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Abstract Given a point on the standard simplex, we calculate a proximal
point on the regular grid which is closest with respect to any norm in a large
class, including all /P-norms for p > 1. We show that the minimal ¢P-distance
to the regular grid on the standard simplex can exceed one, even for very fine
mesh sizes in high dimensions. Furthermore, for p = 1, the maximum minimal
distance approaches the ¢!-diameter of the standard simplex. We also put our
results into perspective with respect to the literature on approximating global
optimization problems over the standard simplex by means of the regular grid.

Keywords Rounding - regular grid - approximation - maximin distance -
proximal point

1 Introduction
1.1 Motivations and Paper Organization

Challenging constrained global optimization problems occur already over rel-
atively simple feasible sets, e.g., polytopes. The simplest polytope is the stan-
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dard simplex given by

A":{xER?_:inzl}CR”,
i=1

where R} denotes the nonnegative orthant. Of course, neither convex nor con-
cave objective functions pose a serious problem for this feasible set, but there
are functions with indefinite curvature which constitute the hardest instances.
For example, the maximum-clique problem [2] can be written as an indefinite
quadratic optimization problem over A™.

In a much more general context, because of their simple polyhedral struc-
ture, simplices play a central role in global optimization, see for example [11,
14,15].

The standard simplex A™ can be approximated in a natural way by a
sequence of increasingly finer regular grids A, r = 1,2,..., where each grid
AT consists of O(n") rational points. Given an optimization problem over
the standard simplex, the grid point with the best objective function value
yields an approximate solution and the accuracy of this discretization can be
improved as the grid gets finer. This approach was studied in detail by [13],
see also [18, Chap. 8]; one important result there is that this algorithm has the
best worst-case complexity in some situations. For various classes of objective
functions, the regular grid serves as a tool to prove that these classes admit
a polynomial-time approximation scheme, be it with respect to absolute or
relative approximation ratio [10,7,8]. For a concise survey, see [6].

Motivated by these results, we study the properties of regular grids on the
standard simplex. To begin with, let us mention the recent paper [4] where
reduction strategies for branch-and-bound methods are proposed which avoid
evaluation at all grid points. This paper also specifies application in blending
and product design. Here, we follow a different approach. To be more precise,
we give a simple characterization of the closest point on the grid with respect
to a rather large class of norms, including all /P-norms for p > 1. We call this
procedure a rounding rule since it may also be used in the reverse sense, when
continuous relaxations of (mixed-)integer optimization problems are employed,
to find a good feasible solution in a heuristic way, and at the same time keeping
a balance constraint. Naturally, this avenue has been traveled before, one of
the most influential papers being probably [5] dealing with a more general
situation of integer optimization.

We then establish lower bounds on the maximum distance between any
point on the standard simplex and the closest point on the grid, henceforth
referred to as the maximin distance. For /P-norms, the maximin distance is
formally defined as

Ap(n,r) ;== sup min ||x —z|,. (1)
xEAR zeA:&

For p € {1,2,00}, we give an exact characterization of the maximin distance.
We also study the asymptotic behavior of the maximin distance for fixed r
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as n — oo, and we discuss some implications of our findings for the regular
grid approximation of global optimization problems over the standard simplex,
which also may have consequences for discrete rounding. For instance, due to
the special structure of the simplex, we are able to reduce the estimate of [5,
Thm.1] focusing on the case p = oo considerably, getting rid of a factor n.

To be more precise, this paper is organized as follows. In Section 2, we
present the rounding rule, which yields a simple characterization of the proxi-
mal grid point with respect to a large class of norms. In this context, Section 3
establishes a lower bound for the maximin distance for all /’-norms for finite
p > 1. In Section 4, we develop lower and upper bounds on the maximin dis-
tance as n tends to infinity. For p € {1,2, 00}, exact maximin distances are
presented in Section 5. Finally, Section 6 is devoted to the implications of
our results in the context of approximating more general global optimization
problems over the standard simplex.

1.2 Notation

n

The vector of all ones is denoted by e = [1,...,1]T = Y e; € R", where e;
denotes the i-th column of the n x n identity matrix. Fozr ; given real number
y € R, we denote by |y| the integer part of y, i.e., the largest integer not
exceeding y, and by s(y) = y — |y], the fractional part of y (so that we al-
ways have 0 < s(y) < 1). Further, we abbreviate by g, = min{n —1,r},
and for two integers m and k with k¥ < m, we abbreviate by [k : m| =
{k,k+1,...,m —1,m}, the set of all integers between k and m. Let us also
denote by

R ={seR":s51 >50>...>5,},

the ordered vectors with n coordinates.

