poto
hy=0 = p,=0, Vk=1,..., K,
hy >0,
<~
K 2
Di
1—qg— Lk
q 4hy, 20
k=1
hy#£0

& diy >0, Ve=1,...,K, such that
pr < dhgty, Vk=1,...,K,

K
g+ t<1
k=1

& ditp >0, Ve=1,...,K, such that

L2
q+Ztk <1.
k=1

By substituting the simplification (39) back into equation (42), we obtain the reformulation of

Il

Ztk<1—q

tk>0 Vk=1,...,K.

‘Stk—‘rhk, Vk=1,...,K,
(42)

constraint (40) as follows

‘<tk+hk, Vk=1,...,K,
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The formulation of constraint (41) can be similarly obtained as follows

H[pk +yak]'§sk+hk, Vk=1,... K,
Sk — hg
~ K
g—yb+) s, <0
k=1
s >0, VE=1,..., K.

Hence, the DCC infpepmen P{a"¢ < b} > 1 — « is equivalent to

K

Z (PYy — phpk + onhi) + (1 - q) < a, (43a)
L

|:k :| <tp+hg, Vek=1,...,K, (43b)
k

K

d <1y, (43¢)

k=
L__ .U =

Hpk pk+y“’“] ‘Ssk—i-hk, Vk=1,... K, (43d)

s — hy

L+ sk <yb+(1—9), (43¢)
k=1

yzo,tkzo,skzo, Vk‘:L...,K. (43f)

Now we observe that y > 0, because otherwise (i.e., y = 0) we have

e =

by (41), and it follows that

K
Y hine L -H _1 _
> oknk v+ oue) + (1= ) = | ]| T TR P Ty

P 2(p l—q
X p |00
> . =
> [ ][0 1=
where Yp,,, 1= diag(o1,...,0k), and so constraint (43a) is violated because a € (0,1). Hence, we

let g = 1/y > 0 and replace pY, p*, h, t, s, and (1 — ¢) with their y-multipliers, i.e., yp, yp®, yh,
yt, ys, and y(1 — q), respectively. This replacement shows that constraints (43) are equivalent to

constraints (20), and completes the proof. [
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Appendix D Proof of Proposition 1

Proof: Following Theorem 1, we observe that the optimization problem under DCC can be refor-

mulated as a convex semidefinite program as follows:

2(int(C)) = mingex  ¢(x) e
(A O] [ G —p] [A O] [H »]_ __
) . <
s.t. i 0 1:| |:_pT 1 _ 7‘:| + |:0 ,71 pT q > Oéy, (44b)
(G -p ] 0 30
. |, 44c
—p" 1-—7 —[;aT y+a'p—>b e
(G P ] e SIKFDx(K+1) {I{r p] e SEFXETD g > (44d)
71— B AR T

where @ and b are affine functions of z as discussed in Section 1.2. For any given § > 0, let
2 (int(C' + 6)) represent the optimal objective value of problem (44a)-(44d) with scalar b replaced
by b+ 6. It follows that

z (int(C)) < 2(C) < z (int(C + 9)), (45)

because

P{¢ € int(C)} < P{{ € C} <P{{ € int(C +9)},

where C'+§ := {¢ € RE : a"¢ < b+4}. By an established continuity result for convex semidefinite
program (see Theorem 4.1.9 in Shapiro and Scheinberg [35]), z(int(C' + 0)) is continuous at § = 0,
i.e., limgs) 2(int(C + §)) = 2(int(C')), because X is a convex set, ¢ (-) is a convex function, and the
Slater condition holds for problem (44a)-(44d) by assumption. Therefore, the proof is complete in
view of (45). ]

Remark 6 [t can be shown that a sufficient condition of the Slater condition for problem (44a)-
(44d) is as follows: there exists an o < «, such that with « replaced by o' there exists a feasible

solution (', G',H',p',r', ¢,y to problem (44a)-(44d) with ' > 0.
Appendix E Proof of Proposition 2

Proof: First, we reformulate the nonlinear DCC infpep, P {ETMg +celé+d< O} > 1—aby
using Corollary 1 and Proposition 1, and obtain LMIs (22a), (22b), and (22d).
Second, to ensure a conservative approximation, we ensure that £ T M&+cTé+d > c‘LZTf — b; for

all € € RE and all i = 1,...,m, which implies that each quadratic T M¢+ ¢ +d — ajg +b; is
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nonnegative on R¥. Hence, this statement can be reformulated as LMIs (22c). [