2 The Rounding Rule

Let n and r be given positive integers. Suppose x € A", the standard simplex
in R”, and fix the grid denominator at r. We define

NI = {meN":Zmi:eTm:r}
i=1
and consider the regular grid A? := 1N C A",
For y € rA™ we denote by s(y) = [s(yi)]ie[1:n) the fractional part vector
of y and observe that

n n

k(y) == Zs(yz) =r- ZL%JG[O:TL_ 1]

i=1 i=1
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is a non-negative integer. The rounding rule is simple: round the k(y) largest
coordinates s(y;) up to one and all other coordinates s(y;) down to zero. We
may and do re-order the coordinates s(y;) in non-increasing order so that
s(y) € RZ. Thus, we obtain an integer grid vector

m,(y) == [ly1) + L.y ) + L Wiyl Lyal] - € NP

Indeed, e"'m,(y) = k(y) + Y. |yi] = r. We now prove that this vector is
i=1

proximal with respect to a large class of norms, including all #P-norms defined
by [x[l, = [>; |z;[P]}/P for any finite p > 1. Note that if there are ties in
the ordering of the coordinates of s(y), then m,(y) need not be the unique
proximal vector of y in the grid N7

Theorem 1 Let x € A™ be an arbitrary point on the standard simplex. Sup-
pose that the coordinates of x are reordered such that s(rx) € RZ. Using
the definition above, for any positive integer r, %mr(rx) is one of the clos-
est points on the reqular grid A} to x with respect to any norm of the form
%Il = ¢ (O ¥(|zi])) with ¢ and ¢ strictly increasing on Ry and ¢ satisfy-
ing

1+9@) <y +t) and (|1 —¢t)) <14+((t) forall t>0. (2)

Proof We show the analogue statement for y = rx and m,(y). So let u € N»
be a proximal point to y with respect to the norm ||.|| of the supposed form.
First, we claim that u; € {|yi], [y:] + 1} for all 4. Indeed, assume u; < |y;]
for some ¢. Then there is a j # ¢ such that u; > |y;] +1 > 1 (and also
uj > y;), because otherwise we would get a contradiction to elu=r=e'y.
Now construct an integer point v € N” with coordinates v; := u; + 1 < |y;],
v; :=u;—1 >0, and vy, := u;, otherwise. We abbreviate by z :=y; —u; —1 >0
and by w := u; —y; > 0. By construction and assumption, we get

P ly = vl =7 (ly —ul) = w(2) = (1 + 2) + (|1 = w]) = (w) <0,

contradicting proximality of u. Similarly, we can show that u; < |y;]| + 1 for
all j. Hence we arrive at u; € {|y;], |yi] + 1} for all i. Finally, suppose that
u # m,(y). Then, by the argument above, we know that for at least one
Jj < k(y) and at least one ¢ > k(y), we get u; = |y;] while u; = |y;] + 1.
Swapping v; :=u; — 1, vj := u; + 1 and v, := uy, for all other k as before, we
arrive again at v € NJ' with

e lly =vI) = (lly —ull)
= (s(yi)) — (1 = s(y) + (1 = s(y;)) — (s(y;)) <0,
by monotonicity of ¢ and s(y;) < s(y;) as ¢ > k(y) > j. By proximality of u,
we conclude ||y — v|| = ||y — ul|. Continuing swaps if v # m,.(y), we conclude

that ||y — m,(y)|| = |ly — ul| and thus, m,(y) is a proximal point of y in the
regular grid N7 a
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We remark that all /P-norms with finite p > 1 satisfy the hypotheses of
Theorem 1. On the other hand, the ¢°°-norm does not satisfy these hypotheses.
However, the next result reveals that we can still extend the same proximality
result to the £*°-norm.

Theorem 2 Let x € A™ be an arbitrary point on the standard simplex. Sup-
pose that the coordinates of x are reordered such that s(rx) € RZ. Using the
definition above, for any positive integer r, %mr(rx) is one of the closest points
on the regular grid A} to x with respect to the (°°-norm.