Appendix F Proof of Proposition 4

Proof: We establish the equivalence between WVaR constraint (24) and the single DCC infpep, P{a'¢ <

b} > 1 — « as follows:

inf{eeR: P{ange}z1—a}§B, VP € Dy (46)
& Pla'e<b}>1-a, YPeD; (47)

inf P{a'¢ <b}>1—a.
& oo {a" £€<b} > a

We remark the equivalence between (46) and (47) as follows. Denote set L := {f € R: P{a'¢ <
¢} >1—a} in (46). First, if (46) is valid, then b is no smaller than the infimum of set L and thus
b € L because the function F(£) := P{a'¢ < £} is nondecreasing and right-continuous. It then
follows that (47) holds. Second, if (47) is valid, then b € L, and hence (46) holds by the definition

of infimum. The proof is complete by noticing Theorem 1 and Proposition 1. |

Appendix G Proof of Lemma 2
Proof:
(i) By definition, ¢* is a supremum of linear functions and hence convex.

(ii) For any x1,z9 € R such that z1 < x9, we have
xit —g(t) < xat —g(t), Vt>0.
Also, since ¢(t) = 400 for t < 0, we have

0(w) = sup{ot = o)} = sup{at—o(t)},

teR

and so

9"(@1) = sup{mt— ()} < supfwst —o(t)} = ¢"(z2).

t>0
(iii) Since ¢(1) =0, we have
¢*(x) = sup{at —P(t)} > x.

>0
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(iv) We prove by contradiction. Suppose that ¢*(z) = m on the interval [a,b] and ¢*(y) = m' # m
for some y < a. First, we observe that m’ < m because ¢* is nondecreasing. Second, there

exists some A € [0, 1] such that a = Ay + (1 — A\)b. It follows that
¢*(a) < M (y)+ (1= N)o*(b) = Am'+ (1 —N)m < m,

which gives a desirable contradiction. ]

Appendix H Proof of Corollary 5

Proof: For any given zp and z > 0, we have ¢*(z9 + z) > 29 + z and ¢*(z9) > 2o by property (iii)

in Lemma 2. It follows that

ag”(z0 +2) + (1 —)¢"(20) = (20 +2) + (1 — @)z
= ad(z0+2)+(1—a)p"(20) > 2z0+az—d (since d > 0)

¢ (0+2) —z0—azt+d = (1-0a)(¢"(20 + 2) — ¢"(20))
o (20+2) —20—az+d B
St -G T

4

Appendix I Proof of Proposition 5

Proof: First, since ¢(x) = (z — 1)?, we have

-1, if x < -2,

ixQ +x, ifx>-2.

Hence, m(¢*) = —2 and m(¢*) = +o00. Second, we solve the problem
) o (20+2)—20—az+d .. 0 (20)— 2+ (1—a)z+d
S PR e o R (S R Py
zoizz’f2 20 z 20 2527,2 20 20 z

to optimality, where we make a transform by replacing zg by zo — z. We let f(zp, z) represent the

objective function and discuss the following cases:

(1) If 20 — 2 < =2, then ¢* (20 — 2) = —1 and ¢*(29) = 322 + 20. It follows that

(122 +20) —20+(1—a)z+d 18 +(1-a)z+d

(328 +20) — (1) C (bx+1)?

f(z0,2) =
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and so
0f(20,2) 12— (1—-a)z—d

%0 (et 1)

Since zp < z — 2, zp > —2 and « < 1/2 by assumption, we have (1/2)zp — (1 — a)z — d <

(0 —1/2)z—d—1<0and 1z + 1 > 0. Hence, 0f(z0,2)/0z < 0 for any fixed z and it is

optimal to choose 2§ = z — 2. It follows that

1)? 1
inf = inf -2 =inf 4(d+1)| -] —4da| - 1.
i S0z = M o2 =i A (1) -~ (2)
02—

Therefore, it is optimal to choose z* = 2(d + 1)/« and

Oé2
inf = 1- .
230, 1(z0,2) L d+1
z20>—2

If 20 — z > —2, then ¢*(20 — 2) = 1(20 — 2)* + (20 — 2) and ¢*(20) = 2% + 20. It follows that

9

f( ) (%Zg-l-zo)—zo—i—(l—a)z—i—d %Z(Q)—i-(l—a)z—kd
20,2) = _
0 (%Zg —I—Zo) - (i(zo —2)2 4+ (20 — z)) %220-1-2— izz

and so
0f (20, 2) _ 2 (23 + (4 —2)20 — 4(1 — @)z — 4d)

P 3 (beea 2 k22)

For fixed z, we set df(zp,2)/0z9 = 0 and obtain

(z—4) £ /22 +8(1 —2a)z + 16(d + 1)
zZ0 = B .