Proof In a similar fashion, we establish an analogous result for y = rx and
m,(y). We first establish that there exists a proximal point u € NI such that
u; € {|yil,|yi] + 1} for each i = 1,...,n. Let us define s(y) as before and
let k(y) = e's(y). If we round up any subset of k(y) coordinates of y and
round down the remaining n — k(y) coordinates, the resulting point v satisfies
v; € {lyi], lyi] + 1} for each i = 1,...,n. Furthermore, it is easy to verify
that v € N7. Clearly, we have ||y — v||oc < 1. On the other hand, if we round
up fewer or more than k(y) coordinates of y, and round down the remaining
ones, then the remaining point no longer belongs to N

For any point w € NI such that w; < |y;| for some i € {1,...,n}, we
obtain ||y — Wl|jss > |y; — w;| > 1. Similarly, for any z € N? such that z; >
ly;] +1 for some j € {1,...,n}, we have ||y — z||oc > |y; — 2;| > 1. Therefore,
it suffices to consider only the points v € N” such that v; € {|y:], lv:] + 1}
for each i = 1,...,n. By the previous discussion, we just need to determine
the right subset of k(y) coordinates of y to be rounded up.

Recall that m,.(y) is obtained by rounding up the k(y) largest coordinates
of s(y) and rounding down the remaining n — k(y) coordinates. We now es-
tablish that m,.(y) is one of the closest points to y. Suppose that there exists
a proximal point u € N}’ that is obtained by rounding up a different sub-
set of k(y) coordinates of y. Since s(y) € RZ, there exist two coordinates
i > k(y) > j such that u; = |y;] + 1 and u; = |y;|. If we define a new point
v € N7 such that v; = |y;]| , v; = |y;] + 1, and vy = u otherwise, then

ly = vlloo = max{s(y;),1 — s(v;) max, Yk — vil},

N
< max{s(y;), 1 — s(y), LA, lyk — vl
= |ly — uf/oo,

where we used s(y;) < s(y;) to derive the inequality. If v # m,(y), we can
similarly continue swaps until v = m,(y). It follows that m,(y) is a proximal
point of y. O

Since s(y) = 0 if and only if y is integer with k(y) = 0, i.e., if and only if
1y € A, we only need to consider the case k(y) > 1 in the following sections.
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3 The Maximin £P Distance to the Regular Grid

Next, we show that the maximin ¢P distance can be computed by solving a
finite number of global optimization problems:

Theorem 3 Let Ay(n,r) denote the mazimin P distance over A™ with respect
to the regular grid A". For any p € [1,00), we have

1
Ay(n,r) == max su s, k l/p} 3
p( ) T kE€[liptrn] {s€£[¢p( )] ( )
with
Upls, k) =D (1= s)P + 3o,
i<k i>k
and, for k€[1: ),
Sp={seR:eTs=k 0<s <1 foralli}. (4)
Further, we have
n k
A P> — -
Ap(n ) = 5 max g, (n) (5)

with
ep(t) = xp(t) + xp(1 — t), where xp(t) = t(1—t)P, te0,1]. (6)

Proof Given x € A", let us define y = rx. Note that s(y) € Sy for some
k€[l:py], namely for k = k(y), after possibly rearranging the coordinates
in non-increasing order. Conversely, for each s € Si, k€[1: ], there exists
x € A™ such that y = rx satisfies s(y) = s. Indeed, take for instance y; :=
r —k+ sy > 0 and all other y; = s; > 0. We therefore have

A = in [x —
p(n,7) = sup min |x =z,

1
= (= max sup ||y - mr(Y)” :
(r) kE[L:ptrn] {yENZ}:S(y)ESk :

Thus, (3) follows. Let us now fix k and consider the inner optimization problem,
which can be equivalently stated as

sup {[wp(s, k)P s e Sk} )

Clearly, s = %e € Si. It follows that

sy —m, vz = (1 B S) +2 (ﬁ)

YEN:s(y)ESK i<k

Therefore we also have shown (5). O
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4 Asymptotic Values for the Maximin Distance

First, let us derive an asymptotic lower bound for Ap,(n,r) for fixed r as
n — oo:

Theorem 4 For 1 < p < oo define, as usual, the conjugate q by % + % =1;
we define % =0 if p=1. Then, for any positive integer r, we have

1\«
im i > | - .
hnII_l)gf Ap(n,r) > (7‘) (7)

Proof First, we determine ¢,(0) = x,(0)—x,(1) = 1 > 0, which means that ¢,
is strictly increasing on some interval [0, ] with ¢ > 0. Therefore, if n > (r/t),
we have £ € [0,7] for all k€ [1:7], and therefore, we get from (5)

" ma Fy_n (ﬁ)—>'(0)—1 as n — 0o
rke[l:u}in]@p n) =7 \n )= '

Hence, taking the p-th root in (5), we arrive at the asymptotic lower bound

Q=

1
k P
liminf A,(n,r) > [rlp lim n max p <)] =7rq.

n—00 n—oo 1 ke[l;urn] n

O

A similar asymptotic result would hold if we allow r to vary with n in a way
that - — 0 as n — co. Anyhow, we do not yet know how large A,(n,r) can
actually get. To derive upper bounds, we need to investigate in more detail the
optimization problem (3) for general p. For k€[1: ], let us define Sy as in
(4). Consider the following inner optimization problem in (3) over the closure
S of Sy, which we look at in a parameterized way:

max {1/1p(s,kz) is € S'k} = m[%)i] ze(7),  kE€[l:prnl, (8)
T€|0,

where 2 (7) is the optimal value of the problem (P (7)) defined by
2(T) = max {1/)p(57k) ‘s € gk, Spy1 ST < Sk} ;o kellipen)].

Let us fix 7 € [0,1]. We will first establish some properties of an optimal
solution of (Py(7)).

We define some disjoint intervals for 7 whose union covers the interval
(0,1]:

n—u—1’ n—u

(L 5] , ifu€lkin—1].

u+1’ u

k-u-1 k’“], ifue[0:k—1],

For u€ [0:n — 1] define Ij(u) := ( (9)

oo and k€[l:n —1] and fix 7 € [0,1]. Then the

Lemmal Let 1 < p <
) of (Pr(T)) is unique, and is given as follows:

optimal solution sy (T
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(a) for all 7 € I(u) as ue[0:k — 1], we have

1, iefl:],
si(r) = k—-u—(n—u—-1)7, i=u+1,
T, i€fu+2:n];

(b) for all T € I,(v) as velk:n — 1],

T, i€[l:v],
si(r)y=<¢ k—vr, i=v+1,
0, i€v+2:n].

Proof Let § € R™ denote an optimal solution of (Py(7)); one such solution
must exist due to compactness of Sj. We claim that there exists at most one
index 7 € [1 : k] such that 7 < §; < 1. Indeed, suppose, to the contrary, that
there exist two indices i1 € [1:k] and i2€ [1: k] such that i1 # is and 7 < §; < 1
for i € {i1,i2}. We can assume that §;, > §;,. Then, by the hypothesis,
there exists d > 0 such that we can increase §;, by ¢ and decrease §;, by ¢
without changing the remaining coordinates of §, and the resulting solution,
after possibly re-ordering the coordinates, is still feasible for (Py(7)). By the
definition of the objective function (s, k) and our hypotheses that ;€ [1: k]
and ix€[1:k|, we can assume, for simplicity, that the order of the coordinates
of the modified solution, denoted by 8, is the same as that of §. We claim that
S has a better objective function value than that of §, i.e., ¥, (8, k) > 1, (8, k):
The function (1 — ¢)? is strictly convex in ¢t € (0,1) as 1 < p < oo. Therefore,
the linear approximation at any point ¢ lies strictly under the function, i.e.,

(1—t)P >0 —1)P —pQ—i)P~ Lt —1#), forallte (0,1),t#¢.

It follows that
(1—38,)" =(1—(3;;, +6))? > (1 —4,)’ —pS(1 —5;,)""", and
(1—5,)P = (1= (8, —6))P > (1= 55,)P +po(1 — 3;,)P .

Adding the two inequalities, we obtain

(1=5,)P 4+ (1=355,)7 > (1=8;,)P+(1—585,)P4+p0 [(1 — 83, )P 7" — (1= §;,)P '] .

Since the last term on the right-hand side is nonnegative, it follows that
¥p(8, k) > ¥, (8, k), which contradicts the optimality of §.

We next claim that there exists at most one index je€[k + 1:n] such that
0 < §; < 7. Relying on the strict convexity of the function ¢” on (0, 1), we can
employ a similar contradiction argument to establish this claim.
Furthermore, we cannot have an index pair (i, ) € [1:k] x [k + 1:n] such that
the inequalities 7 < §; < 1 and 0 < 3; < 7 hold simultaneously. Otherwise,
by decreasing 5; by a sufliciently small number § > 0 and increasing §; by the
same number &, we obtain a strictly better feasible solution, which is again a
contradiction.

Next, if 7 = 0 or 7 = 1, the only feasible solution is given by s; = ... =5, =1
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and Sg41 = ... = 8, = 0, which implies that z;(7) = 0.