Since zyp > z — 2, we rule out the negative root and so

(z—4) + /22 +8(1 — 2a)z + 16(d + 1)
2

25 =

is a stationary point of f(zg, z) with z fixed and the corresponding objective value

fe2) = ;\/16(d+1) <i>2+8(1—2a) (i)ﬂ +;<1—4(i>>.

Now we show that zj is an optimal solution for inf, >. o f(20,2) with z fixed. We compare

the value of f(z,2) with f(+o00,2) and f(z — 2, z) because 400 and z — 2 are the end points
of the feasible region of zy. We observe that f(+o00,z) = +00. Also, we have

fz—2,2) = -2+ (1-a)p+d A(d+1) <1>2—4a<1)+1,

$2(z—2) +2— 122 z z
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and f(z —2,z) > f(25,%). To see that, we compare the values of f(z —2,2) and f(2§,2) by

the following inequalities, where the inequalities below imply those above.

f(z—=2,2) > f(25,2)
< 8(d+1) C)Q—Sa (i) +2> \/16(d+1) (i)2+8(1—2a) (i) +1+ (1_4@))

8(d+ 1) <i>2—|—4(1—20¢) C) ol > 16(d+ 1) <i>2+8(1—2a) C) +1

- 16 <i>2 [2(d+ 1) C) . 2a)r >0,

Hence, inf, >,_2 f(z0,2) = f(%5, z) with z fixed. Therefore, we have

=

1 1
; — inf = 2 _ 21—
Z>071Zr01£2_2f(zo,z) = ;I;g 2\/16(d+1)z +8(1 —2a)z+1 —|—2(1 4z),

where we have 1/z replaced by z. Similarly, we set

0f(z5,2) 8(d+ 1)z +2(1 — 2a) B
9z /16(d+1)22 +8(1 - 2a)z + 1

2 = 0,

and obtain

*

/@ +4d(a—a?) — (1 —2a)d
B 4d(d +1) '

Therefore, we have

VA& +4d(a — a?) — (1 - 2a)d
* * — 1 _ .
f(ZOaZ) a+ 2(d+1)
Again, we shall compare the value of f(zj,2*) with f(z},+00) and f(z,0) since +oo and
0 are the end points of the feasible region of z. We observe that f(zg,+00) = 400 and

f(z5,0) =1> f(z5,2"), and hence

d? +4d(a — a?) — (1 — 2a)d

inf = 1— V' )

z>0,1zr()122—2 f(Z()? Z) at 2(d =+ 1)

Finally, we compare the optimal value of f(zp, z) in the two cases. We claim that the optimal value
obtained in the latter case is smaller (and hence globally optimal). To see that, we compare the

two values by the following inequalities, where the inequalities below imply those above.

2 2 — a2) — _
_a Zl—a—l—\/d +4d(a —a?) — (1 —2a)d
d+1 2(d+ 1)

= d+4 20— 202 > \/d? + 4d(a — a?)

1

= (d+20—20%)? > d? +4d(a — a?)

= 40’ (a—1)%>0.
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Therefore, the perturbed risk level is

o = o VA2 +4d(a — a?) — (1 - 2a)d
2d +2 )

Appendix J Proof of Proposition 6

Proof: First, Since ¢(x) = |x — 1|, we have

~1, ifx< -1,
¢*(x) =1 =, if -1 <az<1,
400, if x> 1.

Hence, m(¢*) = —1 and m(¢*) = 1. Second, we solve the problem

. ¢*(20+2) —20 —az+d
f =
250,18 2042<1 1(z0,2) #* (20 + 2) — ¢*(20)

to optimality. We discuss the following cases:

(1)

To sum up, we have 1 — o/ = f(z§,2") =1—a+ %, or equivalently o/ = a —

If 2o < —1, then ¢*(20) = —1 and ¢*(20 + z) = 20 + 2. It follows that

l1—a)z+d
flz0,2) = L=zt d
z0+z+1
Note here that for any given z, f(zo,2) is a nonincreasing function of 2, due to the fact that
20+ 2+ 1> 0. Meanwhile, zyp + z < 1. Hence, it is optimal to choose z} = min{l — z, —1} and

S0
@—%ﬂ if 2 > 2,

F(z5.2) ={ (oo

z )

if z <2,
Therefore, f(zj,2) is nonincreasing on z on the interval (0, 2] and nondecreasing on z on the

interval [2, +00), and so f(2f,2*) =1 —a+ 2.
If =1 < 29 < 1, then ¢*(20) = z9. Also, we have z < 2 and ¢*(z9 + 2) = 20 + z because
—1 < zy+ z < 1. Hence,

(1—a)z—|—d:

d d
l-a+-2>21-a+ -,
z z 2

f(z0,2) =

and the lower bound is attained at z* = 2. Therefore, f(z§,2*) =1—a + %l.

d
5
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Appendix K Proof of Proposition 7

Proof: We divide the proof into two parts. In the first part, we show that the perturbed risk level

fdm.lfa _

o =1- inf {g} (48)
x€(0,1) r—1

In the second part, we show how to compute o by using bisection line search.