Let us now assume that 0 < 7 < k/n < 1. We claim that §; = 7 for
je€lk + 1:n]. Otherwise, there exists je[k+ 1:n] such that §; < 7, which
implies that Y7, | §; < (n— k)7. Since e7§ = k, it follows that 1 ; & >
k — (n — k)7. Hence, there exists i€ [1:k] such that

Therefore, we obtain an index pair (4, ) € [1:k]x[k+1:n]such that 7 < §; < 1
and 0 < §; < 7, which is a contradiction.
Let u(7) denote the number of entries of § that are equal to one. Therefore,
an optimal solution of (Py(7)) is given by

1, if ie[1:u(r)],
Si=q k—ulr)—t(n—u(r)—1),ifti=wu(r)+1,
T, if i€ [u(r) + 2:n].

By definition of u(7), we have §; € [r,1) for i = u(r) + 1. Therefore, u(7) is
the unique nonnegative integer that satisfies

(n—k)r
1—71 <

k—1-—

ie.,

Note that the function u(7) has the following closed form expression:

: 1
k—l,lfo<’7—§m7

. 1 2
k=20 ooy <7< oo

e k=2 k—1
1, it =5 <7< 0,
e k—1 k
0, 1fn—1<TSH'

So, by definition of I (u), we see that u(7) = w if and only if 7 € I} (u). Thus,
assertion (a) follows.

The proof for (b) follows the same lines, only that now we can show that
all larger coordinates §; = 7 for all ¢ < k whereas there can be at most
one smaller coordinate §,41 € (0,7), where v = v(7) > k now denotes the
number of coordinates of § that are equal to 7. Here, v = v(7) if and only if

re (355 = ). 0
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Lemma 2 Let 1 < p < co. For any k€[1:n — 1], we can calculate the optimal
value z(7) of the problem (Py(7)) as follows:

N—k+u+(n—u—-71P+(k—-—u—-1[1—-7+ (n—Fk)rP,
if 7 € I(u) and uel0:k — 1],
E[l =7+ (v — k)P + [k — vT]P,
if T € I(v) and ve[k:n —1].
(12)
Furthermore, the function zy(T) is convex in T on every subinterval I(u), for
all ue[0:n — 1]; and continuous over the whole interval [0, 1].

Zk(T) =

Proof The formulae (12) follow immediately from Lemma 1. Convexity is im-
mediate by 1 < p < 0o, and continuity follows by direct inspection. a

Optimizing zx(7) is in itself a demanding global optimization problem in
one variable, see Figure 1 (where p = 5, k = 10, and n = 30). This serves also
as a counterexample that 7 = % € [0,1] is not always the maximizer of z.

08 \ R 0.8}
06 = 1 06l
04 1 04l

02 1 02}

0

L L L L L L L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.05 0.1 0.15 0.2 0.25 03 0.35

(a) T €1[0,1] (b) 7 €0, %]

Fig. 1 The function zx(7) for p =5, k = 10, and n = 30

Lemma 3 For 1 < p < oo and any positive integer r, we have

S

limsup 4,(n,r) = (%)% linnl)sogp [max {1} U {2y, (%) : ke[1:r],v€[kin —1]}]

n— oo

Proof Lemma 2 implies that max {z;(7) : 7 € [0,1]} can be written, for every
fixed k€[1:r], as a finite maximization problem, namely as

max_ zp(7) = max{ max 2 (%) , max zj (f)} .

T€[0,1] u€[0:k—1] vElkin—1]
Now, let ¢ be defined as in the proof of Theorem 4. For u€[0:k — 1], we have
hou < < 50 gy (%) < ¢p (L) as ¢, is increasing on the interval [0, ).

n—u —
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We arrive at

Lo (B22) = 252, (522) < 20, (2) > ¢p(0) =1 asn > 0.

Hence, we only have to deal with 2z (%) = 2¢,(%) for ve[k:n —1] and

kel:r]. |
Theorem 5 For 2 < p < oo and any positive integer v, we have

i A (mr) = (1)3 |

n—00 r

Proof We study 2¢,(%) where v€[k:n —1] and k€[l:7], and consider the
function B,(t) = $¢,(t) = (1 —t)o,(t) with oy (t) = tP~1 4+ (1 — )P, Now, it
is easily seen that for 2 < p < oo, the function o, is convex and takes values
between 27P*2 and 1 on [0, 1], so that

Lop(B) =51 - 5)g,(5) <1 forall ve[k:n — 1], ke[L:r].