(Risk level) First, since ¢(z) = zlogx — x + 1, we have ¢*(x) = e* — 1. Hence, m(¢*) = —oo and

m(¢*) = +o00. Second, we solve the problem

* o _ P N i . —20
in%f(zo,z) _ ¢ (20+2) —20—az+d o &t (d—az—2—1)e
2>

¢*(20 + 2) — ¢*(20) 2>0 e —1

to optimality. Since
of  d—az—z
0z  eo(er—1)’

we have z§ = d — az by setting 0f/0zp = 0, and so

inf f(z9,2) = inf f(z23,2
z>0f( 0 ) z>0 f( 0> )
% — eaz—d
= inf —
2>0 er —1

1-— e_d(l/ez)l_a

= ] f
20 1 (1/e)
—d, . 1—a _ 1
N (49)
z€(0,1) r—1

where equation (49) follows by replacing (1/e*) with z. Therefore, we have proved equation (48).

(Computation) We compute o by searching the optimal solution to the minimization problem

. eyl _q
R
z€(0,1) r—1

First, by denoting 1 — o = inf ¢ (g 1) h(x), we have

1—edarl=® —e 41 —a)z™@
B (z) = CEE ( ) , Vz e (0,1).

It is clear that (v — 1)? decreases as = increases. Meanwhile, since # < 1 and 277! > 27%, we

have

(1—eaz!™ —e (1 - a)z™®), = e %l —a)(z™* ' —27%) > 0.

Therefore, h'(x) increase as x increases in (0,1), and hence the function h(z) is convex over z in

(0,1). Because lim h'(x) = —occ and lim A'(x) = +oo, we have:
z—0t+ Tz—1—
the infimum of h(x) is attained in the interval (0, 1). (50)
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We can compute the optimal x* by forcing

1 —eda(z*)'= — e (1 — a)(z*)~®
@17

=0,

ie., (%) = e"lax* + e (1 — a). The intersection of functions z* and e~%ax + e~%(1 — ) can
be easily computed by a bisection line search. Finally, to achieve € accuracy, i.e., | — z*| < ¢, of
the incumbent probing value Z, we only have to conduct S steps of bisection, such that 275 < e.

It follows that S > [log,(1)]. [

Appendix L Proof of Proposition 8

Proof: We divide the proof into two parts. We show the monotonicity in the first part, and the
convergence in the second part.

(Monotonicity) Suppose that we are given d; > d2 > 0. First, since ¢* is nondecreasing by
property (ii) in Lemma 2, we have ¢*(z9 + z) > ¢*(29) for any given zy and z > 0. Second, it can
be shown that ¢*(z0+2) > ¢*(20), because otherwise the DCC will be violated (the proof is similar
to the one for Theorem 2 on ruling out the case z9/z < m(¢*), and note that zp/z in the proof for

Theorem 2 is equivalent to zy + z here because of variable replacement). Hence, we have

¢ (20 +2) —20 —az+d; S ¢* (20 + 2) — 20 — az + do

¢*(20 + 2) — ¢*(20) — ¢*(20 + 2) — #*(20)
and so
1— in(f) {¢ <;3(+ z—)i_—)zo ;5*022 —;— dy } <1 125 {<75 (;2:_ zj_—)zo ;*OEZ —;— da }
z2>0, Z zZ)— Z z s Z zZ) — Z
m(6%) <02 <T(6") 0 0 (%)< s s<T(67) ’ ’

Therefore, the value of o' increases as d decreases.
(Convergence) Now suppose that d | 0 and we want to prove that o’ T «. Since 1 — o’ can be

defined as

¢*(zo+z)—zo—ozz+d}

inf f(z0.2) = { ¢* (20 + 2) — ¢*(20)

2>0,
m(¢*)<zo+z<m(p*)

and 1 — o decreases as d decreases, we have

. . . . . o (z0+2) — 20 — az

1 f = f f = f .