T

Q=

Therefore Lemma 3 yields limsup A,(n,r) = (+) 7, and the assertion follows

n— oo

by Theorem 4. O

Interestingly, even though the case p = oo does not match the assumptions
of Theorem 1, the exact answer is known even for finite n (see Theorem 7
below), and fits the result above when ¢ = 1. On the other hand, unfortunately,
for 1 < p < 2, we cannot transfer above arguments, but we can find in a similar
way an explicit asymptotic upper bound:

Theorem 6 For 1 <p < 2 and fized positive integer r, we have

n—00 r

=1\
limsup 4,(n,r) < V2 () .
Proof We discuss the function 3, from the proof of Theorem 5 directly. From

By(t) = P 2[p(1 —t) — 1] — p(1 — )P,

we see that all critical points of 3, must be less than %; indeed, p < 2 and

t > L imply p(1 —t) < 1 and hence, B,(t) < 0. As ,(0) = 1 for p > 1 while
$1(0) = 2 and B,(1) = 0 always hold, we only need to show 3,(¢) < 2 for all
t < % However, this is immediate from

Bpt) = (L—t) [P+ (1—t)P ] <21 —t)P < 2.
The result follows as in the proof of Theorem 5. O

For p = 1 we can get an exact answer for finite n in the following section,
which shows that the upper bound in the previous theorem is tight. Strangely,
this is also true for p = oo, the only case where both bounds from Theorems 5
and 6 coincide.
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5 Exact Values for the Maximin Distance

Let us start with p = 0o, the maximum norm. The next result reveals that we
can get an explicit expression for the maximin distance even for finite n and
any positive integer r; note that the general result in[5, Thm.1], adapted to
our case, would give an upper bound of * which is considerably larger, but
this is understandable due to the special structure of the standard simplex.

Theorem 7 For any n > 2 and any positive integer v, we have

r n

Am@%m::1(1—1>. (13)

Proof Let x € A™ and let y = rx. Suppose that the coordinates are reordered
so that s(y) € RZ. By Theorem 2, m,(y) € N} is one of the closest points to
y with respect to the /*°-norm. Note that

[y = my(y)lloc = max{l — s(yx), s(Yr+1)},

where k := k(y). Let us fix k€[1: y,] and consider the following optimization
problem parameterized by k:

Ck = sup{max{1l — s, Sk41} : s € Sk},
where Sy, is defined as in (4). We first claim that
g;:nmx{lf;;%ﬁ,gﬁ}. (14)

To this end, we first show that s, >
then

n%k«kl for each s € S. Indeed, if s <

1
n—k+1°

k—1

dsi=k=Y s;>k—1,

i=1 >k
which contradicts s; < 1 for each i. Furthermore, for sufficiently small € > 0,
the solution § € R™ given by §; = 1 —e for i€ [1:k — 1], § = n%kﬂ + (k—1)e,
and §; = n%kﬂ for je[k 4 1:n] belongs to Si. Letting € N\, 0, it follows that
inf{sg:s€ Sk} = n%kﬂ Note that these arguments hold also in case k = 1.
In a similar fashion, we claim that sxi1 < kLH for each s € Sk. Indeed, if
Sk+1 > kiﬂ, then

k+1

k> s>k,
=1

which is a contradiction. Clearly, the solution § € R™ given by §; = kL_H for
i€[1:k + 1] and §; = 0 otherwise also belongs to S. So max{sy41:s € Sp} =
and (14) is established. It follows that

1 .
G {1 memiilskss,
) 1f§<k§ﬂrn

_k_
k+1°
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For 1 <k < %, since 1 — n%kﬂ is a decreasing function of k, the largest value
of 1 — % is achieved when k = 1. On the other hand, if § < k < p;,, then
k < n — 1. Since kiﬂ is an increasing function of k, the largest value never
exceeds an =1- % in this case. It follows that

Aoo(n,r):1 max Ckzl (1—1),

T kE€[0:ptrn] T n
which establishes our assertion. O

Tt is worth noticing that the maximin bound A (n, ) is actually attained.
Indeed, let y € R™ be given by 7 =r — 1+ % and §; = % for each j€[2:n].
Clearly, y € rA™ and s(y) = Le. It is easy to verify that ||y —m,(§)[lc = 1—2
for each n > 2.

Unfortunately, this favourable behaviour cannot be exploited too well; see
Section 6 for a discussion.

Next we deal with p = 1. Beforehand, we note, for any positive integer r
and any y € N, that

r

ly—me(y)lh= Y (-siy)+ Y si(y)=2 > sily). (1)

i<k(y) i>k(y) i>k(y)

Theorem 8 Let r be a positive integer and let Ay(n,r) denote the maximin
¢+ distance over A™ with respect to the regular grid A". For any n > 2, we
have
n
2

Ai(n,r) = %, if 2 <n<2r andn is odd, (16)
2(1-1L), ifn>2r

if 2<n <2r and n is even,

Proof Let us fix k€[1: ] and consider the corresponding optimization prob-
lem given by (8). We claim that sj = (k/n)e € S, is a maximizer of v, (s, k)
over Sy. Note that 1 (s}, k) = 2k(n —k)/n. Suppose, for a contradiction, that
there exists v € N such that § :=s(v) € S, and ¢1(8,k) = ||v — m, (V)| >
2k(n — k)/n when p = 1. By (15), it follows that
n
. 2k(n — k)
2 Z $j=|lv—-m;(v)[ > —
j=k+1

which implies that ;.1 > k/n. By definition of Sy, it follows that §; > 35 >
. > 8k > 841 > k/n. Therefore,

k n
k k(n—k
E §; + E §j>k()+(n):/€,
- . n n
i=1 j=k+1

which contradicts the assumption that § € Sj. Therefore,

Ai(n,r) = (2) maxgeqy,,) 2

= (2777/) maxk€[1=um] (%) (1 - %) :

(17)
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Considering the function ¢1(t) = 2t(1 — t) over ¢ € [0,1], which increases on
[0, 1] and decreases on [1, 1], it follows that the maximum is attained at k = r
n

if r < n/2. If r > n/2, then the maximum is attained at k = 5 if n is even

and at k = 2L (or k = 251) if n is odd. The assertion follows. O
We remark that asymptotically, if n — oo and - — 0, the maximin distance
Ai(n,r) approaches the ¢!-diameter of A (given by max, yea |lz — yl|;, = 2).
Note also that this illustrates that Theorem 5 does not hold for p = 1. Rather,
the upper bound given by Theorem 6 is tight.
Finally we turn to the most frequently used norm, the Euclidean norm
where p = 2.

Theorem 9 Forp=2,n > 2, and any positive integer r, we get the following
explicit expression:

NG ,
Lo, ifn < 2r,n even
As(n,r) =< =4/2=L 0 ifn <27, n odd (18)

n=r ifn>2r.

rn

Proof If p = 2, then the function zj(7) is non-increasing in 7 over the interval
k

n—1
Te(£1]= Uk Ij;,(v). This follows from specializing (12) to p = 2, which gives

21(7) = (v+1)[vr? —2k7])+k(k+1), with derivative % (7) = 2(v+1)[vT—k] <0
on 7 € It(v). So, arguing as in Section 4 above, we obtain

max 2,(7) = max z (k%“> =(n—k) max k= _— kn=k)
T€[0,1] uw€e[0:k—1] n-u uel0:k—1] ™ n
The claim follows by maximizing the latter expression over k€ [1: iy, O

6 Approximation Considerations

First, let us establish the dependence of a Lipschitz constant L,(f) on the
dimension n.

Lemma 4 For a smooth function f with a bound

of
oz, (2)

My :max{

1z € A”,ie[l:n]}

on the partial derivatives, we get, for any p with 1 < p < oo, a Lipschitz
constant

Ly(f) < alf,q) = max |V f(2)]], < Myn'/*.
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Proof By Holder’s inequality and the mean value theorem, for some z €
conv {x,y} C A",

1f(y) = &) =y —=x) TV /(2)]
<lly =xl,[IVi =),
<a(f,9)lly =, -

q
Now [[Vf(z)lf = Yy |25 (2)| < n MY, so that a(f,q) < Mym!/? for all

p>1. g

Looking at small departures from linear functions, we see that the estimates
of Lemma 4 are tight.

Suppose now that we want to approximate the optimal value in a quite
natural way:

ffr=min{f(x):x€ A"}~ f :=min{f(m) :m e A} > f*,

i.e., by the minimal value of f over the regular grid. This approach has been
studied extensively by many authors, yielding (in-)approximability results for
various classes of objective functions f, and with respect to various measures
for departure from optimality in f.

Let us start with d-degree polynomials f(x) over A™. By multiplying
some terms with suitable powers of e x = 1, and adding a suitable constant
K(e™x)?% we may and do assume that f is homogeneous and strictly positive
over A™. If we now introduce squared variables y? = x; to get rid of the sign
constraints x; > 0 over A", we end up with the problem to minimize a strictly
positive homogeneous polynomial p(y) of degree 2d over the Euclidean sphere
S™. If f is not linear, then d > 1 so 2d > 4. The papers [10,8], see also [6,
Cor.4.2], use the regular grid to show the existence of a PTAS (polynomial-
time approximation scheme) for such class of polynomials. By contrast, [12,
Prop.3.2.2] says that unless P=NP, there cannot exist any PTAS for minimizing
a homogeneous polynomial p(y) of odd degree 2d + 1 > 3 over the Euclidean
sphere S™.