i wf fGo2) it b f(e0.2) wo e )
m(¢*)<zo+z<m(¢*) m(¢*)<zo+2<m(p*) m(¢*)<zo+z<m(¢*)

We show that for zp = 0, inf,~¢ f(0, 2) < 1 — « and hence the conclusion follows. First, we observe

that ¢*(0) = 0, because ¢*(0) = sup,{—¢(z)} = —inf, ¢(x) and = 1 is a global minimizer for ¢
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by assumption. It follows that

_ ¢ (z) —az oz
¢*(2) ¢*(2)

Second, since z = 1 is the unique minimizer for ¢, we have (¢*)' (0) = argmax,{—¢(z)} = 1 by

£(0,2)

a property of convex conjugates. Hence, we have ¢*(z) = z + o(z) based on Taylor series, where

lim, | o(2)/z = 0. It follows that

¢*(2)

—1 as z]0,

and so
oz

(%)
noting that m(¢*) < 0 based on the fact that ¢*(z) < x for z > 0 (see property (iii) in Lemma

f(0,2) =1

—1—a asz]0,

2). Therefore, inf,~¢ f(0,2) < 1 — « is proved, and the proof is complete by noting that d tends to

zero as N tends to infinity by assumption. ]

Appendix M Proof of Proposition 9

Proof: First, we define

_ VA& +4d(a — a?) — (1 - 2a)d

F(d) 2d + 2 '

From Proposition 5, we have

We show that f(d) decreases as d decreases. To this end, we have

1 (202 — 200+ 1)d + 2(a — a?)
(d+1) V2 +4d(a — a?)

—(1-2a)]. (51)

O

To show that f/(d) > 0, we compare f’(d) and zero by the following inequalities, where the inequal-

ities below imply those above.

fi(d)>0
(202 — 2a + 1)d + 2(a — a?)
VA2 + 4d(a — a?)
= (20% =20+ 1)d+2(a — a?) > (1 — 2a)\/d2 + 4d(a — a?)

> (1-2a)

< [(20° =20+ 1)d+2(a —a®)]* > (1 - 20)? [d® + 4d(a — o?)]

< 40*(1—-a)*(d+1)*>0.
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Hence, f’(d) > 0 and so o increases as d decreases. Furthermore, since limg)o f(d) = 0, we have

lima’ = o—lim f(d) =
imo/ = a-limf(d) =o,

and so o/ increases to « as d decreases to zero.

Second, since d = d(N) by assumption, we have

do/ da’\ [ dd(N)
Da = — = _— _
Vo aN (dd) ( AN >

dd(N)
= f(d) | ——2]. 2
f(d) ( AN > (52)
The proof is complete by substituting the definition of f’(d) in (51) into equation (52). [

Appendix N Proof of Proposition 10

Proof: We divide the proof into three parts. We show the convergence in the first part, develop the
relationship between o/ and d in the second part, and compute the value of data in the last part.

(Convergence) From Proposition 7, we know that

—d lfa_l
R 53
@ J:Elg),l) r—1 ( )

It is clear that e ¥ 1 1 as d | 0, and so we have

o/ =1— inf {Wﬂ_l} [ 1- inf {M}:1—(1—a):a,

z€(0,1) r—1 x€(0,1) z—1

which proves that o increases to a as d decreases to zero.
(Relationship between o’ and d) From Proposition 7, we know that the optimal value of the
embedded optimization problem in equality (53) can be attained by some z € (0,1) (based on
claim (50) in the proof of Proposition 7), which is the stationary point of the objective function.
It follows that

e dzl-o_q

1
1 —l-a

(54)
7 =e 4oz +e 41 - ).
Solving this nonlinear equation system, we reformulate the first equation and then substitute the

second equation into the first as follows:

= ez —(1- o/)a‘c(e_do@ +e 41— a)) =d (e_do@ +e (1 - a))



o (1—a)
a(l—a’)

Ruling out the solution z = 1, we have T = € (0,1). Finally, we substitute the solution of

Z back into the second equation in (54) and obtain
el =3/(az+1-a) = (a/[a)* (1 —a') /(1 —a)) " (55)

Finally, by taking the natural logarithm on both sides of equation (55), we obtain that

dzalog(%)—l—(l—a)log(l_a). (56)

1—-ao
(Value of data) From equation (56) we have

dd__g l—a o —a

do/ o  1-o od(1-d)

It is easy to observe that dd / da’ is a monotone function of o and dd / da’ # 0. Hence, we have

do/ dd\ o(1-0)
dd_l/<ob/> o —a

.- () (459 - (42 o

Therefore,
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