Next, let us discuss more general Lipschitz functions f with, e.g., Lo(f) <
L for L fixed. If, in addition, we know that f is convezx, then the ellipsoid
algorithm [13] can find a regular grid point x € A7 after 2n(n + 1)(In £ +
Inn) + 2 iterations (with polynomial effort) such that f(x) — f* < e. For
non-convex f, [7] obtained the following approximation result:

==z (19)

Of course, the field of global Lipschitz optimization is vast, for optimality
principles and similar approximation ideas see, e.g. [9,17], and a recent sur-
vey [16]. However, in view of above approach, we know that La(f) ~ M+/n,
and it may be more natural to fix M rather than Lo(f) with increasing n; the

right-hand side of (19) then should be replaced by the bound 2M fT—‘/? which is
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still dominating the general result we get from the maximin proximal distance:
if f* = f(x*) where x* € A" is an optimal solution and X = 1m, (rx*) € A"
is a proximal point to x* on the grid, then

* * = * = * —1
Fr= < F®) = F() < Ly(NHlx = x"|lp < Lyp(£)Ap(n,r) < Ly(f) V20

(20)

if n is large. This estimate is not as tight as the one in (19), regardless of the

choice of p. Similarly, for p = ¢ = 2, we get also for an My-based estimate an

upper bound of My/1 -~ > 2Mf§. Furthermore, note that only for p =1,
the estimate L1 (f) < My from Lemma 4 does not increase with n but this
does not help in view of Theorem 8.

In [7], further classes of objective functions which admit a PTAS are iden-
tified, along similar ideas, namely to fix upper bounds on the (higher-order)
derivatives of f over A™. However, as stressed in [6]: “It is still an open question
to completely classify the classes of functions that allow a PTAS.”

Now, let us pass to the relative approximation ratio, i.e., to an accuracy

measure which is positively homogeneous of degree zero in f, to avoid scaling
fr

effects. Many such measures are possible [1], e.g., the relative error f:f - or,
alternatively, % if L;(f) is the minimal global p-norm Lipschitz constant
P

of f over A”". For smooth functions, we may replace Ly (f) by My which does
fr—f"
My

not depend on p, and consider the quotient
diameter of A™ equals /2 for all n.

; also note that the p-norm

Corollary 1 Let 1 < p < oo and the conjugate q defined by % + % = 1 with
the usual extensions. Then, we have

lim sup <71l>q M <32 (i)q .

n—00 Mf

Proof Let f* = f(x*), where x* € A" is an optimal solution and x =
m,(rx*) € A" be a proximal point to x* on the grid. Then, as in (20),

T

fr =" < Lp(f)Ap(n,r) < My n%AP(”ﬂ")

T

by Lemma 4. Theorem 6 yields the result. O

Therefore, for large n and fixed r, we can, by this naive method, bound
ok * 1
above the relative error % by diam,(A™)(%)%, which, for p > 1, is even

worse than the straightforward upper bound, namely Iffk%l < diam,(A™). As

before, more precise formulations for finite n can be derived for p € {1,2, 00}

from Theorems 7, 8 and 9, however, this will not improve the results.

fr—f"

span(f

where span(f) := max f(x) — f* < ¥2M;. In these relative terms, and for
xXEA™

Another option for a scale-invariant accuracy measure would be

quadratic functions f, the simplest class where the optimization problem over
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A™ is NP-hard, it has been proved by methods of copositive approximations
in [3] that

fr-gr 1
span(f) — r+2’
which implies ‘f%fj*l < % These results were later extended to polynomi-

als of fixed degree d [10,8]; see also [12, Thm.3.2.3]. More general functions f
can be treated, assuming bounds similar to My on the (higher-order) deriva-
tives over A", see [7]. All these methods use advanced techniques like conic
(copositive) optimization, or closely related linear or semidefinite optimization
algorithms for Lagrange interpolation on the regular grid A}.

Our preceding findings shed, as we hope, some light on the nature of global
optimization problems on the standard simplex, and, in particular, illustrate
the fact that the naive approximation via proximal points is not powerful
enough for establishing PTAS results for larger classes of objective functions,
corroborating the need of refined methods, e.g., reduction strategies like those
in [4]. Our observations also demonstrate, therefore, the importance of re-
cent developments like copositive optimization concepts for the progress on
approximation results.
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